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1. Let f(t) be integrable L(-w, w) and periodic with
period 2w, and let

0

(1.1) a +Z (a cosnt+ b sin nt)
n

°

NS

be its Fourier series. The series

o0
(1.2) Zn(b cosnt-a sin nt),
1 n n

obtained by the term by term differentiation of the series (1.1),
is called the Derived Fourier series of (1.1). The series
conjugate to (1. 2),

) 00
(1.3) -Zn(a cosnt+b sinnt) = - L ,
1 n n ,

is called the Derived conjugate series of the Fourier series of f.

Suppose that (A) = () k) is a triangular matrix (i.e.,
n

b

X k=0 for k>n+ 1) which is regular [cf. 1, page 43, th. 2].
n, -

If {s } denotes the partial sum of the series (1. 3), then the
n

(A) transforms {t } are given by
n
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and the sequence { sn} will be said to be summable (A) toa

sum s, if t - s as n —»>o.
n

The summability ( A) for the series (1.1) has been
considered by Peterson [2]. In this paper, we consider the
summability (A) for the series (1. 3).

2. We write

o (1)
¢ (1) = f(xtt) + f(x-1) - 2f(x) , h(t) = —— -d,

where d =d(x) denotes the jump of f at t=x. We prove the
following

THEOREM: If
™
h
2.1 @ [ J—flﬂl—du: o(log 1/t) as t =0 ;
t
(ii) (A) isa regular triangular matrix such that ;

n
(a) = klogk |xn - = O(logn) ;

|
k=2 k n, k+1

(b) = )\n’klog k ~logn ;

then

log n
The relation between the conditions (2. 1) and the condition
t

(2.2) f [h(u) | du = oft)

(o]
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is brought out by the following

t
LEMMA: If [ [h(u)|du = o(t) as t >0, then
(o)
" |h(u)
u
2.3 du = o(log 1/t t—>0.
( ) { . u o(log 1/t) as

™
- {h

On the other hand, if J -’%‘— du =o(log 1/t) as t - 0 then
t

t
(2. 4) J Ih(u)]du = ot log 1/t) as t >0
o

This lemma is known [3] with h replaced by ¢ .

3. Proof of the theorem. It is easy to see that

™
L = fcb(t)cos kt dt
o™ o X

™o _(t)
t

-t cos kt dt

ENE

m
k.
= — J {h{t) + d} t cos kt dt
m
o
i i

k d

= — [ th(t) cos kt dt + — [ tk cos kt dt

i
(0] o

Bk+ Yy o say -

Integrating by parts, we get
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Now

2 d
= f th(t) = kcosktdt-— X W
o k=1 T k=1

™ d n d
=— [ th(t) =~ { = sinkt} dt - = (logn+ C+ E_)
S dt k=1 T n

(where C is a constant and E —- 0 as n = o)
n

™
1, d _cost/2 - cos(n+ 1/2)t
o / th{t) dt { 2 sin t/2

o

} dt

d
-;(,Iogn+C+En).

Therefore

t
n 1

™

1 d
= N - th(t) —
logn logn Kk n,kw ‘{ ( )dt {

cos t/2 - cos(k+1/2)t
2 sint/2

B

}dt

(3.1) =3, +7
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Ek being a null sequence,

(3.2) |J

Next,

(33) = 0(1) .

n
Since by hypothesis = X\

K log k ~ logn,
k=1

d
4 .9
(3.4) J, -

Now we consider
n ™
-t :

1 f th(t)-d—{cos t/2-'cos(k+ 1/2)1:}
,Iognk:1 n,km 5 dt 2 sin t/2

n 1/k
1 d cos t/2 - cos(k+1/2)t
N = -
k=1 vf t h(t) dt { 2 sin t/2 }dt'
= o

n ™
1 1 d cos t/2 - cos(k+ 1/2)t
+"1— Z X\ —'f th(t)a';{ / ( /2)

, }dt|
ogn , _, n,kmw 1/k 2 sin t/2
1 1
- |Iogn kz;i )\n,k k!+ llogn k§ n,ka' ) B3y
- 1]+ I,
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On integrating by parts and applying the condition (2. 4),
which is implied by (2. 1), it is easy to see that

|Pk| = o(log k) .

Therefore

o]

:0(1

|I1| log n

™

Z | xn’k| log k)

o(1) .
Next
™

o 1
S ~ f t h(t)
k=1 1/k

4

{cos t/2 - cos(k+1/2)t
dt

d
2 sin t/2 } dt|

cos t/2 - cos(k+1/2)t

n
RN ki J th(t) cost/2 { }dt |

k=1 ™57 Y/ (2 sin t/2)

1/2 sint/2-(k+1/2)sin(k+1/:

+

3~

N
log n n, k

ki
J tht) 2 sin t/2
k=1 1/k

(2 sin t/2)2

1, 1+ 11, 41 say .

Applying condition (2. 1) of the hypothesis, it is easy to see that

) = o(1
(3. 6) [12’1] o(1)
Now
n 1 m
[ ] < = x = [ thit)adt]
2,2 log n k=1 n,km 1/%
1 n 1 7 (k+ 1/2) sin (k + 1/2)t
l10 n z )\n k -f t h(t) 2 sin t/2 dt’
BB g=q ™ 1/k m

h42
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15,20+ 155 5

Using (2. 1), we get

. = 1
(3.7) IIZ 2[ o(1)
Finally
n
1 k+1/2 k 2
2,2 logn k=1 n,k 2 sin t/2
- 1/k
1 n 1 ™
= A — t h(t) ———= ! t) - t)] dt| ,
llognkéi n,kw {/k ()Zsint/Z LKk() Kk-i( 1 '
whare
k Ak 1
K (1) = | = (v+1/2)sin(v+1/2)t] <= in (=, 7 .
k t k
v=1
Also
n T
t h(t)
" < X -\ — _— t) dt
,12,2 —Iogn' z n, k nk+1)1r f 2 sin t/2 k() |
k=1 1/k
n 1/(k-1)
1 t h(t) )
DI — K. (t) dt
log n ,k:1 n,km {/k 2 sin t/2 k() !
= 11 + 1" R
5 5 1G5 0 say
But
n
A
o < tegm 2 Pk M k! [ Iht(t) de
& k=1 ’ 1/k
643

https://doi.org/10.4153/CMB-1965-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1965-047-0

n
1
= ol IR DN k-x k+1|klogk)
ogn k=1 n, n,
(3.8) = o(1),
and
1 n 1/(
1 | = of = I 1=
2,2,2 ,
log n k=1 n,k' w 1/k
1 n
= A T ],
O[logn k—21| n,kI k]
where
1/(k-1)
Tk = .1_< j _l.hi—t)l_ d‘t .
Tk

By using (2. 1) we get

IT, | = ol1).
Therefore
1% 2,21 = Olo1gn
(3.9) = o(1) .
Combining (3. 8) and (3. 9) we get
(3.10) 1" | = o(1),

2,2
and combining (3. 7) and (3. 10) we get

(3.11) |1 = o{1),

2,2l

which on combination with (3. 6) gives
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(3.12) |1

Combining (3.2), (3.3), (3.4), (3.5) and (3. 12) completes the
proof.

1
In particular if we choose \ =—— for k<n and zero
n,k n+1 —

for k>n, the (A) method of summability reduces to (C, 1)
method of summability. Also, this choice of (X k) satisfies

all the conditions imposed on the matrix in our theorem and
with this choice our theorem reduces to a theorem due to
Mohanty and Nanda [4].

I am thankful to Dr. G. M. Peterson for his kind
encouragement.
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