PN

@ CrossMark
Forum of Mathematics, Sigma (2020), Vol. 8:e51, 1-12
doi:10.1017/fms.2020.52 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

The Brouwer invariance theorems in reverse mathematics

Takayuki Kihara

Graduate School of Informatics, Nagoya University, Nagoya 464-8601, Japan; E-mail: kihara@i.nagoya-u.ac.jp.
Received: 2 February 2019; Revised: 22 November 2019; Accepted: 13 September 2020

2020 Mathematics Subject Classification: Primary — 03B30; Secondary — 54F45, 55M10

Abstract

In [12], John Stillwell wrote, ‘finding the exact strength of the Brouwer invariance theorems seems to me one of
the most interesting open problems in reverse mathematics.” In this article, we solve Stillwell’s problem by showing
that (some forms of) the Brouwer invariance theorems are equivalent to the weak Konig’s lemma over the base
system RCA(. In particular, there exists an explicit algorithm which, whenever the weak Konig’s lemma is false,
constructs a topological embedding of R* into R3.
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1. Introduction

How different are R and R"? It is intuitively obvious that R™ and R" are not homeomorphic whenever
m # n. However, this is not as easy as it appears. Quite a few prominent mathematicians have tried
to solve this invariance of dimension problem, and nobody before Brouwer succeeded in providing a
correct rigorous proof (see [14, Section 5.1] for the history of the invariance of dimension problem).

In the early days of topology, Brouwer proved three important theorems: the Brouwer fixed point
theorem, the invariance of dimension theorem, and the invariance of domain theorem. Modern proofs
of these theorems make use of singular homology theory [3] or its relative of the same nature, but even
today, no direct proofs (only using elementary topology) have been found.
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Brouwer’s intuitionist standpoint eventually led him to refuse his theorems and even propose a
counterexample to his fixed point theorem. As an alternative, he introduced an approximate version
of the fixed point theorem (which follows from Sperner’s lemma); however, it does not provide us an
approximation of an actual fixed point, as Brouwer himself already pointed out (cf. [14, p. 503]). Indeed,
there is no computable algorithm which, given a sequence (x,, ), v of points such that x,, looks like a fixed
point within precision 27", produces an approximation of an actual fixed point. How nonconstructive,
then, are Brouwer’s original theorems?

We examine this problem from the perspective of reverse mathematics. Reverse mathematics is a
program to determine the exact (set-existence) axioms needed to prove theorems of ordinary mathe-
matics. We employ a subsystem RCA( of second-order arithmetic as our base system, which consists of
Robinson arithmetic (or the theory of the nonnegative parts of discretely ordered rings), Z?-induction
schema, and A?-comprehension schema (cf. [11, 12]).

Roughly speaking, the system RCA( corresponds to computable mathematics, which has enough
power to show the approximate fixed point theorem (see [1 1, Section IV.7]). On the other hand, Orevkov
[8] showed that the Brouwer fixed point theorem is invalid in computable mathematics in a rigorous
sense; hence RCA is not enough to prove the actual fixed point theorem.

In Bishop-style constructive mathematics, it is claimed that a uniform continuous version of the
invariance of dimension theorem has a constructive proof (cf. [1, Section 1.19]). Similarly, in the same
constructive setting, Julian et al. [4] studied the Alexander duality theorem and the Jordan-Brouwer
separation theorem (which are basic tools to show the invariance of domain theorem in modern algebraic
topology; cf. [3]). However, these constructive versions are significantly different from the original ones
(from constructive and computable viewpoints).

Concerning the original theorems, Shioji and Tanaka [10] (see also [11, Section IV.7]) utilized
Orevkov’s idea to show that over RCAg, the Brouwer fixed point theorem is equivalent to the weak
Konig’s lemma (WKL): Every infinite binary tree has an infinite path. Other examples equivalent to WKL
include the Jordan curve theorem and the Schonflies theorem [9].

In [12], Stillwell wrote, ‘finding the exact strength of the Brouwer invariance theorems seems to me
one of the most interesting open problems in reverse mathematics.’” In this article, we solve this problem
by showing that some forms of the Brouwer invariance theorems are equivalent to WKL over the base
system RCAy.

Theorem 1. The following are equivalent over RCAq:

1. The weak Konig’s lemma.

2. (Invariance of domain) Let U C R™ be an open set and f: U — R™ be a continuous injection.
Then the image f[U] is also open.

3. (Invariance of dimension I) If m > n, then there is no continuous injection from R'™ into R".

4. (Invariance of dimension II) If m > n, then there is no topological embedding of R™ into R

Proof. For(1)=(2), as mentioned in [ 12], the usual algebraic topology machineries (cf. [3]) are available
in WKLy. A simpler proof of the invariance of domain theorem is presented in [13, Section 6.2], which
can also be carried out in WKL,.

For (2)=(3), suppose m > n and that there is a continuous injection f from R™ into R". Define
g:R™" > R™byg(x) = (f(x),0,0,...,0). Then g is also a continuous injection. Hence, by invariance
of domain, the image of g is open. However, if m > n, then {(z,0,0,...,0) € R™ : z € R"} does not
contain a nonempty open set. Thus, we get m < n.

The implication (3)=(4) is obvious. We devote the rest of the paper to proving the implication
@=(1). m|

We first describe the outline of our strategy for (the contrapositive of) (4)=(1).
First, we will show that several basic results in topological dimension theory are provable in RCA.
More explicitly, RCA( proves that whenever the n-sphere S™ is an absolute extensor for X, the covering
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dimension of X is at most n. We will also show that the Nobeling embedding theorem (stating that
every n-dimensional Polish space is topologically embedded into a ‘universal’ n-dimensional subspace
of R?"*1) is provable in RCA,.

Then, under RCA( + “WKL, we will show that the 1-sphere S! is an absolute extensor (for all Polish
spaces). This means that under -“WKL, every Polish space is at most one-dimensional, and therefore, by
the Nobeling embedding theorem, every Polish space is topologically embedded into R3. In particular,
we will show that assuming =WKL, a topological embedding of R* into R? does exist. However, the
following two questions remain open.

Question 1. Does RCA, prove that there is no topological embedding of R? into R>?

Question 2. Does RCA( prove that R™ is not homeomorphic to R"” whenever m # n?

1.1. Preliminaries

We assume that the reader is familiar with reverse mathematics (see [11, 12]). In particular, we use
standard formulations of mathematical concepts in second-order arithmetic: A real number is coded as
a Cauchy sequence of rational numbers with modulus of convergence ([ 11, Definition 11.4.4]). A Polish
space X is coded as a pair of a countable set A € N (which represents a countable dense subset of
a space X) and a function d: A> — R ([11, Definition I1.5.2]). A code of an open set U C X is any
sequence of rational open balls B, whose union is U ([11, Definition I1.5.6]). A code of a closed set
U C X is a code of its complement (as an open set). A code of an open set and a code of a closed set
in this sense are sometimes called a positive code and a negative code, respectively. A code of a partial
continuous function f: C X — Y is any data ® specifying a modulus of point-wise continuity for f;
that is, if (a,r, b, s) is enumerated into @ at some round, then x € dom(f) and dx(x,a) < r imply
dy (f(x),b) < s ([11, Definition I1.6.1]). A topological embedding f of X into Y is coded as a pair of
(codes of) continuous functions (f, g) such that g o f(x) = x for any x € X.

In particular, we note that a ‘code’ of some mathematical object can always be considered as an
element of N™. In reverse mathematics, we often use sentences like ‘for a given x one can effectively
find a y such that ...’ when there is a partial continuous function f: C N¥ — N such that if % is a
code of x, then f(x) is defined and returns a code of such a y.

2. Proof of (4)=(1)
2.1. Coincidence of dimension

In this section, we discuss a few basic results in topological dimension theory within RCAq. For basics
on classical topological dimension theory, see [2, 7]. Throughout this section, a space always means a
Polish space.

It is not hard to see that the results we will discuss in this section are provable within RCA (i.e.,
RCA plus full induction); however, most basic results in topological dimension theory involve induction
argument (see Lemma | and Lemma 4), so we will need a few tricks to make the proofs work with only
20-induction.

2.1.1. Normality

A space X is normal if for any (negative codes of) disjoint closed sets Py, P; C X, one can find (positive
codes of) disjoint open sets Sy, S € X such that Py C Sp and P; C S|. A space X is perfectly normal
if for any disjoint closed sets Py, P; C X, one can effectively find a (code of) continuous function
g: X — [0,1] such that for all x € X and i < 2, x € C; if and only if g(x) = i. Note that effectivity is
required for all notions to reduce the complexity of induction involved in our proofs. It is known that
the effective version of Urysohn’s lemma is provable within RCAq as follows:
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Fact 1 (cf. [11, Lemma I1.7.3]). Over RCA, every Polish space is perfectly normal. O

Let U be a cover of a space X. A cover V of X is a refinement of U if for any B € V there is A € U
such that B C A. A shrinking of a cover U = (U;);<s of X is a cover V = (V;);<s of X such that V; C U;
for any i < s.

Lemma 1 (RCAy). Let X be a perfectly normal space. Then for every finite open cover U of X, one can
effectively find a closed shrinking of U.

Proof. Let U = {U;};<x be a finite open cover. By perfect normality of X, for each i < k one can
effectively find a continuous function g;: X — [0, 1] such that g;(x) > 0 if and only if x € U; for any
x € X. One can effectively construct (a code of) the following sequence (g;, §;)i<k of (possibly partial)
continuous functions:

gi(x)
gi(x) +max{gi(x),g:(x):s<i<t<k}

gi(x) =
¢/(x) = max {o, G - %} |

Fix x € X. By Z(l)-induction, we show that the denominator in the definition of g;(x) is nonzero.
Note that g;(x) > 0 for some i < k, since (U;);<x covers X. This verifies the base case. We inductively
assume that the denominator of g; (x) is nonzero, that is, g; (x) > 0 for some s < i or g;(x) > 0 for some
t > i. Suppose that the denominator of g;.;(x) is zero, that is, g;(x) = 0 for any s <7 or g,(x) = 0 for
any ¢ > i. Note that g/(x) = 0 implies g;(x) < 1/2, and therefore, by the definition of g;, we have

gi(x) < max{gi(x),g:/(x):s<i<t<k}=0.

However, this contradicts the induction hypothesis. Hence, (g/, &;)i<x defines a sequence of total
continuous functions, and for any x € X, we have g/(x) > 0 for some i < k, as seen earlier. This means
that W; = {x € X : g{/(x) > 0} = {x € X : §;(x) > 1/2} covers X. Therefore, F; = {x € X : §;(x) >
1/2} also covers X. Now if g;(x) = 0, then clearly g;(x) = 0 < 1/2; hence we have W; C F; C U;. This
concludes that (F;);<x is a closed shrinking of (U;);<. O

2.1.2. Star refinement
Let S € X and U be a cover of a space X. A star of S w.r.t. U is defined as

st(s,u)=U{Ueu:SmU¢0}.

Define U* by {st(U,U) : U € U}. A star refinement of a cover U of X is a cover V of X such that V*
is a refinement of U. It is known that a space is normal if and only if every finite open cover has a finite
open star refinement.

Lemma 2 (RCA(). Let X be a normal space. Then for every finite open cover U of X, one can effectively
find a finite open star refinement of U.

Proof. Given a finite open cover U = {U; }; <\ of X, as in the proof of Lemma 1, one can effectively find
a closed shrinking {F;};<x and an open shrinking W = {W; };<x such that W; C F; C U, foreachi < k.
Then V; = {X \ F;, U;} is an open cover of X. Define V as the following open cover of X:

V:WA/\V,-::{WﬂﬂVi:WGW,V,»e\?,}.

i<k i<k
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We claim that if V € V is of the form W, N (;x Vi, then st(V,V) C Uy,. For any V* € 'V of the
form Wy, 0 ;e V7, ifVAV* £ 0, then V; # X \ Fy, since V C W, C Fy. Therefore, V* C V; = Up.
Consequently, V is an open star refinement of U as desired. O

Also define U% by {st({x},U) : x € X}. A point-star refinement (or a barycentric refinement) of a
cover U of X is a cover V of X such that V* is a refinement of U. Clearly, every star refinement is a
point-star refinement.

2.1.3. Absolute extensor

A space K is called an absolute extensor for a space X if for any continuous map f: P — K on a closed
set P C X, one can find a continuous map g: X — K extending f, thatis, g [ P = f ' P. It is known
that the topological dimension (and the cohomological dimension) of a normal space can be restated in
the context of the absolute extensor. Classically, it is known that the covering dimension of X is at most
n if and only if the n-sphere S™ is an absolute extensor for X (cf. [2, Theorem 1.9.3] or [7, Theorem
II1.2]). This equivalence is due to Eilenberg and Otto. To prove the equivalence, Eilenberg and Otto
introduced the notion of an essential family.

We will need effectivity for inessentiality to reduce the complexity of induction. Therefore, instead of
considering the essentiality of a family, consider the following notion: A space X is (n + 1)-inessential
if for any sequence (A;, B;);<n+1 Of disjoint pairs of closed sets in X, one can effectively find a sequence
(U;, Vi)i<n+1 of disjoint open sets in X such that A; C U; and B; C V; foreach i < n, and (U; U V;)i<pt1
covers X.

Lemma 3 (RCAy). Let X be a Polish space. If the n-sphere S™ is an absolute extensor for X, then X is
(n + 1)-inessential.

Proof. As the boundary dI"*! of the (n + 1)-hypercube I"*! is homeomorphic to ", we can assume
that AI"*! is an absolute extensor for X. Given a sequence (A;, B;)i<n+1 of disjoint pairs of closed sets,
one can define f: ;<. (A; U B;) — 01"*! such that (m; o £)~'{0} = A; and (7; o f)"'{1} = B; by
perfect normality (Fact 1), where 7; is the projection into the ith coordinate. Then, by our assumption,
we have g: X — 01"*!, which agrees with f on ;. (A; U B;). Define U; := (m; 0 g)~'[0,1/2) and
V; := (m;0g)~1(1/2, 1]. Then (U, V;)i<ns1 covers X, since the range of g is contained in 41"*!. Hence,
the sequence (U;, V;) observes the condition of (n + 1)-inessentiality. O

2.1.4. Covering dimension

Let U be a cover of a space X. The order of U is at most n if for any Uy, Uy, ..., U, € U we have
Ni<ni2 Ui = 0. A space X has the covering dimension at most n if for any finite open cover of X, one
can effectively find a finite open refinement of order at most n.

Lemma 4 (RCAy). Let X be a Polish space. If X is (n + 1)-inessential, then the covering dimension of
X is at most n.

Proof. We first show the following claim.

Claim 1 (RCAy). If X is (n + 1)-inessential, then for any open cover U = (U;)i<n+2 of X, one can
effectively find an open shrinking W = (W;);<p+2 of U such that (YW = 0.

Proof. We follow the argument in [2, Theorem 1.7.9]. Given an open cover U = (U;);<p4+2 of X, pick a
closed shrinking (F;);<n+2 by Lemma 1. Then consider the sequence (U;, X \ F;);<n+1 of open covers. By
(n+ 1)-inessentiality, one can find a sequence of disjoint open sets (W;, V;);<p+1 in X such that W; C U;,
Vi € (X\F;) and U, .,,.1 W; UV; covers X. Define Wy,11 := Ups1 NUjcpsr Vie As Fip € Upy1, we have

UW:IUWiUUn+1 UWiUUVi QUFizX.

i<n+l i<n+l i<n+l i<n+2
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Thus, W = (W;);<n+2 is an open cover of X. Moreover, as V; and W; are disjoint, we have

m W; = m W:n Uy N U Vil € ﬂ W; N U Vi=0.

i<n+2 i<n+l i<n+l i<n+l i<n+l

This concludes that W is an open refinement of U of order at most n, as desired. O

We then follow the argument in [2, Theorem 1.6.10]. Suppose that U = {U; }; < is a finite open cover
of X. Let [s]"™*? be the collection of all set D C s such that |D| = n + 2, and D, be the eth element in
[s]™2. Put b := |[s]™*?| = (niZ) and set Ul.‘1 = U;. We will construct a sequence (Ff, Uf).<p of pairs
of a closed set F f and an open set U f such that (Uf )i<s is an open shrinking of U and, moreover,

(Vi<s)Uf CFf U, and () Uf =0.
i€D,

Given a sequence U = (U;);<s of open sets which is given as cozero sets of (u;);<s, by Claim 1 one
can effectively find a code of a sequence (w;);ep, of partial continuous functions such that whenever U
is a cover of X, w; is total, the cozero sets W = (W;);ep, of (w;)iep, are an open shrinking of (U;)iep,
and W := (U;,W; :i € D,, j & D,) covers X. Setu; = u; fori ¢ D, and u; = w; fori € D,. Then W
is given as a collection of cozero sets of u_’s.

Then, by Lemma 1, one can effectively find a code of a sequence (¥;); < of partial continuous functions
such that whenever U is a cover of X, v; is total, u;(x) = 0 implies ¥;(x) = 0 and V; = {x : ¥;(x) > 1/2}
covers X. Set F; = {x : ;(x) > 1/2} and v; (x) = max{0, ¥; (x) — 1/2}.

It is clear that if U is an open cover of X, then (V;);<s is an open shrinking of U, and moreover,

VigFigUi, and ﬂ Vi=®.
ieD,

To reduce the complexity of induction, we now note that the construction (u;)i<s — (Vi, Vi)i<s
is effective, that is, has an explicit E(l)-description ®. Hence, one can effectively obtain (a code of) a
sequence (3¢, g¢)e,i such that (u;)i<s = (g¢7") and (¥, vi)ics = (8¢, 8¢ )i<s satisfies the X0-condition
® describing the construction. Then define U = {x : §/(x) > 1/2} and F¥ = {x : §/(x) > 1/2}.

We first check that (U );<s forms an open cover for any e < b. Fix x € X. By Z?-induction, one can
easily show that for any e, x € U7 for some i < s. Next we see that Ul.d C U7 forany e < d < b. Fix
x € X. Note that g[.e‘l(x) = 0 implies &7 (x) < 1/2, and this condition is X|. For d > e, inductively
assume that gl.e‘l(x) = 0 implies gfl(x) < 1/2. Then gfl(x) < 1/2 clearly implies gfl(x) = 0, and
therefore g¢*!(x) < 1/2. By XV-induction, g¢' (x) = 0 implies g¢(x) < 1/2 for any d > e. Hence,
g¢7!(x) = 0 implies g¢ (x) = 0 for d > e, which implies that U¢ C U¢ forany e < d < b.

Finally, set V; = Uf"l. We have shown that (V;);<s is an open shrinking of U. It remains to show
that the order of (V;);<, is at most n. To see this, it suffices to show that for any e, (V;ep, Vi = 0. As
shown earlier, U¢~! = (Uf‘l)i<s forms an open cover. Therefore, (UY);<s is an open shrinking of el
such that (;ep, U = 0. Then, as seen before, we have V; = Uf"l C U7 for any i < s. Therefore,
MNiep, Vi = 0 as desired. m]

2.2. Nobeling’s embedding theorem

The n-dimensional Nobeling space N™ is a subspace of I***! consisting of points with at most n
rational coordinates. The Nobeling embedding theorem says that an n-dimensional separable metrizable
space is topologically embedded into the n-dimensional Nobeling space. We will see that the Nobeling
imbedding theorem is provable in RCA in the following sense.
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Theorem 2 (RCAy). If the covering dimension of a Polish space X is at most n, then X can be
topologically embedded into the n-dimensional Nobeling space.

More precisely, there is a topological embedding f of X into 1! such that for any x € X, at most
n coordinates of f(x) are rational.

2.2.1. The modified Kuratowski mapping

We say that points {p;}i<¢ in 14! are in a general position, that is, if 0 < m < d, then any m + 2 points
from {p; };<¢ do not lie in an m-dimensional hyperplane of 14*!. The following is an easy effectivization
of a very basic observation (cf. [2, Theorem 1.10.2]).

Observation 1 (RCAp). Given € > 0 and points g1, ..., gx € R™, one can effectively find py,... px €
R™ in general position such that d(p;, q;) < & forany i < k. m}

A polyhedron is a geometric realization |X| of a simplicial complex X in a Euclidean space. We
approximate a given space by a polyhedron as follows: Let U = (U;);<x be a finite open cover of X.
The nerve of U is an abstract simplicial complex N(U) with k vertices {p;};<x such that an m-simplex
{Pjos+++»>Djme + belongs to N(U) if and only if U;, N ---N U, ., is nonempty. We define the function
k: X — IN(W)]| as

m+l

X dx X\ Upp;
YA d(, X\ U))

k(x)

The function « is called the x-mapping (or Kuratowski mapping) determined by U and (p;);<y. For
basics on k-mapping, see also [2, Definition 1.10.15] and [7, Section IV.5].

However, we cannot ensure the existence of (x,i) — d(x,X \ U;) within RCA(. Therefore, we
introduce a replacement for the x-mapping. Recall that within RCA, given an open set U;, one can
effectively find a continuous function u;: X — [0, 1] whose cozero set is exactly U;. The modified
k-mapping k: X — I?"*! determined by (u;);<s and (z;);<s is defined as

Diics Wi(X)Zi
Z j<s u; (.X)
The denominator of this formula is nonzero whenever U is a cover of X. Given x € X, let A(x) be the

list of all indices e < s such that x € U,. Such sets exist by bounded Z(l) comprehension within RCAy.
Let Z(x) be the hyperplane spanned by (z, : e € A(x)).

k(x) =

Claim 2 (RCAy). For any x € X, k(x) is contained in the convex hull of (z. : e € A(x)), and in
particular, k(x) € Z(x). O

Proof. Fix x € X. By definition of u;, x ¢ U; (that is, i € A(x)) implies u;(x) = 0. Set A; =
ui (X) /(X jen(x) 4j(x)). Clearly, 3jepx) 4i = 1 and k(x) = Xjen(x) Aizi- Hence, k(x) is contained in
the convex hull of (z,. : e € A(x)). O

2.2.2. Proof of Theorem 2

First, note that to work within RCA(, we need to avoid any use of compactness. Therefore, we cannot
use the standard proof of Nobeling’s embedding theorem. However, we will show that one can remove
compactness arguments from some proof of Nobeling’s embedding theorem, for example, given in [7,
Theorem IV.8], by performing very careful work.

Proof. For n+1 coordinates (¢;)j<pt1 € (2n+1)"*! and n+ 1 rationals (r;);<,+1, consider the following
hyperplane:

L={(x))j<ann1 € P (Vi <n+1) x¢, =i}

Let (L;); e be the list of all such hyperplanes. For a list (V, ).y of all basic open balls in X, let (i, j)
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be the rth pair such that V; C V;. Then consider the open cover V, = {V;, X \ V;}, where V; is the formal
closure of V;, that is, the closed ball whose center and radius are the same as V;.

We first give an explicit construction of (a code of) a sequence ( f; ); e of (possibly partial) continuous
functions. We describe the construction at stage 7. Suppose that a continuous function f;: X — I>**!
and a positive rational §; > 0 have already been constructed. Consider L, and V,. We construct a
V,-mapping f;+; which avoids L;.

By the total boundedness of I*!, one can easily find a collection (x 7)j<m of points in such
that (B(x;;0;))j<m covers 1?1 where B(x;0) is the open ball centered at x of radius §. Consider
W, = {f! [B(xj;6,)] : j < m}. Since the covering dimension of X is at most n, one can effectively
find an open refinement of V; A ' W, of order at most n. Apply Lemma 2 to this new open cover of X to
get an open star refinement U; = (U});<s of V; AW, of order at most n. Then one can effectively find a
sequence of continuous functions (uﬁ)iq such that U l’ is the cozero set of uf..

Foreach i < s, one can effectively choose x; € U} and then get the value f; (x;). Then, by Observation
I, we can effectively choose z! € X and pj. € L, such that

I[2n+1

d(fi(x;),z}) <6, and (zf, p;.)i<sx,-<n+1 are in a general position,

that is, if 0 < m < 2n, then any m + 2 vertices do not lie in an m-dimensional hyperplane of I>**!. Let
k: X — I?"*! be the modified k-mapping determined by (u;);<s and (z;);<s.

Claim 3 (RCA(). For any x € X, d(f;(x), k(x)) < 36;.

Proof. Letx € X be given. If x ¢ U/, then u! (x) = 0.If x € U], since U, is a refinement of W;, we have
d(fi(x), fi(y)) < 26; for any y € U!. Therefore, d(f;(x),z}) < 36;, since d(f;(x;),z}) < &;, where
x; € U!. Hence, by the definition of the modified k-mapping, we get d( f; (x), k(x)) < 36, forany x € X,
since

d(fi(x), k() =d | Y- L0 [E), Y i@zt | £ D] a@d(fi(x),2)) < 36,

i<s i<s i<s

where A;(x) is defined as in Claim 2. The first equality follows from }; . A; = 1, and the middle
inequality follows from the triangle inequality. O

Let [s]=" denote the set of all finite subsets D C s with |D| < n, and Z/, be the hyperplane spanned
by (z. : e € D). Now one can calculate the following value:

ne :=min{d(Z5,,Z%) : D,E € [s]=", Z), N Z}, = 0)} > 0.

Recall that (z);en(x) and (p;.)j<n+1 are in a general position, and L, is spanned by (pj.)j<n+1, which
implies that d(Z',, L;) > 0 for any D € [s]=". One can also calculate the following value:

n :==min{d(Z},,L,) : D € [s]="} > 0.

Now define f;y1 = k (where « is the modified x-mapping defined before Claim 3) and
Or41 = min{d,,n,/8,n;/4}/3. To reduce the complexity of induction, note that the construction
(ft.0:) = (fi+1,0e41,1m1,7;) is effective, that is, has an explicit Z?-description. We then have a
sequence (f,0r, 7,17 )ren With auxiliary parameters (z;)rew,i<s and (p)iaw,j<n+1. A simple in-

duction shows §; < 27'. By E(l)—induction with Claim 3, for any + < s one can also show that
d(f;(x), fs(x)) < Xss 0541 < 277; hence this is classically a uniform convergent sequence. Note that
the uniform limit theorem is provable within RCAq, since a modulus of point-wise continuity of the uni-
form limit f = lim,_, f; is effectively calculated from a sequence of moduli of point-wise continuity
of (f;);en and the modulus of uniform convergence 2. Hence, the uniform limit f = lim,_,c f; exists.
By the definition of §,, we also get d(f, fi+1) < 1:/4.17,/2.

https://doi.org/10.1017/fms.2020.52 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.52

Forum of Mathematics, Sigma 9

Claim 4 (RCA). For any t € N andy € I*"*!, there is V € V; such that f~'[B(y;n,/4)] C V.

Proof. Let y € 1! be given. For x,x’ € f~'[B(y;n:/4)], we have d(f(x), f(x")) < n,/2. As
d(f, fi+1) < n:/4, we have d(f111(x), fr+1(x")) < 1;. By Claim 2, we have f;.1(x) = k(x) € Z'(x) and
fir1(x") = k(x") € Z'(x"), where Z'(x) is defined in a similar manner as before. By the choice of 7,
we have Z' (x) N Z' (x’) # 0.

Assume that Z? (x) is spanned by (zj,)e<r and Z' (x”) is spanned by (z;f Ve<u-Since ZT (x)NZ' (x’) # 0,
(zﬁ(, z;.m )e<t.m<u lieon a ((t — 1) + (u — 1))-dimensional hyperplane. By our choice, the open cover U,
has order at most n, and therefore f,u < n+ 1; hence f + u < 2n + 2. Since {z;,,2j,, }¢<t,m<u are in a
general position, ¢ + u vertices do not lie in a (¢ + u — 2)-dimensional hyperplane. Hence, there must be
¢ and m such that z;, = z;,,. This implies that x, x" € U;,.

Consequently, if x,x’ € f7'[B(y;n,/4)], then x’ belongs to the star of {x} w.r.t. U,, that is,
x’ € st({x},U;). As U, is a star refinement of V;, we obtain V € V, such that f~'[B(y;n,/4)] C
st({x},U;) C V. O

Claim 5. Foranyx € X and p € Ly, d(f(x),p) > 1, /2.

Proof. By the definition of n;, we have d(Z;(x), L;) > nj for any x € X. By Claim 2, we also have
fr+1(x) € Z;(x), and therefore d( fi+1(x), L;) = n;. Hence d(f(x), L) = n;/2. O

Claim 5 ensures that the range of f avoids L,; hence, f is a continuous map from X into the n-
dimensional Nobeling space N C R>"*1,

Claim 6. f is injective.

Proof. Let W be any open neighborhood of x € X. Then, by the perfect normality of X (Fact 1), there are
basic open balls V; and V; such that x € V; C V; € V; € W. By applying Claim 4 to the code ¢ of pairs
(i, ), thatis, V, = {V;, X \ V;}, we get an open neighborhood B of f(x) such that either f~'[B] C V;

or f'[B] € X\ V;. However, as x € V;, we have x € f~![B] N'V; # 0; hence f~!'[B] C V;. Therefore,
if x” ¢ W, then, as W 2 V;, we get f(x’) ¢ B. This implies that f is injective. O

It remains to show that ! is continuous in RCAg. In the usual proof, by using the property that f is
an e-mapping for all £ > 0, we conclude that f is a closed map. However, it is unclear, from the property
being an e-mapping, how one can effectively obtain a code of the closed image f[A] of a closed set
A C X (without using any compactness arguments). Fortunately, Claim 4 has more information than
just saying that f is an e-mapping, which can be used to show that f is an effective open map.

Claim 7. f is an open map.

Proof. Say that an open ball Bx (x; ¢) in X is formally (resp. strictly) included in Bx (y; p) if d(x,y) <
p —q (resp. d(x,y) < p — q). Note that if Bx (x; q) is strictly included in Bx (y; p), then Bx (x;q) C
Bx(y;p). Let U = U, Vi(ey € X be an open set given as a union of open balls. Then make a new list
(Vv (e.j))e,jen of all open balls V; such that V; is strictly included in V().

Let t(e, j) be the code of the pair (v(e, j),u(e)), that is, V;(c j) = {Vu(e)» X \Vv(e,j)}. We now
consider a list (BZ’J Ve of_all open balls of radius < 1, (., ) /4 in1***!. By Claim 4, either f~'[B]"’] C
Vice) o1 f -1 [BZ’] 1 € X\ V,(c,j) holds. As we have already shown that f is continuous, we get a code
of the open set f~! [Bi”] = Um Vsce.jkm)- If Ve, j k,m) is formally included in VY(e’f) for some m,
then we must have £~ [B{"/] C Viy(e). Let (J;)ianr be a list of all such open balls B}/, that is,

{Jitien = {Bi’j : Vi(e.j.k,m) is formally included in V,, (. ;) for some m}.

We claim that f[U] = ;en Ji- If x € U, then x € V() for some e, and so x € V, (. ;) for some j.
By Claim 4, if B is a sufficiently small basic open ball containing f(x), then f~![B] C Vi (e, j)- Hence,
f~'[B] contains an open ball which is formally included in Vi (e, j)- Therefore, f(x) € B = J; for some
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i € N. For the converse, if J; = B, then f~'[B] C V(e for corresponding e, as already mentioned, and
therefore f~'[B] C Vi(ey € U. Consequently, B C f[U]. O

By Claim 7, one can effectively obtain a code of f~! as a continuous function. This concludes the
proof of Theorem 2. O

2.3. Every Polish space is at most one-dimensional

We say that K is an absolute extensor if it is an absolute extensor for any Polish space. In other words,
if X is a Polish space, for any continuous map f: P — K on a closed set P C X one can find a
continuous map g: X — K extending f. The Tietze extension theorem states that the unit interval
I is an absolute extensor. This clearly implies that I" is also an absolute extensor by coordinate-wise
extending f = (fi)i<n: P = I" to g = (gi)i<n: X — I". It is known that the effective version of the
Tietze extension theorem is provable within RCA as follows:

Fact 2 (see [11, Theorem I1.7.5]). The Tietze extension theorem is provable in RCA, that is, I" is an
absolute extensor. O

It is intuitively obvious that the topological dimension of the n-hypercube I" is n (but the proof is
not so easy even in the classical world). Surprisingly, however, under =WKL, every Polish space is at
most one-dimensional in the following sense.

Lemma 5 (RCAq + -“WKL). If X is a Polish space, then the 1-sphere S is an absolute extensor for X.

Proof. By Orevkov’s construction [8] (cf. [10]), if the weak Konig’s lemma fails, then there is a
continuous retraction r: I> — AI”. Note that the one-dimensional sphere S' is homeomorphic to §12.
Let f: P — 01 be a continuous map on a closed set P C X. Then, since I” is an absolute extensor by
Fact 2, one can effectively find a continuous extension f*: X — I? of f such that f* | P = f | P. Then
g =ro f*: X — I” is continuous and extends f, since r is a continuous retraction. This concludes
that S! is an absolute extensor for X as S' ~ 912, O

Proof (Proof of Theorem 1 (4)=(1)) Suppose ~WKL. Then by Lemma 5, S' is an absolute extensor
for R™. By Lemmata 3 and 4, the covering dimension of R is at most one. By Theorem 2, there is a
topological embedding f of R into the one-dimensional Nobeling space; that is, for any x € R, at
most one coordinate of f(x) € R? is rational. Consequently, there is a topological embedding of R™
into R?. O

3. Continuous degrees

In this section, we mention some relationships between reverse mathematics of topological dimension
theory and J. Miller’s work on continuous degrees [6].

Classically, a space is countable-dimensional if it is a countable union of zero-dimensional subspaces.
However, within RCA it is difficult to handle with the notion of a subspace. Instead, we use the following
definition. A copy of a subspace of Y in X is a pair S = (f, g) of (codes of) partial continuous functions
f:€ X > Yand g: CY — X. Then we say that x € X is a point in S = (f, g) if f(x) is defined,
and g o f(x) is defined and equal to x. A separable metric space X is countable-dimensional if X is a
union of countably many copies of subspaces of N'; that is, there is a sequence (S, ).cy of copies of
subspaces of N such that every x € X is a point in S, for some e € N.

Theorem 3. The following are equivalent over RCAp:

1. The weak Konig’s lemma.
2. The Hilbert cube I is not countable-dimensional.
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Proof. (1)=(2): The usual argument (cf. [2, Theorem 1.8.20]) only uses the Brouwer fixed point
theorem, which can be carried out in WKL [10].

(2)=(1): As I' is Polish, if we assume —~WKL then, by Lemma 5, S! is an absolute extensor for I''.
Therefore, by Lemmata 3 and 4 and Theorem 2, ¥ can be embedded into the one-dimensional Nobeling
space N'. It is clear that N is a finite union of zero-dimensional subspaces. O

Indeed, the instance-wise version of Theorem 3 holds. We now consider the instance-wise version
in an w-model (w, 8) of RCAy: For (1)=(2), if (S¢)ecw € S is a sequence of copies of subspaces of
w®, then there is an infinite binary tree 7 € 8 such that every infinite path through T computes a point
x € I which is not a point of S, for any e € w. For (2)=(1), if T € § is an infinite binary tree, then
there is a sequence (S, )ee € S Of copies of subspaces of w® such that if x € I* is not a point in S, for
any e € w, then x computes an infinite path through 7.

We now interpret this instance-wise w-model version of Theorem 3 in the context of continuous
degrees. We say that b is PA-above a (written a < b) if for any a-computable infinite binary tree there
is a b-computable infinite path. Miller [6] reduced the first-order definability of PA-aboveness to that
of continuous degrees: Whenever a and b are total degrees, a < b if and only if there is a non-total
continuous degree v such that a < v < b. For continuous and total degrees, see [0].

(1)=(2) implies [6, Theorem 8.2]: If a and b are total degrees and b < a, then there is a non-total
continuous degree v with b < v < a. To see this, consider the topped w-model of RCA( consisting of
all sets of Turing degree < b. Then, as in [5], take the list (f, g.) of all pairs of Turing reductions
(more precisely, all reductions in the sense of representation reducibility), considered copies in I* of
subspaces of w®. By (1)=(2), there is an infinite binary tree T of Turing degree b such that any path
computes x € I*, which is not a point in ( f,, g.). Such an x is non-total, since there is no @ € w® such
that f.(x) = @ and g.(a@) = x. As b < a, such an x is computable in a. If necessary, by adding a new
coordinate x to code b, we can conclude that there is a non-total degree v withb < v < a.

(2)=(1) implies [6, Theorem 8.4]: If v is a non-total continuous degree and b < v is total, then
there is a total degree ¢ with b < ¢ < v. To see this, consider the same w-model S as before. As in
[51, we consider a copy S € 8 of a subspace of w® in I* as a pair of b-relative Turing reductions. As
v is non-total and b < v, a point x € I* of degree v avoids any sequence of copies (S¢)ec, € S of
subspaces of w® in I*. Hence, by (2)=(1), for any infinite binary tree T € 8§, x computes an infinite
path ¢ through 7. Consequently, we have b < ¢ < v for some c.

This argument indicates that (some of) Miller’s work [6] (on definability of PA degrees via continuous
degrees) can be considered as the computable instance-wise version of Theorem 3.
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