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Abstract  Given a Banach space F and positive integers k and [ we investigate the smallest constant C
that satisfies || P|| ||Q|| < C||PQ)|| for all k-homogeneous polynomials P and I-homogeneous polynomials Q
on E. Our estimates are obtained using multilinear maps, the principle of local reflexivity and ideas from
the geometry of Banach spaces (type and uniform convexity). We also examine the analogous problem
for general polynomials on Banach spaces.
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1. Introduction
Let k and [ be positive integers. In [7] it is shown that given any complex Banach space
E and any two polynomials P of degree k and @ of degree | on E we have
n’ﬂ

IPI1QI < 2 IPQI|
where n = k + [. Results of this nature have long been studied for finite dimensions
(see [6], [8], [9], [13], [16], [17] and [18]). Given a suitable function F' of n complex
variables, the Mahler measure of F, M (F'), is defined by

1 1
M(F) = exp{/ - / log |F(e*™ ... e®™in)|dt, - - -dtn}.
0 0
It is shown in [8] that if f = gh is a polynomial of degree n in one complex variable, then

IglHIAll < 8™ [.f1,

where ¢ is the Mahler measure of F(z,y) = 1+ x + y — xy. Furthermore, this inequality
is shown to be asymptotically sharp as n — oco. In infinite dimensions inequalities for the
norms of products of linear functionals have been presented in [1], [10] and [21].
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18 C. Boyd and R. A. Ryan

In this paper, we will show that for certain spaces the constant n"/kFI! can be
improved. Our approach is to use the geometry of the underlying Banach space (type
and uniform convexity) to estimate the ‘weighted’ distance between the norming points
of P and . Using symmetric multilinear maps we show that if P and @ are k and [

homogeneous polynomials, respectively, on a Hilbert space, then
n!

1Pl < 1 1PQll.

Given a Banach space E we shall use P("E) to denote the space of all bounded n-
homogeneous polynomials on E and £*("E) to denote the space of all bounded symmetric
n-linear mappings on E™. The space P("E) becomes a Banach space when given the
norm || P|| = supy, < [P(x)], while || L]| = sup|,, <1 [L(Z1, ..., 2,)| makes L5("E) into a
Banach space. For further reading on polynomials on infinite-dimensional Banach spaces
we refer the reader to [12].

2. Estimates using symmetric multilinear maps and biduals

Given z and y in a complex Banach space E, P € P(*E) and Q € P('E), Benitez,
Sarantopoulos and Tonge [7] give the formula

27
Using this identity they obtain the following theorem.

P(m)w = 1 /o ) e_ikeP(ei‘ga: +1)Q(el?x + y) dé. (2.1)

Theorem 2.1. Let F be a complex Banach space and let k and | be positive integers.
Let n =k + 1. If P and @ are polynomials on E of degree k and l, respectively, then

nn
PRI < 7 1PQII- (2.2)

The existence of a universal constant which satisfies (2.2) in Theorem 2.1 can also be
established using ultrapowers in much the same way as in Proposition 2.3.1 of [10]. This
proof, however, gives no idea of the size of the constant.

As pointed out in [7] the constant n"/k*I' in Equation (2.2) of Theorem 2.1 is sharp.
To see this take E = (%, P(z) = 21 - 2k, Q(2) = 2k41 - - 25. By Lemma 3.1 of [20] we
have 1 1 )

1Pl =2z IQI=7 and [IPQ=—.
Thus -
IPIIRN = 7 1 PRI

For many spaces, however, it is possible to improve on the constants given in Theo-

rem 2.1. Our first approach is to obtain a version of (2.1) for symmetric n-linear maps.

Given A in £3(*E) and B in £*('E) we define functions (AB), and (AB), of n variables
by

1
(AB)s(w1,..., ) = ] > Aoy To() B(Ta(r1)s - To(n))
T oEeS,
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and

- 1
(AB)S(JJl, ce ,Jjn) = ﬁ Z A(J?U(l), e ,xa(k))B(xU(kJrl), e 7xa(n))-
oESy

Note that (AB)s € £5("E), while (AB); is a symmetric real n-linear function on E.

Proposition 2.2. Let E be a complex Banach space and let k and | be positive
integers. Let n = k + 1. For A € £*(*E) and B € £*('E) we have

n!
kN
Proof. This follows immediately from the identity

IAINBI < 77 1(AB)s|l- (2.3)

A(Ila s axk)B(xk-‘rh s 7xn)
1 nl [

- %m e_ike(AB)S<ei‘9$17 v aeiexlﬁ Lht1s--- 7.’1,'”) do.
U 0

Again, this inequality is sharp. Take E equal to ¢7,

1
A(Z‘17 $2, e ,ij) = H Z $£(1)$§(2) te Z‘];.(k),
€Sk

1

l l

Bzt 22, ... 2l = T E xi(k-;-l)"'xf(n)'
TES)

Then
n!

kN
Given a complex Banach space E, Benitez, Sarantopulos and Tonge define the nth

LA BI = 77 1(AB)s|l-

(linear) polarization constant ¢, (F) as

cn(B) = nf{M >0 | filllf2ll -+ [ fnll < Ml fr--- full for all fr,.... fn € E'}.

Clearly, by [7] we have that ¢, (F) < n™. If H is a complex Hilbert space of dimension at
least n, then Arias-de-Reyna [2] shows that ¢, (H) = n™/2. Estimates for ¢, (L,(u)) are
given in [19, Proposition 16].

If P € P("E), we shall use P to denote the (unique) symmetric n-linear map associated
with P. Given a complex Banach space E we let Cg(n) denote the polarization constant
of degree n of E and we let Rg(n) denote the polarization constant of degree n of the
underlying real Banach space Er. That is,

Cg(n) = inf{C : ||P|| < C||P|| for all P € P("E)},
whereas

Rp(n) = inf{C: | P|| < C||P| for all P € P("ER)}.
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We note that, in general, Cg(n) < Rg(n). For positive integers k and [ we define Fg(k,1),
Gg(k,l) and Hg(k,l) to be the infimum of all positive reals that satisfy, respectively,

IPIIQI < Fe(k, DIIPQ
for all P € P(*E) and Q € P('E), and

[AI[IB] < Ge(k, DII(AB)]|
and

IAIIB] < He(k, DII(AB);|

for all A € £5(*E) and B € L*('F). If k and [ are integers, we denote by Cg(k,[) the
infimum of all positive reals that satisfy

sup || P(2)" ()"l < Ce(k, D P]

z,yEBE

for all P € P("E) and by Rg(k,l) the infimum of all positive reals that satisfy

sup [ P(2)"(y)'ll < Re(k, )| P|

z,yEBER
for all P € P("ERr). We have the following relationship between these constants.

Proposition 2.3. Let k and | be positive integers and let n = k + 1. Then

Gp(k,1)
Cotonm S Ptk D < Gelk,DOs(K,D) (2.4)
and
Hg(k,1)
Cr(k)Cr(l) < Fg(k,1) < Hp(k, ) Re(k,1). (2.5)

Proof. Take P € P(*E) and Q € P('E) and let A= P, B = Q. Then we have

IPIQI < AIBIl < Gr(k,1) sup [(AB)s(z)"(y)]

z,yEBE

and

A Bl < Cr(k)Ce@)| P Q]
Ce(k)Cr(l)Fr(k,1)||PQ|

Cr(k)Ce()Fe(k, DII(AB)s],

N ININ

which gives (2.4).
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As ||[PQ|| = ||PQ|| we obtain the left-hand side of (2.5) as we obtained the left-hand
side of (2.4). Since (AB), is a real n-linear symmetric function, we have

IPIQI < IANBI < He(k,1) sup I(AB)s ()" ()|
T,y E

= Hp(k,l)Re(k, )| PQ],

which is (2.5). 0

Thus, if Cg(n) = 1, which happens if E is a Hilbert space (see [14, Theorem 4]) or £2_,
then it follows that Cg(k,l) =1 and we see that Fg(k,l) = Gg(k,).
When F is a complex Hilbert space we have the following corollary.

Corollary 2.4. Suppose E is a complex Hilbert space and let P; € P(*E) for 1 <
i1 <Il. Letn=Fky +ko+---+k;. Then

1P - LB <

n.
WHP1P2"']DIH- (2.6)

Proof. Since Rg(m) = 1 (see [4,12]), Fr(k,l) = Hg(k,l) for all k, I and the result
will follow by iteration and Proposition 2.2. ]

This result has also been established in [7] in the special case where k; = ko = --- =k
and n is a power of 2. The fact that n!/k!l! is an improvement on (2.2) follows from
Lemma 3.2 of [20].

Proposition 2.3 used with the estimate given in [14, Theoreml] gives an alternative
proof of [7, Lemma 2].

Proposition 2.3 also gives a lower bound of Fg(k,1)/Gg(k,l) for Cg(n).

For estimates on the biduals of a Banach space we have the following result.

Theorem 2.5. If E is a complex Banach space such that E" has the metric approxi-
mation property, then Fg(k,l) = Fg(k,1) for every k and l.

Proof. Choose ¢ > 0. Then there are P € P(*E) and Q € P('E) such that
(Fe(k,l) —olPell < [PIQI < Fe(k, DIIPQ-

Let R denote the Aron—Berner extension of a homogeneous polynomial R from F to E”.
Since this extension process is multiplicative and norm preserving (see [3] and [11, The-
orem 5]), we have

(Fe(k,D) = Ol PQI < |PINIQ]-

It follows that
FE(k7 l) < FE”(kv l)

On the other hand, given ¢ > 0, choose P € P(*E") and Q € P('E”) so that

(Fer (k1) = olPell < [[PIlQ]l-

https://doi.org/10.1017/50013091504000756 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091504000756

22 C. Boyd and R. A. Ryan

Now choose € > 0 and z”, ¥y and z” in Bg~ such that

[P =Pl —e QW >[QI-¢c and [PQE")|=(PQ| —e.

Let K = {z",y"”,2"}. Since E” has the metric approximation property, it follows as in
the proof of [15, Lemma 3.1] that there exist finite-type polynomials P, € P;(*E") and
Q. € P:('E") such that

IP—Pollx <& [Q—=Qollx <&, [P|l—-2e<|[Pll <[P,
1QIl = 28 < [[Qoll < [IQIl and  [[PQ = 2¢ < [PoQo]l < |1PQ-

Now applying the principle of local reflexivity and arguing as in the proof of Theo-
rem 3.2 of [15], there exist finite-type polynomials R € Py(*E) and S € P;('E) such
that

IR < [|[Poll +¢, (IS < [1Qoll +&  [IRSI < [[PoQoll +e,
R(z") = P,(2z") and S(y") = Qo(y").
Hence || P,|| < ||R]| + 2, ||Qoll < ||S]| + 2¢, and we have
(Fe (k1) = )| RS|| < (Fr (K, 1) — ) ([| PoQol| +€)
< (IPM1 +2) (|1 Qull +22) + (P (1) — )
< (IRI+ 4e) (S]] + 4e) + e(Fer (k1) — ¢).
Since e was arbitrary, it follows that Fg~ (k1) < Fg(k,l). O

We note that if F'is a L, space and F is a superspace of F', every homogeneous poly-
nomial on F' extends to a polynomial on E with the same norm (see [3, Corollary 1.3]).
It follows that Fr(k,l) < Fr(k,l).

3. Estimates using the geometry of Banach spaces

For certain Banach spaces and polynomials on those spaces which have approximate
norming points which are far apart it may be possible to improve on the estimates given
in (2.2) or (2.6). These estimates depend on the geometry of the underlying Banach spaces
and the weighted distance between circles that approximate the norms of the polynomials.
We introduce some notation. Given a Banach space E, polynomials P and @ of degree k
and [, respectively, 1 < p < 2 and £ > 0, we define v.(P, Q) by

ve(P,Q) = supinf{[le”z —y|| - |}z = llyll = 1, 6 € [0, 2],
"I/’,y
|[P)] > Pl — e Q)| > QI - <},
and 7. (P, Q) by

v =yl e (2)

el = llyll =1, 6 € [0, 2],

[P(x)| = 1Pl =&, |Q(y)] = Q] —6}~
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Since (P, Q) and v.(P, Q) are decreasing function of €, we may define v(P, Q) and
(P, Q) by

v(P.Q) = inf v.(P,Q),
np(Pa Q) = ilgfnp,s(Pa Q)

Homogeneous polynomials on complex Banach spaces have not only approximate norm-
ing points but approximate norming circles. In this case we can interpret v(P, Q) as the
maximum distance between the approximate norming circles of P and @ and 7,(P, Q)
as the maximum weighted distance between approximate norming circles of P and Q.
When k = I, v(P,Q) = 2"/, (P, Q).

We introduce the notion of Rademacher type as defined by Beauzamy in [5]. We shall
use 7 to denote the kth Rademacher function on [0,1]. A Banach space has type p if
there is C > 0 such that for all n > 1 and all z4,...,z, in E we have that

1/p

(I ;wm )< C(,; Joul?” )

The smallest C' which satisfies the above inequality is denoted by T}, and is called the type

constant of E. Although this definition of Rademacher type is equivalent to that which
appears in most standard texts, it does give different values for the type constant. These
values of T}, have the advantage of being relatively small when E is L,(x), 1 < p < 0.

Theorem 3.1. Let E be a complex Banach space which has type p. For P € P(*E)
and Q € P('E),

n \L/p
n n
IPIel < (Fer) - @12 - mR@MPIPQl. 5.)
Proof. Given ¢, ¢ > 0, choose = and y with ||z|| = |y|| = 1, |P(z)| > |P|| — &,

Q)| > [|QI| — € so that

inf
6

) ()

— e'r— | — Yy

n n

p k 1/p 0 l 1/p
n) rn) v

’ > n,:(P,Q) —o.

Since FE has type p,
|G e ()
— e'r+ | — Y
n n
for all 6 in [0, 27] and so

sup ||| — e x+ | — Y
0 n n

p k l p
< 2T;;<+)

"

n

< (217 — (pe(P.Q) — o)")"/7.
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1/ 1/
() () )
n n

n \l/p 1/p 1/p
<trai(gm) | (E) e (G

n" 1/p
<IPQl(fi) - @1F - (P, @) =

Thus, by (2.1), we have

n

Letting € and o tend to O gives the result. O

If we assume that E is a complex Banach space with type p such that T, = 1 (this
happens when E is L,(u), 1 < p < 2) and P and @ are two homogeneous polynomials
of degree n on E such that n,(P, Q) > v/2/2'/?, then our estimate from Theorem 3.1 is
that

IPIQI < (4= 2°/2)>"/7| PQ|,
while our estimate from Theorem 2.1 is that
IPIQI < (2)*"PQIl.
The value in (3.1) is an improvement on (2.2) when
2P +2P/2 — 4> 0.

This happens when
log(3(9 — V17))/log2 < p < 2,

which is the interval (1.2859...,2]. In particular, when E is a complex Hilbert space and
P and @ are two n-homogeneous polynomials on E such that n,(P, Q) = 1, the estimate
we get with (3.1) is

IPIIQI < 2" PQI,

compared with
1Pl < 4™ PQ

using (2.2).

A Banach space F is said to be uniformly convex if, for all » > 0, there is v(r) > 0
such that if z, y are unit vectors in F that satisfy ||z —y|| = r, then ||z +y|| < 2(1—~(r)).
Using (2.1) we obtain the following result.

Theorem 3.2. Let E be a complex uniformly convex Banach space. For P € P(*E)
and Q € P('E) andn =k +1,

IPIIQI < 2" (1 = (v (P,Q)" [ PRIl
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When P € P(*L,(n)), Q € P(‘L,(p)), for p > 2 we obtain two estimates for || P||||Q].
Using the fact that L,(x) has type 2, arguing as in Theorem 3.1, we obtain

IPIHIQII < (4B} — v(P,Q)*)" 2| PQ],

where B, is the constant on the right-hand side of Khinchin’s inequality. While using
uniform convexity and the fact that the modulus of convexity of LP () with p > 2 satisfies

y(r) =1 520 =),

we obtain
IPIQI < (22 — v(P,Q)")™?|| PQ|.

This last inequality can also be obtained from Clarkson’s inequality, which says that for
x,y in LP(u) we have

2(1l2[1” + Mlyll?) < llz +ylI” + [l — y]]”-

4. Estimates for general polynomials

For 0 € [0,27], f € H(E), we define fs € H(E) by fo(x) = f(e %x). We have the
following generalization of the identity (2.1).

Proposition 4.1. Let f and g be entire holomorphic functions on a complex locally
convex space E. Then for every x, y in E we have

1 2 27 27 . . -
f(z)g(y) = (277) / fo(e?z 4 e%y) gy (¥ + ei®y) df dg.
o Jo
Proof. Given polynomials P and @) on F we can write
Py(e%z +c%y) and  Qu(elfz + eity)

as polynomials in €', €', e71% and 1%, expand and obtain the identity
prs

P(z)Q(y) = ( ! ) /O i /O WPQ(ei%+ei¢y)Q¢(ewx+ei¢y) 46 de. (4.1)

Let (P), (respectively, (Q),) denote the Taylor polynomial for f (respectively, g) of
degree n. Since (Py)n(Q¢)n converges uniformly to fg on the compact set

{ez + ei¢y}9,¢e[o,2w],
the result follows from (4.1). O

We shall use this identity to give another estimate for the norm of the product of general
polynomials. Let us recall that § is the Mahler measure of F(z,y) =1+ x +y — zy and
is equal to 1.7916....

The support of a function f in LP(u) is defined as {z : f(z) # 0}.
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Theorem 4.2. Consider 1 < p < oo and let P and ) be polynomials on L,(u) of
degree k and [, respectively, which achieve their norms at points with disjoint support.
Let n =k + 1. Then

nn

1/p
1Pl < (i) omlPell (4.2

Proof. Choose norming points « and y for P and @, respectively, which have disjoint
support. By Proposition 4.1,

k 1/p l 1/p k 1/p . l 1/p .
() )lo(G) o) mpimea () o= (5) o
n n 0 n n

<sup [[PyQoll-
06

n

Fix an arbitrary z in the closed unit ball of E and consider the polynomial, P, of degree k

on C defined by
P(\) = )\kP(iz).

It follows from the maximum modulus theorem that P(1) < HP”(k/n)l/ch. This gives

us that "y Y y
n\"’? EN'P n\’P

P < 'R S P - A § - P n 1/p .

@< (i) gmlr(() )< (&) 1Phesmen

Taking the supremum over all z in the unit ball of ' we get that

k/p
n
1P1< (3) 1Pllgmynse

Similarly, we obtain

n

l/p
121 < (%) 1luymress

Thus we have

n

1/p
n
P < = PyQyll.
IPIHel (kkll) S;lflI 0 Qo

Fix z in E and for f € H(E) let f* € H(C) be defined by f*(A) = f(Az). Then, by
Theorem 2 of [8], we have

sup 1(PoQg)* |l = Sup 1P5Q51 = I1P*IQ%] < 6" |1P*Q%|| = " [|(PQ)* |-
Taking the supremum over all z with ||z|| < 1 we obtain

S;JQPIIPquslI < 6"|[PQll,

which gives (4.2). O
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If P and Q) are two norm-attaining polynomials of degree n on L,(u) that attain their
norms at points with disjoint support, then Theorem 4.2 tells us that

IPIHIQI < 22782 PQ).

For
1

p> 1 —logyd

this is better than the estimate in [7] of 227,

Theorem 3 of [7] uses the isometry between the space of all polynomials of degree at
most n on a Banach space F and the space of n-homogeneous polynomials on the Banach
space E @ __ C to obtain the best constant for general polynomials. This isometry can
be used in conjunction with Theorem 2 of [8] to give the following result.

=6.24...

Proposition 4.3. Given P € P(*(2)) and Q € P(Y42.), let n = k + [. Then

IPIHIQI < 6™ PR

and this estimate is asymptotically sharp as n — oo.

For any infinite set I, £, (/) is isometrically isomorphic to o (1) P, C. Therefore,
we see that if P and @ are polynomials of degree k and [, respectively, on £ (I), then

IPIHIRQI < Feery (R, DIIPQY|-

Thus, the best constant for the product of homogeneous polynomials is also the best
constant for general polynomials.
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