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Following the seminal paper by Bourgain, Brezis, and Mironescu, we focus on the
asymptotic behaviour of some nonlocal functionals that, for each u € LQ(RN), are
defined as the double integrals of weighted, squared difference quotients of u. Given
a family of weights {pc}, € € (0, 1), we devise sufficient and necessary conditions on
{pe} for the associated nonlocal functionals to converge as ¢ — 0 to a variant of the
Dirichlet integral. Finally, some comparison between our result and the existing
literature is provided.
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1. Introduction

Let J := (0, 1) and let u: RY — R be an L? function. Given the family of kernels
{pe}ees, with p.: RN — [0, +00) measurable, we consider the energy functionals:

Fldi=z [ ol —x>w dy dz. (L1)

We aim to characterize the class of kernels such that for every u € H*(RY) the
family {.Z.[u]} converges to (a variant of) HVU\|%2(RN) as € — 0, see theorem 1.1.
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Our study follows the line of research initiated in the renowned paper [5]. The
motivation advanced by the authors was the analysis of the Gagliardo seminorms:

u(y) — u(x)|?
[u]? == /]RNX]RN Wdydx, with p € (1,400),s € (0,1)
as s — 1. They studied the asymptotics as ¢ — 0 of double integrals with the same
structure as the one in (1.1) for a family {p.} € L'(R") of radial kernels and a gen-
eral exponent p € (1, +00), and they proved that the Sobolev seminorm || Vul” , (BN
is retrieved in the limit. The case of the Gagliardo seminorms may be treated anal-
ogously upon taking some extra care of the tails of the fractional kernel (see, e.g.
[13, Sec. 1]).

The literature on nonlocal-to-local formulas has become extremely vast, and a
detailed overview is beyond the scope of our contribution. Here, we restrict our-
selves to the research that is most close in spirit to [5]. The gap left open for the case
p =1 was filled in [9], where a characterization of functions of bounded variation
was provided (see also [13, 19]). The case of vector fields of bounded deforma-
tions was later addressed in [15] by considering a suitable symmetrization of the
functionals in (1.1) (see also [16] for the asymptotics of nonlocal elastic energies of
peridynamic-type and [21] for a study of fractional Korn inequalities). The analy-
sis of the asymptotic behaviour in the sense of I'-convergence [8] of the fractional
perimeter functionals introduced in [7] was undertaken in [2], and then extended in
multiple directions by several contributions, e.g. [4, 10, 14, 17]. Finally, we point
out that a general variational framework for the analysis of (static and dynamic)
multiscale problems that feature nonlocal interactions has been very recently con-
sidered in the monograph [1], again for kernels that, in our notation, are required
to form a definitively bounded sequence in L*.

A common trait of the works above is that they only concern sufficient conditions
for the nonlocal-to-local formulas to hold. In the specific case of the functionals
in (1.1) (see theorem 5.4 for a prototypical statement), this means that, given a
measurable map p.: RY — [0, +00) for every € € J, a set of conditions on the
family {pc}ees is prescribed, so that the following can be deduced: there exist an
infinitesimal sequence {e;} C J and a positive Radon measure A on the unit sphere
SN=1 that depends only on {p., }c, s, such that for every u € H'(RN):

Jim e fu] = /RN /SM V() - of? dA(o) da. (12)

We refer to such equality as the Bourgain—Brezis—Mironescu formula, in short BBM
formula. The novelty of our contribution is that we devise conditions that are both
necessary and sufficient for (1.2) to hold (see also § 5.3 for some remarks about
energies with non-quadratic growth). Precisely, we establish the following.

THEOREM 1.1 (Necessary conditions for the BBM formula). For every € € J, let
pe: RY — [0, +00) be measurable and let F. be as in (1.1). Let also \ be a fived
positive Radon measure on the unit sphere SNV =1,

Suppose that there exists an infinitesimal sequence {e} C J such that for every
u € HYRYN) the BBM formula (1.2) holds for the given measure . Then, the
sequence {p., } satisfies the following:
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Sharp conditions for the BBM formula 3
(i) there exists M > 0 with the property that for every R > 0:

lim sup / pe, (7)dz + RQ/ Per (22) dz| < M; (1.3)
k—+oco |JB(0,R) B(0,R)¢ |2|

(ii) the sequence {vi} of Radon measures on RN defined by

(i, f) = /]RN pe (2)f(2)dz forall f € CC(RN), (1.4)

locally weakly-+ converges in the sense of Radon measures to ady, where a = 0
18 a positive constant, and &g is the Dirac delta in 0.

Roughly speaking, condition (i) prescribes that for e € J small enough each ker-
nel p. must have finite mass in any large ball around the origin, and that, at the
same time, the contributions accounting for long-range interactions must be asymp-
totically negligible. Indeed, as we show in § 5.1, (1.3) is equivalent to the following
uniform decay condition: there exists M > 0 such that for every R > 0:

. Per (2) M

iy Y CEIECh O
When R = 1, the previous inequality entails that for k large enough p., € L%OC(RN ),
so that, in particular, position (1.4) actually defines a Radon measure on R™. A
useful way to regard the measures v, in (1.4) is to think of them as quantities
encoding medium-range interactions, although this is not immediately evident from
the definition. From this point of view, condition (ii) shows us that, in the limit,
such interactions must vanish outside of the origin. We will elaborate further on
this point in this introduction.

It turns out that conditions (i) and (ii) are also sufficient for the BBM formula

to hold, so that, in light of theorem 1.1, they are sharp. To establish the sufficiency,
we need the following compactness result, which is interesting on its own:

THEOREM 1.2 (Asymptotic behaviour of nonlocal energies). For every e € J, let
pe: RN — [0, +00) be measurable and let Z. be as in (1.1).
Suppose that there exists M > 0 with the property that for every R > 0:

lim sup [/Bm " pe(2)dz + RQ/ pe(2) dz‘| < M. (1.5)

e—0 B(0,R)¢ |2[2

Then, there exist an infinitesimal sequence {ei} C J and two finite positive Radon
measures j and v, respectively on SN and RY, that depend only on {p.,}, and
such that for every u € HY(RN) there holds:

in Fufl =3 [ | [ 9 of auto)

k—+4oc0 2

jue+2) —u@P?
i /RN\{O} v

FE dz. (1.6)

Moreover, the right-hand side of (1.6) is finite for every u € H*(RY).
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Theorem 1.2 shows that, while the integrability and decay conditions in (i) are
sufficient to establish the convergence of the functionals in (1.1), in the absence
of condition (ii) we cannot exclude the persistence of nonlocal terms in the limit.
Indeed, the measure v is retrieved as the limit (in the sense of weak-* convergence)
of the medium-range interactions encoded by (1.4). The measure p captures instead
the concentration of the sequence {p., } around the origin, and it characterizes the
(possibly zero) local term in the limiting energy. Loosely speaking, for every Borel
subset £ C SN~1 11 is given by

p(E) = lim pes(2) dz
6*>0 C,;(E)

where C5(E) is the intersection of the cone spanned by E with B(0, §), {es} is a
suitable subfamily, and the limit is taken in the sense of the weak-* convergence
of measures. We refer to steps 3 and 4 in the proof of proposition 3.2 for the
precise definition. In particular, when the kernels p., are radial (cf. [5]), then p =
N1 SN for a constant ¢ > 0.

We conclude our analysis by showing that, when (ii) is imposed as well, the
limiting nonlocal effects vanish.

COROLLARY 1.3 (Sharp sufficient conditions for the BBM formula). Let us suppose
that same hypotheses of theorem 1.2 hold, and let us suppose also that the family
{v.}ces of Radon measures on RN defined by

Werd) = [ p)I(E)ax for all § € CuRY), (1.7)

locally weakly-x converges in the sense of Radon measures to ady, where o > 0 is a
positive constant, and g is the Dirac delta in 0. Then, there exist an infinitesimal
sequence {e} C J and a finite positive Radon measure  on SN~ such that the
BBM formula holds, that is,

lim 7, [u] = 1/ / |Vu(z) - o)? du(o) da. (1.8)
k—+o00 2 RN JgN-1

We refer to remark 4.3 for an alternative formulation of the right-hand side of
(1.8) in terms of the action of a quadratic form.

Our approach grounds on the use of the Fourier transform, which allows recasting
the family of nonlocal functionals in (1.1) into double integrals of the form:

/ |w(s>|2/ pe(e) L0 e, (1.9)
RV RN |z

with ¢ in a suitable weighted L? space (see (2.1) and (2.3)). The technical prelimi-
naries about the Fourier transform and those on Radon measures to be used later in
this work are collected in § 2. In particular, the functionals in (1.9) and equivalent
formulations of the BBM formula in Fourier variables are retrieved in lemma 2.1.
From § 3, we turn to the proof of our results. First, we establish theorem 1.2 by
observing that the condition in (1.5) grants not only that the integrals with respect
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to z in (1.9), as a function of £, grow at most as 1 + [£]? (see lemma 3.1), but also
that they converge pointwise to the Fourier transform of the integrals within the
square brackets in (1.6) (see proposition 3.2). The dominated convergence theorem
then applies, and (1.6) is retrieved.

The pointwise convergence of the nonlocal energies provided by proposition 3.2
plays a central role in our analysis. It is obtained by studying separately the
behaviours of the family {p.} at three distinct interaction ranges, respectively
short, medium and long, that we encode by means of an additional parameter
0 € J. Short-range interactions arise from the contributions of shrinking balls of
radius ¢ centred in the origin, and, as § — 0, they asymptotically approach the
gradient term in (1.6). Medium-range interactions originate from the contributions
to the energy stored in annuli that lie at a distance § from the origin. In the limit,
their presence leads to the nonlocal term in (1.6), that is, the integral with respect
to the measure v. Finally, long-range interactions occur outside of balls of radius
d~! centred in the origin, and their contributions are negligible when § — 0.

The proofs of our two other results are provided in § 4. With theorem 1.2 on
hand, corollary 1.3, that is, the sufficiency of conditions (i) and (ii) in theorem 1.1
for the BBM formula, follows quickly: it is enough to observe that (ii) forces the
integral with respect to v in (1.6) to vanish. In this sense, (ii) may be regarded
as a locality condition, since it requires that in the limit the kernels concentrate at
the origin. Conditions of this sort appear to be natural as far as sufficient criteria
for the convergence of the nonlocal energies to variants of the Dirichlet norm are
sought after (cf., e.g. (5.4) in theorem 5.4 or [1, Thm. 3.1]). The key novelty of our
contribution is that we prove item (ii) in theorem 1.1 to be the weakest locality
requirement for the BBM formula (1.2) to hold.

Proving theorem 1.1, that is, the necessity of (i) and (ii) for the validity of the
BBM formula, is a more delicate issue. The key step is established in proposition
4.1, where, by a suitable scaling of the functions in (1.9) (see remark 4.2), it is
proved that (5.5) implies (i). The weak-+ convergence of the sequence {vy} in (ii)
to a multiple of the Dirac delta in 0 follows then from a homogeneity argument.
We conclude our contribution in § 5 by clarifying how it compares with the existing
literature and by pointing out possible future research directions.

As we briefly outlined above, there have been intense research efforts in the
asymptotic analysis of nonlocal energies of the form (1.1). It is to be noted that
such functionals also arise in applications, a case of interest being represented, for
instance, by nonlocal models in micromagnetics. Indeed, as pointed out in [20],
if the classical symmetric exchange energy given by the Dirichlet integral of the
magnetization is replaced by a nonlocal Heisenberg functional of the form (1.1),
then a model closer to atomistic theories is obtained, and, in addition, the class
of admissible magnetizations may be enlarged to include discontinuous and even
‘measure-valued’ fields. This observation is crucial in nonconvex problems such
as those of ferromagnetism, in which the highly oscillatory ‘domain structures’
observed in ferromagnetic materials cannot be captured by magnetizations with
Sobolev regularity. In such nonlocal micromagnetics models, knowing what classes
of kernels p. lead to an approximation of the classical Dirichlet energies amounts
to a selection criterion to establish whether nonlocal descriptions can be replaced
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by local ones or, instead, such approximations are not mathematically correct. We
refer to [11] for further discussion on this topic.

2. Preliminaries

After fixing the notation, in this section, we provide a concise overview of some
facts from the theories of the Fourier transform and of Radon measures, which will
serve as the main tools for our study. In particular, in lemma 2.1 we derive an
equivalent form of the BBM formula (1.2) to be employed as the cornerstone of our

analysis.
For N € N\ {0}, we work in the N-dimensional Euclidean space RY, endowed
with the corresponding inner product - and norm ||. We let {eq, ..., ex} be its

canonical basis. For all z € RV \ {0} we define 2z := z/|z|. We denote by " and
AN~ the N-dimensional Lebesgue and the (N — 1)-dimensional Hausdorff mea-
sures, respectively. We let B(z, r) be the open ball in RY of centre = and radius .
We write B(z, r)¢ for the complement of B(x, r), while the topological boundary
of B(0, 1) is denoted by SV~1.

2.1. Fourier transform

In this paper, we resort to results on the Fourier transform that are standard and
can be found in any textbook on Fourier analysis (see, e.g. [22]). Here, we briefly
recall the properties to be used below.

We will employ the unitary Fourier transform expressed in terms of angular
frequency, that is, for any rapidly decaying u € C°(RY) and ¢ € RY:

1 .
—ix-&
OLE /RN e u(x) de.

As customary, we will adopt @ as a shorthand for Fu. We recall that the following
identities hold:

Fu(g) =

7€) = e FEU(E),  Dau(€) = (1)°U(E),

where (T,u)(z) = u(x — 2), for z, z, £ € RY, and where o € NV is a multi-index.
In particular, we observe that, by the Parseval identity, the Fourier transform is a
bijection between

H'(RY) := {u € L*(R") : the distribution Vu is in L*(R")}
and the weighted space

BE) = {ve @) [ efuekd<ixf. @D

By applying Fourier techniques to the functionals in (1.2), the following is readily
obtained.
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LEMMA 2.1. Let A be a positive Radon measure on SN~1. For every u € H*(RY)
we define

Flu] = /RN /SIH V() - of? dA(o) dx, (2.2)

while for every 1 € L2 (RY) we set

7] = 2 glocos(z-§) .
Fl = [ WF [ = azae, (23
Pl [ WoF [l oP @) (24)

Then, recalling (1.1), for every u € H*(RY) it holds
Felu) = Zela), Fl = Fla,

and, in particular, there exist an infinitesimal sequence {ex} C J such that (1.2)
holds for every u € H*(RN) if and only if for every ¢ € L2 (RY)

o~ o~

lim 7, [¢] = Z[y]. (2.5)

k— 400

Proof. Recall that (r,u)(z) :=u(x — z) for every z, 2 € RY. By the change of
variables z := y — x and the Parseval identity we obtain:

Folu] = 1/R P=Z) a4 2) — u(@) 2 dz da

2 JrN wmN |z|2
_ 1 pe(2) - ,
3 [ [ o) uto ara
_ 1 pe(z)
B i/RN |22 /RN |Flu —m—2u] ()] d¢ d=.

The properties of the Fourier transform yield:
[Flu = 1) (€)]> = |1 — =< P[a€)? = 2 (1 — cos(z - €)) [a(¢) |,

whence we infer % [u] = ?\E[ﬁ] Similarly, we have
Fl= [ [T al©R dcane)
= a(e))? ~odX\(o)d
[ EOF [l olae)ae

= Zul.

We then achieve the conclusion thanks to the one-to-one correspondence between
HY(RM) and L2 (RY) provided by the Fourier transform. O
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2.2. Positive Radon measures on RV

We recall here some definitions and properties that may be found, e.g. in [3, Secs.
1.3 and 1.4]; we refer to such a monograph for a more detailed study of (geometric)
measure theory.

Let X C RY be a set. A positive measure ;1 on the g-algebra of Borel sets in X
is a positive Radon measure if it is finite on compact sets; if it holds as well that
1(X) < 400, we say that pu is a finite positive Radon measure. We denote the space
of positive Radon measures on X by .#j,.(X) and the one of finite positive Radon
measures by Z(X).

The Riesz representation theorem proves that .#,.(X) may be identified as the
dual of the space of compactly supported continuous functions C.(X) endowed with
local uniform convergence. Accordingly, we say that a sequence {p} C Moc(X)
converges to p € Moe(X) in the local weak-+ sense, and we write pj — g in
Moe(X), if

lim / f(x) dug(x) :/ f(x)du(z) for every f € Cu(X). (2.6)
k—+oo Jx X

In wider generality, if j — p in #oc(X), then the previous equality holds for
every bounded Borel function f: X — R with compact support such that the set
of its discontinuity points is p-negligible. In particular, if X is compact and p —
in Aoc(X), then (2.6) holds for every f € C(X).

A uniform control on the mass of each compact set along a sequence of Radon
measures is sufficient to ensure local weak-* precompactness: if {1} is a sequence of
positive Radon measures such that sup, {px(C) : C C X} < 400 for every compact
set C' C X, then there exists a locally weakly-* converging subsequence.

3. Proof of theorem 1.2

We devote this section to proving that the summability and decay conditions in
(1.5) are sufficient to yield convergence of a subsequence of {.Z.}. In particular, we
are able to characterize the limiting functional, as (1.6) shows.

As a first step, by assuming that the kernels p. satisfy (1.5) (actually, it suffices
that the bound holds just for one R > 0), we deduce that the energies Z. in (2.3)
are finite for every ¢ € L2 (R"), provided ¢ is small enough. This is an immediate
consequence of the next lemma, which, in spite of its simplicity, will prove to be
useful.

LEMMA 3.1. For every ¢ € J, let p.: RN — [0, +00) be measurable, and let us
suppose that (1.5) holds for R = 1. Then, for every & € RY

1-— - M
limsup/ pe(z)M dz < —¢)?,
B(0,1) 2

e—0

e—0

1— .
lim Sup/ pE(Z)M dz < 2M
B(0,1)°

where M > 0 is as in (1.5).
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Proof. From (1.5) with R = 1, it follows:

lim sup/ pe(2)dz < M, lim sup/ ps(;) dz < M (3.1)
e—0 JB(0,1) e—0 JB(0,1)c |2
We first focus on contributions in B(0, 1). Since sin(¢) < ¢ for ¢ > 0, we have:
1—cos(z-€§) 1 /Z'5 ) 1,0 ..
RS A in(t) dt < = (3 €)2, 3.2
S [ <60 (32)

where 2z := z/|z|. By taking into account the first inequality in (3.1), we deduce:

1— . 2 M
limsup/ pg(z)% dz < @limsup/ pe(z)dz < —[¢*
e—0  JB(0,1) |z 2 0 B(0,1) 2

Instead, far from the origin, we have:

1-— . e
limsup/ pg(z)M dz < 211msup/ iz) dz < 2M,
e—0 JB(0,1)c |2| e—0 JB(0,1)c |2

where we used the second estimate in (3.1). O

For the second step towards the proof of theorem 1.2, it is convenient to introduce
the following notation: for every £ € RV and ¢ € J, we let:

1— .
I.(§A) = Apg(z)clzjgw dz, for all £ — measurable A C RY. (3.3)

By lemma 3.1, we know that, under condition (1.5), the functional I.(&;RY) grows
at most as 1 + [£|?. Then, recalling the formulation of the BBM formula in Fourier
variables provided by lemma 2.1, in order to show that (1.6) holds, it suffices to
characterize the pointwise limit of the family of integrals with respect to z in (2.3),
when regarded as functions of £, that is, of {I.(-;R™)}. The next proposition takes
care of this.

Note that in order to achieve the task that we have just outlined it is natural to
regard {p.} as a family of Radon measures and to take the limit of {I.(-;R")} by
appealing to some weak-* compactness argument. Even though such compactness is
actually available (see step 2 in the proof of proposition 3.2), the discontinuity of the
function z — (1 — cos(¢ - 2))/|z|? prevents the results recalled in § 2.2 from being
immediately viable. To circumvent such an obstacle, in the proof of proposition
3.2 we introduce an auxiliary parameter § € J to quantify the range of interactions
(respectively short, medium or long), and we accordingly define two families of
measures, which are meant to encode the limiting behaviour of {p.} at different
scales.

PROPOSITION 3.2. If (1.5) holds, then there exist an infinitesimal sequence {ex} C J
and two finite Radon measures p € # (SN~) and v € .4 (RY) that depend only on
{p-,} and such that for every & € RN :

) 1 1 —cos(z - &)
lim I, (&RY) = 7/ -o)?d / — " > du(z).
Jm L (GRT) =5 | 16l du(o) + oy TP v(z)
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Proof. Let us fix § € J. In order to compute the desired limit we part RY in three
regions: B(0, §), As, and B(0, 671)¢, where As:={z € RN : § < |z| < 6~ '}. The
proof is then divided into several steps: for each given 6 € J (except for a countable
family of them, see step 2 below) we take the limits as e — 0 of I.(§; B(0, ¢)),
I.(& As), and I.(& B(0, 671)¢). For the analysis of the first two terms the starting
point is the observation that (1.5) implies for every R > 0 the existence of g € J
such that

/ pe(z)dz < M+ 1 for every ¢ € (0,&R) (3.4)
B(0,R)

(cf. (3.1)). In the final step, we conclude by summing up the three contributions
and taking the limit as § — 0.

Step 1: long-range interactions. The term I.(&; B(0, §71)¢) is readily estimated by
means of (1.5): for every ¢ € J we have:

limsup I., (&; B(0,671)¢) < 2M 62 (3.5)
k—+o00

Step 2: medium-range interactions. For all € € J, let us define the measure v, :=
p LN (cf. (1.7)). Let { R0 },,cn be a strictly increasing sequence of strictly positive
real numbers. It follows from (3.4) that for every n € N there exists 7(™) € J such
that it holds:

/ dv. = / pe(z)dz < M +1, for every e € (0,7™).
B(0,R(™) B(0,R(™)

We can choose each (™ so that {77(”)} is strictly decreasing. From the previous

bound, for each n € N we deduce the existence of a finite positive Radon measure

v ¢ .#(B(0, R™)) and of a sequence {z—:,&")} c (0, ™) such that V_(m) Sy
k

weakly-+ in . (B(0, R(™)). By grounding on this property, a diagonal argument
yields the existence of a sequence {e;} C J and of a Radon measure v on R such
that v, = v locally weakly-* in Mo (RV). In particular, by the lower semiconti-
nuity of the total variation with respect to the weak-x convergence, since M does
not depend on R, we infer that v is finite.

We next resort to a known property of Radon measures: if {Es}sc is a family of
pairwise disjoint Borel sets in RY and if p € .#1,c(RY), then u(Es) > 0 for at most
countably § € J (see [3, p. 29]). By applying this property to the family {0As}scs
and the measure v, we deduce that the set of discontinuity points of the function:

_JO ifz¢ A,
Xs(2) = {1 if 2 € Ay

is v-negligible for all § € J, but those in a certain countable subset C' C J. As a
consequence, since {v., } weakly-* converges to v, the following equality holds for
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Sharp conditions for the BBM formula 11
every d € J\ C:

) . 1—cos(z-§)
kEr-',I-loo It’:‘k (§7A5) = kEI-&I-loo . X&(Z)Tdyek (Z)
1— .
- / Locos(z-8) . (3.6)
As ||
Step 3: short-range interactions. We adapt the approach of [19, Subsec. 1.1]. For a

fixed 0 € J and each € € J we define the Radon measure ug) on SV~ by setting:

o
(8) . N-1, (45 N-1(,
IR /;;(/ Nt >dt>d% ()

for all 2N~ — measurable sets F c SY .

By means of the coarea formula we deduce from (3.4) with R = 1 that definitively

ué‘;) (SN _1) < M + 1. Thus, for all § € J, there exists an infinitesimal sequence

{5,(65)} C J and a finite Radon measures u(®) € .#(SV~1) such that ,ui‘(sg) A pl®)
0

weakly-+ in .#(SV~') as k — +oo. Note that it holds p(®)(SN=1) < M +1 for
every 0 € J.
Next, by a Taylor expansion of the cosine in 0 we obtain:

1 ~
LEBO =5 [ pee e [ p0(el D d:

)

1

3 ~of? dul® <(2)0([€]%|2]) d=.
s oot [ 001D a:

SN—l

Since o +— [£ - o|? is a continuous function on , in view of the weak-* con-

vergence of {u(?g)} we can take the limit as k — +oo. Thus, for every ¢ € J, we
€k
find

limsup _es) (&, B(0,0))
k—+4oo K

1
=3 / € o1*du® (o) + limsup / P (O(EP N dz. (3.7)
2 Jsn- k—+oo JB(0,6) K

Step 4: limit as § — 0. In order to achieve the conclusion, we need to take the limit
as & — 0 of the terms considered in steps 1-3.

To this aim, let us consider the sequence {ex} C J and the set C C J given in
step 2. Let also {6, }nen C J \ C be an infinitesimal sequence. We observe that for
any n € N, by reasoning as in step 3, we can inductively extract a subsequence

{5](:)} C {8,(:_1)} C {er} such that the sequence of measures ,u,i") = #(?Z)) weakly-
€k

% converges in .#(SN~1) to some pu®). Step 3 yields as well the existence of an
unrelabelled subsequence {d,,} and of a Radon measure p € . (SV 1) such that
the sequence {p(®")} weakly-* converges in .#(SV~1) to p.
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Let us now define the diagonal sequence {£;} by setting &j := efck) for every
k € N. Then, recalling (3.4), it follows from (3.7) that

hmhmmﬂé@B@@n:%éMJgﬂﬁmﬂ. (3.8)

n—=+00 k400
We also note that by monotone convergence, we can take the limit also in (3.6):

lim hm Iak(f As)) = /RN\{O} 1_Clzs|ng)du(z). (3.9)

n—-+oo k—
Eventually, by collecting (3.5)-(3.9), we get

N
kll)lil I, (GRY)

= lim limsup [ 2 (£, B(0,0,)) + 15, (& As,,) + I, (fé B(0a5;1)c)] )

g

from which the conclusion follows. O
We are now in a position to prove theorem 1.2.

Proof of theorem 1.2. Keeping in force the notation in (3.3), by lemma 3.1 we
know that for k sufficiently large I, (&;RY) grows at most as 1+ [£|?. Proposi-
tion 3.2, instead, characterizes the pointwise limit of {I., (-;RY)}, where {ex} C J
is a suitable infinitesimal sequence. Thus, for every v € L2 (RY), by dominated
convergence, we deduce:

B 2|1 2 1 —cos(z-¢§)
Jim Zw)= [ e {2 Lo e ol aues [ I v ag

where p € #(SV71) and v € .4 (RY) are as in proposition 3.2. Formula (1.6) is
then achieved by recalling that the Fourier transform is a one-to-one correspondence
between H!(RY) and L2 (RY), and by computations similar to the ones in the proof
of lemma 2.1.

We are now only left to show that the right-hand side in (1.6) is finite for every
u € HY(RY). As for the gradient term, its finiteness is trivial. For what concerns
the nonlocal term, we note that in view of lemma 3.1 and of the construction in
proposition 3.2 there holds

/ Lsgz'f)dy(z) < 2M(1+|§‘2)
RN\ {0} 12

pointwise in R, Thus, we deduce

9 1—cos(z-§)
du( M
[ower [ <201 [ OF+ IR

for every ¢ € L2 (RY). The claim follows then by the same computations as in
lemma 2.1. g
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4. Necessary and sufficient conditions for the BBM formula

The goal of this section is to prove that conditions (i) and (ii) in theorem 1.1
are both sufficient and necessary for the BBM formula to hold. We first address
the sufficiency by proving corollary 1.3, then we turn to the necessity, that is, to
theorem 1.1.

4.1. Sufficiency

As we outlined in § 1, corollary 1.3 is an immediate consequence of the proof of
theorem 1.2.

Proof of corollary 1.3. Under the current assumptions, we know that there exist
an infinitesimal sequence of {¢;} and two Radon measures p € . (SN¥~!) and v €
A (RY) such that (1.6) is satisfied.

In order to conclude, it now suffices to recall that the measure v is the weak-*
limit of the sequence defined by (1.7) (see step 2 in the proof of proposition 3.2). We
are currently supposing that such sequence weakly-* converges to adg for a suitable
a > 0: then, necessarily, v = ady and the second integral on the right-hand side in
(1.6) vanishes. The conclusion is thus achieved. O

4.2. Necessity

We now focus on the proof of theorem 1.1, thus showing that the sufficient condi-
tions devised in the previous subsection are also necessary for the BBM formula to
hold. As before, we rely on the formulation in Fourier variables provided by lemma
2.1, or, in other words, we assume that (2.5) holds for every ¢ € L2 (RY) and for a
given measure A € . (SV~1). We first show that such a nonlocal-to-local formula
forces the restrictions of the kernels {p.} to any large ball to belong definitively to
L', while the integrals of p.(z)/|z|? on the complement of such balls need to become
increasingly smaller (see (1.3)). Then, item (ii) in theorem 1.1 will be derived as
well.

PROPOSITION 4.1. Suppose that the convergence in (2.5) holds for every ¢ €
L2 (RYN) and for a given measure \ € .#(SV~1). Then, there exists M >0
depending only on N and X such that for every R > 0 condition (1.3) is satisfied.

Proof. Throughout the proof, cy is a generic positive constant that depends just
on the dimension N and whose value may change from line to line.

Let ¢ € L2 (RY)\ {0} be a radial function. Then, there exists a measurable
v: [0, +00) — R such that ¥(£) = v(]€|) and that

+oo
0< / N7+ )P (t) dt < 4o0. (4.1)
0

We define

Vr(€) == RN/?y(RE) for all R > 0,
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and we observe that a change of variables yields:

1
IR GRS CEGIR S

By choosing 1) = ¢ g in (2.5), we infer that

. 1 —cos(z - &) _
Jin [ on@F [ oo azag <a@¥ ) [ R lun(o) P ag
= = (42)

where ¢ := ¢()\, ) is a suitable constant. We exchange the integrals on the left-
hand side of (4.2) by the Fubini theorem, and, for any fixed z € R \ {0}, recalling
that Z = z/|z|, we let Lz be a rotation such that z = L%e;, where the superscript t
denotes transposition. A change of variables yields:

/ [YR(€) (1= cos(z-€))d¢ = / [Yr(E)I? (1 — cos (|z]er - (LzE))) A&
RN
= /RN [Yr(E)I (1 = cos(|zler - €)) ¢ (4.3)

(recall that 1 is radial). By plugging (4.3) into (4.2), we obtain:

lim P (2) /RN [R(€)]? (1= cos(|z]es - €)) dédz < .

hoitoo Jan |22 R

From now on, we detail the argument for N > 4 only; the lower dimensional cases
may be addressed by similar (but lighter) computations. First, we change variables

to find
. pfk( ) 13
0 fon z|N+2/ < |)

Next, we rewrite the integral with respect to £ on the left-hand side of (4.4) by
employing spherical coordinates: for o € SV =1 we consider ¥y, ..., Ix_2 € [0, 7]
and Yy_1 € [0, 27) such that

2
(1 - cos(e; - £))dédz < %. (4.4)

e1 - o = cos(v),

e; -0 = cos( i)Hsin(ﬁj) fori =2,...,N —1,

N—1
eN -0 = H sin(¥;)
j=1
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Sharp conditions for the BBM formula 15
By the coarea formula, recalling that 1z (¢) = RV/?v(R|€]) for v as above, it holds:

ING)

+o0
= RN/ v? <|R|t) tN-1 / (1 —cos(tey - o)) ds#N (o) dt
0 z SN—-1

2m N-2 .x )
/ d19N,1 H / SiHN_]_l(igj)dﬁj
0 j=2 0

“+ o0 T
: RN/ v? (Rt> N1 / [1 — cos (tcos(¥91))] sin™¥ ~2(9;) dvd; dt
0 0

2

(1= cos(es - €)) d

2|
—+oo R ™
= cNRN/ v? <|Zt> V-1 / [1 — cos (tcos(9))] sin™ ~2(9) dv) dt
0 0
“+oo R t
= CNRN/ v? <|t> t/ (1 — cos(s)) (t2 — s)(N=3/2ds dt
0 z —t

Since the integrand in the last expression is positive, by restricting the domain of
integration we find

folon ()

N +oo ) R N2 t/2
>cnR v | —t (1 —cos(s))dsdt
0 |2 —(t/2)

Hoo 2 t
> cNRN/O v? (St) N=1 (1 — 7 sin (2)> dt. (4.5)

Next, we proceed by splitting the interval (0, +00) into two regions, and we analyse
the corresponding integrals separately.
We observe that by a Taylor expansion around 0 there exists ay > 0 such that

2

(1 —cos(er - €))d¢

2 t
1- 7 sin <2> > aot?  for every t € (0, 1].
Then, starting from (4.4) and taking into account (4.5), we infer

C . pEk (Z) / g
— > hmsup/ Yr | —
R?2 7 too IR 121N TR SR ||

|z|/R R
> apen RY lim sup/ 'OE’;V(f_)Q / V12 <t> dtdz
k—+o00 JB(0,R) |2] 0 ||

2
(1 —cos(eg - &))dedz

1
= OéoCQN hmsup/ Pek(«z)/ VL2 (1) dt .
R? hetoo JB(0,R) 0
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In conclusion, owing to (4.1), we find

limsup/ pe, (2)dz < My
k—+oo JB(0,R)

for a suitable My := My(N, A, v) that is finite for each v # 0 in (0, 1).
We now turn to the contribution accounting for ‘large’ |z|. Note that there exists
a1 > 0 such that
2 . [t
1—- zsin 5 > oy for every t > 1.

Therefore, by estimates similar to the ones above, we obtain:
c o pe,.(2) / ( 3 )
— > limsup / —
R? ™ i Jao,mrye 12IVF2 Jr |2

+oo R
alcNRN limsup/ pe’j\gil / V=12 (t) dtdz
k—+occ JB(0,R)c 2| |z|/R |2|

+oo
= aicy limsup/ pek(;) / tN 1% (t) dt dz,
k—+oco JB(0,R)° |z 1

2

(1 —cos(ey -€))d¢dz

WV

and, again by (4.1), we deduce

limsup/ pex(2) dz < My
B(

k——+o00

for some M; := M; (N, A, v) that is finite for each v # 0 in R\ [0, 1].
To conclude the proof, we first optimize My and M; with respect to v and we
choose as M the largest of the two optima; note, in particular, that M is finite and

strictly positive, and depends only on the dimension of the space and on A(SV~1).
|

REMARK 4.2. Observe that, heuristically, inequality (4.2) has the same structure of
a Poincaré inequality: the L2-norm of a function on the left-hand side, the L?-norm
of its gradient on the right one. So, in a sense, the integral with respect to z on
the left-hand side may be regarded as the inverse of the Poincaré constant. The
latter has a well-known scaling property: if c¢p(£2) denotes the Poincaré constant
associated with a certain domain €, then cp(RQ) = Rep(f2), where RQ := {z €
RN : 2/R € Q}. Such considerations motivated the choice of the scaling of the test
function v in the proof above (recall that there we work in Fourier variables).

With proposition 4.1 at hand, we are now in a position to prove theorem 1.1.

Proof of theorem 1.1. Thanks to proposition 4.1, we know that item (i) holds. As
a consequence, there is an infinitesimal sequence {ej} such that the inequality in
(1.5) holds, and we may invoke the compactness result in theorem 1.2. Thus, there
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exist a subsequence {e;, } and two Radon measures p € . (SV 1) and v € .# (RV)
such that for every u € H(RY):

_ 1 w(z) - o du(o [u(z + 2) — u(z)? v(z)| dx
lim F., [u] = AN[/SN_llv() Idu()+/RN\{O} L v o

n—-+oo 2

In particular, from the proof of theorem 1.2 we know that v is the weak-* limit in
Mroc(RY) of the subsequence {vy, } defined by

Vg, f) == /RN Per, (2)f(2)dz forall f e CC(RN). (4.6)

Note that, in principle, the measures 1 and A may differ. However, since we are
assuming (1.2), for every u € H'(RY) it must hold:

/RN/SN 1\vu )-o?d\(o) dz

1 N ule+2) —u)P ]
—Q/RNUSNIIV() 2du(o) + /RN\{O} R d()}d.

By passing to Fourier variables as in the proof of lemma 2.1, the previous equality
becomes

/RN Iw(S)IQ/SNfl € o2 d(0) d¢

B 5|1 o2 B 1 —cos(z-&) (s
- [ 1w [2/ e+ [T )] e

for every 1 € L2 (RY), whence, by the fundamental theorem of the calculus of
variations and the continuity with respect to the £ variable, we deduce:

o2 _1 32
Lo eatae =3 [ esrau)

1 — cos(z -
+ / M dv(z) for every € € RN, (4.7)
RN \{0} |2|

Then, by dividing (4.7) by |¢|? and letting |¢| — 400, we obtain:

—~ 1 —~ —~
/ € o2 dA() = 7/ € 22du(z) forevery E€ SV (48)
gN-1 2 Jgn-1

By (4.7) and (4.8), it follows that necessarily

1 6 ~
/ M dv(z) =0 for every ¢ € SV71,
RN\{0} |2

but since z +— (1 —cos(z - ))/\z|2 is a positive function with support on the whole
space for every £ € S¥—1, we infer that the restriction of v to RY \ {0} is 0. By the
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definition of Lebesgue integral, we obtain that for any f € C.(R™)

[ F)av(z) = v({0))£(0),

that is, v = ady for a suitable o > 0.

Finally, we conclude the proof of item (ii) by observing that for any subsequence
{ek, } the associated sequence of measures {v, } defined by (4.6) must converge
weakly-* to adp, and hence the whole sequence {vy} converges. O

REMARK 4.3. For each A € . (SV~1), let us define the positive semi-definite
symmetric matrix:

Ay ::/ o ®odA(o).
SN—-1

By employing this notation, the functional .% in (2.2) rewrites as

Flu] = A\Vu-Vudx
RN
for every u € H(RY).

As we observed in the previous proof, under the assumptions of theorem 1.1 the
measure A in (1.2) and the measure p obtained by the compactness argument need
not be the same. However, equality (4.8) expresses the fact that the associated
matrices satisfy Ay = A, /2.

5. Discussion and perspectives

In what follows, we first present an alternative formulation of condition (i) in
theorem 1.1, and we then compare our results with previous ones in other con-
tributions. In particular, we explain how some classes of kernels that have been
considered in the literature are encompassed by our theory. We conclude by
outlining possible future investigations.

5.1. Lévy conditions and reformulation of (i)

As we recalled in § 1, the research on nonlocal-to-local formulas has been focused
on sufficient conditions. However, it must be mentioned that necessary conditions
for the finiteness of the nonlocal energies in (1.1) have been devised as well, and
they are sometimes referred to as Lévy conditions. It is indeed known that, when
u € HY(RY), an e-uniform upper bound on the functionals in (1.1) entails a certain
summability close to the origin and a decay at infinity. Precisely, the following can
be shown:

THEOREM 5.1. Suppose that for every u € H(RY) there exists ¢ := c(u) > 0 such
that Z.|u] < ¢ for all e € J. Then, the family {p.} fulfils the Lévy conditions, that
is, there exists M > 0 such that

/ pe(z)dz +/ pg(z) dz <M for every e € J.
B(0,1) B(0,1)° |2
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For a proof, we refer, e.g. to the recent contribution [12, Thm. 2.1] (the authors
work under radiality assumptions on the kernels, but for the result at stake, this
does not play a role). Alternatively, we note that the argument in the proof of
proposition 4.1 may be adapted to establish the previous proposition: it is enough
to work with a fixed test function ¢ € L2 (RY).

When the bound in theorem 5.1 holds only asymptotically, that is,
limsup,_,, -Z:[u] < ¢, it can be shown that

. ,05(2)
lim su dz < M. 5.1
6H0p/]RN 1+ 2|2 (5-1)

Such bound is necessary but not sufficient for the one in (i): as a counterexample,
consider for N =1 the constant family p. = 1. As we observed in § 1, indeed,
condition (i) may be regarded as a uniform decay requirement on the kernels. In
more precise terms, the following holds:

LEMMA 5.2. Condition (i) is equivalent to the following:
(i) There exists M > 0 such that for every R > 0 there holds

M
lim sup Pei(2) <

——5dz < —5. 5.2

Proof. We first show that (1.3) implies (5.2). Fix R > 0. After a change of variable,
(1.3) rewrites as

lim sup / psk(Rz)dz—k/ wljz)dz
k—+oo |JB(0,1) B(0,1)¢ |2]

M

The conclusion follows then by observing that

i R
/ Psk(Rz)dz+/ Mdz}/ Mdz
B(0,1) B(0,1)¢ |z] kv 1+]2]

and by performing a further change of variables.
Conversely, assume that (5.2) holds. Then, for every R > 0 a change of variable

yields
hmsup/ pe(B2) \ o o M
k—-+4oco JRN 1+ |Z|2 RN

Since the real function t — t2/(1 + ¢2) is increasing on the positive real line, we find

2
/ pEk(RZQ) 4o > }/ pek(RZQ) dz+/ | 2,Oak(IZZ) &
ry 1+]2] 2 Jpo) 1+ B 1+ 1212 |z

1
> - / pgk(Rz)dz—&—/ wfz)dz .
2 \/Bo,1) B(0,1)¢ |2]

A further change of variable entails (1.3). O
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REMARK 5.3. We observed that (5.1) is necessary for (1.3) to hold. On the contrary,
a sufficient condition not involving the parameter R is the following: there exists
an infinitesimal family {w.} C (0, +00) such that

. pe(2)
lim su ————dz < +o0. 5.3
E_,op/RN 14+ we|z)? (5-3)

However, this condition is stronger than (i): to see this, given a family {w.} as
above, observe that for N = 1 the kernels p.(z) := wi/* fulfil (1.3), but not (5.3).

5.2. L' and fractional kernels

In [5], the authors proved their nonlocal-to-local formula under the assumption
that the kernels p. are standard mollifiers. A more general version of their result is
the following:

THEOREM 5.4 (cf. Thm. 1 in [19]). Let p € (1, +00) be fized. For every e € J, let
pe: RN — [0, +00) be a function with llpe/2||L1mvy = 1. Suppose also that for every
0>0

lim pe(z)dz = 0. (5.4)
c=0.JB(0,5)°

Then, for any u € WHP(RN) there exists ¢ > 0 such that

|u(z) — u(y)]

P
/ pe(x —y)—————dydx < ¢ for everye € J.
RN xRN |z —yl?

Besides, there exist an infinitesimal sequence {e} C J and a positive Radon mea-
sure X on the unit sphere SN =1 that depends only on {p.,} such that f§N71 dr=1

and

.1 |u(z) — uly)” / /

1 - —y)————dydx = \Y -o|PdX(o)d
kJTOOQ/RNXRN pak(x y) ‘.Z‘—y|p v RN SN—1| 'LL((E) U| (U) .

(5.5)
for every u € WHP(RN).

‘We now show how the class of kernels considered in the theorem above falls within
our theory.

EXAMPLE 5.5 (L' kernels). Let {p.}ccs be a family of kernels as in theorem 5.4. A
direct check shows that the normalization condition ||p. /2| 11 gy = 1 implies (1.5).
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Besides, for every f € C.(RY \ {0}) there exists 6 > 0 so small that

[ @@= e
RN\ {0} B(0,6)¢

It hence follows from (5.4) that
lim pe(2)f(z)dz =0,
=0 RN \{0}
which entails, similarly to the proof of corollary 1.3, that the weak-* limit of the

associated sequence in (1.7) is a multiple of dp.

As we commented in § 1, fractional kernels are not exactly covered by theorem
5.4. With the next example, we see how they fit in our framework.

EXAMPLE 5.6 (Fractional kernels). Given s € (0, 1) and u € L2(RY), the (normal-
ized) s-Gagliardo seminorm of u is defined by

_1-s |u(z) — u(y)|?
Ys[u] == 5 /]RNXRN = g dy dx.

Such functional corresponds to the one in (1.1) upon selecting:
— — () = ©
e=1-— S, pg(z) = Pe (Z) = W

Note that in this case p. ¢ L'(R"). On the contrary, for every § > 0 and for suitable
N-depending constants ag, oy > 0, we have:

£
————dz = apd*,
/B(o,a) 2|z|N—2e

/ &
By 202N 22T T T (1= g)e2()

In particular, by taking, e.g. M = 2, we see that (1.5) holds. Besides, for every
R > § > 0 we have:
€
lim ———dz = ap lim(R* — §*) =0,
=0 JB(0,r)\B(0,0) 2|2V 2 e=0

whence, similarly to the previous example, we infer that {pf} converges locally
weakly-* to a multiple of the Dirac delta in 0 in the sense of Radon measures.

5.3. Future directions

In this paper, we provided sufficient and necessary conditions on a family of
kernels {p.} for the nonlocal functionals in (1.1) to converge to a variant of the
Dirichlet integral for every u € H'(RY). It is natural to wonder whether such
characterization still holds for the more general functionals considered in [5]. We
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conjecture that this is the case. Namely, given a family of positive, measurable ker-
nels {p.}.cs, we conjecture that for any open set Q@ C R with Lipschitz boundary
and for any p € [1, +00) the following conditions are necessary and sufficient for
the BBM formula to hold for every u € WP(Q) when p > 1 or u € BV(Q) when

p=1:

(i) there exists M > 0 such that for every R > 0 it holds:

lim sup/ pe(2)dz < M,
B(0,R)

e—0
M
lim sup/ pe(2) dz < — when  is unbounded;
=0 Jpo,re |2 Rp

(ii) there exists an infinitesimal sequence {e,} C J such that the sequence of
measures {v;} C Moc(RY) defined as in (1.4) converges locally weakly- to
«dg in the sense of Radon measures for a suitable a > 0.

We remind that it is known that the BBM formula fails when the boundary of Q
is not regular enough (see [19, Rmk. 1], and [13] on a possible remedy).

Naturally, for p # 2 and Q C RV the Fourier approach is not viable anymore
(but when p # 2 and Q = RY techniques of Fourier analysis may still be invoked
by resorting to the Littlewood—Paley theory, as it is done in the recent contribution
[6]). A possible strategy to establish the necessity of the previous conditions is to
follow the proof of [12, Thm. 2.1] and employ rescaled test functions as in the proof
of proposition 4.1.

A second research direction concerns the variational convergence of the nonlocal
energies to local ones, in the same spirit as [19, Thm. 8 and Cor. 8]. For a thorough
treatment of I'-convergence we refer to the monograph [8]. It is not difficult to see
that the conditions in corollary 1.3 are sufficient for the I'-convergence of {%} to
7 when it is known that the limiting function u has Sobolev regularity; under this
extra assumption, by the inverse Fourier transform, the I'-convergence of {.Z.} to
Z is recovered. Proving that they are also necessary would require a refinement of
proposition 4.1, again possibly resorting to the approach of [12, Thm. 2.1]; note,
in particular, that in our analysis (1.3) is derived from a I'-limsup type inequality
(see (4.2)).

I'-Convergence results are usually complemented by equi-coercivity statements,
because in this way convergences of minima and minimizers are obtained thanks to
the so-called fundamental theorem of I'-convergence, see e.g. [8, Cor. 7.20]. Such
results also have a role in devising the domain of the I'-limit. The convergence
properties of sequences of LP functions with equi-bounded nonlocal energy were con-
sidered already in [5, Thm. 4]; refined results in the same vein have been obtained
in [18, Thm. 1.2 and 1.3] and, more recently, in [1, Thm. 4.2]. Another natural
question that is left open from our analysis is what conditions on the kernels {p.}
are necessary and sufficient for such a compactness result to hold. It is expected
that some requirement on the support of the measures p in theorem 1.2 has to be
enforced (cf. [19, Thm. 5] and [1, Thm. 3.1]).
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