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Gromov—Witten theory and
Donaldson—Thomas theory, II

D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande

ABSTRACT

We discuss the Gromov-Witten/Donaldson-Thomas correspondence for 3-folds in both
the absolute and relative cases. Descendents in Gromov—Witten theory are conjectured to
be equivalent to Chern characters of the universal sheaf in Donaldson—Thomas theory.
Relative constraints in Gromov-Witten theory are conjectured to correspond in
Donaldson—Thomas theory to cohomology classes of the Hilbert scheme of points of the
relative divisor. Independent of the conjectural framework, we prove degree 0 formulas for
the absolute and relative Donaldson—Thomas theories of toric varieties.

1. Introduction

1.1 Overview

The Gromov-Witten (GW) theory of a 3-fold X is defined via integrals over the moduli space of
stable maps. The Donaldson-Thomas (DT) theory of X is defined via integrals over the moduli
space of ideal sheaves. In [MNOPO06], a GW /DT correspondence equating the two theories was
proposed, and the Calabi-Yau case was presented. We discuss here the GW /DT correspondence for
general 3-folds.

Let X be a nonsingular, projective 3-fold. Insertions in the Gromov-Witten theory of X are
determined by primary and descendent fields. Insertions in the Donaldson—Thomas theory of X
are naturally obtained from the Chern classes of universal sheaves. We conjecture a GW/DT
correspondence for 3-folds relating these two sets of insertions.

Let S C X be a nonsingular surface. The Gromov—Witten theory of X relative to S has been
defined in [EGH00, IP03, LRO1, Li02]. The relative constraints are determined by partitions weighted
by cohomology classes of S. A relative Donaldson-Thomas theory has been defined by Li
(private communication). The relative constraints are determined by cohomology classes of the
Hilbert scheme of points of S. We propose a GW/DT correspondence in the relative case relating
the Gromov—Witten constraints to the Donaldson—-Thomas constraints via Nakajima’s basis of the
cohomology of the Hilbert scheme of points.

In the last section of the paper, independent of the conjectural framework, we study the
Donaldson—Thomas theory in degree 0 using localization and relative geometry. We derive a formula
for the equivariant vertex measure in the degree 0 case and prove Conjecture 1" of [MNOPO6] in
the toric case. A degree 0 relative formula is also proven.
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2. The Gromov—Witten/Donaldson—-Thomas correspondence for 3-folds

2.1 Gromov—Witten theory

Gromov—Witten theory is defined via integration over the moduli space of stable maps. Let X be
a nonsingular, projective 3-fold. Let M, (X, 3) denote the moduli space of r-pointed stable maps
from connected, genus g curves to X representing the class 5 € Ho(X,Z). Let

ev; :MQ,T(X, B) — X,
Li HMg,T(AXUﬁ)

denote the evaluation maps and cotangent line bundles associated to the marked points.
Let v1,...,7m be a basis of H*(X,Q), and let

Vi = c1(Li) € Mgn(X,5).

The descendent fields, denoted by 7% (7;), correspond to the classes ¥Fevi(7;) on the moduli space
of maps. Let

<Tk1(%1)“°Tkr(%)>g,ﬁZ/ Hl/} evi ()

[Mg.r(X,B)]¥ ;24
denote the descendent Gromov—Witten invariants. Foundational aspects of the theory are treated,
for example, in [Beh97, BF97, LT98].

Let C be a possibly disconnected curve with at worst nodal singularities. The genus of C is
defined by 1 — x(O¢). Let M;T(X , ) denote the moduli space of maps with possibly disconnected
domain curves C' of genus g with no collapsed connected components. The latter condition requires
each connected component of C' to represent a nontrivial class in Ho(X,Z). In particular, C' must
represent a nonzero class 3.

The descendent invariants are defined in the disconnected case by

ron) o= [ me evi (1)

We define the following generating function:

,W<X§U illeki(%i)>ﬁ:Z<HTk Vi, > w2, (1)

gEZ
Since the domain components must map nontrivially, an elementary argument shows the genus g
in the sum (1) is bounded from below. The descendent insertions in (1) should match the (genus
independent) virtual dimension,

dim[ﬂ’w(x, BV = /ﬂ ci(Tx) +r

Following the terminology of [MNOPO6], we view (1) as a reduced partition function.

2.2 Donaldson—Thomas theory

Donaldson—Thomas theory is defined via integration over the moduli space of ideal sheaves. Let X
be a nonsingular, projective 3-fold. An ideal sheaf is a torsion-free sheaf of rank 1 with trivial
determinant. Each ideal sheaf 7 injects into its double dual,

0—-7 -1,
As IVV is reflexive of rank 1 with trivial determinant,
VW 2 0y
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(see [OSS80]). Each ideal sheaf 7 determines a subscheme Y C X,
0—-7Z—0Ox — Oy — 0.

We will consider only ideal sheaves of subschemes Y with components of dimension at most 1.
The dimension 1 components of Y (weighted by their intrinsic multiplicities) determine an element

Y] € H (X, Z).
Let I,,(X, 3) denote the moduli space of ideal sheaves Z satisfying
x(Oy) =n
and
Y] =B € Hy(X,Z).
Here, x denotes the holomorphic Euler characteristic.
The Donaldson—Thomas invariant is defined via integration against virtual class,

[1n(X, B
Foundational aspects of the theory are treated in [MP06, Tho00].
LeMMA 1. The virtual dimension of I,(X, ) equals [;c1(Tx).

Proof. The virtual dimension, obtained from the obstruction theory, is
X(0X7 OX) - X(I’I))

where
3

X(4,B) => (~1)' dimExt’(4, B).
i=0
Since X is a nonsingular 3-fold, there exists a finite resolution of Z by locally free sheaves,
0—F3—Fy— F — Fy—71—0.

Let x;; denote the Chern roots of F;. Since the determinant of 7 is trivial,

3

i=0 j
Since the fundamental class of Y is 3,

—ChQ(I) = Chg(@y) = B

We will calculate the virtual dimension in terms of the Chern roots via the Hirzebruch—Riemann—
Roch theorem. The first term is
¥(0x,0x) = [ Ta(x), (2)
X
Next,

3 3
—X(T,T) =~ / (Z Z(—l)ie‘“j) : (Z Z(—l)fe%) STd(X).
X Ni=0 5 =0 j
Since the Chern root expression in the integrand is even, only the components in degrees 0 and 2
need be considered. The degree 0 component is equal to 1, the square of the rank of Z. The integral
of the degree 0 component against Td(X) cancels the first term (2). The degree 2 component is

3 z2 22 3
e 2 o
Z Z(—l)m(?ﬂ — TijTi + 7j> = 2chy(Z) — Z Z(—l)mxz’jﬂ%ﬁ-
4,1=0 7,7 1,0=0 7,j
1288

https://doi.org/10.1112/50010437X06002314 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002314

GROMOV—WITTEN AND DONALDSON—THOMAS THEORY, II

The second term on the right-hand side equals the square of the determinant of Z and hence vanishes.
We conclude that the virtual dimension equals

_/chhg(I).Td(X):/ﬁcl(X)

since the degree 1 term of Td(X) is ¢1(X)/2. O

The moduli space I, (X, ) is canonically isomorphic to the Hilbert scheme [MPO06]. As the
Hilbert scheme is a fine moduli space, universal structures are well defined. Let 71 and 7o denote
the projections to the respective factors of I,,(X, 3) x X. Consider the universal ideal sheaf J,

J—I,(X,0) x X.
Since J is mi-flat and X is nonsingular, a finite resolution of J by locally free sheaves on I,,(X, 5) x X
exists. Hence, the Chern classes of J are well defined.
For v € H'(X,Z), let chj () denote the following operation on the homology of I,,(X, 3):

Chk+2(7) : H*(IH(X7 5)7 @) - *—2k+2—l(-[TL(X7 5)7 Q);
chy42(7)(€) = s (chrr2(3) - 73 () N w1 (€))-
Since 7 is flat, the homological pull-back 7] is well defined [DV76].

We define descendent fields in Donaldson—Thomas theory, denoted by 7x(7), to correspond to
the operations (—1)*+1chy (7). The descendent invariants are defined by

T

(o (1) T, (0, )y = / TT (=1 ehy, (),

[In(X,B)Vir ;4

where the latter integral is the push-forward to a point of the class
(=1 ehyy 12 () 0 -+ o (= 1) Flehy, o (3, ) ([In (X, B)IY).

A similar slant product construction can be found in the Donaldson theory of 4-manifolds.
Since the Chern character contains denominators, the descendent invariants in Donaldson—Thomas
theory are rational numbers.

We define the Donaldson—Thomas partition function with descendent insertions by

E%ki(%i)>g = Z<ﬁ %ki(%i)> q". (3)

nez ‘i=1 n,[

ZDT<X;Q

An elementary argument shows that the charge n in the sum (3) is bounded from below. As before,
the descendent insertions in (3) should match the virtual dimension.

The reduced partition function is obtained by formally removing the degree 0 contributions,

— _ Zor(X;q | TTims 7w ()8
Hﬂci(%i)) = ZDT(X;;)O :

Zpr <X 1q

i=1

The degree 0 partition function is determined by a conjecture of [MNOPOG6]. For the conjectural

framework, we assume that the cohomology of X is of Hodge type (p,p). We conjecture the series
Zy1 to be a rational function of ¢ if no descendent of 1 € H*(X,Z) occurs.

CONJECTURE 1. The degree 0 Donaldson—Thomas partition function for a 3-fold X is determined by
ZDT(X§ Q)O = M(—q)fx 63(TX®K)()’

where )
M(g) =]
noy (L—am)m
is the McMahon function.
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CONJECTURE 2. The reduced series Zy(X;q | [Ii—; 7#,(71,))p is a rational function of ¢ if
codim(~y;) > 0 for each i.

Descendents of 1 play a special role. The series Z[, with 7 (1) insertions lie in a strictly larger
algebra of functions. The topic will be pursued in a forthcoming paper.

2.3 Primary fields
The GW/DT correspondence is easiest to state for the primary fields 7(y) and 7(7).

CONJECTURE 3. After the change of variables e’ = —¢, we have
(—iu)"Zw <X;u Hm(%)) = (—q)"*Zpy (X; q H%(w)) :
i=1 B i=1 B

where d = [;c1(Tx).

Conjecture 3 is consistent with the calculation of degenerate contributions in [Pan99]. Let C'
be a nonsingular, genus g curve in X which rigidly intersects cycles dual to the classes v;,,...,7,.
The local Gromov—-Witten series is determined in [Pan99],

flmw), - (2}

(]

aw (X U
The local Donaldson—Thomas series is then predicted by Conjecture 3,
otu/2 _ p—iu/2 )29—2+du2g_2

[[n6n) = oo (=

=1

_ ql—g(l _|_q)2g—2+d.

Zpr <X;q

The normalizations and signs in Conjecture 3 are fixed by the requirement that the reduced partition
function Z}y has initial term ¢' 79 corresponding to the ideal of C.

If the cohomology classes v; are integral, the Donaldson—Thomas invariants for primary fields
are integer valued. The integrality constraints for Gromov—Witten theory obtained via the GW/DT
correspondence for primary fields were conjectured previously in [Pan99, Pan02].

2.4 Descendent fields

For fixed curve class 3, consider the full set of (normalized) reduced partition functions,

aw.s = {(—iu)d_zkizlc;w (X;U H%(%J)ﬁ},

where d = | 5¢1(Tx) and codim(y;,) > 0. Here, Zyy 5 consists of the finite set of descendent series

with insertions of the correct dimension. The set Z{,y, 5 is partially ordered by > k;, the descendent
partial ordering. Similarly, let

DT,s = {(—q)‘d/QZbT <X;Q‘ Hm@))ﬁ}-

CONJECTURE 4. After the change of variables e™ = —g:

(i) the sets of functions Z’GW, 5 and ZbT7 5 have the same linear spans;

(ii) there exists a canonical matrix expressing the functions Z¢y 5 as linear combinations of the
functions Zpy 5 such that
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(a) the matrix coefficients depend only upon the classical cohomology of X and universal series,
(b) the matrix is unipotent and upper triangular with respect to the descendent partial order-
ing.

By Conjecture 4, each element of Z{; plisa canonical linear combination,

(i) =5 Z (T ), = ()2 ([T 7000, +-- (4)

where the omitted terms are strictly lower in the partial ordering.

We do not yet have a complete formula for the canonical matrix of Conjecture 4. However, for
the descendents of the point class [P] € H 6(X,Z), we can formulate a precise conjecture.

CONJECTURE 4’. After the change of variables e’ = —¢, we have

(—iu)d_zkalc:w<HTo(’Yzi)HTkj(P))ﬁ = (—Q)_dﬂZBT(H%O(%)H%(P))B’

if codim(;,) > 0 for each 1.

An example of Conjecture 4’ is given in §2.6 below.

2.5 Reactions

We believe the upper triangular matrix of Conjecture 4 is determined by two types of reactions:
Ta(m) = AL (n)7a—j (¢ (Tx) Un),
Ta(’}/l)'ra’ (’Yl’) - Aa,a’ (’Yl, 7l’)7a+a’—1 (’Yl U ’Yl/)
The linear combination (4) should be generated by applying the two reactions to the Gromov—-Witten

insertions
H T (1)

to exhaustion and then interpreting the output in Donaldson—Thomas theory. For example,

(—iu)** Zaw (i ()5 = d/QZ<HAk i+1(cr(Tx)'™ U%))ZBT(%k—j(Cl(TX)j Um)),

if CQ(TX) == Cg(Tx) =0.

The reaction matrix will be upper triangular with respect to the reaction partial ordering,
a refinement of the descendent partial ordering. We further speculate that the reaction amplitudes,

Ag(%)v Aa,a/ ('Yla 'Yl’) € Q,

are given by universal formulas depending only upon the classical cohomology of X (including
possibly the Hodge decomposition). Conjectures 3, 4, and 4’ are all consequences of the reaction
view of the GW /DT correspondence for descendent fields.

2.6 An example

Let X be P? and let 3 be the class [L] of a line. A Gromov-Witten calculation using localization
and known Hodge integral evaluations yields the following result

(s | L (P = (e ) costur2)u
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(see [FP00, GP99]). By Conjecture 4/,

Zr(Xsa | LA (P = (-0 (P02 ) cos(u2)u

eiu/2 _ e—z’u/2 eiu/2 + e—z’u/2 B

= (i) (g '
= %q(l - ¢).

The resulting Donaldson—Thomas series can be checked order by order in ¢ via localization.

3. The Gromov—Witten/Donaldson—Thomas correspondence for relative theories

3.1 Gromov—Witten theory
Let X be a nonsingular, projective 3-fold and let S C X be a nonsingular divisor. The Gromov—
Witten theory of X relative to S has been defined in [EGH00, IP03, LRO1, Li02]. Let 5 € Ha(X,Z)
be a curve class satisfying
/m>a
B

ZM:AM

with positive parts. The moduli space M;H(X /S, B, i) parameterizes stable relative maps with
possibly disconnected domains and relative multiplicities determined by fi. As usual, the connected
components of the domain are required to map nontrivially. The target of a relative map is allowed
to be a k-step degeneration, X [k], of X along S (see [Li02]).

The relative conditions in the theory correspond to partitions weighted by the cohomology of S.
Let 61,...,0mg be a basis of H*(S,Q). A cohomology weighted partition 7 consists of an unordered
set of pairs

Let [i be an ordered partition,

{(7717 551)7 EERE (7757555)}7

where Zj nj is an unordered partition of | ﬁ[S]. The automorphism group, Aut(n), consists of
permutation symmetries of 7.

The standard order on the parts of 7 is
(771'7 5&) > (ni’v 5@-/)

if n; > my or if n; = ny and ¢; > £, Let ﬁ denote the partition (71,...,7s) obtained from the
standard order.

Relative Gromov—Witten invariants are defined by integration against the virtual class of the
moduli of maps. Let v1,...,vm, be a basis of H*(X,Q), and let

1
(T (2) = 7, (0, | ) Ylievi(y,) U evi(de,).
1\ 9.8~ |Aut( )| gT(X/Sﬁn V1r1;[ H
Here, the second evaluations,
evy - M;,T(X/Svﬁa ﬁ) — 8
are determined by the relative points.

The Gromov—Witten invariant is defined for unordered weighted partitions 7. However, to fix
the sign, the integrand on the right-hand side requires an ordering. The over counting is corrected
by the automorphism prefactor.
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As before, we will require the associated Gromov—Witten partition function,
T r /
[Trtn)) =S (TLmn|n) )
i=1 Bn  gez Vi=1 9.8
The definitions here parallel those of §2.1.

/GW<X/S;U

3.2 Donaldson—Thomas theory

3.2.1 Stable relative ideal sheaves. Relative Donaldson-Thomas theory is defined via integra-
tion over the moduli space of relative ideal sheaves. We outline Li’s definition of the relative
theory here (private communication). A full foundational treatment of the moduli space, obstruc-
tion theory, and virtual class has not yet been written.

Let X be a nonsingular, projective 3-fold and let S C X be a nonsingular divisor. Let Z be an
ideal sheaf on X with associated subscheme Y (assumed to components of dimension at most 1).
The ideal sheaf Z is relative to S if the natural map

I ®oy Os — Ox ®o, Og

is injective. Relativity may be viewed as a transversality condition of Y with respect to S.
In particular, the scheme-theoretic intersection, Y NS, defines an element of the Hilbert scheme,

Hilb (s, /ﬁ [S]>,

Relativity is an open condition on ideal sheaves on X. A proper moduli space, I,,(X/S, 3), of
relative ideal sheaves is constructed by considering stable ideal sheaves relative on the degenerations
X|[k] of X.

Let Sp,...,Sk denote the canonical images of S in the degeneration X[k|. Here, Sp,...,Sk_1
are the singular divisors, and S}, is the transform of the original relative divisor. An ideal sheaf on
X[k] is predeformable if, for every singular divisor S; C X[k], the induced map

of points of S.

I®OX[k] Os, — Ox[x QO Os,
is injective.
Let Yp,...,Y) be the restrictions of Y to the components of X[k] with ¥; and Y;;; incident

to S;. The predeformability condition at the singular divisor S; can be restated in the following
form: Y; and Y;y are transverse to S; with equal scheme-theoretic intersections,

YinS =Y.1nNns Cs. (6)

Ideal sheaves Z; and Z, on the degenerations X[ki] and X[ks] are isomorphic if k1 = ko and

there exists an isomorphism of varieties
g X[k‘l] — X[k‘g]
over X such that
0"{Zs — Oxiy)} = {1 — Oxppy )

where the isomorphism 0*Ox/,] = Ox|y, is the identity. The automorphism group, Aut(Z), is the
set of equivalences of Z to itself. A predeformable ideal sheaf 7 on X|[k| relative to Sy is stable if
Aut(Z) is finite.

The moduli space, I,,(X/S, 3), parameterizes stable, predeformable, ideal sheaves Z on degen-
erations X [k] relative Sy, satisfying

x(Oy)=n
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and

Y] =0 € Hy(X,Z),
where 7 : X[k] — X is the canonical stabilization map. The moduli space I,,(X/S, ) is a complete,
Deligne-Mumford stack equipped with a canonical perfect obstruction theory.

Relative Donaldson—Thomas theory is defined via integration against the associated virtual class.
The primary and descendent fields are defined via the Chern characters of the universal ideal sheaf J
on the universal product stack following §2.2. The predeformability condition is expected to imply
the existence of finite resolutions of J by locally free sheaves. The relative conditions in the theory
are defined via the canonical intersection map,

e: I,(X/S,3) — Hilb <S,/[S]>,
B
to the Hilbert scheme of points.

3.2.2 The Nakajima basis. The cohomology of the Hilbert scheme of points of S has a canonical
basis indexed by cohomology weighted partitions. The basis is obtained from the representation of
the Heisenberg algebra on the cohomologies of the Hilbert schemes of points [Gro96, Nak99].

Let n be a cohomology weighted partition with respect to the basis d1,...,d,s of H*(S,Q).
Following the notation of [Nak99], let

1

Cn 3(n)

By [m]- - Ps,[ns] - 1 € H*(Hilb(S, |n]),Q), (7)

where

3(n) = HmlAut(n)l

and |n| =>_ ;15 In the presence of odd cohomology, the sign of C,, is fixed by placing the operator
product (7) in standard order.

The Nakajima basis of the cohomology of Hilb(S, k) is the set

{077}|77\:k
(see [Nak99]).

We assume that the cohomology basis of S is self dual with respect to the Poincaré pairing.
Then, to each weighted partition 7, a dual partition 1" is defined by taking the Poincaré duals of
the cohomology weights. The Nakajima basis is orthogonal with respect to the Poincaré pairing
on the cohomology of the Hilbert scheme,

[ qua=C0, ®)
UCy = ——F=—0uyv
Hilb(S k) 3(n) "

(see [ES98, Nak99]).

3.2.3 Relative Donaldson—Thomas invariants. Relative Donaldson-Thomas invariants are
defined via integration over the moduli spaces of stable relative sheaves. The virtual dimension
of the relative moduli space I,,(X/S, 3) can be calculated from the deformation theory.

LeEMMA 2. The virtual dimension of I,(X/S, ) equals [;c1(X).

Proof. The virtual dimension of I,,(X/S,3) at a stable relative sheaf with associated subscheme
Y C X[k] is easily calculated. Let Y; C X; be the restriction of Y to the ith step X; C XIk].
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Let wx() denote the dualizing sheaf of X[k]|. Then,

The first term on the right in the first line is the sum of the virtual dimensions of the relative
ideal sheaves on the individual steps. The second term is imposed by the matching condition (6).
The automorphisms of the last k steps contribute —1 each. Finally, the deformations of X|[k]
contribute k. O

The descendent invariants in relative Donaldson—Thomas theory are defined by

T

()71, (1) [ s = [ (H(—n’ﬂﬂchkﬁz(wi)) N e(Cy).

[In(X/S,8)Vir \G 5y

We define the associated partition function by

iljl%ki (%i)>ﬁ,n = HEE:Z<£[1%1€ (n,) 77>nﬁq”. (9)

As before the charge n in the sum (3) is bounded from below.

Zpr <X/S;q

The reduced partition function is obtained by formally removing the degree 0 contributions,

Z; <X S
pr{ X/5iq Zo10(X/S;q)o

T - Zor(X/S;q | Ty 71 (0,
[Trn) =i i i,
i=1 B:n

We conjecture a complete formula for degree 0 relative theory. Let Qx[S] denote the locally free
sheaf of differential forms of X with logarithmic poles along S. Let

Tx[-S] = Qx|[S]"
denote the dual sheaf of tangent fields with logarithmic zeros. Let
Kx[S] = A*Qx][9]
denote the logarithmic canonical class.

CONJECTURE 1R. The degree 0 relative Donaldson—-Thomas partition function for a 3-fold X is
determined by

Zo1(X/S;q)o = M(—q)lx s(Tx[=S1®Kx[S])

If S is empty, Conjecture 1R specializes to Conjecture 1’ of [MNOPO6]. A proof of Conjecture 1R
in the toric case is presented in §4. As before, we conjecture that the reduced series are rational
functions of q.

CONJECTURE 2R. The reduced series Z{,(X/S;q | [1i_; 7,(71,)) 3,y is a rational function of g.

3.3 Primary fields

We restrict our discussion of the relative GW /DT correspondence to the primary fields. A treatment
of the descendent correspondence at the level of §2.4 is left to the reader. In particular, we do not
know the precise formulas for the descendent correspondence.
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CONJECTURE 3R. After the change of variables e’ = —¢q, we have

H 7—0(711' ))
i=1 B

where d = fﬁ c1(Tx) and ¢(n) denotes the length of 7.

@4uy+am—mzéw<xygﬂt

=(—qu”ZbT<X/Snz

i]i[l%om)) |

B

We present the simplest example in which all the features of the correspondence are visible.
Let D be a nonsingular surface, and let

X=P' xD.

Let 0,00 € P! be two points in the base, and let Dy and D, be the associated fibers. Let
[P'] € Hy(X,Z)

denote the class of the horizontal P!, and let 3 = m[P!]. We will consider the theories of X relative

to the divisors Dy and D, in the curve class .

Since there are two divisors, the boundary conditions of the relative theories are specified by
two partitions n and v weighted by the cohomology of D. The relative Gromov—Witten theory is
particularly simple to compute. A direct calculation yields the answer

1
Zew(X/Ssu) e = ——u 25, 0.

3(n)

Our correspondence predicts the associated Donaldson—Thomas series,
. Nd— 1
ZbT(X/S7 q)ﬁ,n,l/ _ (_q)d/2 (—zu)d 2mA4-L(n)+L(v) mu 20(n) 51/,77V

—1)m—t(n)
n
using the relation d = 2m in the last equality.

The moduli space I, (X/Dg U Do, 3) is isomorphic to Hilb(D, m). The Donaldson-Thomas
invariant is therefore a classical intersection product,

g = / C, UG,
Hilb(D,m)

The ¢ term of the predicted Donaldson-Thomas series is thus correct by (8). The division of the
degree 0 series does not affect the first term.

3.4 The degeneration formula

The relative theories satisfy degeneration formulas. Let
A X - C

be a nonsingular 4-fold fibered over a nonsingular, irreducible curve. Let X be a nonsingular fiber
of A\, and let
X1 Ug X5

be a reducible special fiber consisting of two nonsingular 3-folds intersecting transversely along
a nonsingular surface S. The degeneration formulas express the absolute invariants of X via the
relative invariants of X;/S and X3/S. We will show that the degeneration formulas of the relative
theories are compatible with the GW /DT correspondence for primary fields.
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The degeneration formula for Gromov—Witten theory is naturally written in terms of the absolute
and relative partition functions,

T
X1
cw (X HTO(%)) => Zuw <l§
i=1 B
where the sum is over curve splittings 81 + B2 = (8, marking partitions

P1UP2:{1,...,T‘},

X
I n)) sty (22
161777

iePy

I ot )>ﬂmv :

i€EPs

and cohomology weighted partitions 7. The central factor on the right accounts for the multiplicities
and the shift in the genus variable u. A proof can be found in [EGH00, IP03, LRO1, Li02].

The degeneration formula for Donaldson—Thomas theory takes a very similar form,

T
: X1 17 - (OID50) L, (X | 7T -
DT <X HTO(%)> - ZZBT<? H 7’0(%)) g Zpy 5 H o(,) "
=1 B iEP; B i€Py B2,
where the sum is as before. The central factor on the right accounts for the diagonal splitting,

[A] =Y (=DM 3()Cy ® Cypv € H*(Hilb(S, k) x Hilb(S, k), Q),
n|=F

and the shift in the charge variable ¢. The proof should follow [Li02] but has yet to be written.

The compatibility between the degeneration formulas and the GW/DT correspondence is
straightforward. Let d = |, 5 ¢1(X) as before, and let

d; :/ c1(X).

We have a partition of the total degree d,

d:d1+d2—2/ 8]
51

= (dv — |nl) + (d2 = [n"]).

Using the degree partition, the degeneration formulas for the relative theories are equivalent via the
GW/DT correspondence.

4. The equivariant vertex measure

4.1 Summary
Let T be a 3-dimensional complex torus with coordinates t;. Let T act on A® with coordinates z;
by

(t1,ta,t3) - x; = timw;. (10)
In these coordinates, the tangent representation at the origin 0 € A3 has character 151_1 +ty Ly lsg L

Let 7 be a 3-dimensional partition with three outgoing 2-dimensional partitions Ai, A2, and As.
The equivariant vertex V, arises in the localization formula for the Donaldson—-Thomas theory of
toric 3-folds [MNOPO6].

The equivariant vertex determines a natural 3-parameter family of measures w on 3-dimensional
partitions. The measure of 7 is defined by

w(m) = [ (s. k)7,

keZ3
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where s = (s1, $2,83) are parameters, (-, -) denotes the standard inner product, and vy is the
coefficient of tF in V.

Consider the generating series of the equivariant vertex measures of 3-dimensional partitions m
with fixed outgoing 2-dimensional partitions,

W(A1, A2, A3) = Z W(ﬂ')q‘ﬂ.

s

Here |m| is defined as the (signed) number of boxes obtained by formally removing the infinite
outgoing cylinders [MNOPO06].

THEOREM 1. For finite 3-dimensional partitions, we have
W(0,0,0) = M(—q)_(81+52)(81+53)(82+53)/518253.

Our proof is independent of the conjectural GW/DT correspondence. However, relative
Donaldson—Thomas theory plays an essential role.

4.2 Equivariant Donaldson—Thomas theory

Let the 1-dimensional torus T! act on P! with tangent weights —s; and s; at the fixed points 0 and
0. Let the 2-dimensional torus T? act on C? with weights —sy and —s3. The torus T = T' x T?

acts on
X =P! xC?

preserving the divisor S over co. We will study the equivariant Donaldson-Thomas theory of X
relative to S.

Since X is not projective, the nonequivariant theory is not well defined. However, the T-equi-
variant theory can be defined via the residue since the T-fixed locus of I,(X/S,0) is projective.
Let ZET(X /S;q)o denote the degree 0 partition function for the equivariant relative theory.

A rational function f € Q(sy, s2, s3) has only monomial poles in the variables sy and sg if

p(S1,52,83
f(81782783)=7( ,;2 ,;3 )

for p € Q[s1, s2, s3] and ko, k3 € Z.
LEMMA 3. The q coefficients of ZE(X/S; q)o have only monomial poles in the variables sy and s3.
Proof. The Hilbert—Chow morphism and the collapsing maps
X[k] — X
together yield a T-equivariant, proper morphism,
112 In(X/S,0) — Sym"(X).
The projection X — C? yields a T-equivariant, proper morphism,
1o : Sym™(X) — Sym™(C?).
Finally, a T-equivariant, proper morphism,
n
13 : Sym™(C?) — @(C2,
1
is obtained via the higher moments,
alllen) = (SonXu) o (S Xu) oo (T Xut)
LetjzbgobgoLl.
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The virtual class [I,(X/S,0)]'"" is an element of the T-equivariant Chow ring of I,,(X/S,0).
Since j is T-equivariant and proper, we have

/ ' 1:/ Gu[In(X/ S, 0)]"E,
[10(X/S,0)]¥ir ®7C?

where [ denotes T-equivariant integration. Since the space @ C? has a unique T-fixed point with
tangent weights

—89, —S3, —282, —283, ..., —NS2, —NS3,

we conclude that the integral
| adns.op
erc?

has only monomial poles in the variables sy and s3. O

4.3 Localization

The components of the T-fixed loci of I,(X/S,0) lie over either 0 or co. The fixed points
over 0 correspond to finite 3-dimensional partitions with localization contributions to ZET(X /S;q)o
determined by W(0, 0, 0); see [MNOPO6].

A Donaldson-Thomas theory of rubber naturally arises on the fixed loci of I,,(X/S,0) over co.
Let

R=P! x C?
and let Sy and S, denote the divisors over 0 and oo respectively. Let T2 act on C? with weights
—s9 and —s3. We will consider the T?-equivariant Donaldson-Thomas rubber theory of R relative

to Sy and S.. For the rubber theory, sheaves differing by the T'-action on P! are identified.
We denote the rubber theory by a superscripted tilde.

The rubber moduli space I,,(R/Sy U S, 0) is obtained by an algebraic quotient construction.
Let

UcCIL,(R/SyUS,0)
be the open set with finite T stabilizers and no degeneration over co. Then,

I,(R/SoU Ss,0) = U/T".

The rubber moduli space I,,(R/Sp U Seo,0) carries cotangent lines at the dynamical points 0
and oo of P'. Let 1 denote the class of the cotangent line at 0. Let

OO_1+Zq/ 11/10

n>1 [In(R/SoUSss,0)7]vir 51

where [ here denotes T2-equivariant integration. The leading term 1 may be viewed as a degenerate
n = 0 contribution. By the virtual localization formula applied to the relative Donaldson—Thomas
theory of X /9, the series W generates the localization contributions to ZE5(X/S; q)o of the T-fixed
points over oo.

The product of the localization contributions over 0 and oo yields the partition function,
Z5(X/S;59)0 = W(D,0,0) - Wee. (11)

Consider the T2-equivariant rubber theory without any cotangent line insertions,

Fo=> 4 / 1.

TL>0 n(R/S()USoo, ]Vlr
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By definition,
W((Dv ®7 ®)7 WOO € Q(sla 52, 83)[[(]]]
and
Foo € Q(s2, s3)[[g]]-
1
LEMMA 4. We have logWo, = —F ..
S1
Proof. We first expand W, by powers of the cotangent line,
1
Weo =14 —=Fu,
1>0 51
where
Fea= 2o | R
"1 [ (R/SoUSee,0)7]ViT
Next, we apply a version of the topological recursion relation to inductively calculate F ;. Let

7 Yo — In(R/Sop U Seo, 0)

be the universal subscheme over the moduli space. The morphism 7 is finite, flat, and compatible

with the T2-action. Therefore,
d !
q_Foo,l = qn/ ¢07
dq TL§>:0 D}n]vir

where the virtual class of ) is defined as the pull-back of the virtual class of the moduli space by .
The canonical map

f :}%‘_*Iﬂk]
projects further to P! [k], the associated degeneration of the base P!. By the definition of the relative

moduli space, the image in P[k] is always disjoint from the relative points 0 and co and the nodes.
Hence, the family of degenerating bases over ), has three disjoint nonsingular sections.

The application of the topological recursion relation determined by the three sections to g
yields the following equation:

d d
—F =Foi-1-g—Fsxo0-
qdq 00,1 oo,l—1 qdq 00,0

The solution,

F
Foo = o0 )
' I+ 1)!
is easily found. We conclude that
1
W = exp (—FOO> O
S1

4.4 Proof of Theorem 1
The logarithm of Equation (11) yields the relation

log W(D,0,0) = log Z{1(X/S; )0 — log Woe.
By Lemmas 3 and 4, the ¢ coefficients of log W (), ), 0) are of the form

1 pi(s1, 82, 83)
51 pa(s2,53)
1300
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where the p; are polynomials. Since the equivariant vertex measure is a degree 0 rational function
[MNOPO6],

deg(p1) = 1 + deg(p2).
Since the series W((, (), 0) is symmetric in the variables s1, so, and s3, we conclude that

1
515283

log W(0,0,0) =

Fo(g, 51,52, 53),

where Fo € Q[s1, s2, s3][[q]]. The coefficients of Fy must be cubic polynomials.

By Lemma 5 below, the ¢" coefficient of W((), 0, () is divisible by the cubic factor (s + s2)
(s1 + s3)(s2 + s3) for all n > 0. Hence,
log W(0,0,0) — SLF )1 ss)(sa ¥ ss)e ) (12)

515283

The equivariant vertex measure takes a simple form after Calabi—Yau specialization,
W(®7 0, Q))‘51+82+83=0 = M(_q)' (13)
Viewing M as the generating function of 3-dimensional partitions, Equation (13) is a direct conse-

quence of Theorem 2 of [MNOPOG].
Finally, by (12) and (13), we conclude that

Fo = —log M (—q).
The derivation is completed by exponentiating (12).

LEMMA 5. The ¢" coefficient of W(), 0, () is divisible by the cubic factor (s1 + s2)(s1 + s3)(s2 + $3)
for all n > 0.

Proof. We will show that the factor s +sg occurs with positive multiplicity in the equivariant vertex
measure w(7) for any finite plane partition 7. By symmetry, the cyclic permutations of s1 + s3 also
occur in w(m) with positive multiplicity.

Following the notation of [MNOPOG6], let Q(t1,t2,t3) be the characteristic polynomial of the
partition 7. Then, the character of the virtual tangent space at 7 is given by
Qr = (L=t —t2)(1 — t3)

— _l’_ s
tytats @rQx titats

VTI'(tla t27 t3) - QTI'
where Q. (t1,to,13) = Q,r(tl_l, ty L ty 1). The vertex measure is obtained from V via the prescription
> cintithth — [[(is1 + jso + kss) k.

Hence, the monomials of the form tiltétg in V; are those which contribute a factor of s1 + s9 to w(7).
The total multiplicity of s; + so is the negative of the constant term in the Laurent polynomial
V(x, 271 t3).
Let p be a 2-dimensional partition. The content of the box (r,s) in p is 7 — s. The slices of =
perpendicular to the z direction determine 2-dimensional partitions
TQy Ty Ty e v e s
Let a;; be the number of boxes in 7; with content i. For convenience, we set a; ; = 0 for j < 0.
By definition, Q(z,z71,t3) = Do a; Tt}
The constant term of V. (x, 27!, #3) may be expressed in terms of the contents. Using
Yol -1
x,x”,t — 1 1
Vﬂ'(mwr_lat?)):Qﬂ'(mwr_lat?))_M—'_Qﬂ'Qw 2_:1:__ __]- )
tg x t3
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we find that the constant term equals
a0 + Y (2ai 411005 — Qijr1ait1g — Qir1ge1ai) — (2005005 — ij0is1; — Gir1ji)-
1,JEL
We rewrite the constant term in a factored form,
2
ao0+ Y (@igp1 — a1 (@i — i) = (aij — aiv15)%),
i,jcZ
which equals

1
0,0 — 5 > (aig = aip1y) = (@ijr1 — v 511))% (14)
1,JEL
Since (a;0 — ai+1,0) = 0 or 1, we see that

a0 = Y (@i — aip10) = »_(ai0 — air10)%

i>0 >0
with a similar equality for ¢ < 0. Therefore, ag o precisely cancels the j = —1 term in (14), yielding
the expression
1 2
5 > ((aij = aip1y) = (@i — aip111)) (15)
i€7,§>0

for the constant term of V. (x, 271, t3).

We conclude that (15) is negative since a; j = 0 for j sufficiently large. Hence, the multiplicity
of s1 + s9 in w(m) is strictly positive. O

COROLLARY 1. The degree 0 localization contributions over oo are

W, = M(_q)(82+83)/81_

Proof. By Lemmas 3 and 4, the corollary is obtained by extracting the pole in s1 of log W((, 0, 0). O

4.5 Degree 0 results for toric 3-folds

Let X be a nonsingular, projective, toric 3-fold equipped with a T-action, and let S C X be a
nonsingular toric divisor.

THEOREM 2. The function Zpr(X;q)g = M(—q)/x ©3(Tx®Kx),
Proof. Let {X,} denote the set of T-fixed points of X. By localization,

ZDT(X; Q)O = H W(@, 07 ®)|81 =—S‘f‘782:—85783:—8§7
Xa
where s{', 59, s5 are the tangent weights at X,. By Theorem 1,

_SO{_SO( _Sa_sa _Sa _Sa
X, S15253

The prefactor on the right is equal to f v c3(Tx ® Kx) by a direct application of the Bott residue
formula. O

THEOREM 3. The function Zpr(X/S;q)o = M(—q)/x s(Tx[=S|@Kx[5]),
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Proof. Let {S,} denote the set of T-fixed points of S. Let s] be the normal weight to S at S,, and
let sj,s4 be the tangent weights to S at S.. By localization,

ZDT(X/S; Q)O = H W(@, @, ®)|s1=—s‘1’,82:—s§,33:—s§
XadS

X _ _ _ .
I | Weo |sl—s¥,32——sg,33——sg
s,

By Theorem 1 and Corollary 1, we have

log Zpr(X/S;q)0 _ 3 (=57 — 55) (=57 — s5) (=55 — 5) £y —Sy — Sg'
log M (—q) 595G s = s]

Xa¢S

The weights of Tx[-S] ® Kx[S] at S, are

v Y v Y
_82 - 837 _827 _83.

Hence, the right-hand side is equal to [ c3(Tx[—S] ® Kx[S]) by the Bott residue formula. O

4.6 Evaluations in higher degrees
While the equivariant vertex measure has a simple formula in degree 1,

W(1,0,0) = (1+ q)(82+53)/81M(_q)_(51+82)(51+83)(52+83)/815253’

the higher degree cases are more subtle. We will study the evaluations in degrees 1 and higher in a
future paper.

ACKNOWLEDGEMENTS

We thank J. Li for explaining his definition of relative Donaldson—Thomas theory to us. An out-
line of his ideas is presented in §3.2.1. We thank J. Bryan, T. Graber, A. Igbal, M. Kontsevich,
Y. Soibelman, R. Thomas, and C. Vafa for related discussions. DM was partially supported by a
Princeton Centennial graduate fellowship. NN was partially supported by the grants RFFI 03-02-
17554 and NSh-1999.2003.2. He is grateful to the Princeton Mathematics Department for hospitality.
AO was partially supported by DMS-0096246 and fellowships from the Sloan and Packard Founda-
tions. RP was partially supported by DMS-0071473 and fellowships from the Sloan and Packard

Foundations.

REFERENCES

Beh97 K. Behrend, Gromov-Witten invariants in algebraic geometry, Invent. Math. 127 (1997),
601-617.

BF97 K. Behrend and B. Fantechi, The intrinsic normal cone, Invent. Math. 128 (1997), 45-88.

DV76 A. Douady and J.-L. Verdier, Séminaire de géométrie analytique de I’Ecole Normale Supérieure

1974/1975, Astérisque 36—37 (1976), exposés VI-IX.

EGHO00 Y. Eliashberg, A. Givental and H. Hofer, Introduction to symplectic field theory, Geom. Funct.
Anal. 2000 (2000), 560-673.

ES98 G. Ellingsrud and S. Stromme, An intersection number for the punctual Hilbert scheme of a
surface, Trans. Amer. Math. Soc. 350 (1998), 2547-2552.
FPOO C. Faber and R. Pandharipande, Hodge integrals and Gromov-Witten theory, Invent. Math. 139
(2000), 173-199.
GP99 T. Graber and R. Pandharipande, Localization of virtual classes, Invent. Math. 135 (1999),
487-518.
1303

https://doi.org/10.1112/50010437X06002314 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002314

Gro96
1P03
Li02
LRO1
LT98

MNOPO06

MP06
Nak99

08SS80

Pan99

Pan02

Tho00

GROMOV—WITTEN AND DONALDSON—THOMAS THEORY, II

I. Grojnowski, Instantons and affine algebras I: the Hilbert scheme and vertex operators, Math.
Res. Lett. 3 (1996), 275-291.

E. Ionel and T. Parker, Relative Gromov-Witten invariants, Ann. of Math. (2) 157 (2003), 45-96.
J. Li, A degeneration formula of GW-invariants, J. Differential Geom. 60 (2002), 199-293.

A.-M. Li and Y. Ruan, Symplectic surgery and Gromov—Witten invariants of Calabi—Yau 3-folds
I, Invent. Math. 145 (2001), 151-218.

J. Li and G. Tian, Virtual moduli cycles and Gromov—Witten invariants of algebraic varieties,
J. Amer. Math. Soc. 11 (1998), 119-174.

D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande, Gromov—Witten theory and
Donaldson—Thomas theory, I, Compositio Math. 142 (2006), 1263-1285.

D. Maulik and R. Pandharipande, Foundations of Donaldson—Thomas theory, in preparation.

H. Nakajima, Lectures on Hilbert schemes of points on surfaces (American Mathematical Society,
Providence, RI, 1999).

C. Okonek, M. Schneider and H. Spindler, Vector bundles on complex projective spaces
(Birkh&duser, Basel, 1980).

R. Pandharipande, Hodge integrals and degenerate contributions, Comm. Math. Phys. 208 (1999),
489-506.

R. Pandharipande, Three questions in Gromov—Witten theory, in Proc. International Congress
of Mathematicians, vol. I, Beijing, 2002 (Higher Education Press, Beijing, 2002), 503-512.

R. Thomas, A holomorphic Casson invariant for Calabi—Yau 3-folds and bundles on K3 fibrations,
J. Differential Geom. 54 (2000), 367-438.

D. Maulik  dmaulik@math.princeton.edu
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA

N. Nekrasov nikita@ihes.fr
Institut de Hautes Etudes Scientifiques, Bures-sur-Yvette, F-91440, France

A. Okounkov okounkov@math.princeton.edu
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA

R. Pandharipande rahulp@math.princeton.edu
Department of Mathematics, Princeton University, Princeton, NJ 08544, USA

1304

https://doi.org/10.1112/50010437X06002314 Published online by Cambridge University Press


mailto:dmaulik@math.princeton.edu
mailto:nikita@ihes.fr
mailto:okounkov@math.princeton.edu
mailto:rahulp@math.princeton.edu
https://doi.org/10.1112/S0010437X06002314

	1 Introduction
	1.1 Overview

	2 The Gromov--Witten/Donaldson--Thomas correspondence for 3-folds
	2.1 Gromov--Witten theory
	2.2 Donaldson--Thomas theory
	2.3 Primary fields
	2.4 Descendent fields
	2.5 Reactions
	2.6 An example

	3 The Gromov--Witten/Donaldson--Thomas correspondence for relative theories
	3.1 Gromov--Witten theory
	3.2 Donaldson--Thomas theory
	3.3 Primary fields
	3.4 The degeneration formula

	4 The equivariant vertex measure
	4.1 Summary
	4.2 Equivariant Donaldson--Thomas theory
	4.3 Localization
	4.4 Proof of Theorem 1
	4.5 Degree 0 results for toric 3-folds
	4.6 Evaluations in higher degrees

	References

