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A NON-NORMAL FUNCTION WHOSE DERIVATIVE
IS OF HARDY CLASS H* 0<p<1

BY
SHINJI YAMASHITA

Let H?(0<p=wx) be the Hardy class of functions holomorphic in D =
{lz] <1}, and let f be a function holomorphic in D. It follows from the well
known theorem [1, Theorem 3.11, p. 42] that if (I) f'e H*, then (II) f can be
extended continuously to the closed disk {|z|=1}, and consequently, (III) f is
normal in D in the sense of O. Lehto and K. 1. Virtanen [2]. Since there is a
considerable gap between (IT) and (III), one would suspect that the condition
(I) might be much stronger than necessary to obtain the conclusion (III).
However, it is curious that the implication (I)=> (III) is sharp as the following
theorem shows.

THEOREM. There exists a non-normal holomorphic function f in D such that
f'€Mo<p<1 H".
Let {z,} be a sequence in D such that

(1) 1—|zn+1l'<_c(1_|zn|)<c’ n‘:l, 2" MR

where 0<c <1 is a constant. Assume that there exists a subsequence {z,} of
{z,}, converging to 1. We may consider the Blaschke product

Z,— 2

1-z,z

= |z,
B(z)= H L_l
n=1 Zn

because Y (1—|z,)=(1—|z,) Y c" ' <.

The function we wish to examine is the product f= Bg, where g(z)=
—log(1-z), g(0)=0.

It follows from the known estimate [1, p. 156] that

(- BEi=T |22 = 1] (5 ) =a>0
k=1 1_Zan k=1 1+Ck
k#n

for n=1,2,.... Therefore,
(112, P) If (2 V(A +f(2,)P) = (1= |2, ") |B'(2,,)8(20)| = @ |g(2, )| =

as j—oo, which proves that f is not normal in D.
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Now, for each 0<p <1,
If'PP=<|B'gl” +|g"".
Since g’'€(o<p<1 H?, we have only to show that
(2) B'ge H? for each 0<p<1.

First of all, since Y (1—|z,|)'7@ < for 1<q<1 by (1), it follows from [3,
Theorem 2] that B'e H. Therefore,

(3) B'e () H¢

0<g<1
Now, for the proof of (2), we choose 1<A<1/p, and then p such that
A"+ ' =1. It then follows from the Holder inequality that, for each 0<r<
1,

Jh |B'(re*®)g(re*®)P do = U:" |B'(re*)|P* de]m [f“ |g(re®)|P+ d(}]lm.

0

The assertion (2) now follows on combining (3) and g € (o<q<eHA.
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