
BULL. AUSTRAL. MATH. SOC. I .6A08, I 6 A 4 6 , 18E40

VOL. I I (1974) , 425-428.

A characterization of

left semiartinian rings

Jonathan S. Golan

In defining the torsion-theoretic Krull dimension of an

associative ring R we make use of a function 6 from the

complete lattice of all subsets of the torsion-theoretic spectrum

of R to the complete lattice of all hereditary torsion theories

on i?-mod . In this note we give necessary and sufficient

conditions for 6 to be injective, surjective, and bijective.

In particular, 6 is bijective if and only if R is a left

semiartinian ring.

Throughout the following R will always designate an associative (but

not necessarily commutative) ring with unit element and i?-tors will

denote the complete lattice of all hereditary torsion theories on the

category R-mod of unitary left i?-modules. If T € i?-tors , we denote by

T the class of all T-torsion left i?-modules, by F the class of all

T-torsionfree left Z?-modules, and by T (-) the T-torsion radical. The

smallest element £ of i?-tors is characterized by T- = {0} ; the

largest element x °f if-tors is characterized by F = {o} . If M is a
A

left i?-module, we denote by x M the largest element of fl-tors

relative to which M is torsionfree.

If x € i?-tors , a nonzero left f?-module M is said to be

i-aoaritiaal if and only if M is T-torsionfree while M/N is T-torsion

for every nonzero submodule N of M . A nonzero left i?-module M is

said to be oooritical if and only if it is x(^)-cocri'tical- The elements

Received 23 August 1971*.

425

https://doi.org/10.1017/S0004972700044051 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700044051


426 J o n a t h a n S. Go lan

of i?-tors of the form TT = xW for M a cocritical left fl-module are

called •prims torsion theories [2]. The set of al l prime elements of

i?-tors is called the left spectrum of if and is denoted by i?-sp . If M

i s a left i?-module, we define the assassin of M by-

ass (A?) = {IT € i?-sp | M has a ir-cocritical stibmodule} .

A ring R is said to be left semiartinian if and only if every non-

zero left i?-module has a simple submodule.

In [I] we defined the function

6 : subsets of i?-sp -*• i?-tors

as follows: if U c i?-sp then

T . . = {ji | 0 * a.ss(M/N) -£ U for every proper submodule N of M) .

This function is used in defining a dimension for rings analogous to the

classical Krull dimension for commutative rings. In this note we wish to

point out some properties of the function 6 itself. It is easy and

straightforward to check that 6 is a morphism of complete lattices and

that 6(0) = £ .

PROPOSITION 1. The following conditions are equivalent:

(1) 6 is infective;

(2) if IT € i?-sp then there exists a ^-cocritical simple left

R-module.

Proof. (1) =* (2) . If -n i i?-sp then 6({TT}) # 6(0) = ? l y the

injectiveness of 6 and so there exis ts a nonzero lef t i?-module M which

i s 6({ir})-torsion. In part icular M has a TT-cocritical submodule M' .

If 0 ^ N is a proper submodule of M' then a.ss(M'/N) = {ir} and so

M'/N has a i r-cocri t ical submodule. But M'/N i s ir-torsion and so we

have a contradiction. Thus M' can have no proper submodules other than

0 and so M' i s simple.

(2) •» (1). Assume tha t 6(0) = S(U') for U * U' cff-sp . Without

loss of generality we can assume that there exis ts a I ( U\U' . If M i s

a simple i r -cocri t ical l e f t i?-module then M (. !"„,„. = Ti/rti-i and so

Tf € U' - a contradict ion. Thus 6 i s in ject ive . O

PROPOSITION 2. The following conditions ar~e equivalent:
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(1) 6 is surjeotive;

(2) 0 1- ass(Af) for every nonzero left R-module M .

Proof, ( l ) =» (2) . If 6 i s surject ive then there ex i s t s a U c j?_Sp

for which 8(U) = x • Therefore ^iin\ ~ #-mod which implies (2) .

(2) =" (1) . Let x € /?-tors and l e t U = U{ass(M) | 0 * M € T^\ .

Then 0 t a.ss(M/N) c U for every proper submodule N of M € T and so

T 5 6(£/) . Assume that T + 8(U) and l e t 0 t M € T . AT . Then we
6{U) T

have 0 * M = M/T (M) € f.. . n F . Let ir € ass(i?) and let N be a

ir-cocritical submodule of M . Then IT = x W - T • B u t w ^ T_, . and

so IT € U . Therefore there exists a ir-cocritical left if-module

N' € T C T , a contradiction. Therefore we must have T = S(U) . D

PROPOSITION 3. 27ie following conditions are equivalent:

(1) 6 is bijective;

(2) if is a left semiartinian ring.

Proof, ( l) =* (2). Let M be a nonzero left i?-module. By

Proposition 2, 0 # ass(M) . If ir € ass(M) then by Proposition 1 there

exists a simple left i?-module N' which is ir-cocritical. Moreover, M

has a ir-cocritical submodule N . Since N' is ir-torsionfree,

homR[N', E(N)) # 0 . Since N' is TT-cocritical and E(N) is ir-torsion-

free, any nonzero homomorphism a : N' -*• E(N) is a monomorphism. Since

N' is simple, N'a c N . Therefore M has a simple submodule. This

proves that R is left semiartinian.

(2) =» ( l ) . If M i s a nonzero left fl-module then by (2), M has a

simple submodule. Since a l l simple left /?-modules are cocri t ical , this

implies that ass(M) t 0 . If TT € fl-sp and N is a ir-cocritical left

i?-module then N has a simple submodule N' which is also ir-cocritical

and so ir = x(^ ' ) • By Propositions 1 and 2, 6 i s then bijective. D

PROPOSITION 4. If R is a left semiartinian ring then 6"1 is

defined by 6~ : T •—>• {x(M) \ M is simple and i-torsion) .

Proof. Let x f /?-tors and le t
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U = (x(M) | M is simple and T-torsion} .

If M i s a T-torsion l e f t i?-module then so is M/N for every proper

submodule N of M . I f u f ass(M/N) then there exis ts a ir-cocrit ical

submodule M'/N of M/N . Since R i s l e f t semiartinian, M' /N in turn

has a simple submodule M"/N which is also T-torsion and T-cocri t ical .

Then u = x(M"/N) € U . Hence T^ c

Conversely assume tha t M is a lef t i?-module which i s not

T-torsion. Then 0 t- M = M/T (M) and so M has a simple submodule N'

which i s T-torsionfree. This implies that x(# ' ) € SLSS(M)\U and so
M • T 6 ( . ) • D
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