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Orbital L-functions for the Space of Binary
Cubic Forms

Takashi Taniguchi and Frank Thorne

Abstract. 'We introduce the notion of orbital L-functions for the space of binary cubic forms and in-
vestigate their analytic properties. We study their functional equations and residue formulas in some
detail. Aside from their intrinsic interest, the results from this paper are used to prove the existence of
secondary terms in counting functions for cubic fields. This is worked out in a companion paper.

1 Introduction

The theory of prehomogeneous vector spaces was initiated by M. Sato in early 1960s.
A finite dimensional representation of complex algebraic group (G, V) is called a
prehomogeneous vector space if there exists a Zariski open orbit. One arithmetic sig-
nificance of this is, that if (G, V) is defined over a number field, then there exist zeta
functions associated to (G, V') which have analytic continuations and satisfy func-
tional equations. This was discovered by M. Sato and T. Shintani [24] and numerous
number-theoretic applications have been given (see, e.g., 3,10, 15,25-27,31,32].)
Let (G, V') be the space of binary cubic forms:

G:=GLy, V= {x(u,v) =x1’ +xu’v+xsuv’* +x,v°}.

The discriminant Disc(x(u,v)) = x3x3 + 18x1x0x3%4 — 4x1%5 — 435x4 — 27x]x] is
relatively invariant under the action of G, i.e., Disc(gx) = (det g)? Disc(x). We denote
by V* the dual representation of G, which is similar to V but has a slightly different
integral structure.

This (G, V) is an interesting example of a prehomogeneous vector space, and the
associated zeta functions were studied extensively by Shintani [25]. He introduced

the Dirichlet series b(a)|!
Stab(x)|™
Ex(s) = Y [Stabo]

— | Disc(x)[*
xESLy(Z)\V ()
=+ Disc(x)>0

associated to the positive and negative subsets of V' (Z), and the similarly associated
&4(s) to V*(Z). (Here | Stab(x)| is the order of the stabilizer of x in SL,(Z).) Then he
established their notable analytic properties.
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Theorem 1.1 (Shintani) The four Dirichlet series £1.(s) and & (s) have holomorphic
continuations to the whole complex plane except for simple poles at s = 1,5/6, and
we have explicit formulas for their residues. Moreover, these Dirichlet series satisfy the
functional equation

(-9 37 ( B 1) ( l) sin2ms  sinms \ [ &5(s)
(5_(1 —5)) T onks L) s 6 P{s+ 6/ \3sinms sin2ms) \E*(s) )
The purpose of this paper is to study L-functions corresponding to Shintani’s zeta

functions, extending Datskovsky and Wright’s work [2]. Let us briefly explain our
formulation. We fix a positive integer N. For any a € 7, the usual partial zeta

function ((s, a) is defined by the formula (s, a) = Zne“ Nzaso 1+ Extending this
idea, for any a € V (Z) we define the partial zeta function by

1 | Stab(x)|~!
fi(s7 a) = QT (7). T AT 5 T el
[SLy(Z) : T'(N)] T IAGINV(E) | Disc(x)|
=+ Disc(x)>0

Here I'(N) is the principal congruence subgroup of SL,(Z), and now | Stab(x)| de-
notes the size of the group of stabilizers of x in T'(N). Since {1(s,a’) counts the
same orbits if a’ = a (mod N), it is natural to regard a of £4(s,a) as an element of
V(Z/N7) rather than of V (Z). We can easily check that {1 (s) = ZQGV(Z/NZ) £4(s,a),
as expected.

Recall that the group G(Z/NZ) acts on V(Z/N7Z). We may now define the orbital
L-function by

Exls,xo@) = Y x(detg)és(s, ga)

9€G(Z/N7Z)

for a Dirichlet character y modulo N. We hope the analogy to the Dirichlet L-
function L(s, x) = Zte(l IND)* X(t)((s,t) is clear.! This orbital L-function seems
to be a natural class of L-functions in the theory of prehomogeneous vector spaces,
and we focus on this £ (s, X, a). We note that certain L-functions are introduced and
studied in detail in the extensive works of Datskovsky and Wright [2,29], and our
orbital L-functions are closely related to theirs.

In this paper we prove three main results. The first one establishes fundamental
analytic properties for our zeta functions.

Theorem 1.2 For any congruence N, the orbital L-functions {4 (s, x, a) and the par-
tial zeta functions {4 (s, a) have meromorphic continuations to whole complex plane
and satisfy certain functional equations. They are holomorphic except for possible sim-
ple poles at s = 1 and s = 5/6, and their residues are described in terms of certain sums
over the G(Z/NZ)-orbit of a € V(7 /NZ). We have explicit formulas of those residues
in various cases. In particular, we have residue formulas when a € V(1) detects cubic
rings maximal at all primes dividing N, or when N is cube free.

! As we will see in Lemma 3.3 (iii), strong approximation for SL, implies that the action of SL,(7/NZ)
on (the space of) partial zeta functions is trivial. Hence it is enough to work with one-dimensional rep-
resentations x o det of GL,(7Z/NZ); we can isolate each £+ (s, a) by the orthogonality of characters on
(Z/NZ)*.
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Hence, in principle we can understand the contributions of an arbitrary subset
X C V(Z) to the zeta function, as long as X is defined by a finite number of con-
gruence conditions in V(7). We note that the first statement in this theorem is due
to E Sato [22]. This theorem is a combination of various results in this paper, and
we give the proof in Remark 8.21. This result implies that there is a bias for the class
numbers of integral binary cubic forms in arithmetic progressions, which seems to
have been missed in the literature. We prove it in Theorem 9.2.

For a function f on V(Z/N?Z), its finite Fourier transform ]?is defined by

foy =Nt 3 f(a)exp(ZW\/jL[a’—Nb]), b e V*(Z/NZ),

A€V (Z/NZ)

where [*, x] is the canonical pairing between V and V*. Our second result is explicit
formulas of the Fourier transforms of certain functions on V (Z/p*7Z).

Theorem 1.3 (Theorems 6.3, 6.4) Let p be a prime not equal to 2 and 3. We have
explicit formulas of the Fourier transforms of ®, and ®, where these are functions over
V(2] p*1.) detecting nonmaximal and nonmaximal-or-totally-ramified cubic rings at p,
respectively.

See Theorems 6.3 and 6.4 for the exact formulas. These Fourier transforms occur
in the explicit formulas for the zeta and L-functions dual to {4 (s, a) and &4 (s, X, a),
and Theorem 1.3 allows us to write down these explicit formulas. This leads to an
improved analytic understanding of £4 (s, a) and £4.(s, X, a).

Remark 1.4 Fouvry and Katz [7] have proved related bounds for such Fourier
transforms, in a vastly more general context. As an application involving the space of
binary cubic forms, they proved that there are infinitely many primes p = 1 (mod 4)
for which p + 4 is squarefree and 3 1 h(p + 4).

Their bounds are stated only for exponential sums modulo p, and even if their
methods could be used for sums over V. it seems unlikely that their bounds would
be sharp in the cases of our interest. That said, Fouvry and Katz’s work predicts the
phenomenon, observed in Theorems 6.3 and 6.4, that the Fourier transforms of ®,,
and @/, are larger on the more singular orbits.

Theorem 1.2, in combination with explicit results such as Theorem 1.3, has fruit-
ful arithmetic applications. To explain our motivation, we quote the main results of
our companion paper [28]. Our primary purpose in proving Theorems 6.3 and 6.4
is to obtain the following density theorems.

Theorem 1.5 ([28])
(1) The number of cubic fields K with 0 < & Disc(K) < X is

+
NE(X) = — X +K* 4(1/3)

5/6 7/9+€
e K sraprcemt PO

whereC* = K* =1andC~ =3,K~ = /3.
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(ii) For a quadratic field F, let Cl;(F) denote the 3-torsion subgroup of the ideal class
group of F. Then

+ 1/3
S s = 2 e XD (1 B oo,
[F:Q]=2 g 5I'(2/3)* p(p+1)

0<4 Disc(F) <X

where the product in the secondary term is over all primes.

These secondary terms in Theorem 1.5 were also proved in independent work of
Bhargava, Shankar, and Tsimerman [1]. Their paper studies the space (G, V') geo-
metrically, and does not apply the theory of the associated zeta or L-functions.

We generalize this theorem to count these discriminants in arbitrary arithmetic
progressions as well. In this case we discover a curious bias in the secondary term.
For example, when the modulus m is not divisible by 4 we prove the following.

Theorem 1.6 ([28]) Suppose m is a positive integer with 4 m and a € 7. arbitrary.
(1)  The number of cubic fields K with

0 < £Disc(K) < X and Disc(K) = a (modm)
is
NSi(X; m,a) = CljE (m, (m, a)) X+ Kli(m, a)X%/0 + O(X7/%*emd/?).

The constant Cli depends only on m and the greatest common divisor (m, a) of m
and a, but Kli may be different for different values of a, even when m and (m, a)
are fixed, if there exist any nontrivial cubic characters modulo m/(m, a).

(ii) We have

Z #Cl3(F) = C5 (m, (m,a)) X + K5 (m, a)X/® + O(X'¥/23+<u?0/3),
[F:Q]=2

0<=£ Disc(F)<X
Disc(F)=amod m

where C5 and KiF have the same properties as C and K&, respectively.

We refer to [28] for more explicit and general statements, including an explicit
evaluation of the constants Cij[7 Kii, as well as associated numerical data. When 4 | m
the statements change slightly (the discriminant of any field is = 0,1 (mod 4)), but
we treat this case as well.

Concerning Theorem 1.6, Datskovsky and Wright [2] proved that certain L-func-
tions may have a pole if the character is cubic but are otherwise entire, and this is the
origin of subtle behaviours of Kii. In Section 8 we refine their significant residue for-
mulas [2] for €1 (s, x, a), and in particular we complete all the cases where a detects
cubic rings maximal at all primes dividing N. These formulas are used in [28] to ob-
tain the explicit formulas for K:*. In Section 9, we briefly discuss how Theorem 1.6
relates to these residue formulas.
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Besides these arithmetic applications, our explicit construction of L-functions is
also motivated by work of Ohno and Nakagawa. In 1997, Ohno [16] conjectured the
remarkably simple relations £ (s) = £_(s) and £* (s) = 3&,(s), and these relations
were proved by Nakagawa [15]. As a consequence, Shintani’s functional equation in
Theorem 1.1 takes the following self-dual form.

Theorem 1.7 (Ohno—Nakagawa) Let 01 (s) := /3¢, (s) & £_(s) for each sign. Then

AL (1l —=5)04(1 —s5) = A1 (s)0+(s),

where
1 1 1
(- (e )
2 2 12 2 12

2 2 2 12 2 12

If we put A(s) = (A*O(S) Af(s)) T = (gf ) and £(s) = ( ) then the

|>
/-\
>
i
A
v
<
N
h
\_/
!

formula is
Al —5)-T-£(0 —5)=A(s) - T-&(s).
Although the formulas &} (s) = £* (s) and £ (s) = 3. (s) are very simple, Nakagawa’s
proof is quite technical; in particular, he used class field theory in a sophisticated
manner. Analogous formulas were proved by Ohno, the first author, and Wakatsuki
[17, 18] for zeta functions associated with other integral models for (G, V), leading
to similar functional equations.
In this paper we will prove the following.

Theorem 1.8 (Theorem 7.6) For a positive integer m, let

b(x)|~!
Em,x(s) == Z M Em(s) == <§m,+(5)> ’

D s’ (s
XESL,()\V (2) | Disc(x))| Em,—(5)
m|Disc(x)

=+ Disc(x)>0

and for a square free integer N, write

On(s) =Y p(m)mép(s).

m|N
With this notation, Oy (s) satisfies the functional equation
N*TIA(L = 5) - T-On(1 —5) = N*A(s) - T - On(s).

Here p(m) is the Mobius function. In Theorem 7.6, we also describe the residues
of On(s). The case N = 1 is Theorem 1.7, and we will in fact reduce the proof of this
theorem to Ohno—Nakagawa’s original formula. In the proof, we use Mori’s explicit
formulas [14] for certain orbital Gauss sums over Z/ pZ.
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As the terminology “orbital L-function” indicates, understanding the G(7Z/NZ)-
orbit structure of a € V(Z/NZ) is fundamental for the analysis of £ (s, x,a). We
pursue the theory from this viewpoint. As we noted earlier, our L-functions are
closely related to those studied by Datskovsky and Wright [2]. Although our work
overlaps with theirs to some extent, our orbital L-functions have elementary and ex-
plicit descriptions, and we hope we have developed the theory to a point where it is
quite usable in applications.

Although we focus on the particular example of the space of binary cubic forms,
the definitions and basic properties studied in Sections 3 and 4 are applicable to gen-
eral irreducible regular prehomogeneous vector spaces with a fixed integral model.
Also, our arguments in Sections 5, 6 and 8, regarded as arguments over Z,, general-
ize to the integer ring of other local fields, and a version of Theorem 1.3 holds over
an arbitrary local field with residue characteristic not 2 or 3. In a forthcoming pa-
per (joint with Manjul Bhargava), this will be used to improve the error term in the
function counting cubic extensions of any base number field, previously studied by
Datskovsky and Wright [3].

We also discuss some related results and problems. When a Dirichlet series £(s) =
> a,/n’ is given, it is natural to twist by a Dirichlet character x, yielding the L-
function &£(s, x) = > a,x(n)/#°. L-functions of this type associated to prehomo-
geneous vector spaces have been previously discussed in the literature; see, e.g., [11,
20-22]. For our case of the space of binary cubic forms, we discuss this £(s, x) in
Section 9. Since this £(s, x) is expressed in terms of linear combinations of orbital
L-functions of the form £(s, X%, a), in principle our theory contains the theory of
&(s, x). However, there are some rich stories involving £(s, x) for which we do not
yet have good analogues for £(s, x,a). Among others, we mention the significant
work of Denef and Gyoja [6], who proved an explicit formula for a certain Gauss
sum. As a result, the functional equation of £(s, x) turns out to have a nice simple
form, as observed in [22]. Their work is notable because the formula is proved for a
general prehomogeneous vector space. In this direction, although we obtain explicit
formulas of orbital Gauss sums

W(x.ab) = Y X(detg)exp<27r\/j1_[ga,b]>

N
g€G(Z/NZ)

for some special a € V(Z/NZ7),b € V*(7/NZ), it would be very interesting to fur-
ther investigate the general case.

We also remark on the secondary pole of zeta functions for “cubic cases” What
principle underlies the fact that the space of binary cubic forms (G, V') describes the
family of cubic extensions? In 1992, Wright and Yukie [31] clarified that this is be-
cause the component group of the generic stabilizer is isomorphic to &3, the permu-
tation group of degree 3, and they studied the relationship of this fact to geometric
interpretations of rational orbits. Among 29 types of irreducible regular prehomo-
geneous vector spaces classified by M. Sato and Kimura [23], 4 of them share this
property, and hence they should be regarded as “cubic cases”. One such cubic case is
the representation (GL, x GL3, Aff* @ Aff® @ Aff), and the global theory for a non-
split form of this representation was given by the first author [27]. Interestingly, as
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with the (G, V') studied in this paper, the secondary pole of the zeta function does
not vanish under a twist by cubic characters. It is likely that this property is shared
for all cubic case zeta functions, and ultimately this would reflect phenomena similar
to Theorem 1.6.

This paper is organized as follows: in Section 2 we introduce the space of binary
cubic forms V' and its dual space V*, with natural actions of G = GL,. We also
recall the Delone—Faddeev correspondence. In Section 3 we introduce the orbital L-
functions £(s, X, a) and the orbital Gauss sums W (x, a, b). In Section 4 we discuss
the functional equations. These functional equations were obtained by E Sato [22]
in a general setting and we apply his result. We also introduce zeta functions &(s, f)
associated to Gy-relative invariant functions f, and express them in terms of orbital
L-functions.

Later sections develop the more specific theory for (G, V). Let p be a prime. In
Section 5, we give orbit descriptions over Z/pZ and 7/ p*Z which have arithmetic
meanings. In Section 6, we discuss the orbital Gauss sums over Z/pZ and Z/p*Z in
detail. Over Z/ pZ, this was studied by S. Mori [14] and we recall his result. After that,
we compute various orbital Gauss sums over 7,/ p*Z. for p # 2,3, which is the main
technical contribution of this paper, and we prove Theorem 1.3 as a consequence.

In Section 7, we study “divisible” zeta functions and prove Theorem 1.8.

In Section 8, we study the residues of the orbital L-functions (s, x,a). With a
natural choice of the test function ®,, Wright’s adelic zeta function [29] gives an
integral expression for £(s, x, a). Using the residue formula in [29], we compute the
residues of £(s, x, a) for the cases of our interest. The method as well as many of these
results are due to Datskovsky and Wright [2], and our results refine theirs as needed
for our application to Theorem 1.6. These computations lead to an explicit version of
Theorem 1.2. In Section 9, we apply these results to prove residue formulas for £(s, x)
(Theorem 9.1) and we prove that class numbers of binary cubic forms are biased in
arithmetic progressions (Theorem 9.2). We also compare our results to Theorem 1.6.

Notation

For a finite set X, we denote its cardinality by | X|. For a variety V defined over 7Z and
aring R, the set of R-rational points is denoted by V (rather than V(R)). The trivial
Dirichlet character is denoted by 1. Our notation mostly matches the companion
paper [28], but there are a few exceptions: the dual vector space V* and the zeta
function £*(s) for V* in this paper are denoted by V and 2(5) in [28], respectively.
Also, &,,(s) in this paper denotes the m-divisible zeta function, while £,(s) in [28]
denotes the g-nonmaximal zeta function. We hope this does not confuse the reader.

2 The Space of Binary Cubic Forms and Cubic Rings

In this section, we introduce the space of binary cubic forms V and its dual space
V*, with natural actions of G = GL,. We regard G, V, and V* as defined over 7.
After discussing their basic properties, we recall the Delone—Faddeev correspondence
relating cubic forms to cubic rings.
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Let G = GL, and
V = {x(u,v) = x10° + x2u”v + x3uv* + x4V° | X1, %2, %3, %4 € Aff}.
We identify V with the four dimensional affine space Aff! via x(u, v) = xu® +xu2v+

xuv? + x40 < x = (x1,%2,%3,%4). We consider the following twisted action of G
onV:

_ 1 _ (o B
(g-x)(u,v) = detgx(ozuﬂ-yv,ﬂu-k(;v), xeV, g= (7 6> €G.

We note that the scalar matrices act on V' by the usual scalar multiplication. In terms
of coordinates, the action is given by

a? azﬁ a52 63 X1

f(g-x) = 1 | 3ary afd+2aBy By 42086 3% | | x
£ od—Fy | 3002 By +2006 ad 2848 388 | | x|

73 725 ’y52 (53 X4

_ (o B
£ (v 5 ) '
We usually omit - from g - x and write gx instead. Let

P(x) = x§x§ + 18x1x%3%4 — 4x1x§ — 4x§x4 — 27xfxﬁ,

which is the discriminant of x(u, v). Then P(gx) = (detg)?P(x).

The dual representation V* is the space of linear forms on V. In the dual coordi-
nate system on V*, we express elements of V* as y = (y1, ¥2, ¥3, y4). We denote the
canonical pairing of V and V* by [x, y], so that [x, y] = x1y1 +x2¥2 + X33 +xay4. We
define the left action of G on V* via [x, g * y] = [(detg)g™! - x, y]. Then the scalar
matrices also act by the usual scalar multiplication on V*. In terms of coordinates,

we have
5 —376? 3926 -3 1
¢ 1 —B68*  ad*+2By8  —(By +2a70)  ay ¥2
(g*xy) = — 2 _m2 2 2 )
as— By | B (B°y+2aB0)  a”d+2aby asy || s
-3 3a3? —302f o? V4

_ (o P
£ (v 2 ) '
We usually omit * from g * y and write gy instead. Let

P*(y) = 3y3y3 + 69152374 — 49173 — 47394 — ViV

Then P*(gy) = (detg)*P*(y).
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We recall an embedding of V* into V' which is compatible with the action of G.
Let

VIS (91,92, ¥3, Y4) = (Y4, —=3y3,3y2,—y1) € V.

Then we have (g * ) = g - ¢(¥). Hence if 3 is not a zero divisor in a ring R, we can
realize V}§ as a Gg-submodule of Vx. Moreover, if 3 is invertible in R then we can
identify V§ with V in terms of ¢. We use this identification in Section 6. Under this
identification, the bilinear form on V' induced by the pairing [, *] is given as

1 1
(2.1) [x,x'] = x4x] — §X3X£ + gxzxg —x1x;, x,x €V,

and this satisfies [gx, gx’] = (detg)[x, x"]. We also note that P( L(y)) = 27P*(y).
We now recall the so-called Delone—Faddeev correspondence, which gives a ring-
theoretic interpretation of rational orbits of (G, V). This was originally discovered
by Levi in certain cases, was described in the textbook of Delone and Faddeev [5],
and was then proved by Gan, Gross and Savin [8] in full generality.
Let R be an arbitrary (commutative) ring. A finite R-algebra S is called a cubic ring
over Rif S is free of rank 3 as an R-module.

Theorem 2.1 (Levi; [5], [8]) There is a canonical discriminant-preserving bijection
between the set of orbits Gr\Vy and the set of isomorphism classes of cubic rings over R.
Ifx € Vg corresponds to a cubic ring S over R, then the group of stabilizers Gg » of x in G
is isomorphic to Autg(S), the group of automorphisms of S as an R-algebra. Moreover if
x € Vy is of the form x(u,v) = u® + bu*v + cuv? + dv>, then the corresponding cubic
ring is R[X]/(X? + bX? + cX + d). Also if x is of the form x(u,v) = v(u* + cuv + dv?),
then the corresponding cubic ring is R X R[X]/(X? + cX + d).

The proof of this theorem is well known. We simply recall the construction here.
For x = (x1,x2,%3,%x4) € Vg, the corresponding cubic ring is the R-module R1 &
Rw @ RO with the commutative multiplicative structure so that 1 is the multiplicative
identity and that

W= —xix3 — 0w+ x10, 62 = —xoxs — xaw + x30,  wl = —x1x4.

For more details, see [8] for example.

3 Orbital L-functions and Orbital Gauss Sums

In this section, we introduce the notion of orbital L-functions and orbital Gauss sums,
and discuss their most basic properties. Further analytic properties are studied in
later sections.

Let N be a positive integer. We put

GN = GZ/NZ = GLz(Z/NZ), VN = VZ/NZ = VZ/NV,Z

Then Gy acts on V. Fora € Vy, let Gy, := {g € Gy | ga = a}, the group of
stabilizers. For each a € Vi, a + NV is invariant under the action of the principal
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congruence subgroup I'(N) := ker(SLz(Z) — SLZ(Z/NZ)) of SLy(Z). Let x be

a Dirichlet character whose conductor m = m(x) is a divisor of N. As usual, we

regard  as a character modulo N via the reduction map (Z/NZ)* — (Z/mZ)*.
For a congruence subgroup I of SL,(Z) and a I'-invariant subset X of V, we put

1 Tul ™
E(s, X, T) := - > ;
[SL,(Z) : T'] ey |P(x)]

+P(x)>0

where'y = {y € T' | yx = v}, and

. £+(S7X; F)
S, X, 1) = (f_(s,x,r)) :

We put
£(s) :=&(5, V2, SLa(2)) .
This is the zeta function introduced and studied by Shintani [25]. As a generalisation,

we introduce the following.

Definition 3.1 We define
(s, a) == 5(57 a+ NV, F(N)) )
§(s,x,a) == Y x(det)(s, ga).
g€Gy
We call £(s, a) a partial zeta function and (s, X, a) an orbital L-function for the space

of binary cubic forms.

Remark 3.2 We will observe in Propositions 4.6 and 4.7 that we can define £(s, x, a)
in terms of only SL,(Z) and not I'(N).

For these zeta functions, the following basic properties hold.

Lemma 3.3
(i) Forg € Gy, &(s, x, ga) = x(detg)~'&(s, x, a).

(i) We have ZuGVN E(s,a) = £(s).
(i) Ifg € SL,(Z/NZ.), then {(s, ga) = &(s, a).

Proof These are not too difficult to verify from the definitions. Alternatively, one can
apply Proposition 3.3 of [17] as follows: (i) immediately follows from the definition,
while (ii) follows from [17, Proposition 3.3 (1) and (4)]. For (iii), first note that
the canonical map SL,(Z) — SL,(Z/N?Z) is surjective. Take any lift v € SL,(Z) of
g € SLy(Z/N7Z), then y(a+ NVz) = ga+ NV by definition. By [17, Proposition 3.3
(2)], we have

£(s,ga) = &(s,ga+ NVz, T(N)) = £(s,v(a+ NVz),[(N))
=&(s5,7(a+NV2) /LNy ™) =&(s,a+ NV, T(N)) =&(s,a).
Note that I'(N) is a normal subgroup of SL,(7Z). [ |
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10
T = {t: (o n) ‘ f EGLl}%’GLl

and Ty = Ty/nz = (Z/NZ)*. Then since G = SL, x T, we can write (s, x, a) as

We put

(3.1) E(s,x,a) = 'f{j' > x(dett)€(s, ta).

| teTN

Since Ty is an abelian group, by the orthogonality of characters we have the follow-
ing.

Proposition 3.4 We have

E(s,a) = [Gn| ™Y EGs,x0 ).
X

Here x runs through all the Dirichlet characters of conductors dividing N.

Hence the study of partial zeta functions is equivalent to that of orbital L-func-
tions. Since orbital L-functions are theoretically more natural to study, we concen-
trate on these for the rest of this paper.

Weput Vi = V7, = V5 /NV7. Then Gy acts on V}; also. We define the zeta

functions for the dual £*(s,b),£* (s, x, b) for each b € V3 in exactly the same way;
letting
1 T, |~ & (s, Y, )
* YI)i=— y * Y.T) := +\2 5
fi(57 3 ) [SLz(Z) . F] Z |P*(}/)|S’ E (57 3 ) <§*(S, Y, 1'\) )
ye\Y
+P* (5)>0
we define

£°(s,b) := € (s,b+ NV;,T(N)),

E (s, x,b) == Y x(detg)¢" (s, gb).

g€eGN

They satisfy the same properties in Lemma 3.3. Namely, Zbevs (s, b) = &*(s),
£°(s,gb) = £"(s,b) for g € SL,(Z/NZ), and £ (5, x,gb) = x(detg)~'€"(s, X, b).
Here we put £*(s) = £* (s, V7, F(l)) .

We note that £*(s, Y, T") = 2735(5, oY), F) where ¢: V; — V7 is the embedding
introduced in Section 2. The factor 27° comes from the relation P((y)) = 27P*(y)
fory € Y C V. Alsoif Y is defined by congruence conditions modulo N in V;, then
1(Y) is determined by congruence conditions modulo 3N in V7. Hence it is possible
to write £*(s, b) (and hence £*(s, x, b)) in terms of linear combinations of £(s, a).

We conclude this section with the definition of the orbital Gauss sum. For a €
Vn,b € V3, we put (a,b) := exp(2wi[a, b]/N). If we emphasize the dependence
on N, we write (a, b)y also.
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Definition 3.5 Fora € Vy, b € V} we define
W(x,a,b):= Y x(detg)(ga,b) = > x(detg)(a, gb)
g€GN gE6N

and call it the orbital Gauss sum.

The second equality holds because [a,gb] = [(detg)g™'a, b]. If we emphasize
the dependence on N, we write Wy (x, 4, b) also. The following immediately follows
from the definition.

Lemma 3.6 Forg, g € Gy,
W(nglangb) = X(detg1)71X(detg2)7lW(Xa a, b)

In particular, if x o det is nontrivial either on Gy 4 or Gy p, then W(x, a,b) = 0.

The significance of this character sum will be clarified in the next section. In par-
ticular, this appears in the functional equation satisfied by £(s, x, @) and £* (s, x !, b).

4 Functional equation

In this section we discuss the functional equation of the zeta functions. To begin, we
recall Shintani’s functional equation [25].

Theorem 4.1 (Shintani) Let

35—2

3 1 1 in2 i
F(s)2F<s— 7)1“(54-7) sin2zs - sin7s )
24 6 6 3sin7s  sin27ws

E(1 —s) = M(s) - £°(5).

An extension necessary for us was given by E. Sato [22] in a general setting. We
recall his formula and apply it to our orbital L-functions. Let C(Vy) and C(V};) be
the space of C-valued functions on Vy and V5, respectively.

M(s) :=

Then

Definition 4.2 For f € C(Vy), f* € C(V};) we define the associated zeta functions
as follows:

£, )= f@Es,a), G, )= > frbE(s,b).

acVy bevy

This is the most general class of the zeta functions from our viewpoint and this
class contains partial zeta functions and orbital L-functions as special cases. Our
main interest is the orbital L-function but the functional equation is described most
naturally for this class. For f € C(Vy), we define its Fourier transform ]? e C(Vy)
by

fb)y =N"*>" f(a)(a,b).

a€Vy
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By the Fourier inversion formula, we have f(a) = Zbev;; f(b)(—a, b).
By [22, Theorem Q], we have the following functional equation.

Theorem 4.3 (F. Sato) We have
E(1—s, f) = N¥M(s) - €5, f).

Sketch of Proof For the convenience of the reader, we give a brief review of Sato’s
proof. Let A V) be the space of Schwarz—Bruhat functions on V. We let Gf; =
{g € Gg | detg > 0} and denote by dg.. a fixed Haar measure on it. We define the
(vector valued) local zeta function

(41) 1—‘oo(q)oo»s) =

([ 1P i ctgor g [ 1Pl i lgocr ).
Gix Giy

where @, € AVR). Here x4 € Vuj{t = {x € Vg | £P(x) > 0} is arbitrary.

As in the proof of [26, Theorem 5], we can take ®,, € AVR) such that ¢,
vanishes on {x € Vi | P(x) = 0} and @, vanishes on {y € Vi | P*(y) = 0}, where
we put &)OC()/) = fVH ®(x) exp(—2mi[x, y])dx. Forx € Vz,y € V7, let f(x) =
f(xmodN) and f( y) = J?( ymod N). Then by the standard unfolding method? (see
the proof of Proposition 8.2 for details),

/ | detgoo'iso Z f(x)(boo(goox) dgoo = o(Poo, S)§(5a f)
Gﬁ/r(N

x€eVy

On the other hand, by the Poisson summation formula,

D [P (goox) = | detgul 2 D F(1)Poo((detgos) 'gaoy/N).

x€Vy yEVS

The rest of argument is standard in the theory of prehomogeneous vector spaces and
we omit the details. [ |

Hence the study of the Fourier transform ]?is fundamental for further analysis of
the functional equation.

Let N = NN, where N; and N, are coprime integers. For f' & C(Vy,) for
i = 1,2, wedefine f! x f2 € C(Vy) by

(f' x f9)(a) = f'(amodN;) f*(amodN,), a € Vy.

We use the similar notation for the dual space. We note that the Fourier transform

(f' x )" of f! x f2 does not coincide with f1 x f2 in general. Instead, we have the
following. Fort € (Z/NZ)*, let f,(a) = f(ta).

2Though we use another integral expression for £(s, X, a) to compute residue formulas in Section 8, we
find this more convenient for proving the functional equation.
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Lemma 4.4 With the notation above, we have
(f' > " = ()" x (/)"
Proof Let f = f! x f2. Then

M) =NTINT YT f(a)(a, by,

acVyn,

By the Chinese remainder theorem, the set of a € Vi, is equal to the set of Npa; +
Nia, for a; € Vy,a, € V,. Therefore, the quantity above is

Nr4N;4 Z Z f(Nzal +N1a2)<N2a1 +N1a2,b>NlN2

@ €VNy €V,

= N;*N; Z Z f'(Naay) f7(N1a2) (Naay, by, (N1, bY -

@ VN mEVN,

We have (N,ay, b)n,n, = (a1, b)n, and (N1ay, b)n,N, = (a2, b)n,, where we reduce b
modulo N; and N,, respectively, and the result follows. |

Let N = [[ N; where N; and N are coprime for i # j and fie C(Vy,). Then by
the repeated use of this lemma, we have

(IT/)" =TT Hyn)"s

where [] f' € C(Vy) is defined similarly.
We now introduce the following space of functions on Vy, which are our main
interest.

Definition 4.5 We define
C(VN,x) :={f: VN = C| f(ga) = x(detg)f(a) forallg € Gn,a € Vn},
the space of Gy-relative invariant functions with respect to x.

Let f € C(Vy, x) and consider the associated zeta function £(s, f). Forx € V7, let
f(x) = f(xmod N). We note that for v € SL,(Z), f(yx) = f(x) since (ymodN) €
SL,(Z/NZ) is of determinant 1. For f € C(Vy, X), the zeta function £(s, f) has the
following description.

Proposition 4.6 For f € C(Vn, X),

_ | SLy(2),| ! _ (&)
Ex(s, f) = Z f(x)w where (s, f) = (5_(5, f)) .
x€SLy(2)\Vy

+P(x)>0
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Proof For X C Vy,let X* = {x eX | +P(x) > 0}. Then this follows from

x€SL(2)\Vi |P( Iy
T 1
= SL@): T Y fx NI (p!\(])]s
xeD(N\VE
= [SLy(2): TN Y fla) > |F|(li\(’>)l1
aeVy x€T(N)\(a+NV2)* x)|
= é-i (57 f) -

All the zeta functions we study in the rest of this paper will be of the form £(s, f)
for some f € C(Vy, x). We explain how £(s, f) and ]/‘\for these f are related to the
orbital L-functions and the orbital Gauss sums introduced in Section 3.

For a € Vy, we define f,, € C(Vy) as follows: If x o det is trivial on Gy 4, we
define

a
fX7 a’ ¢ Gy - a.
Otherwise, we put f, , = 0. Then one can easily see that

£Gs, fra) = E6s.x,a) and  fra(b) = N*W(x,a,b).
We also check that f, , € C(Vy, x), and moreover if f € C(Vy, x), we have

= |GN|_1 Z f(a)fxﬁa-

acVy

( /) = {|GN’”|X(d€tg) a’ = 84,8 € GNa

Hence we have the following.
Proposition 4.7 Let f € C(Vy, x). Then
£, ) =Gy Y f@Els, x, a),

aeVy
fb) =N"HGx| ™' D" f@W(x,a,b).
acVy

So we will study (s, x,a) and W(x,a,b), and then apply the results to prove
analytic properties of £(s, f).
For its own interest, we describe the functional equation of the orbital L-functions.

Proposition 4.8 We have
W(x,a,b)

f(ls,x,a)N“”M(S)begw Goal & EX7hD)
N45
= e Mo > Wi a,b)E (s,x",b).

bevy
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Proof By applying f, . € C(Vy) to Theorem 4.3, we have

45s—4

0 =500 = M) Y Wix,a,b)E (s, b)

G beVy

N4sf4 1
= TG TMO D et D Wixa,gh)E (s, gh).

bEGN\V}; |Gl gE€Gy

Since W(x, a, gb) = x(detg) ~'W (¥, a, b), we have the first equality. Since the prod-
uct W(x, a, b) - £*(s, x ™!, b) depends only on the Gy-orbits of b, we have the second
identity. ]

We discuss some general properties of the orbital Gauss sums. The following is
easy to prove.

Lemma 4.9 Letd | N,a € Vy5, b € Vy and let x be a Dirichlet character whose
conductor is a divisor of N /d. Regarding da € Vy, we have

|GN|
|Gnydl

WN(X7da7 b) = WN/d(X7a7 b)

Proof Since the action of Gy on da € Vy factors through Gy — Gy/4, we have

G
Wl dab) = S (derg) bl
Nyd 8€GN/a

Since (gda, b)n = (ga, b)n/4, we have the formula. [ |

We give two further properties of orbital Gauss sums that are generalizations of
those of the classical Gauss sum 7(x) = Zte(Z/NZ)X x(#) exp(2wit/N). We do not
use these results in this paper, but mention them because of their own interest. Recall
that Tv(x 1) 7N (x) = x(—1)N if the conductor of y is N, and 7n(x) = 0 otherwise
(see, e.g., (3.15) of [12]). As a generalization, our Gauss sum satisfies the following.

Proposition 4.10 Assume that x o det is trivial on Gy 4. Then

1 5 W(x—l,—a’,b)W(X,a,w_{x(detg) a' = ga,

N4 |GN bl |G .l 0 a' ¢ Gy-a.

beGN\V
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Proof By the Fourier inversion formula,

fx,a(a/) = Z f;(b)<7a/7b> :N74 Z W(X7a7b)<fal7b>

bevy; eV
1
=N"* Z G | Z W(X7a7gb)<_a/agb>
beGN\V N.b g€Gy
=Nt Y MY ST ety )

G
bEGY\VE |Gy 2E€Gy

w b
D D LT )
beGN\VE | N,b

This is equivalent to the desired formula. ]

We next describe the decomposition formula. Assume N = [[,_;., N;, where
(Nj,Nj) = 1ifi # j. Using the canonical isomorphism (Z/NZ)* = [[(Z/N;2)*,
we obtain a character y; on (Z/N;Z)* by restricting x. Then

w0 = I xitN/Ni)7w (xi)
1<i<r

(see e.g., (3.16) of [12]). This is generalized as follows.

Proposition 4.11 Fora € Vyandb € Vy, let a; = (amodN;) € Vy, and b; =
(bmod N;) € VY, respectively. Then

Wx(x,a,b) = T[] xi(N/Ni)*Wy,(xi, ai, bi).

1<i<r

Proof Let f = f,, € C(Vy) and f; = fi\,a, € C(Vy,) for each i. Then f =
ngigr fi- Since (fin/n)" = xi(N/Ni)*(fi)", the result follows from Lemma 4.4.
|

5 Orbit Description

For the specific study of the orbital L-functions and orbital Gauss sums, it is indis-
pensable to describe the Gy-orbit structure of Viy explicitly. By the Chinese remain-
der theorem, this is reduced to the case when N is a prime power. Let p be a prime.
In this section, we study these orbit structures when N = p and N = p?. The the-
ory over 7,/ pZ is the base case and is well known, and the theory over Z/p*Z is a
refinement of this. Besides its own interest, this is significant in the study of cubic
fields, because the maximality criterion of cubic rings R over Z at p is given in terms
of congruence conditions of the coefficients modulo p? of the corresponding integral
binary cubic forms x € V3. We will in fact prove this criterion in Proposition 5.9.
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5.1 The Case N = p

Let X, be the following set of symbols:

2, = {(3),21), (111), (1°1), (1), (0)}.
For each (o) € ¥, we define V,,(0) C V, as follows:

V,(3) = {a € V, | a(u, v) has no rational roots in IP’EFP}7
V,(21) = {a € V,, | a(u,v) has only one rational root in ]P’llFP},
V,(111) = {a € V,, | a(u, v) has three distinct rational roots in lP’]le 1,
V,(1°1) = {a € V,, | a(u, v) has one single root and one double root in Pwle },
V,(1°) = {a € V, | a(u,v) has one triple root in IP’llrp},

V,(0) = {0}.

So each cubic form in V,(3) is irreducible over IF,,, while each cubic form in V,(21)
is the product of a linear form and an irreducible quadratic form over IF,. We have
{a € V, | Pa) = 0} = V,(1°1) U V,(1*) LU V,(0). Wesaya € V, is of type
(0) if a € V,(0). The description of rational orbits over a field is well known
(see e.g., [29, Proposition 2.1]). Each V(o) consists of a single G,-orbit. More-
over, under the Delone—Faddeev correspondence in Theorem 2.1, the correspond-
ing cubic rings over F, are Fps, Fj2 x Fp, (F,)°, F, x Fp[X]/(X?), F,[X]/(X?) and
F,[X,Y]/(X? XY,Y?), respectively. Note that (0, 1,0,0) € V,(1*1) and (1,0,0,0) €
V,(17). We always use them as orbital representatives of these orbits. The structure
of the stabilizers for each orbit is given as follows.

Lemma 5.1 The group of stabilizers of G, 4 of a of type (3), (21), (111), (171), (1%),
and (0) are isomorphicto7,/37,7./27., S, ]F; , ]FPX X, and G,, respectively. Moreover,
for (0,1,0,0) € Vp(lzl) and (1,0,0,0) € Vp(13), the stabilizers are respectively given

by
1 0 t X
{(0 t)‘telFfj} and {(0 tZ)‘te]F;,xele}.

Proof Ifa € V,, corresponds to a cubic ring R, over IF, under the Delone-Faddeev
correspondence, then G, is isomorphic to the automorphism group Aut(R,) as an
F,-algebra. It is easy to see that Aut(F,) = Z/37, Aut(F, x F,) = Z/27 and
Aut( (IFP)S) =~ G;.Ifg € G, stabilizesa = (0, 1,0, 0), then g fixes (1:0), (0:1) € IP’llFP
and hence must be a diagonal matrix. Now an easy computation determines the
stabilizers of a. The stabilizers of (1,0, 0, 0) are similarly determined. [ |

As a result, we see the cardinality of each orbit.
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Lemma 5.2 Letn,(o) = |V,(0)|. Then

n,(3) =37'(p* — (p* — p), n,(1°1) = (p> — 1)p,
n,(21) =27 (p> — (p* — p), np(1*) = (p* — 1),
n,(111) = 67" (p> — )(p*> — p), n,(0) = 1.

Let Q be the p-adic field and 7Z, its ring of integers. For (o) € X,, we define
Vz,(0) == {a € vz, |amodp € V,(0)},
Vpe(o):={a€Vy [amodp € V,(0)}, (e>1).

Wesay a € Vy, or Ve is of type (o) ifa € V(o) or Ve(0), respectively.
For the application in Section 7, we introduce the following function on V.

Definition 5.3 Let f, € C(V,) be the characteristic function of those a € V, with
P(a) = 0.

Obviously, f, € C(V,,1).

5.2 The Case N = p?

In this subsection we study the G 2-orbit structure of V.. We put R := Z/p*Z, and
also pR:= {pu | u € R}, pR* := {pu|u € R*} = pR\ {0}.
Let X, be the following set of symbols:

2 ={(3), (21), (111), (1 1pay), (171,), (130, (13), (12}

We introduce V2 (0) for (o) = (1*1max), (171,), (13,,,), (13), (12,) which we show

max
that
Ve (171) = Vi (1P 1) U V2 (171,),
Vp2(13) = sz(lfnax) U sz(li) U sz(li*).
Let

'Dpz(lzlmax) :={(0,a3,a3,a4) € V2 | a; € R*, a3 € pR,ay € pR™},
Dpz(lzl*) = {(0,a3,a3,a4) € V2 | a; € R*, a3 € pR,ay = 0},
ﬁpz(lfmx) = {(a1,a3,a3,a,) € Vo | a1 € R*,a; € pR, a3 € pR,ay € pR™},
D2 (13) == {(a1,a2,a3,a4) € Vi | a1 € R*,a; € pR,az € pR™,a, = 0},
Dpz(li*) = {(a1,az,a3,a4) € Vo | a1 € R*,a; € pR, a3 = a, = 0},

and
V(o) :=Gp - Dp(o)
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for these (o). Wesay a € V2 is of type (o) ifa € V2 (0). We put 1,2 (0) := [V 2 (0)].
One may notice that D,2(13,,,) is the set of modulus classes of Eisenstein poly-
nomials multiplied by units. We will prove in Proposition 5.9 that orbits containing
these modulus classes correspond to cubic rings that are totally ramified at p. A sim-
ilar interpretation in terms of partially ramified rings will be given for D Pz(lzlmax)
also. We also give an interpretation of these stratifications in terms of p-adic valua-
tions of P(x) in Proposition 5.7.

Let us study these sets.

Lemma 5.4 We put

D2 (171) = D p2 (1P 1 pyax) U D2 (171,

Gp(1%1) = {(; 3) € Gy

(i) WehaveV,(1*1) = G - D (121).

(i) Leta € D,(121). Then forg € G, ga € D2 (171) if and only if g € G2 (1%1).
Moreover, both D 2 (1*11mex) and D2 (121,) are G2 (121)-invariant.

(iii) We have ny (17 1max) = p>(p* — 1)(p* — p), n,2(1°1,) = p*(p* — 1).

Proof (i) By definition V,2(1*1) D Gp2D,2(1°1) and we consider the reverse in-
clusion. Leta € Vp(lzl). Then (amod p) € V, lies in the G,-orbit of (0, 1,0,0).
Hence by changing an element of its G:-orbit if necessary, we may assume a =
(a1,1,as,a4) where aj,as,a; € pR. Then the cubic form a(u,v) decomposes as
a(u,v) = (ayu +v)(u? + asuv + a4v?) in R[u,v]. Hence for g = () "), we have
ga € Dp(171).

(i) Leta = (0,a;,a3,a4) € D2(1°1), g € G2 and assume ga € D,2(1°1). By
considering the reduction modulo p, we see that ¢ must be of the form

s,tERx,nepR}.

s m «
g= <n t)’ s,t € R”,m,n € pR.
Moreover, since the first coordinate of ga is (det g) ~!s?ma, and also (detg) ~!s%a, €
R*, we have m = 0. Hence g € sz(lzl). On the other hand, for this g, we have
ga = (0,say,2na, + tas, s 't*ay). Note that na; = 0. Hence both D 2 (1*14c) and
D,2(1°1,) are G2(1°1)-invariant.

(iii) By (ii), we have

|Gp2|
2(PP L) = ———25—|Dp (P lma)| = p*(p* — p)(p*> — 1).
12 (171 max) Isz(121)|| (P lna)| = p°(p° — p)(p™ — 1)
The number n,2(1%1,) is computed similarly. ]

Lemma 5.5 Let

Dy (1) = Dy (12,0 UD, (12) U D, (12,),

max

Gp(1%) = {(; T) € Gy

s,tERx,mER,nEpR}.
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(i) WehaveV,(1°) = G2 - Do (1°).
(ii) Leta € Dy(1%). Then forg € Gp, ga € Dyp(1%) if and only if g € G,2(1°).
Moreover, all of D 2 (13,,.), D2 (12), and D 2 (13,) are G2 (1°)-invariant.

(iii) We have np(13,,,) = p*(p* — 1)(p* — p), ne(13) = p(p* — p)(p* — 1), and
ne(13,) = p*(p* — 1).

Since the proof is similar to the previous lemma, we omit the details. Note that
fora=(a1,a,a3,as) € Dpe(1’)and g = (5 7) € G,2(1°) (and hence n € pR),
say + sma, + smtas + miay
!(ga) = 1 3s%na, + s*tay, + 2stmas + 3mPtay
detg st?as + 3mtlay

t36l4

We summarize the formulas for nf,(a) for convenience.

Lemma 5.6 We have

np(3) =37"p*(p* — D(p* — p),

ne(21) =27"p*(p* — 1)(p* — p), np(1°1,) = p*(p> = 1),
ne(111) = 67 'p*(p* — 1)(p* — p), and  np(1)) = p(p® — )(p* — p),
npz(lzlmax) = PS(PZ - 1)(172 - P), ?lpz(li*) = PZ(PZ - 1)

np (100 = p2(p* — 1)(p* — p),
For (o) € ¥ 2 and e > 2 we put

Vy,(0) ={acVy, | amod p* € Vu (o)},

V(o) :={a € Vy amod p* € Vi (o)}

By the definition of D (o), we can easily see the following.

Proposition 5.7 For p # 2,

V2, (1P 1imax) = {x € V,(11) | ord, (P(x)) =1},
Vz,(1°1,) = {x € Vz,(11) | ord, (P(x)) > 2},

and for p # 2,3,

2},
3},
4}.

Vzp(lfnax) = {x € Vzp(13) | ordp(P(x))
Vzp(li) ={xe Vz,,(13) | ord, (P(x))
Vzp(li*) ={x¢ Vzp(ls) | ord, (P(x))

Y
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We now describe the ring-theoretic meaning of these orbits. We say that a cubic
ring over Z, is maximal if it is not isomorphic to a proper subring of another cubic
ring. We say that a cubic ring R over 7 is maximal at p if it is not contained in another
cubic ring with finite index divisible by p, or equivalently if R ® Z, is maximal as a
cubic ring over Z,. We need the following auxiliary lemma.

Lemma 5.8 Let R be a cubic ring over 1, whose discriminant is zero. Then R is
nonmaximal.

Proof Let K = R ®z, Q) and regard R C K. Since Disc(K) = 0, K is isomorphic
to Q, x Q) [X]/(X?), Qp[X]/(X?) or Q,[X,Y]/(X?* XY, Y?). In particular, K has a
nilpotent element x. Take y € R such that RN Qpx = Z,y and consider the ring
Rly/p] C K. Since y* = 0, we have R C R[y/p] C p~2R. This implies that
R[y/p] is free of rank 3 as a Z,-module. Since R is a proper subring of R[y/p], R is
nonmaximal. ]

Applying Theorem 2.1, we have the following interpretation of the set V»(o) for
(0) = (3),(21), (111), (1*11nay) and (13,,) in terms of maximal cubic rings over Z,.

This also explains why the maximality condition can be detected modulo p.

Proposition 5.9 A maximal cubic ring over Z, is one of the following: the integer
ring Op of the unramified cubic extension L of Qp; Op X Z,, where O is the integer ring of
the unramified quadratic extension F of Q),; Z?,, the integer ring Oy of a ramified cubic
extension L' of Qs or Op+ x Z,, where Op is the integer ring of a ramified quadratic
extension F' of Q. An element x € V7, corresponds to the above Or, Op X Z,, Z;, Or
or Op X Ly ifand only if x € Vy (0), where (o) = (3), (21), (111), (1],,0)» 0r (1*Liay)s

respectively. In particular, V(o) is a single Gy, -orbit for (o) = (3), (21), and (111).

Proof Let R be a maximal cubic ring over Z,. By the lemma above, the discriminant
is nonzero. Hence R ® ), D R is a separable cubic algebra over @), and so it is a
direct product F; x --- x F, of field extensions F; of Q, with > ,[F; : Q] = 3.
Let O, be the integer ring of F;. Since any elements of F; \ O, generate Z,-algebras
of infinite rank, any entries of elements of R C F; X - -- x F, must be in Op,. Hence

we have R C Op, X -+ x Op,. Since R is maximal, we have R = Op, X -+ x Op,
and the first statement follows. Let R = Z, x Op where F’ is a ramified quadratic
extension. Then Ops = Z,[0] where § € F’ is a root of an Eisenstein polynomial

X? + X +d € Z,[X]. Hence x(u, v) = v(u* + cuv + dv*) € V, corresponds to R by
Theorem 2.1 and we have (x mod p?) € D,2(1*1inax) C V2 (121 1nax) by the definition
of an Eisenstein polynomial. The other cases are proved similarly. ]

Let V5™ C V) be the set of elements of any of the types above. Then V5™ is

defined by a congruence condition modulo p* on Vz, and it detects cubic rings over
7 maximal at p. Similarly we define Vi C Vs, and V2™ C V.

Definition 5.10 We define the following subsets of V.:
= Ve UV (13,) UV (1) U VR (1P1,) = Ve \ VI,

max

~Ezm = Ir;zml_”/pz(l'3 ).

https://doi.org/10.4153/CJM-2013-027-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-027-0

1342 T. Taniguchi and F. Thorne
We denote by @, @, € C(V ) the characteristic functions of 453 V;‘zm, respectively.

Obviously @,, ®, € C(Vj2,1). ®, detects cubic rings nonmaximal at p, and &,
detects rings nonmaximal or totally ramified at p. The conditions corresponding
to these functions were introduced in the seminal work of Davenport and Heilbronn
[4], who originally proved the main terms of Theorem 1.5 by studying the space of bi-
nary cubic forms. These functions play important roles in our proof of Theorem 1.5
as well.

In Section 6, we will compute the Fourier transform of ®,, ®, and hence the
related orbital Gauss sums explicitly. For that purpose, we study the orbit structure
of V(o) for (o) = (121,), (1*1max)s (12,), (12), and (13,,,) more closely.

max
Lemma 5.11

(1) Assume p # 2. The stabilizers of elements a = (0,1,0,0) € ®pz(121*) and
a’'=(0,1,0,a4) € @I,z(lzlmax) are respectively given by

— 10 X
sz,a—{<0 t)‘tER },

szﬂ/:{((l) (t)> ‘ teRX,tZEI(modp)}.

Moreover, b’ = (0,1,0,b,) € Dpz(lzlmax) lies in the orbit Gy - a’ if and only if
by = t?ay for somet € R*.

(ii) Assume p # 3. The stabilizers of elements a = (1,0,0,0) € 'Dpz(li*), a =
(1,0,a3,0) € Dpa(13), and a’”’ = (1,0,0,a4) € D2 (17,,,) are respectively given
by

t m
sz,a:{<0 tz)’teRx,meR},
7 t m N )
sz’“/{<—2tma3/3 t2+m2a3/3> ‘ tER . meRt _1(modp)},

Gprar = {(6 :Z) ’ te R, mecpR,t>=1 (modp)}.

Moreover, b’ = (1,0,b3,0) € Dpz(li) lies in the orbit G, - a’ if and only if
by = ta; for somet € R*, and b" = (1,0,0,bs) € D,2(13,,,) lies in the orbit
Gy - a'" if and only if by = > ay for somet € R*.

Proof (i) Letg € Gy satisfy ga = a, ga’ = a’ or ga’ = b’. Then (gmod p) € G,
stabilizes (0, 1,0,0) € V,,. Hence by Lemma 5.1, g must be of the form

g= <1;l T), t € R*,I,m,n € pR.

For this g, we have

(m,(1+0D7%,2nt,0), ga' = %(m, (1+D)7t,2nt,a,t) .

807 et g det
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If ga = a, then by comparing the first and third entries, we have m = n = 0.
Note that 2t € R* since p # 2. Now by comparing the second entries, we have
(detg)"'(1+1)*t =1+1= land hencel = 0. If ga’ = b’, by a similar argument we
have m = n = 1 = 0 and by = t?ay. In particular, if by = a4, this holds if and only if
m=n=1=0andt> =1 (mod p). This proves (i).

(ii) Letg € Gy satisfy ga = a, ga’ = a’, ga’ = V', ga"" = a"’, or ga” = b".
Then (gmod p) € G, stabilizes (1,0,0,0) € V,,. Hence by Lemma 5.1, g must be of
the form

t
g= <n tznj-l>’ t€R*,meR,nle pR.

For this g, we have

1 3 2
= —(t,3tn, 0,0
ga detg( ) n, v, )a

,_( B+ tmPas 3t n+ 2t3mas; tas O)
8 =\ t—mn Catl—mn O+tl—mn

tm?a; + mn — tl 3n+2tasm
=(1+ , ,t7as,0),
t3

1
ga' = th(t3 + mPay, 3t2(n + mPay), 3mtay, t°ay).

By the first formula, ga = a holds if and only if n = 0 and I = 0. Note that 3t*> € R*
since p # 3. Similarly by the second formula, ga’ = b’ holds if and only if

n=—2tazm/3, l=m’as+mnt"' =m’az/3, b;=tas.

Letga’’ = b’’. Then by comparing the third and second entries, we have m € pRand
n = 0. Also since > /(detg) = 1, we have | = 0. Now comparing the last coefficient,
we have by = t>a,. Hence we have (ii). ]

Now we are ready to prove the following.

Proposition 5.12

(i) Letp #2.

(i) WehaveV,:(1*1,) = G - (0,1,0,0).

(ii) The set sz(lzlmax) consists of two G2-orbits, and each orbit has the same
cardinality 27|V 2 (1*1;max)|. For any uy, uy € ¥ such that uy /u, is not a
square, (0,1, 0, puy) and (0, 1,0, pu,) are representatives of the two orbits.

(ii) Let p # 3.

(i) WehaveV,(1},) = G - (1,0,0,0).

(i) Ifp =2 (mod3), V(13,,) consists of single G -orbit.

(iii) Let p = 1 (mod3). Then sz(lfnax) consists of three G -orbits and each
orbit has the same cardinality 37|V 2 (13, )|. Let {uy, up, us} C ¥ beaset
of representatives of F\ /(F ). Then we can take (1,0,0, pu;), i = 1,2,3
as representatives of the three orbits.
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(iii) Let p # 2,3. The set sz(li) consists of two Gz-orbits and each orbit has the
same cardinality 27|V 2 (12)|. If uy, up € ;' are such that u, /u, is not a square,
then (1,0, puy, 0) and (1,0, pu,, 0) are representatives of the two orbits.

Proof (i) Leta = (0,1,0,0) € V,2(1°1,). By Lemma 5.11, we have | G2 ,| = p*—p.
Hence

1Gp2|  p*(p* — p)(p* — 1)

_ =p*(p? = 1) = |V,.(1%1,
Gyl @ p) PP =) = V(L)

|sz . a| =

and we have V2(1°1,) = Gp - a. Leta’ = (0,1,0,a5) € V,2(1°lax). Then
we have |Gy ,/| = 2p and hence we have |G, - a’| = 27'p°(p? — p)(p* — 1) =
271V 2 (121 1nay)|- Hence V2 (171,) consists of two orbits. Combined with Lemma
5.11 (i), we have (i).

(ii) and (iii) are proved in the same way. Let p # 3 and let a,a’,a’’ be as in
Lemma 5.11 (ii). Then

2 =2 (mod 3)
Gza == 2 2— qu// = p p ’
(Gpral = p7(" = p) [Gprar] {31)2 p =1 (mod3).

If further p # 2, then |Gz o/ | = 2p°. The rest of the argument proceeds similarly. ®

We conclude this section with supplementary results which we use in residue com-
putations.

Proposition 5.13  Let R be a non-degenerate cubic ring over 7, and let V7, C V7,
be the set of elements corresponding to R under the Delone—Faddeev correspondence.
Normalize the Haar measure on Vy, such that the total volume is 1. Then the volume
of Vz,r is | Autz, (R)| ™" | Disc(R)|~'(1 — p~")(1 — p~?), where | Disc(R)| is the dis-
criminant of R as a power of p.

Proof Recall that for any x € Vi, with P(x) # 0, Gg, - x is an open orbit in V(.
Let dg be the Haar measure on G, such that the volume of Gy, is 1. Then by the
computation of the Jacobian determinant [2, p. 38], we have

dy _(0-pHa—p™
- d
L, .0, Gy, e

for an integrable function ¢ on Gp, - x C V,. Hence the same computation shows
that

o1 =2
6(7) dy —(Q—-p )A—-p7)

= P(gx) dg.
apx PO |Gz, | G,

Now let x € V, r and let ¢ be the characteristic function of V7, x = Gz, - x. Then
since Gz, x = Auty,(R) and |P(y)|, = | Disc(R)|~! for all y € V7, r» we have the
result. u
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Proposition 5.14

(i) Fora €V, oftype(3), (21), or (111), Gya + pVy, is a single Gz, -orbit.

(ii) Forp #2anda € Vyp of type (13 1), Gpea + p*Vy, is a single Gy, -orbit.
(iii) Forp # 3anda €V of type (13..,), Gpra + pZVzp is a single Gy, -orbit.

Proof (i) follows from Proposition 5.9. Alternatively, we can prove this as follows.
Let a € Vy, be alift of a and R the corresponding (unramified) cubic ring. Then ob-
viously Gz,a C Gpa+ pVyz,. On the other hand, by Lemma 5.1 and Proposition 5.13
we see that the volumes of these sets are equal:

/ dx = p74|G a| _ p_4|GP| _ (1 _Pil)(l —Piz) :/ dx.
Gpat+pVz, ? |Gp~,a‘ ‘ Auth (R)| Gz,a

Since both Gyz,a and G,a + pV7, are open, they coincide.

(ii) and (iii) are proved similarly. We recall the classification of ramified quadratic
and cubic extensions of Q),. If p # 2, then there are two ramified quadratic exten-
sions of discriminant p. If p = 1 (mod 3), then there are three cyclic ramified cubic
extensions, and if p = 2 (mod3) there is a unique non-cyclic ramified cubic ex-
tension, and the discriminants of all these extensions are p2. Let R be the (maximal
ramified) cubic ring corresponding to a lift @ of a. Since R is maximal in R ® Q),
Autz, (R) = Autg, (R @ Q). Lemma 5.11 asserts that

|Gp2.al = | Autg, (R ® Q)| | Disc(R)| ™

for each case and hence we have the result. |

The following result, proved with the aid of PARI/GP [19], will be used in Sec-
tion 8.5.

3
max

Proposition 5.15 Forp = 3 anda € Vs of type (1
G,zp-orbit.

), Gpsa + p*Vy, is a single

Proof It is known that there are 9 ramified cubic extensions of Q3 (see, e.g., [13])
and hence Vzp(lfnax) consists of 9 Gyz,-orbits. We list a set of representatives in a
table in Proposition 8.20. Using PARI/GP [19] to explicitly calculate the stablizer
group in Gyz,77 for each representative a € V /272(13 ), we confirm the identity

max

|Gps.al = | Autq, (R ® Q)| | Disc(R)|~" as above. This finishes the proof. |

6 Computation of Singular Gauss Sums

In this section, we explicitly compute the Fourier transforms of the functions f, €
C(V,,1) and @, <I>;, € C(V2,1) introduced in Definitions 5.3 and 5.10. By Propo-
sition 4.7, it suffices to evaluate the orbital Gauss sum W (1, a, b) for all b and for a in
the support of these functions. We call these Gauss sums singular because P(a) is not
invertible for any such a.

For N = p, these Gauss sums were computed by S. Mori [14]. We first review his
results and then study the case N = p? by extending Mori’s approach.
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6.1 The Case N =p
In this subsection we will prove the following.

Proposition 6.1 The Fourier transform of f, € C(V,) is given by

-p~’ P*(b) # 0,
frt)=Sp2—p— P*(b) = 0,b #0,
pl+pt—p b=0o.
By Proposition 4.7,
£®) =p7HG |7 Y. f@W,a,b) = p~HG, |71 Y W(L,a,b)

aeV, P(a)=0

and so we are interested in W (1, a, b) for those a with P(a) = 0. Let p # 3. Then the
map ¢: V; — V,, is an isomorphism of G,-modules, so we may and do identify V;
with V,,. Hence the orbital Gauss sum W (, a, b) is defined for a character x on IF ;
and a,b € V. Since the bilinear form (2.1) is alternating, we have W(x, b,a) =
x(=1)W(x, a, b). As mentioned above, explicit formulas for these Gauss sums were
proved by Mori [14]. Here we quote some of his results with his permission.

Proposition 6.2 (Mori) Let p # 3. Assume x = 1 and P(a) = 0, a # 0. Then
W(1, a, b) is given by the following table.

type of b a: of type (1%) a: of type (121)
©) || @*=p*=1 | P =p)p>—1)
(1%) —p(p—1) p(p—1)7°
(171) p(p —1)? p(p—1)(p—2)
(1) | p(p=DEp—-1 | =3p(p-1)
(21) —plp—1) —p(p—1)
(3) —p(p—1D(p+1) 0

Since Mori’s preprint is not yet available, we will give a brief outline of his proof
in Remark 6.8 in the next subsection.

Proof of Proposition 6.1 The case p = 3 can be checked numerically, so we assume
p # 3. As above, we identify V7 with V},. When b is of type (111), by Lemma 5.2 and
Propositions 4.7 and 6.2,

fp(b) = 1774|Gp|71 Z W(,a,b)
A€V, (0)LV, (13)LIV, (121)

@ =D@E=p) - 1+plp=D2p—1) - (p? = 1) =3p(p— 1) - p(p* = 1)
pH(p? = 1)(p* = p)

=-r

All the other cases are computed similarly. ]
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6.2 The Case N = p?

In this subsection we assume p 7 2,3. We identify V), with V» via ¢. Recall that we

defined @, <I>1’, € C(V,2,1) in Definition 5.10. In this subsection we will prove the
following.

Theorem 6.3 The Fourier transform of ®,, is given as follows:
(i) Letb e pVy.. Wewriteb = pb’ and regard b’ as an element of V.. Then

p2+p 3 —p> forb oftype (0),
@(pb’) =<p2-p for b’ of type (1%), (1%1),
—p~? for b’ of type (111), (21), (3).

(ii) ForbeVyp\pVy,

p3—p7> forboftype(13,),
Q,(b) =3 —p~° for b of type (12), (12..),
0 otherwise.

Theorem 6.4 The Fourier transform of ®,, is given as follows:

(i) Letb € pVy and writeb = pb’ as above. Then

2p72—p~*  forb’ of type (0),
p—p* for b’ of type (1°),
2p73 —2p~*  forb’ of type (1°1),

o7 (pb') =
p(PY) 2p73 —3p~*  forb’ oftype (111),
—p~* for b’ of type (21),
—p3 for b’ of type (3).

(i) ForbeVy\ pVpy,

N p=> = p™* forboftype (11,),
o (b) =4 —p~* for b of type (1),
0 otherwise.

Remark 6.5 We may check that our results are consistent with the Parseval formula

ST R,mF =p Y e,

bEsz ﬂEsz

and similarly for &;.
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Remark 6.6 As noted in the introduction, it is interesting to compare these results
with the results of Fouvry and Katz [7] and in particular their Lemma 9.3. In par-
ticular, we observe the same phenomenon, i.e., the cubic Gauss sums are larger on

highly singular orbits.

To prove these theorems, we evaluate W (1,a, b) fora € V;‘zm.

Proposition 6.7 Assumeb € V2 \ pV . Then fora € V;{“, the orbital Gauss sum
W (1, a, b) is given by the following table.

type of b H a: of type (12,) ‘ a: of type (12) ‘ a: of type (13

3

) ‘ a: of type (121,)

(12,) pP-10* | pPp-1° | —p(p-1 p(p—1)7

(12) p>(p— 1) p>(p — 1) -p’(p—1) -p’(p—1)
(1) -p(p—1) —-p(p—1) p° on average 0
(171,) p’(p—1)* —p’(p—1) 0 0
(1*1max) —p’(p—1) | p® onaverage 0 0
(111) 0 0 0 0

(21) 0 0 0 0

(3) 0 0 0 0

Here, when we say “on average’, we fix b and take the average of W (1, a, b) over all a of

the given type. For example, if b is of type (12 1nay), “p° on average” in the second entry

means |V (1) 713 oy 13y W(1,a,b) = p. (The individual values are described
2 (1

in the proof.)
The theorems follow from Propositions 6.2 and 6.7.

Proof of Theorems 6.3 and 6.4 Assume b = pb’, b’ € V,,. Then Wy (1,a, pb') =
p*W,(1,a,b") by Lemma 4.9. There are respectively p*, p°(p* — 1), and p*(p* — 1)
elements in V;zm whose reductions modulo p are of type (0), (1%), and (121), respec-
tively. Similarly there are respectively p*, p*(p> — 1), and p*(p* — 1) in V;zm. Hence
by Propositions 4.7 and 6.2, if b’ is of type (111), we have

— 1
®,(pb) = Wy(1,a,b")
p P PGyl a§; P
P
_ P =@ - D{p+@p—-1)—3p} _ps
PG| ’
— 1
o/ (pb') = W,(1,a,b")
e remP IR
aEsz
4 2 _ 2 _ _ _
PP D @p D=3
p |Gp2‘
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Other cases of b € pV > are handled similarly. Now let b € V2 \ pV . Then since
(bmod p) # 0, we have

> Welab)=p' > Wy(1,a',b)=0.

acpV a’€ev,

Hence by Proposition 4.7,

@(b):ﬁ > Wp(l,ab) and
p¥ Pz‘aEV“"“\sz
»”? L4

— 1
o/ (b) = G ~Z Wy (1,a,b).
P a€VII\pV 2

Our formulas now follow from Proposition 6.7 and Lemma 5.6. ]
We now come to the proof of Proposition 6.7.

Proof of Proposition 6.7 We prove this by case by case direct computations. We
begin by introducing some notation and explaining our approach. Since W(1, a, b)
depends only on the G:-orbits of a and b, we will take a specific representative from
each orbit and compute for those a and b. Let R = 7/ p*Z, as in Section 5.2. We will
choose b according to its type, as follows:

type of b ‘ b ‘ condition on the coefficients
(12,) | (1,0,0,0) -
(12) (1,0,1,0) l € pR*
(e | (1,0, =D) k € pR,l € pR*
(1°1,) | (0,—1,0,0) -
(1P 1mae) | (0,—1,0,-0) le€ pR*
(111) | (0,—1,1,0) -
(21) (0,—1,0,-10) u? + 1 € R[u] is irreducible
(3) (1,0,k, =) | 4 + ku — I € R[u] is irreducible

For b of type (12,..), we can let k = 0, but we sometimes leave it as is to treat types

(12 and (3) simultaneously. We will choose a € V2 later.

max

We put

1
Gpp o= {gl = t(1 — mn) ((5) ?) (m r11> ‘ s,teRX,neR,mépR} C Gp,

1+
Gprp = {gz = —t ((; ?) (T nmn) ‘ s,t ER*, n,m¢€ R} C Gp.
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Then Gy = G2 U Gp2 ;. We also drop p? and write G, = Gp21, Gy = Gpry. We
write () := exp(2mit/p?), hence {a, b) = {[a, b]). We put

Wia,b) ==Y ([ga,bl) i=1,2,
S€G;

and compute this value for each choice of a, b. We recall the formula (2.1),
1 1
[a,b] = asb, — gaabz + gazbs — ayby,

fora = (a1,a,a3,a4),b = (b1, by,b3,by) € V2, which will be used throughout.
When convenient, we write an element of V» as a row vector via its transpose.
We immediately see that

dty=0, > (pty=—p, D> (m=> (pn)=> (n)=0.

tERX tERX n€R neRr nepr

We use these formulas and their variations very often. For example, if f(s,m,n) € R
is a function independent of t and f(s,m, n) € R* for all s, m, n, then

SNt flemmy =33y =o0.

tERX s,;m,n $,m,n tERX

Also, if g(s,m) € pRis independent of nand oo € pR* is a constant, then

SN S t(stsmran)) = 333 am) =o.

nER teRX sm tERX s;m nER

These are typical examples of change of variables, and we omit the explanation of
such modifications when they are easy and natural. Finally, note that W(1,a,b) =
W(l,b,a).

We now carry out the computation. In what follows, we see that W,(a,b) =
0 and W(a, b) is given by the table given in Proposition 6.7 for all of our chosen
representatives.

(I) aisof type (12,). We choose a = (1,0,0,0). To make the computation easier
we replace the variables ¢, m of g; by s~2t, st " 'mand t, m of g, by st and s~ 'm. Then
since the variable m of g; is in pR and hence m? = 0, we have

t m?

3m 2

g1a = 0 s Ha = t 3m
0 1

Ifb = (1,0,0,0), then since |G| = p°(p — 1),

Wia,b)= > 1=p(p— 1% Wiab=> =Y 3 (=0

21€G; £€G, s,;m,n tERX
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Ifb = (0,—1,0,0), then

Wia,b)= > 1=p(p—17 Wyab) =Y (tm)=> > (tm)=0.

81€G DEG s,t,n mER

If b= (1,0,1,0) is of type (12), then since 1 + Im? € R* for any m € R, we have

Wiab)= > 1=p(p—17 Wyab) =Y (t1+Im))= Y (t)=0.

21€G; 2EG, 2€G,

Ifb=(0,—1,1,0), then W,(a,b) = Zgle(;l(m} = 0and

Waab) = > ) = (3 + 3+ 3 ) m+m)

REG m+m2ERX  m+m?EpRX  m+m?>=0
=0+2(p—1) Y (=p+2 > 1
nER,SERX nER,s,tERX

= 2p*(p—1)*+2p*(p—1)* =0.
Let b = (0,—1,0,—1) be either of type (121,,) or (21). Then [ € pR* if b is of

type (121 may) and [ € R* if b is of type (21). Also 1 + Im?> € R* for any m, since
1+ IX? € R[X] is an irreducible polynomial. Hence we have

_ _ _ 2
wlca,b>=Z<tz>:{Zs,M,n< P=P -1 (Pl

21€G st’”’“” 0=0 (21)’
Wala,b) = Y (tm(1+1m?) = Y (tm) =Y Y (tm) =0.
2EG DEG, s,t,n mER

Finally, if b = (1,0, k, —1) is of type (1
above,

3 ) or (3), then by a similar consideration as

Wl(a, b) = Z<km> Z<tl> = {Zs.m,n(_p) = _pS(p - 1) (1§nax)

s,m,n t Zs.m,n 0=0 (3)7
Wala,b) = Y (t(1+km’ +1m’)) = 0
2EG,

(IT) ais oftype (121,). We consider this case next. We choose a = (0, 1,0,0). Then

°n s2(m? + nm?)
s(1 + 2nm) s(2m + 3nm?)
ga=t 2m » na=t 1+ 3nm
0 s7n
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Ifb = (0,—1,0,0), then

Wi b= 3 (") =3 3w =o,

21EG, s,;t,n mEPR
Wy(a,b) = Z <t(% + nm) > = Z< §> Z(tnm) = Z(t} Z(nm)
DEG, t,s m,n ts m,n
= (nm) > () =0.

Let b = (1,0,1,0) be of type (12). Since I € pR* and 1 + Is*m? is always a unit, we
have

wiah =3 {5) =3 Y= n=-r-.

21€G, s,m,n tERX s,m,n
2ml. 1
Wy(a,b) = Z <t{ % +n(; + lsmz) }>
2€G,

= ;< 2n;lt5> Z< gn(l + lszm2)> =0.

n

Letb = (0,—1,1,0) be of type (111). Then

Wi(a,b) = Z < %(2m+s(1 +2nm))> = Z (t) = 0.

21€G; 21€G;

For W, (a, b), we have

W (a,b) = ZZ<§(1 +2ms+3n(m+sm2))>.

stm n

We divide the sum according as m + sm? = m(1 + sm) € R* or not. The former is

Z <§(1+2ms)><tn(m+mzs)>= Z <§(1+2ms)><n)=0.

m+sm* ER* m+sm? ERX
Let m + sm?> € pR. Then either m € pR or ms € —1 + pR. Hence
(1 + 2ms + 3n(m + st)) € R*,

and so the latter sum is 0 as well. Hence W, (a, b) = 0.
Let b = (0,—1,0,—I) be of type (12114ax) or (21). If b is of type (121,) then
s’nl € pR, and if b is of type (21) then s’/ € R* for any s, n. Hence

— 2m _ Et.s,n Zm <tm> =0 (121max)7
Wia,b) =Y <t(? +52nl> > - {thm anfzm> "o o,

g21€G,
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For W5 (a, b), since 1 + s?m?l € R, we have
_ 1 5, 2 2y 1 5,
Ws(a, b) —gZEZGZ<t<3+s m l) > (tnm(1+s°m°l)) = tszm<t< 3+s m l) > ;(nn@
Since ), cp(nm) = 0 unless m = 0, we have Wy(a,b) = 3, (t/3) = 0.
Let b = (1,0, k, —I) be of type (12 ) or (3). If bis of type (12_.), since I € pRX,

sk tsk
Wi(a,b) = g§1<t(3 +521n> > = ;1< ?> Zﬂ:<t521”> = 0.
If b is of type (3), then since s*I + %km € R,
Wi(a,b) = Z <tn(szl+ 2%km) > < %> = Z<n>< %> =0.
21€EG
Moreover for both types,
2msk
Wy(a,b) = (tn(s™" + sm’k + D)) (t( == + *m?l) ).
_— ()

Since s~ + sm’k + s>m’l € RX, Wy(a, b) = Zp(n)(t(zmTSk +s2m?l)) = 0.

(ITT) ais of type (12). Leta = (1,0,«,0), where o € pR*. By replacing m of g
with s™!'m — 2an/3, we have

(1 + an?) $(m® + a(n?m?® + 2nm* + m))
— 3m it s(3m? + a(3n*m* + 4nm + 1))
& o & 3m+ a(3n*m + 2n)

0 sTHL + an?)
Let b = (1,0,1,0) be of type (12). Then

Wi@b) = 3 1=p"p 17, Waab)= 3 (¢S +an)+ ) )

QEG £EG
=) (=0
£€EG

Let b = (0,—1,1,0) be of type (111). Then W, (a,b) = >, . (ta/3) > (tm) =0,
and B

t ts
Wy(a,b) = 7(3m +a(3n’m + 211)) —(sz + a(3n’m? + 4nm + 1))
: g;f 3 > < 3 >

-Y(Z @l X (om0 ) (5

t,s,n N mERX mepR

=) 3 D@+ > YD (myry =0+0=0.

meR* s;n tERX mepR st nER
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Let b = (1,0, k, —I) be either of type (17 ) or (3). Then

max

2 e (ts’l) = =p°(p— 1) (1)
X:gleGKt(Zs2 + (km + as’n?l)) ) = Yaca =0 (),

Wy(a,b) = Z s A+ ks*m? + I9m?) + af(s,n,m)}) = Z (t) =0.

£€G 0€EG

Wi(a,b) = {

Note that 1 + ks*m? + Is>m® = b(1, sm) € R* for all 5, m.
Letb = (0,—1,0, —I) be of type (121 ,nax) or (21). Then

Wy(a,b) = Z<t{ m(1 + Im*s?) + %f(s, m,n)} >,

Gy

where f(s,m,n) = 3n’m + 2n + s*(n*m> + 2nm?* + m)L. Note that 1 + Im?s*> € R*. If
m € pR, then af (s, m, n) = 2na. Hence

W,(a, b) = m%;X(t} +M%;R<t(m+ 211?@) > =040=0.
If b is of type (21),
Wi(a,b) = Gzl<t(ls2 + % + lsznzoz) > =0.

If b is of type (1?1 max),

Wi, b) = 3 (1(5+12)) =D D (ta+31).

S1EG s,m,n R

We consider whether a + 35> € pRis 0 or not for s € R*. Note that since «, 3] €
pR*, we can regard /31 € ;. If —a /31 is not a square in IF,', then a + 315> € pR*
foranys € R*. If —a/3lisasquare in F ), then a+3Is* = 0 for 2p choices of s € R*,
and « + 3Is* € pR* otherwise. Hence

Domu(—P) =p° = p° if —a/31¢ (Ff)?,
Wl((:hb) = zpzm,n(PZ*P)+(P2*3P) me(*P)
=p°+p° if —a/31€ (F))2.

By Proposition 5.12 (ii), for a € V,2(13), —a/3l € (F;)* or —a/3] ¢ (F;)* oc-
curs with equal probability. Hence the average value of W;(a, b) with respect to
aeVyp(1l)isp°.
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(IV) aisoftype (12 ..). By Proposition 5.12, we can take a = (1,0, 0, ) for some

max
o € pR*. Then
(14 an’) $(m + a(mn +1)%)
3s(m + an?) _ | 3s(m* + an(mn + 1)?)
gra=t 3an  Ra=t 3(m+an*(mn+1))
sl sTH1 + an?)

Letb = (0,—1,1,0). Then

Wi(a,b) = Z Z (t(sm + an + asn?)) = Z Z (m) =0,

s,;t,n mEpR s,;t,n mEpPR
Wy(a,b) = Z <t(m + an*(mn + 1)) > <st(m2 + an(mn + 1)2) >
£EG
= Z Z (t) (ts) + Z Z (t(m+ an®))(atsn) =0+ 0 = 0.
s,;t,n mERX s,;t,n mEpR

Letb = (0,—1,0, —1) be of type (121 1nax) or (21). Then

Wia,b) = Y (tlan+I8(1 +an)) = {Zs,t,m 2(tlan +1s)) =0 (I*Linw),

21€G, Zs,m.n Zt<t> =0 (21)7
Wy(a,b) = Z <t{ m(1 + Ism?) + a(nz(mn + 1)+ Is*(mn + 1)3) }>
2€EG,
:Z Z <t>+z Z<t(m+a(n2+52l))> =0+0=0.
s,;t,n mERX s,;t,n mEpR

Letb = (1,0, k, —I) be of type (3). Then

Wi(a,b) = Z <t(l52 + ksm + a(s™! + kn? +lszn3))> = Z Z (t) =0,

21€G; s,m,n teRX
W(a, b) = Z (t{s7 (1 + ks*m? + I$m?) + af(s,m,n)}) = Z Z (t)y =0.
£EG s,m,ntERX

Note that 1 + ks’>m?* + Is°m® € R* for any s, m.
Let b = (1,0,0,—I) be of type (1},,,). (By Proposition 5.12, we may assume
k = 0.) Similarly to as above, we have W;(a, b) = 0. For W;(a, b), we have

Wia,b) = 3 (Sa+sD) = 37 frla+5D).

21€G; tmmn s

We consider whether a + s°1 € pRis 0 or not for s € R*.
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First, let p = 2 (mod 3). Then a + s°I = 0 for p choices of s and « + s’ € pR*
otherwise. Hence

Wia,b)=p> 1+(p* =2p) Y (=p) = p(p* — p)p’ — (p* — 2p)p* = p°.

m,n,t m,n

Next let p = 1 (mod 3). If —a//lis not a cube in F,, then o + s’I € pR* for all 5. If
—a/lisacube in F), a + 1 = 0 for 3p choices of s and a + s € pR* otherwise.
Hence

(P> =p)>,.(=p) =p>—p° —a/l ¢ (FX)?,

X
w b) = p
(@ 0) {3p Yo LH(P? —4p) >, (=p) =p°>+2p° —a/l€ (F)).

By Proposition 5.12 (iv), the average value of W (a, b) with respect to a € sz(l3 )

max

is $(p° = p°) + 3(p° +2p°) = p’. m

Remark 6.8 We briefly review Mori’s proof [14] of Proposition 6.2. The outline is
quite similar to the proof above. We fix a prime p # 3. Let

s 0 1 n
Gpy = {gl ::t(o 1) <0 1) ‘ st € ]F;,n € ]Fp} C Gy,
s 0 m 1+mn
Gy = {g2 — ¢ <0 1) (1 ; > ‘ s,tG]FPX,n,mGIFP} c G,

Then G, = G,1 U Gp,. We drop p and write G, = G, 1,Gy = Gpp. We write

(t) := exp(2mwit/p), hence {(a,b) = ([a,b]). We put W;i(a,b) := ngecx<[g,~a,b]>
and compute this value. Note that W (1,a,b) = W(a, b) + W(a, b). In this case of

IF, = 7/ pZ, we have
Z<t>:_la Z<n>:0
tE]F; nek,

Leta = (1,0,0,0) be of type (1°). Then, with a change of variables similar to that
in (I) in the previous proof, we have gija = (£,0,0,0), ga = t(m’,3m? 3m,1). If
b=(1,0,0,0), then

Wila,b) = > 1=1[Gi| = p(p— 1),

g€G;

Wa(a,b) = > (1) =D (=1)=—p*(p— 1),

g€G s,mn

and hence W(1,a,b) = —p(p — 1). If b = (0, 1, 0, 0), then

Wila,b) =Y 1=p(p—1% Wy= (m)=>> (m)=0

g€G; g€G, st,n o m
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and W(1,a,b) = p(p — 1)* follows. If b = (1,0, k, —I) is of type (3), then ] € IF;
and also 1 + m*k + m’l € F) for all m € F,,. Hence

Wia,b) = > (th) = —p(p—1), Wila,b) = > (t(+km’+Im’)) = —p*(p—1)

g€G; g€Gy

and so W(1,a,b) = —p(p?> — 1). Leta = (0, 1,0, 0). Then as in (II) in the previous

proof,
$n $2(m? + nm?)
s s(2m + 3nm?)
Gla=rtl o | &= 3,
0 s7In

Let b = (0,—1,1,0) be of type (111). Then W;(a, b) = decl (ts/3) = —p(p — 1).
For W5 (a, b), by exactly the same consideration as in (II) in the previous proof,

t t t
Wj(a,b) = Z <§(1+2ms)><n>+z<g> + Z <—§>
m+st€lF;< m=0 1+ms=0
=0—plp—-1)—plp—1) =-=2p(p—1).
Hence we have W(1,a,b) = —3p(p — 1). Let b = (0,—1,0, —I) be of type (21).

Then similarly,

Wia,b) = > (tnl) =0, Wya,b)= > (t/3)=—p(p—1)

t,s,n,m t,s,n,m

and hence W(1,a,b) = —p(p — 1). The other cases are obtained similarly and we
omit the details.

7 The Ohno-Nakagawa Formula

25 years after Shintani introduced the zeta functions &£(s) and £*(s), Ohno [16] con-
jectured a remarkably simple formula satisfied by £(s) and £*(s). This was proved by
Nakagawa [15].

Theorem 7.1 (Ohno, Nakagawa) We have

ey (01
() = A-€0), A—(3 O).

By plugging this formula into Shintani’s functional equation £(1 —s) = M(s){*(s)
in Theorem 4.1, the functional equation is rewritten in the following symmetric
form.

Theorem 7.2 (Ohno, Nakagawa) We have
Al —s)-T-&(1 —s) = A(s) - T-&(s),

where A(s) and T are as in Theorem 1.7.
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Theorem 7.2 follows from Theorem 7.1 simply because A(1 — s)TM(s) =
A(s)TA™!. We note that this “diagonalization” of M(s) is due to Datskovsky and
Wright [2, Proposition 4.1]. Recently, Ohno, Wakatsuki, and the first author [17, 18]
classified all SL,(7Z)-invariant lattices L in V; and showed that the associated zeta
function £(s, L, SL, (7)) for each L satisfies a functional equation in a self-dual form
as in Theorem 7.2. In this section we establish a similar formula for the “N-divisible
zeta function” when N is square free. We also state residue formulas that we will
prove in Section 8.

In this section we assume that N is a square free integer. Let fy € C(Vy,1) be
the characteristic function of {a € Vi | P(a) = 0}. This definition agrees with
Definition 5.3, and fy = [,y fp-

Definition 7.3 We define the N-divisible zeta function

NG = )= Y Esa).

a€Vy,P(a)=0

This function counts the V;-orbits whose discriminants are multiples of N, and
we study its analytic properties.

We first describe the residues; these formulas follow from Proposition 8.6 and
Corollary 8.14.

Proposition 7.4 We have

1 1 1
Resc1 &n(9) = m? + =) (@),

Ressiobn() = 1T (++ 1 — ) - €5,

AV RN
where o, 3 and y are as in Definition 8.3.

We next prove the functional equation. For a square free integer m, we put

)= Y &b

beEV,P*(b)=0

Proposition 7.5 If N is square free, we have

EN(L=s) =N*M(s) > plm)mymy ¢, (s).

mymymz=N

Proof By Theorem 4.3 and Proposition 6.1, we have

En(1—5)=N"M(s) > fu(b)&* (s,b)

bevy
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where fy(b) is multiplicative in N, and for a prime p is equal to p~' + p=2 — p—3 if
b=0,p~*— p?if b # 0 but P*(b) = 0, and —p > otherwise. We rewrite f,(b) as

—1

FoB) = —p > + gpa(b)p 2 + gpa(b)p~,

where g, 3(b) is the characteristic function of b = 0, and g, ,(b) is the characteristic
function of those b with P*(b) = 0. Then we have

Ev(1 =) =N*M(s) Y T1(—p > +gpab)p >+ gpa(b)p~") £*(5,b)

vevy, PIN
=NM© Y e (Y €s)
mymymz=N bevy

my|P* (b),bEms VT,

SNME Y pmmed(m5 Y €Gsb).

mymym;=N bevy
my| P* (b)

as desired. |

Let ¢ and v be the Euler function and Mobius function, respectively. Similarly
to [17], we find a functional equation in self dual form for certain linear combina-
tions of zeta functions.

Theorem 7.6 For a square free integer N, let
On(s) =D plm)mE,s).
m|N
Then

o(N)
NZ

PIN)G(1/3)

Res;—1 On(s) = p1(N) N4/3 )

“(a+ ), Ressss0n(s) = pu(N)

and
N2 I=IA(1 —5) - T-On(1 —s) = N¥A(s) - T - On(s).
Proof By Proposition 7.4,

1

Res,ome(s) = [T (14 —2—) - (a+ ),
plm
-1
Res, 5o mén(s) = TT (14— 2—) - ¢(1/3)y.

plm
Since

H(l—ap)zz,u(m) Hap

pIN mIN plm
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for any a, and leN(l — p~1) = p(N)/N, the residue formulas follow. We consider
the functional equation. By Proposition 7.5,

M(s)™ - Oy(1 =) = M(s)™" > p(m)mé(1 — )

m|N

S ulmmt STl ymami 9

m|N mymymz=m

> plmyms)my(mymy) T2 (s)

mymymsmy=N

= D plm)mim)* Pmagr (s) Y p(m).

mymy|N mymy=

_N_
mymy

y_ p(ms)is 1if N = m;m; and 0 other-

m3imy= mymy

By the Mébius inversion formula, >

wise. Hence
M(9)™" - On(1 =) = N¥72 ) ulm)mg (s).

m|N

By the Ohno—Nakagawa formula, we have &/, (s) = A - £,,(s) for any m. Hence
M(s)7" - On(1 —5) = N¥72A - On(s).

Since A(1 — s)TM(s) = A(s)TA™!, we have the formula. [ |

8 Computation of Residues

In this section we compute the residues of our orbital L-functions and related zeta
functions. We start by showing that for a suitable choice ®, of test function, the
adelic Shintani zeta function studied by Wright [29] gives an integral expression for
&(s,x,a). Hence its residues are described in terms of certain integrals that have
Euler products. The local analysis is carried out in later subsections. We note that
a number of the results of this section are already obtained in the extensive work of
Datskovsky—Wright [2], and we follow their approach to give refinements of their
results.

Recall that £(s, ), a) is a vector consisting of two Dirichlet series. When we talk
about the analytic properties of £(s, x, a), we mean so entrywise. The locations of
the poles coincide for the two series, so we hope our meaning is clear. In particular,
for zy € C, we denote by Res,—, £(s, x, a) the column vector of residues of these
Dirichlet series at z = z.

We fix some notation for adelic analysis. Let R} = {t € R |t > 0} and C}* =
{z € € | |z| = 1}. Fort € Q,, let ord,(t) be the unique integer m satisfying t €
p"Zy . Let|-|p: Q) — R} be the normalized absolute value, hence [t[, = p~ ().
We normalize the Haar measure du (resp. d*t) on @, (resp. pr) so that the volume
of Z, (resp. of Z;) is 1. We put 7 = [T, finite Zp> so that 7% = [T, mice Z5 - As
usual, let A := Z ® Q and A = A¢ x R. Let AVR), AVaq,), AVa), AVa) be the
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space of Schwarz—Bruhat functions on each of the indicated domains. For a Dirichlet
character x;, let §(x) be 1 if x is trivial and 0 otherwise.

For the rest of this section we fix a (primitive) Dirichlet x of conductor m. We
introduce notation related to x. The usual L-function and the local L-factors for y
are defined by

plm,

1
L(s,x) :=[[Ly(s,x), Ly(s,x):= _
0 =0 {(1 —x(p)/p) " pim.

Recall the direct product decomposition AX = R - Z* - Q*. We lift y to an idele
class character Y: A /Q* — C;° by using the compositum

LA =R -ZX QX = 2% — (L/ml)* = (Z)ml)* S .
Let ¥, be the local character on ), induced from x:
Xp = Xlgy s Q) = €

Let m = [ p%. Then x has a unique decomposition, x = [[ x,, corresponding
to the decomposition (Z/mZ)* = [[(Z/p®7)*, where X, is a primitive character
on (Z/p%Z)*. (If p  m, this means ¢, = 0 and , is the trivial character.) We put
xp =11 »/p Xp'- This is a primitive character of conductor m/p that is coprime
to p. Hence x]')(p) makes sense.

Let us describe ¥, explicitly in terms of x. Since Q,° = Z,* x p”, it is enough to
describe >~<P|7/; and X,(p), and by definition these are given as follows.

Lemma 8.1 The character X, restricted to 7, agrees with the pullback of x, via
the canonical surjection 7, — (L,/p®Z,)* = (L/p*Z)*. Also we have X,(p) =
Xp(p)

If p  m, then x, = x, and so X, (p) = x(p)~".

8.1 An Integral Expression for Orbital L-functions

We now return to the analysis of zeta functions. In this subsection we fix a positive
integer N that is a multiple of 7, and we also fix a € Vy. Let V| := {x € Vq |
P(x) # 0}. For ® € AV,), Wright [29] introduced the global zeta function

20500 [ |detglnidets) Y @lgn) de
Ga/Ga

x€EV(

Here dg is a Haar measure on Gy normalized as in [29, p. 514].

Let ®, = ®o, x Pg, where & € AVy) is arbitrary and &g, € AV)y,) is the
characteristic function of @ + N V5 C V3, where d is a lift of a under the surjection
Vs — Vi/Ni = V. Let G := {g € Gg = GLy(R) | detg > 0} with Haar measure
dgo, normalized as in [29], and let I'oo (P, s) be the local zeta function defined
in (4.1).
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Proposition 8.2 We have
Z(®a,5,X) = |GN| T Too(@oc, $)E(s, X7, ).

If x = 1, £(s, x, a) is holomorphic except for simple poles ats = 1 and 5/6. If x # 1
and x° = 1, then £(s, X, a) is holomorphic except for a simple pole at s = 5/6; otherwise
it is entire.

Proof Let Ky := ker(G; — Gy/nz). This is an open subgroup of Ga,.. Note that
GRXNNGq = I'(N). Fort € Ty C Gy = Gy nz, we denote by 7 € Gy its (arbitrary)
lift. Then Ky does not depend on the choice of 7. By strong approximation for SL,,
it is known (see, e.g., [9]) that Gy = G;KGq for any subgroup X C G such that
the determinant map is surjective onto 7. One checks that the union Uier, Knt
is such a X, and it is not difficult to check that the union Gy = UtGTN GiKntGq s
disjoint.
Corresponding to this decomposition, for each t € Ty we put

2050 = | |detg[35(detg) 3 Bu(gx) dg.
GLKNiGa/Ga wevy

Let dgr be the Haar measure on G, normalized so that the volume of G5 is 1. Then
dg = dg..dgs. For this integral, we have the following process of modification:

Z/(Dy,5,X) = / | detg|3X(detig) Y ®,(igx)dg
GrXnGa/Ga xeVy,

= x(dett) | detg[FX(detg) > p-1,(gx) dg
G;KnGo/Ga xevy,

= x(dett) | detg[FX(detg) > Bp-1,(gx) dg
GLKn /G NNGo vy,

= x(det?) | detgool2 D Poo(gooX)Pri—1a(ge) dgocdgs
GL/T(N)x Ky vy,

= x(det?) dgf/ | detgool2 Y Poo(gooX)Dps-10(%) dgoo
Ky #/T(N)

x€EVY
dett
- X(Ge ) | det goo |%, > Do (800X) 800
|G| G /T(N) XEV{N(t—LatNV3)
x(detr) 1 2
= | det oo |2 P oo (go0%) dgoo
T [T : TANT ez ron) xevdﬂ(tz_:lm\,vz)
dett
= X (@51 7).
| Tl
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By (3.1), the formula is obtained by summing this formula over all t € Ty. We now
explain the process of modifications above.

The first equality follows from G{Knf = fG{Ky. Since X and 7 are both lifts,
X(det?) = x(dett) and f € Gy implies |detf|y = 1. Also by definition ®,(fx) =
®,-1,(x). Hence the second equality follows. The third equality is obvious. Since
| det(Kn)|a = X(det(GKn)) = 1, we have the fourth. The fifth equality is because
®,—1, is Ky-invariant. Since fo dgr = (G5 : Kn17'- f(}l dgr = |Gy|™! and
&1, € Y(VA\f) is the characteristic function of t~!a + NV5, we have the sixth
equality. By Vo N (t7'a+ NV3) = t~'a + NV, we have the seventh. For the last
equality, we divide Vi), N (t7'a+N V5) into its I'(N)-orbits and consider each integral
separately. Then this equality follows from the unfolding method. Note that

2s |F(Z\])x|71 s
| detgoo |ooq)oo(goox) dgoo = s |P(goox)|ooq)oo (goox) dgoo
GL/T(N), PG g

The second statement of the proposition follows from Wright’s study of Z(®, s, w)
in [29], combined with the standard argument treating I'o. (® ., 5). For this, see the
proof of [25, Theorem 2.1], for example. [ ]

8.2 Residues as Integrals

We now start to compute the residues of £(s, x, a). We introduce the following con-
stants.

Definition 8.3 We define

w2 (1 ™ (1 27?2 1
(8.1) a::36<3), ﬂ==12<1)» 7::9F(2/3)3<\/§>'

Shintani [25] proved the following.
Theorem 8.4 (Shintani) The residues of £(s) are

Resc1 {(s) = v+ B, Resi—s/s §(s) = ((1/3)7.

We define an averaging operator Mg, on .AVy,) by

(2) Miy@i(x) = [ X(etg)@ig dge (B AVL).
G./;
If x is trivial then we write My as well. For ®; € AVj,), let

(@) := ((2)"! / N0, ¢, s, ) d ey,

X
AL AL

Gf(q)fa X 5) = / X(t)|t|§Mf,X*' (I)f(ta U, us, Ll4) dxthZduSdl/Ma

A X 3
A XA;

Ce(Pr, x) == Ce(Pr, x, 1/3).

https://doi.org/10.4153/CJM-2013-027-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-027-0

1364 T. Taniguchi and F. Thorne

We note that C¢(®Py, X, s) is defined for $(s) < 1 by analytic continuation. Then for
a € Vy, by [29, Theorem 6.1] and Proposition 8.2 (see [2, pp. 69-70] also), we have

(s, x,a) 1
. Res,—; W =6(x) ( ﬁa + Bf(q)f,a)ﬁ) )
Ressss 0D 5000 e(@r )
|GN|

Hence we will compute these values explicitly. We define a local averaging opera-
tor M, \ on AV(,) similarly to (8.2):

(84) M, ®)(x) = / To(detg, )@, (gpx) dg, (@, € AVa,)).

Zp

Here we normalize the measure dg, on G, such that the volume of Gz, is 1. For
a€Vyora€ Vy ande > 0,let &,, € AVy,) be the characteristic function of
a+ pVy,. We put

(8.5) Bpe(a):= p4e(1 - pfz) |t|§,MP<I>p‘,a(0,t, us, ug) d* tdusduy,

0, x@2

o pde l —1 -1
(8:6) €pa, ) = p“Ly (5.1 7")

X / KoMy 1@ ot 1, 13, 1g) Aty dusduy.
QX

X0

Note that these are 1 if e = 0 and x is unramified at p. Let N = [ p* be the prime
decomposition of N. For a € Vy, we define

(8.7) Bn(a) == [[ Bpr(ap), Cnla,x) = [] Cpr(ap, x),
pIN pIN

where a, = (amod p°) € V. Then
Be(Pra) = N~*Bn(a),  CH(Pra, x) = N~*Cn(a, x)L(1/3,x 7).

Hence by (8.3) we have the following generalization of Theorem 8.4.

Theorem 8.5 We have

5(57X7a) o 1 'BN(CI)
Res,—; W = 5(X)(ﬁa + N 5) s
» A G ) 1 —
Res;—s/6 §(|5G>;|a) = 5(X3)7NI(\?4 X)L(g, X 1) -
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We now describe the residues of £(s, f) for f € C(Vy,x). For f € C(Vy) we

define
VRTIED DEAE N T it
aeVy aceVy
(58 f(@)Cx(a, x)
enif) = Y Eme,
acVn

By definition these are multiplicative. By Theorem 8.5 and Proposition 4.7, we have
the following.

Proposition 8.6 Let f € C(Vy, x). Then

Resc—1 £(s, ) = 600) (An(Na + By(f)B)

Ress €65, ) = 80 )Cn (0L (50 7

Since £(s, X, a) and £(s, f) for f € C(Vy, x) are holomorphic if x* is nontrivial,
we assume that x? is trivial for the rest of this section:

Assumption 8.7 The Dirichlet character Y is either trivial or cubic.

This of course implies that ¥, X, X, and le7 are trivial or cubic characters also.

8.3 Preliminaries for Explicit Computation

Now our aim is to compute Be(a) and Cpe(a, x) explicitly. In this subsection we
prepare several lemmas for the computation. We fix a prime p and denote the p-part
of the conductor of y by p°. We assume e > c.

We first describe some basic properties satisfied by B¢ (a) and Cpe(a, x).

Lemma 8.8
(i) Forg € Gy,

(8.9) Bp“(ga) = Bpe(a), Cplga,x) = Xp(detg)flepe(a, X)-

(1) If x is unramified at p, then

(8.10) P Bpl@)=1, p* ) Cplax) =1

acV e aEVpe
(iii) Letm < e —c. Fora € Vye—m, weregard p™a € V. Then

Bpe(p™a) = Bpe-n(a), Cp(p™a,x) = Vp(p)"p*" € pe-nla, x).
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Proof These immediately follow from the definitions (8.5) and (8.6). For (ii), we
note that if x is unramified, Zaevﬁ Myy—1Ppa = Zuevpe ®,, , is the characteristic
function of V. [ |

Lemma 8.9 Leta € V. Assume that Gpea + p°Vy, is a single Gy, -orbit and that
Xp o det is trivial on Gpe 4. Then

pre((il) = Bpe’(a/)a ep"’(aa X) = epe/(a/a X)v
foralle’ > eanda’ € V_.» such that a’ mod p® = a.

Proof By (8.5) and (8.6), it is enough to show that
p4eMp7X*1(bp,a = p4e/Mp7X—1<I)p,ur.

Let a € V7, be alift of a. Then by assumption Gyea + p°Vy, = Gz,4. We claim that

|Gpe

“IXp(detk) x=ka, k€ Gy,

|Gpea
8.11 M, ,-1®,,(x) = ,
( ) P P 2 {0 x¢ Gzpd.

By (8.4) and Lemma 8.1,

(8.12) Mpy1®pa = |Gpe

! Z Xp(detg)®p ga.
gEGye

Hence M, -1 ®, ,(x) vanishes unless x € Gpea + p°Vy,. Let x = kd, k € Gz,. Then

My —1Ppa(kd) = x,(detk)|Gpe

1Y Xp(det @) ga(a)

gEGpu

= Xp(detb)|Gpe| ™" Y xp(detg) = |Gpea
gEGp".a

|Gpe| ™ xp (det),

where the last equality follows from the assumption and hence we have (8.11). Now
it is enough to show that |G,/ ,/| = |Gpea|. For this, note the identity G,ra’ +
o | /1G e o and p~*|Gpe|/|Gpe.a
|Gpe.a|- This finishes the proof. [ |

p“lVZP = Gpea+pVy,. These volumes are p*'|G
respectively, and hence we have |G

’ =
¢ ,u’|

To begin our computation of B.(a) and €,(a, x), we introduce the following
notation.

Definition 8.10

(i) Fora= (a1, a,a3,a4) € Vz,, we define

0 ay ¢ PeVZp7
(8.13) Boe(a) := ¢ p*(0+p Dlasl, ar € pVy,,a: ¢ pVy,,
1 ay,a; € peVZP.
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(ii) For y € Z,, we define I« (y, x) as follows. If ¢ = 0, we put

P>/ %5 (p)* ord,(y) > e,
(8.14) Le(y,x) == 4 1 — 1,(p) —1/3 i -
p PP o) <

If ¢ > 1, then we put

(1= p )W, ordy(y) <e—c,

(8.15) Ipe(y, x) = {0 ord,(y) >e—c.

Since these quantities respectively depend only on (a mod p®) € V. or (y mod p¢) €
1./ p°Z, we use the same notation for a € V. or y € 7/ p°Z as well.

An easy computation shows that

(8.16) B;,p(a) =p*(1—p7? . |1‘|§,<I>II,,,J(0,1‘,143,114)dxtdu3du47
0 x02
8.1 1 — p°L 1 —1y—1 - 1/3d><
(8.17) (10 = PLp(5x7) XpOt|, " d™t.
y+pLy

Let W = Aff® be the affine space of 2-dimensional row vectors. The G naturally
acts on W from the right. We put Wy := Wy, = (2] p°7)* and

W,e = {(u,v) € (Z/p°2)* | u € (L) p°2)* orv € (L/p°L)*},

which is the Gjc-orbit of (1,0) € Wy. The following formulas for B,.(a) and
Cpe(a, x) hold.

Lemma 8.11
(i) We have

(8.18) Bpe(a) = |Gpe

1Y Bl(ga).

gEG,,e

(ii) If x is unramified at p (i.e., if c = 0), we have

(8.19) Cpe(a, ) = [Gpe| ™" Y Ipe (g1, x) 4
gEGPc

where (ga), € 7./ p°Z is the first entry of ga € V ye. Moreover for any

(8.20) Cpela,x) = Wy ™' Y Ipe((alu, ), x) .

(u,v) ewp/e

Here we are plugging particular values of u and v into the binary cubic form a.
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Proof (i) is obtained by (8.12) with ¥, trivial and (8.16). We consider (ii). Let

1 ! -
€00 = L (3Y) [ GO s ) 0 tlisis,
0, x0;

Then by (8.17) we have Gl’,g(a, X) = Ipe(ar, x). Hence by (8.12) we have

Cpe(a, X) = [Gpe| ™ Y xp(detg)Cpe(ga, x)
gEGPe

=[G ™" D xp(det e ((ga)i, X) -
g€Gpe

In particular we have (8.19). Moreover, note that (ga), = (detg)_la( (1, O)g) . Since
Ie(ty, x) = xp(O)Ipe(y, x) for t € (Z/pZ)*, we have

-1 Z Ipe(a((l,O)g) »X) = |Wl|™! Z Ipe(a(u,v), ),

gEGe (u.v)EWP’e

Cpela, x) = |Gpﬂ

as desired. |

8.4 Unramified Computation

In this subsection, we compute Be(a) and Cpe(a, X) for p t m, that is, when y is
unramified at p. By (8.9), these depend only on the G.-orbit of a. For €., we list
for convenience the values of (1 — p_z)epe(a7 X)-

When e = 1, we have the following.

Proposition 8.12 Fore =1, B,(a) and (1 — p~2)C,(a, x) are given by the following

table.
Typeofa | By(a) | (1 — p~2)€,(a,x)
(3) 0 | A—x(p?p A1 +ph
(21) 1| 1=x(p?p*~

(111) 3| (1—x(pP)p )1+ x(p)2p~1/3)>
(1’ | B | Q+x(p)p (= p7h)

(1) | S5 | 1=x(pp*?

(0) 1| (1= p H)x(p)*p*?.

Proof For the computation of €, (a, X), it is convenient to put

(8.21) x:=x,(p)p 1 = x(p)?p~ .

We note that since  is a cubic character, x*> = p’l. Let

ng(a) =[{a e V,(o)|a # 0}, nll,(a) =|{aeVy(o)|a =0,a, # 0},
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and
nf,(a) =|{aeVy(o)|a =a, =0}

Note that ) S, n;(a) = n,(0). Then fora € V,(0), by (8.18) and (8.13) (respec-
tively by (8.19) and (8.14)), we have

n (o) n (o) n’(o)

14 . p . -y, P
o) ey PRty
ng(a) 1—x n}l,(a) +11§,(U) 1

np(0) 1 npy(o) X2

By(a) =

ep(aa X) =

For (o) = (1%1), we see that the ratio ng(a) : nllj(a) : né(a) is(p—1):1:1and

hence
1 1 +2
By@) = —— p+p )+ — 1= L2
pt1 p+1 pt1
p—1 1-—x 2 1 1-x 1-x 2 1 1+x
e — . + —_— = . + —_— = —_—
p(a: ) p+l 1—=x> p+1 x? 1+x3 1—-x 1+x2 x2 1+x°

The other cases are computed similarly. For (o) = (3),(21),(111),(1%1),(1%),
and (0), the ratio n?,(a):n},(a):nf,(a) is 1:0:0, p:1:0, (p — 2):3:0, (p — 1):1:1,
p:0:1,and 0:0:1 respectively, and the result follows. |

We now consider the case e > 2. In connection with counting cubic fields, we
mainly work for a € V™%, i.e., of type (3), (21), (111), (1?1 max), or (13.). This is
a generalization of results of Datskovsky and Wright [2, Theorem 5.2 and Proposi-
tion 5.3] to unramified characters.

Proposition 8.13 Lete >2anda € Ve Then Bpe(a) and (1 — p‘2)€pe(a, X) are
given by the following table.

Type of a ‘ Bye(a) ‘ (1 —p~?)Cpe(a, x)

(3) 0 | (@—x(p?p (1+p7h

(21) 1 1—x(p)?p=*3

(111) 3| (L=x(pp~ )1+ x(p)*p~ 1)
(1% Lmax) 1| L+ x(p)?*p~ 3 — x(p)p~2/?)
(13,4 0 | 1—x(pp?~

In particular, they depend only on the orbital type of a.

Proof For (o) = (3),(21),(111), Vz,(0) is a single Gz, -orbit. Hence, if a is of one
of these types, Lemma 8.9 reduces our calculation to the case e = 1, handled in
Proposition 8.12. Therefore we consider the remaining cases. We put R = Z/p°Z,
and again write x = y(p)?p~"/ asin (8.21).

First let a be of type (121 x). By Theorem 2.1, each orbit in Ve (1*11x) contains
some a = (0,1, a3, ay) where a; € pRand ay € pR*. Letg = (‘f:) € Gye. Then
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the first coordinate (ga), of gais (ga), = (detg)~'r(q* + asqr + a4r*). Since a3 € pR
and a4 € pR*,

0 d =0
ord,(q* + asqr + asr’) = ordp(q) =0,

1 ord,(q) > 1.
Hence (ga); = 0 if and only if r = 0, and in this case, (ga), = q € R*. Hence
by (8.13), Bz’,a(ga) = p°(1+ p~") if r = 0 and 0 otherwise. Since

{g € Gpe | r=0} =p*(1—p~ "),

by (8.18) we have Be(a) = 1.

We compute C(a, x) using (8.20) and (8.14). Let (u,v) € WI;E. Then a(u,v) =
v(u? + asuv + agv?). If u? + asuv + ag* ¢ R, then u ¢ R* and hence v € R*.
Therefore,

ord, (a(u,v)) = {1 ord, (u) 2 1,
ord,(v) ord,(u) =0.

The cardinalities of the subsets {ord,(u) > 1}, {ord,(u) = 0,0rd,(v) = m <
e}, and {v = 0} of W, are p**~'(1 — p~"), p*~"(1 — p~')* and p*(1 — p ),
respectively. Hence by (8.20) and (8.14),

P2871(1 _ pfl) ' (1—x)px . Z pze*m(l _ p*l)z - (1 —x)p™x™
p(—p2) 1-p! p*—p=)  1-p!

ep”(aa X) =
0<m<e
PA=p™) . (00 -x)
pZe(l _ p—z) x = 1— p—z )

Next let a be of type (12, ). We may assume a = (1, a,, a3, a4) where a,,a; € pR,

ay € pR*. Let g € G as above. Then (ga); = (detg) ™' (g’ + axq*r + asqr® + asr?).
Since ay,a3 € pRand ay € pR™, ord, (¢ + aq’r + asqr® + asr’) < 1, and hence
(ga); is always nonzero. Hence Be(a) = 0. Also the order of ordp(a(u, v)) is 0 if
ord,(u) = 0 and 1 otherwise. Hence

p*(1—p™h (1-x) N p* (1 —p™h A—x)px 1 —x2
pZe(l _ p—Z) 1 — p—l p2e(1 _ p—Z) 1— p—l 1— p—2'

ep"(aa X) =

This finishes the proof. ]

As corollaries we have the following. Recall that we introduced f, € C(V,),
®,,®, € C(V,2) in Definitions 5.3, 5.10 and the distributions Ay, By, Cy in (8.8).

Corollary 8.14 Assume that x is unramified at p. We have

1 1 1 1 x(p?  x(p)
Ap(fp) = Bp(fp) = E t ? - E? G'P(fP?X) = ; + P4/3 p7/3 ’
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Proof Letxbeasin (8.21). By Lemma 5.2 and Proposition 8.12, we have

ppP -1 (-1 1 1 1 1
Ay(fp) = + +==—+=- =,
ol p PPt p P PP
_pp’=Dpt2 (p’-D 1 1 1 1 1
S A N S A
_p(pP-D 1+x  (pPP—1)1—x 11 5 .
Cp(fprx) = i 1+x3+ I 1—x6+p4x2_x +x —Xx,
as desired. Again we note that x> = p~L. [

Corollary 8.15 Assume that x is unramified at p. Then

1 1 1 2 1
Ap(®p) =5+ 5~ 75 Ap(®p) = 3= 5
2 1 2 1
sz(ép):ﬁfﬁ’ sz(@;):?,?7
1 ) )
epz((I)mX) _ X(P) - _ X(P) GPZ(CI)I,X) _ X(P) + 2 X(p) _ 2

P33 pr pli/a

Proof Letxbeasin (8.21). By (8.10), we have

Cp(@p ) =p* D Culax)=1-p" > Cpla, )

agvry agVm
Hence by Lemma 5.6 and Proposition 8.13,

p4(p2 _ 1)(p2 _ p) 1— x2
P8 17x6

(?pz(<I>p7X) =1-

l—x+x* 1+x* (14+x)?* 14+x 1
( + + + + )
3 2 6 p p?

=1-(1-x)1—=x)A+x+5° +x* +x°) =2 +x° —x!!,

and the result follows. By adding the contribution from V (13,,,), we also have

max
sz(q);),x) =1-(1-x)1-)A+x2+x>+a") =2 +2x° —x® — &2,
as desired. The other formulas are proved similarly. ]

For its own interest, when e = 2 we compute B :(a) and C,:(a, x) for a € V;zm
also. By Lemma 8.8 (iii), we may assume a € vt \ pVp.
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Proposition 8.16 Leta € V. be of type (1°1,), (12) or (13,). Then Be(a) and
(1 — p=%)Cp(a, x) are given in the following table.

Type of a | B2 (a) \ (1—p~2)€p(a,x)
T (0 #2)
(1’1) | 2 (p=2,a=1(0,1,0,0)) (1+x(p)p'?) 1 —p~"
$(p=2,a=(0,1,2,0)

(12) ! (L+x(p)p'?) (1= x(p)p~*")

(12,) o (1+x(p)p'?) (1 = x(p)p~*).
Proof Since the proof is quite similar to Proposition 8.13, we shall be brief. Let
R=17/p*7.

Leta = (0,1,4a,,0) € Dpz(lzl*). We first compute Cj2(a, x). Let (u,v) € W};z.

Then
ord, (a(u,v)) = ord, (uv(u+av)) = {irdp(v) Z E 1?;57
Hence by (8.20) and (8.14),
(l—P*1)2 . 1 —x +p*1(1—p*1)2 ' (l—x)px
1—p*2 1_p71 I—P*Z 1—p*1
p'1—p?)
+ 177})72 'p2x2
_ e
1+ p U

Cpola,x) =

We consider B :(a). Leta = (0,1,0,0)andg = ( 1}) € G,. Then (ga); = 0ifand
only ifr = 0 or g € pR. Moreover, if r = 0 then (ga), € R, and if ¢ € pR then
(ga), € 2qR*. Then by (8.18) and (8.13), if p # 2 we have

_pPA=p™Y oy P —pTh =
sz(a)* 1_P_2 p (1+P )+ 1_P_2 p(1+P )
|
P d1-p ).1
1—p?
C2p+i
op+1’

and if p = 2 we have
(1 —p! “(1-p! +2 4
sz(a)zip ( p2 )-p2(1+p‘1)+p a-p )_lzp =_.
1—p~ 1—p~2 p+tl 3
When p # 2,V ,2(1%1,) is a single orbit by Proposition 5.12, and hence this is enough.
When p = 2 we see numerically that there is one other orbit represented by a =
(0,1,2,0) in V2 ( 121,), and by a similar consideration we have Bpe(a) = % for this a.
This finishes the proof for type (121,). The arguments for types (12) and (12,)
are similar and easier, so we omit the details. |
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8.5 Ramified Computation

In this subsection, we compute C(a, x) for p | m, that is, at the primes p where x is
ramified. Since x is cubic, either p = 1 (mod 3) or p = 3, and the conductor p° of x
is

P = p p=1(mod3),
p* p=3.

We assume e > ¢. We mainly work for p = 1 (mod 3). For p = 3, the computation
seems to be more complicated theoretically. Fortunately there are only finitely many
cases, so we simply use PARI/GP [19] for evaluation.

We first treat the case e = 1 and (hence) p = 1 (mod 3). The following is a
refinement of [2, Proposition 5.4]. As in [2], we encounter a curious “cubic character
sum of a cubic polynomial” which was evaluated by Wright [30].

Proposition 8.17 Assume p =1 (mod 3). Let e = 1. We have

(1= p™)Cpy(a, x)

p‘zr(xp)3xp(P(a)) for a of type (3), (111),
_p_zT(Xp)3Xp(P(a)) for a of type (2),

0 for a of type (1%1), (0),

Xp(detg)? for aof type (1°), a = g(1,0,0,0), ¢ € G,.

Here T(x,) = Zte]FPX Xp(t) exp(2mit/p) is the usual Gauss sum.

Proof If a is of type (171) or (0), then x, o det is nontrivial on G,, and hence
Cp(a, x) = 0. We consider the other cases. By (8.20) and (8.15) we have

1
Cpla, x) = - Da—p) Z Xp(alu,v)).

(u,v)E]F;.a(u,v)#O

The sum in the right hand side was studied by Wright [30]. Let

T Xp) = Y Xp)xp(1—1)

teF, t#1

be the Jacobi sum. If a is of type (3), (21) or (111), then by [30, Theorem 1],

> xp(au,v) =£(p — Dxp(P@) J(xps Xp);

(u,v) G]Ff7 La(u,v)#0

where the sign is + if a is of type (3) or (111), and — if a is of type (2). Since Xf, =
X, 7# 1, we have

T Xp) = T(xp)?/T(X,) = T(xp)* - Xp(=1)T(xp)/ P = T(x)’/ P,
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and the result follows. Let a be of type (1*). We have a = ga, for some g € Gy, where
ay = (1,0,0,0). Then C,(a, x) = xp(detg)ZGp(ao, x) and

Yoo x(awm) = Y @)=Y 1=pp-1.

(u,v) €3 a0 (1,1) 0 u€r) ver, u€F ) ver,
Hence we have the formula. |

We now study the case e > 2. Whene = 2anda € Vo, this is fairly easy. As

before we may assume a ¢ pV ..
Proposition 8.18 If ais of type (1*1,.), then Cp:(a, x) = 0. Let a be of type (12) or
(13,). We may assume a = (1, a5, a3,0) is in D2 (13) or D2 (12,), and for these a,

! p=1(mod3),
%(1+Xp(1+a2+a3)+xp(l —a2+a3)) p=3.

(1_P72)6p2(aa X) = {

Proof If a is of type (1°1,), then by Lemma 5.11 (i), x o det is nontrivial on G ,.
Hence Lemma 8.8 (i) implies that €2 (a, x) must vanish.

We put R = Z/p*Z. Leta = (1,a,,as,0) with a,,a; € pR. Depending on the
type of a, as is in pR* or 0. For (u,v) € WI;Z, a(u,v) = 0if u € pR. Hence by (8.20)
and (8.15),

(1—p H)Cpla,x)=p *(1—p ! Z Xp (W + ayu’y + asu?).

uERX vER

By changing v to uv and using that x, is cubic,

(1- pfz)sz(a,X) = p*Z pr(l + ayv + azv?).

vER

If p = 1 (mod3), then x,(1 + a,v + azv?) = 1 since the conductor of Xp is p. If
p = 3, then x,(1+a,v+asv?) is determined by (vmod 3) € {0, +1}. Hence we have
the formula. [ |

For e > 2, we now compute Cpe(a, x) fora € V;* ora € V;‘Zax. For stating our
result as well as applications to counting cubic fields [28], it is convenient to instead
compute a quantity closely related to Cpc(a, ). Leta € V. We choose e > ¢ such
that
(i) Gpea+ pVy, is asingle Gy, -orbit,

(ii) the value ,(P(a)/p°4 @) depends only on a mod p*,
and define
Cpe(a, x)
e (Pla) o)
This depends only on the Gy, -orbit of 4, and only on a mod p°. Hence this depends

only on the Gc-orbit of a mod p*. For each a, we can choose such e > ¢ satisfying (i)
and (ii) as follows.

Cpela,x) = (1—p~?)
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Lemma 8.19

(i) Let p =1 (mod3). For a of type (3), (21), or (111), e = 1 is enough. For a of
type (12 1may) or (13,,,), € = 2 is enough.

(ii) Letp = 3. Foraoftype(3), (21), or (111), e = 2 is enough. For a of type (121 1ax)

or (12..), e = 3 is enough.

Proof By Propositions 5.14, 5.15, these e satisfy (i). We check (ii) for each orbit
individually. For elements of type (3), (21), (111) this is trivial, so we work for the
remaining cases. Assume p = 3 and a € Vy,(17,,). A set of representatives of the
various Gy, -orbits are given in the second table of the next proposition. If a lies, say,

in the orbit of ar, = (1,3,0,3) and a’ = a (mod p?), then ordp(P(a)) = 4. Let
a = gayep. Then g7'a’ = ayep (mod p*). If we write g~ 'a’ = (a1, a2, as, as), then by

the definition of the polynomial P, we have
P(g~'a') = —4ayay — 27ata; = P(ayp) (mod p°).

This shows that P(a’)/p* = P(a)/p* (mod p*). Hence the values of %, for a,a’
coincide; recall that the conductor of ¥, is p?. This proves (ii) for this Gz, -orbit.
The elements a in other orbits are treated similarly, and we omit the detailss. W

We now give the value of G pe(a, x) for each Gyz,-orbit in VZ‘”‘. We also list the

minimal e, \P(a)|[71 and \Gzp7u| for convenience. The result for p = 1 (mod 3) is due
to Datskovsky and Wright [2, Proposition 5.4].

Proposition 8.20 Leta € V7™. If p =1 (mod 3), we have the following table.

Type ofa‘ a€ Vs, e> Cpela, x) |P(a)\;1 |Gz, 4]
(3) a 1 T(xp)’/ P 1 3
(21) a 1 —7(x)’ /P’ 1 2

(111) a 1 T(xp)’ /P’ 1 6

(I1max) [(0,1,0, pa),a € 2 2 Xp(2)x,(p)’p~ " P 2

(Inmax) | (1,0,0,pa), 0 € 2,5 2 xp(a) + xp(a)’x,(p)’p~ > p? 3

If p = 3, we have the following table.

Type ofa‘ ac Vs, e> Cpela, x) |P(a)|p_1 |Gz, .4]
(3) a 2 1)/t = xe(@)/p 1 3
(21) a 2 10/t =x2)/p 1 2

(111) a 2 10w’ /pt =@/ 1 6
(12 Lmax) (0,1,0,=+3) 3 £(1—x,) ;@ p 2
(1,0,3,3) 3 (xp(2) —1)/p P’ 1

(1,0,6,3) 3 (2xp(2)+1) /p p’ 1

(1) (1,3,0,3) 3 Xp(A)x;p(p)p ' P 1
(1,-3,0,3a),a = 1,4,7 3 xp(@)? +x,(p)p~""? Pt 3
(1,0,0,30),a = 1,4,7 3 Xp(a)2xp(p)?p "7 IS 1
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Proof Let p = 1 (mod3). By Lemma 8.9, for orbits of type (3),(21), (111) this
follows from Proposition 8.17. We consider orbits of type (o) = (12 1ax) or (12,.).
By Lemma 8.9 we may assume e = 2, but for potential further applications of our
argument we let e > 2 be arbitrary. We use (8.20) and (8.15) for computation. Let
R = 7/pZ. For 0 # x € R, let x,(x) = X,(X) where X € 7Z, is an arbitrary lift
of x. This is well defined since the conductor of X, is p. Also if x € p"R* for some
0<m<eandy € x+ p"'R, then x,(y) = X,(x).

(i) Leta € Vpc(lzlmax). We may assume a = (0, 1, a3, as) where a; € pR and
a, € pR*. Let (u,v) € W/.. Ifu € pR, then v € R* and hence a(u,v) € a;v* + p*R.
This implies )Zp(a(um)) = )”(p(a4v3) = Xp(ay4). If u € R*, then a(u,v) # 0 if and
onlyif v # 0, and in this case a(u, v) € v(u*+ pR) and hence Xp (a(u, v)) = )”(p(uzv).
Hence by (8.20), (8.15),

1 Xplas)p?? . 1 > p(WPv)|v] 723
P+1 1—p71 pze(l—p*Z) 1—p71

Cpela, x) =
u€RX veR\{0}

_ )Zp(a4)P_l/3 + 1
L—p=  p*Q—p7)A —p7h

x> %) Y P Y W)

u€R* 0<m<e vEpmR*

Since X, induces a nontrivial character on each (Z/p*~"7)* for m < e, we have

YoM =%0" > %) =o.

vEpmRX v () pemT) X

Hence Cpe(a,x) = (1 — p~2)7'x,(as)p~ /3. In particular for a = (0,1,0, pa) €
Vzp, a € Z;;,
_ Xplpa)p™'”

—1/3
Xp(_404)

Cpe(a, X) = %2pp ™" = x@x, (PP
Note that the last equality follows from Lemma 8.1.

(ii) Leta € Vpe(lfnax). We may assume a = (1, a,, a3, a4) where a,,a; € pR and
a, € pR*. Ifu € R*, then a(u,v) € u® + pR and hence Xp(a(u, v)) =1.Ifu € pR,
then a(u,v) € a4v* + p*R and hence ¥, (a(u,v)) = X,(as). Hence by (8.20), (8.15),

p . Xp(a)p* 1+ xp(a)p™'"
p+ll—p~t p+1 1—p! 1—p—2
The result in the table follows from this. This finishes the proof for p = 1 (mod 3).
Let p = 3. Then since Q) = p” x Z and (Z,/p*Z,)* = (Z/92)* is generated
by 2 € Z;, X, is determined uniquely by ¥,(p) and X,(2). Now the results in the

second table are verified by explicitly evaluating the sum (8.20) using PARI/GP [19].
Note the identity x,(2) = p~>7(x,)’. [}

Gp“(aa X) =
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Remark 8.21 We now explain how Theorem 1.2 follows from our arguments. The
functional equations of £(s, a) and £(s, x, a) are obtained as special cases of Theo-
rem 4.3, due to F. Sato, and for £(s, x, a) we stated this as Proposition 4.8. By Propo-
sition 3.4, the residues of £(s,a) are obtained from those of £(s, x,a). By Propo-
sition 8.2, £(s, x, a) is entire if x* is nontrivial, and Theorem 8.5 and Lemma 8.11
express the residues of £(s, X, a) as a sum over Gy for x cubic. When a corresponds
to a maximal cubic ring for all p | N, explicit residue formulas are proved in Propo-
sitions 8.13 and 8.20. When N is cube-free, explicit formulas are proved in Proposi-
tions 8.12, 8.17 for p || N, and Propositions 8.13, 8.16, 8.18, 8.20 for p? || N.

9 Examples: Bias of Class Numbers in Arithmetic Progressions
Let x be a primitive Dirichlet character of conductor m. For each sign we define

| Stab(x)| =" x ( P(x))
|P(x)]* ’

(9.1) ISV Y

xeSL(2)\V;E
(P(x),m)=1

where VZE = {x € Vz | £P(x) > 0} and Stab(x) denotes the stabilizer group of x
in SL,(Z). This is also a standard construction of L-functions from Shintani’s zeta
functions 4 (s). In this section we apply our analysis to describe the residues of these
zeta functions and their relatives, and prove biases of class numbers in arithmetic
progressions. We also discuss how these results relate to Theorem 1.6.

Let h € C(V,,) be the function defined for a € V,,, by

otherwise.

h(a) = {X(P(ﬂ)) if P(a) € (Z/m7)>,

Then h € C(V,,, x?), and by Proposition 4.6, £(s, h) = ’(§+(s, X),E—(s, X)) . Propo-
sition 8.6 asserts that each of £4 (s, ) is holomorphic if x® is nontrivial.

Assume X°® = 1. We consider the case where m is a power of an odd prime p.
(Since m is the conductor of x, X® = 1 implies that m = p except for the case p = 3,
and x is not quadratic where m = p2.) Let Ap € C(V,) be as follows: A\,(a) = lifa
is of type (3) or (111), Ap(a) = —1 if ais of type (21), and A,(a) = 0 otherwise.

If x is quadratic, then Proposition 8.6 implies that £ (s, x) has possible simple
poles at s = 1 and 5/6. We compute the quantity C,(h,1) defined in (8.8). In this
case h = ), and by Proposition 8.12 with Lemma 5.2,

(1 _p—l/S)(l +p—1) B 1— p—4/3
3 2

_ p2/3 —1/3\2
L A=p7+p >}:0.
6

€, 1) = (1= p~1{

Similarly A,(h) = B,(h) = 0. Hence &4 (s, h) is in fact entire.
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Now assume that x? # 1 but x® = 1, i.e.,  is either cubic or sextic. Then &4 (s, x)
has a possible simple pole at s = 5/6 and is holomorphic elsewhere. Let m = p # 3.

By Proposition 8.20,
2 —4 5 PO 3
Cphx) =p* Y X(P(@)Cpla,x?) = T, > Apla)x(P(a))
P(a)#0 P(a)#0
_Jo if x is cubic,
] p 2 = p T (X ®)? if s sextic.

If m = p? = 3%, we have

s
0 if x is sextic.
So &+ (s, x) hasa pole at s = 5/6 when € (h, x?) does not vanish.

Now let m be an arbitrary odd integer. Since A, B, C have Euler products, based
on the computations above we get the following residue formula. Recall the decom-
position x = [] x, we introduced at the beginning of Section 8.

Theorem 9.1 Assume that the conductor m of x is odd and m # 1. Then the {4 (s, x)
are holomorphic except for a simple pole at s = 5/6, which occurs if x , is of order 6 for
all 3 = p | m and in addition X is of order 3 if 3 | m. In this case the residues are

271—2 Hp\m(l - pil)
or(2/3)3m?

Res,—s5/6 £+ (s, x) = K+ T(X*)’L(1/3,x7%).

Here K, = 1,K_ = /3, 7(x*) = D te(z/mz)x X2 (t) exp(2mit /m) is the Gauss sum,
and L(s, x) is the usual Dirichlet L-function. If x is of odd conductor m > 1 but does
not satisfy the properties above, then the {1 (s, x) are entire.

Proof We assume x° = 1 and compute the residue at s = 5/6; the residue computa-
tion at s = 1 is similar. Since y is primitive, x® = 1 implies that each x, is quadratic,
cubic, or sextic.

We first consider the case 3 1 m. Then m is square free. Let us write h = [ plm 1p>
where h, € C(V,) satisfies h,(a) = X, (P(a)) if P(a) € (Z/pZ)* and hy(a) = 0
if P(a) = 0. Then by (8.7) and (8.8), Cx(h, x*) = Hp‘m Cp(hp, x*). Cplhp, x?) is
computed as above; it is p~*(1 — p~")7(x;)’ if X, is sextic and 0 if x, is quadratic
or cubic. Hence Cy(h, x*) = 0 if any x, is not sextic. Thus assume that all x,
are sextic. Then by the decomposition formula for the classical Gauss sum (recalled
before Proposition 4.11),

7(x3)’

9

1 1
) 'T(Xz)s = e pl;[ﬂXP(M/pr(X;)Z’ = }}1 2
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and we conclude that

T(x*)’ _
Cnhx?) = S5 [T - p ).
m= plm
Hence (9.1) follows from Proposition 8.6 and (8.1).
The case 3 | m is similarly done; Cn(h, x?) = 0 unless 3 is cubic and Xp is sextic
forall 3 # p | m, and in this case we have (9.1) because of the identity

(x3)? 0 7(x3)’

|
34 ol pz

1
e 'T(X2)3 =

From this result we can prove the two main terms of the function counting the
class numbers of integral binary cubic forms in arithmetic progressions. This result
implies that there is a bias in the second main term if and only if the odd modulus
admits a character of order 6.

Theorem 9.2 Let hy(n) be the coefficients of Shintani’s original zeta function &4 (s),
e, £4(s) = D hi(n)/n’. Let N be an odd integer and a an integer coprime to N.
Then

Ly —p7?)
> helw =CL—L0 X

0<n<X
n=a(mod N)

2K XO/6 5
+ KN, a) ————— - T + O (XP/779),
1 ’a)9F(2/3)3N 5/6 N e )

whereC, =1,C" =3/2,K, = 1,K_ = /3, and

Kl(N, a) — Z/X(a)71T(X2)3L(12/3’X_2) 1—[ (1 —X(p)72p74/3) .
xe=1 mX p|N,ptmy

Here the sum above is over primitive characters x whose conductor m,, is a divisor of N
(including the trivial character modulo 1) such that if we write x = lemx Xp» then
each X, has exact order 6 for p # 3 and x3 has exact order 3 if 3 | m,.

By the Delone—Faddeev correspondence, we can also state Theorem 9.2 as a for-
mula counting discriminants of cubic rings in arithmetic progressions.

Proof Let x be a primitive Dirichlet character whose conductor m, is a divisor of N.
We define £ (s, x) by the formula (9.1) with the sum restricted to those x with P(x)
coprime to N (rather than m, ). Then Proposition 8.6 and Corollary 8.14 imply

Res,_; €Y (s,1) = Res,_; €4.(s, 1) lli(l —p H(1—p7),
pIN

Res,_s/6 €Y (s, X) = Res_s s (s, x) [ (1—p~H(1— X(P)_ZP_4/3) )
PIN,ptmy
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where if X° # 1, the second formula means the formal equality 0 = 0. On the other
hand, Sato—Shintani’s Tauberian theorem [24, Theorem 3] asserts that

X5/6
> he(m)x(n) = Rese; €Y (s, X)X + Reses/6 £X s, W56+ O (X%°).
0<n<X,(n,N)=1

Now the theorem follows from the residue formulas in Theorems 8.4 and 9.1 with
the orthogonality of characters. Note that o(N) = N ] ol N1 = p7h. [ |

Let P be a finite set of primes. We define the P-maximal L-function 7 (s, x) by
the formula (9.1) with the sum restricted to those x satisfying (x mod p*) € V;;‘a"
for all p € P. Note that (P(x), m) = 1 implies (xmod p?) € V;‘;‘”‘ for p | m,
hence only primes p € P coprime to m are relevant for the definition. Then ¢7 (s, x)
again has a pole under the same condition for £ (s, x), and by Proposition 8.6 and
Corollary 8.15 the residues are

(9.2)  Res,_s/q fi(st) =Res,5/6&+(s,x) [[ (1— pHA - XZ(P)P75/3)-
pEP, ptm

The poles at s = 5/6 of £ (s, x), as well as of €4 (s, x), are the source of the biases
we described in Theorem 1.6. Indeed, for x as in Theorem 9.1, we prove in [28] that

K X5/6
(9.3) g X(DiSC(F)) _ :I:Z(X) e + O(m8/9X7/9+6),
[F:Q]=3,0<= Disc(F)<X /
(Disc(F),m)=1

where K4 () is the limit of (9.2) as P tends to the set of all primes:

4K 7(x?)’ L(1/3,x7%)

K:I:(X) = 3F(2/3)3m2 Hp|m(1 +p71) L(S/?’,Xz) '

The 2 in the denominator of KiT(X) in (9.3) is the index [GL,(7Z): SL,(Z)]. This ap-
pears because the Shintani zeta functions count SL, (7Z)-orbits, while cubic fields cor-
respond to GL,(Z)-orbits.

We briefly explain other variations as well. Suppose first that the conductor m is a
power of p = 2. Then there are no cubic nor sextic characters, but are three quadratic
characters x. One is of conductor 4, and the two others are of conductor 8. To
compute the residues, we note that for a € V, of type (3), (21), or (111), P(a) mod 8
is given by
(9.4) Pla) = {1m0d8 for a of type (3), (111),

5mod8 for a of type (21).

This is easily verified for the representatives

(1,0,1,1) € V4,(3), (0,1,1,1) € V4, (21), (0,1,1,0) € V4, (111),
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and hence is true for any element a, because P(ga) = (detg)?P(a) and (detg)? €
(Z5)* = 1+ 81Z,. Let x be of conductor 4 = p?. By (9.4), h(a) = x(P(a)) is always
1 when P(a) € (Z/47)*, and we have

Ap(h) =Bp(h) =1 —p H1=p7?), Cplh1)=1—p H1—p*").

Hence €4 (s, x) has poles both at s = 1 and s = 5/6 for this y. But this is fairly
reasonable, because P(x) is always = 0, 1 (mod 4) for x € V, and so &4 (s, x) simply
counts orbits with P(x) = 1 (mod4) without a twist. On the other hand, if y is
either character of conductor 8 = p?, by (9.4) h(a) = 1 if ais of type (3) or (111),
h(a) = —1if ais of type (21), and h(a) = 0 otherwise. Hence we have A,:(h) =
Byi(h) = Cps(h, 1) = 0, and the {1 (s, ) are entire.

Second, this observation for m = 2¢ allows us to extend Theorem 9.1 to m even.
This consists of case by case descriptions corresponding to conditions on X, and we
omit the details.

Third, let r be a positive integer. Then

| Stab(x)| "' x (P(x)/r)
>

(95) gi(sa B X) = |P(X)|s

xESLz(Z)\in
r|P(x),(P(x) /r;m)=1

is also a natural L-function. Since t(§+(s, r,x),&—(s, 1, X)) = £(s, h) for an appro-
priate h € C(Vy, x?), we can study these as well. In particular it is entire if x°® # 1,
and we can describe their residues explicitly when x® = 1 for the case we can apply
the residual computations. This includes the case when r is cubefree and p t m for all
p* | r. As a simplest example, let m = r = p # 2,3. Then h € C(V 2, x*) is given by

1 2
h(a) = {?)((P(a)/l)) ifa e sz(l Lmax)»

otherwise.
For x quadratic, by Proposition 8.13 with Proposition 5.12 (i) (ii), we see that

Ap(h) = Br(h) = €p(h,1) = 0. For x cubic or sextic, by Proposition 8.20 we
have

—1/3
el = 3 x(P@/p)Cyan®) = X2 S (b))

)
a€V 2 (12 Imay) L=r a€V 2 (12 1may)
x@a - p~Hp~*3 if y is cubic,
~]o if x is sextic.
Hence the €4 (s, p, x) are entire unless x is cubic, in which case their residues at
s=5/6are
2x(4) (1 —p 1) =
Ress:5/6 fi(57P>X) - Ki 9F(2/3)3p4/3 L(1/3aX )
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This again is a source of the bias in Theorem 1.6 for m = p? and (m, a) = p.

Moreover, if r = r(Xy) for a union of Gy-orbits Xy in Vi is well defined, then
we can define &4 (s, Xy, x) by (9.5) with the sum restricted to those x satisfying
(xmod N) € Xy. This is in fact possible if X detects certain maximal cubic rings
over Z,, for each p | N, and as we computed the contributions to the residues for all
a € V2™ in Propositions 8.13 and 8.20, we can describe the residues explicitly. This
enables us to impose local specifications while counting cubic fields in arithmetic
progressions. For details, see [28, Section 6.4].
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