Canad. J. Math. Vol. 59 (4), 2007 pp. 845-879

Representations of the Fundamental Group
of an L-Punctured Sphere Generated by
Products of Lagrangian Involutions

Florent Schafthauser
Abstract. In this paper, we characterize unitary representations of  := 1(S?>\{s1,...,s}) whose
generators up, . . ., u; (lying in conjugacy classes fixed initially) can be decomposed as products of two

Lagrangian involutions u; = o041 with 07,1 = 1. Our main result is that such representations
are exactly the elements of the fixed-point set of an anti-symplectic involution defined on the mod-
uli space Me := Home (7, U(n))/U(n). Consequently, as this fixed-point set is non-empty, it is
a Lagrangian submanifold of M. To prove this, we use the quasi-Hamiltonian description of the
symplectic structure of Me and give conditions on an involution defined on a quasi-Hamiltonian
U-space (M,w,u: M — U) for it to induce an anti-symplectic involution on the reduced space

M/JU = = ({1})/U.

1 Introduction

The fundamental group 7 := 7 (S*\{s1, ..., s;}) of an [-punctured 2-sphere (I > 1)
has finite presentation (g1,¢,...,8 | §1& ---& = 1), where g; stands for the ho-
motopy class of a loop around s;. Therefore, giving a unitary representation of this
surface group (i.e., a group morphism p from 7 to U (n)) amounts to giving / unitary
matrices uy, Uy, . . ., u; satisfying the relation wyu, - - - u; = 1 (we always identify C"
with R?" and endomorphisms of C" with their matrices in the canonical basis). One
may then want to study representations with prescribed conjugacy classes of gener-
ators: given I conjugacy classes C = (C; = {u exp(i)\j)u_l tu € Um})i<j<i do
there exist [ unitary matrices uy, u, ..., u satisfying u; € €; and uju - - -y = 12
The answer to this problem was given by Agnihotri and Woodward [AW], by Bel-
kale [Be] and by Biswas [Bi2]. They gave necessary and sufficient conditions on the
Aj € R" for the above question to have a positive answer (before that, the case
of SU(2) was discussed in [JW, Ga, KM, Bil]). In the following, we will always
focus our interest on representations with prescribed conjugacy classes of genera-
tors and denote by Home (7, U(n)) the set of such representations, i.e., group mor-
phisms p: @ — U(n) such that p(g;) € C; for all j. Coming back to the relation
uy---u = 1, one may notice that if we decompose each rotation u; € U(n) as a
product of two orthogonal symmetries (which, since they reverse orientation, are
no longer unitary transformations; see §2 for a precise definition of these symme-
tries) in the following way u; = 010,, tp = 0,03, ..., 4 = 001, then the relation
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uy - - -4 = 1 is automatically satisfied, since orthogonal symmetries are elements of
order 2. The appropriate orthogonal symmetries to consider turn out to be orthog-
onal symmetries with respect to Lagrangian subspaces of ", which are just real lines
of C when n = 1. A unitary representation of 7;(S5?\{si, ..., s}) whose generators
uy, ..., u admit a decomposition u; = ;o ;;, where o; is the orthogonal symmetry
with respect to a Lagrangian subspace L; of C", and where o1,; = o1, will be called
a Lagrangian representation. It is then natural to ask when a given representation
is Lagrangian. Further, two unitary representations of 7 with respective generators
(u1,...,u)and (uj, ..., u)) being equivalent if there exists a unitary map ¢ € U(n)
such that u} = @ujo~! forall j, what can one say about the set of Lagrangian repre-
sentations in the moduli space Me := Home(m, U(n))/U (n) of unitary representa-

tions?
In this paper, we address these two questions. First, we denote by L, the horizontal
Lagrangian Ly := R" C C" of C" and we call a representation oy-Lagrangian if it is

Lagrangian with L; = L;. We will see in Section 6.6 that a given representation is
Lagrangian if and only if it is equivalent to a oo-Lagrangian one. We then obtain the
following characterization of oy-Lagrangian representations.

Theorem 1  Given | > 1 conjugacy classes Cy, Cs, ..., C; C U(n) of unitary matri-
ces such that there exist (uy,up, ... ,u;) € €y X --- x Cj satisfying uyuy - --up = 1,
the representation of 1 (S*\{s1, . ..,s1}) corresponding to such a (uy, ua, . . ., uy) is oo~

Lagrangian if and only if
t ——1 it = B T i U e
=y, w = ow_ Uy, ... U= Uy Ty Uyl T T

Theorem 1 will be proved in Section 6.6 (Theorem 6.11). Second, we recall that
the moduli space Me of unitary representations of the surface group 7 with pre-
scribed conjugacy classes of generators is a symplectic manifold (actually a stratified
symplectic space, see [SL], since we have to take into account the singularities in the
manifold structure, see [Je, §2.4, §6.2]). This symplectic structure, first investigated
in [AB, Go], can be obtained in a variety of ways (see for instance [GHJW, AMM,
AM, MW] and the references therein). For our purposes, we will use the one given
by Alekseev, Malkin and Meinrenken [AMM] and think of our moduli space as a
symplectic quotient obtained by reduction of a quasi-Hamiltonian manifold. We
then have the following description of the set of equivalence classes of Lagrangian
representations of 7.

Theorem 2 The set of equivalence classes of Lagrangian representations of
m=m(S\{s1,...,s})

is a Lagrangian submanifold of the moduli space Me = Home (7, U(n)) /U (n) of uni-
tary representations of w (in particular, it is always non-empty).

Theorem 2 will be proved in Section 6.7 (Theorem 6.13). The fact that there al-
ways exist Lagrangian representations was first proved in [FW], where the dimension
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of the submanifold of (equivalence classes of) Lagrangian representations was shown
to be half the dimension of the moduli space. For a proof of the non-emptiness using
ideas from (quasi-)Hamiltonian geometry, we refer to [Sc2] or to the forthcoming
paper [Scl] (see also Theorem 5.3). For now, we will use the quasi-Hamiltonian
description of the symplectic structure of the moduli space to prove Theorem 2.

The main intuition to tackle the aforementioned problems is the use of momen-
tum maps to solve questions of linear algebra (see [Kn]). This first seemed relevant
for this problem after studying the case n = 2 (see [FMS]), and fits right into place
with the important idea of thinking of the space of equivalence classes of representa-
tions (that is, the moduli space M¢) as a symplectic quotient. In this framework, the
key idea to solving our problem is to obtain the set of Lagrangian representations as
the fixed-point set of an involution (. This is first used to give the explicit necessary
and sufficient conditions for a representation to be o(-Lagrangian appearing in The-
orem 1, and then turns out to induce an anti-symplectic involution on the moduli
space.

After reviewing some background material on Lagrangian involutions (which will
later explain how the involution (3 is obtained), we shall proceed by recalling the
notion of quasi-Hamiltonian space introduced in [AMM] and then use it to obtain
the symplectic structure of the moduli space Me. (We will restrict ourselves to rep-
resentations of 71 (S?\{s1, . .., s;}) and give an explicit description of the symplectic
2-form in the case | = 3.) Then we will show how to obtain Lagrangian submanifolds
of a quasi-Hamiltonian symplectic quotient in such a way that Theorem 2 will later
provide a concrete example. Finally, we will obtain o-Lagrangian representations of
7 as the fixed-point set of an involution on the product C; x - - - x C; of the prescribed
conjugacy classes, and from there deduce Theorem 1 and Theorem 2. Along the way,
we will have proved another result, Theorem 5.2.

Theorem 3  Let U be a compact connected Lie group and let (M,w) be a quasi-
Hamiltonian U-space with (equivariant) momentum map p: M — U. Let T be an
involutive automorphism of U, denote by T~ the involution defined on U by 7~ (u) =
T(u™1) and let 3 be an involution on M such that

i) YueUVxeM,[Bu-x)=r1u)-B(x);
(ii) Vx €M, poB(x) =7 ou(x);
(iii)) fw = —w.

Then 3 induces an anti-symplectic involution B on the reduced space
Mred = pH({1})/U.

If 3 has fixed points, then Fix(B) is a Lagrangian submanifold of M™,

2 Background on Lagrangian Involutions and Angles between
Lagrangian Subspaces

We give here the properties of Lagrangian involutions that we shall need in the fol-
lowing. Recall that C" is endowed with the symplectic form w = —Im h, where h
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is the canonical Hermitian product h = Y}, dzx ® dzj for which C" is symplecto-
morphic to R?" endowed with the canonical symplectic form w = >}, dxi A dyy.
Mutiplication by i € C in C" corresponds to an R-endomorphism J of R*" satisfy-
ing J* = —Id. Denotingg = Reh = >, (dx; ® dxy + dyx @ dyy) the canonical
Euclidean product on R?", we have g =w(-,J-). (Jis called a complex structure
and is said to be compatible with w.) A real subspace L of C" is said to be Lagrangian
if w|x; = 0 and if dimg L = n (that is, L is maximal isotropic with respect to w).
One may then check that L is Lagrangian if and only if its g-orthognal complement
is L*« = JL. We may then define, for any Lagrangian subspace L of C", the R-linear
map

o:C"=LJL —C"

x+Jyr—x—]y

called the Lagrangian involution associated to L. Observe that o is anti-holomorphic:
or o J = —J o or. In the following, we denote by L(n) the set of all Lagrangian sub-
spaces of C" (the Lagrangian Grassmannian of C"*). Finally, recall that under the iden-
tification (C", h) ~ (R*", J,w), we have U(n) = O(2n) N Sp(n). Furthermore, the
action of U(n) on L(n) is transitive, and the stabilizer of the horizontal Lagrangian
Ly := R"” C (" is the orthogonal group O(n) C U(n), giving the usual homoge-
neous description L(n) = U(n)/O(n). Observe that O(n) = Fix(7) where 7: u +— u
is complex conjugation on U (n), so that L(n) is a compact symmetric space.

Proposition 2.1 ([FMS]) Let L € L(n) be a Lagrangian subspace of C".

(i)  There exists a unique anti-holomorphic map o whose fixed point set is exactly L.
(it) IfL’ is a Lagrangian subspace such that oy = oy, then L = L’: there is a one-to-

one correspondence between Lagrangian subspaces and Lagrangian involutions.
(ili) oy is anti-unitary: forall z, 2’ € C", h(o(2),01(z")) = h(z, 2’).

(iv) Forany p € U(n), opry = porp™ .

Denote then by LInv(n) := {0y : L € L(n)} the subset of O(2n) consisting
of Lagrangian involutions. Observe that it is not a subgroup, as it is not stable by
composition of maps. Statement (iv) of the above proposition then shows that the
subgroup

U(n) := (U(n) U LInv(n)) C O(2n)

generated by Lagrangian involutions and unitary transformations is in fact generated
by U(n) and op,: E(?) = (U(n) U{oy,}). Since aword in (U(n) U {0y, }) contains
either an even or an odd number of occurrences of oy, (depending only on whether it
represents a holomorphic or an anti-holomorphic transformation of (R, J) ~ C"),
it can be written uniquely under the reduced form ue where u € U(n) ande = 1 or
e = or,. Consequently, we have (U(n) U {o,}) = U(n) U U(n)oy,, so that U(n)
is indeed a subgroup of index 2 of lT(n\) Further, if we write Z/27 = {1,01,} and
consider the action of this group on U(n) given by o,.u = oy uo;, = 1 = 7(u),
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then the map

U(n) x2/22 — U(n) U U (n)oy,

(u,e) — ue

(wheree = 1 ore = oy,) is a group isomorphism. Finite subgroups of U(2) x 7,/27.
generated by Lagrangian involutions are studied in [Fa]. For us, one of the major
interests of Lagrangian involutions will be that they measure angles of Lagrangian
subspaces of C" under the action of the unitary group.

Theorem 2.2 Let (Ly,Ly) and (L{,L}) be two pairs of Lagrangian subspaces of C"
[Ni, FMS]. Then there exists a unitary map ¢ € U(n) such that ¢(L;) = L{ and
¢(Ly) = L if and only if oy, 01, is conjugate to o, 01, in U(n).

The following series of results will be useful to us in the proof of Theorem 6.11.
The underlying idea is that the elements of the symmetric space L(n) = U(n)/O(n)
can be identified with the symmetric elements of U(n) (that is, elements of U(n)
satisfying 7(u) = u~!, see [He, Lo]), all of them being of the form ', where p €
U(n) and ¢' denotes the transpose of ¢ (so that the symmetric elements of U (1) are
indeed symmetric unitary matrices).

Proposition 2.3  Let W (n) := {w € U(n) | W' = w} be the set of symmetric unitary
matrices.

(i) Letu € U(n). Then u € W (n) if and only if there exists k € O(n) such that
kuk=" is diagonal.

(i) Ifw € W(n), then there exists o € W (n) such that p* = w.

(ili) For any w € W(n), define L, := {z € C" | z— wz = 0}. Then, if p is any
element in W (n) such that ©* = w, we have ¢(Ly) = L,,. Consequently, L,, is a
Lagrangian subspace of C". Furthermore, o, 01, = w.

(iv) The map w € W(n) — L, € L(n) is a diffeomorphism whose inverse is the
well-defined map

L(n) =Un)/ o) — W(n)

L=u(Ly) — uu'.

(v) Forany L € L(n), we have o,01 = v'v, where v is any unitary map such that
V(L) = L().

(vi) For any u € U(n), there exist two Lagrangian subspaces Ly, L, € L(n) such that
U=0oL0L,.

Proof (i) Observe that, alternatively, W(n) = {w € U(n) | w~! = w}. Now take
w € W(n) and write w = x + iy where x, y are real matrices. Then w* = w implies
x' = xand y' = y, and ww = Id implies x* + y* = Id and xy — yx = 0. Thus
x and y are commuting real symmetric matrices, so there exists k € O(n) such that
dy:=kxk™" and d, = kyk™' are both diagonal. Therefore, kwk™! = d, + id, is
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diagonal. The converse is obvious. One may observe that since dy + d> = k(x* +
y)k~! =1d, one has d, + id, = exp(iS) where S is a real symmetric matrix.

(ii) is an immediate consequence of (i).

(iii) Take ¢ € W (n) with ¢* = w. Then z — wz = 0 if and only if z — p*z = 0,
that is, ™'z — ¢z = 0. But o~ ! = @, so that z € L, is equivalent to "'z =
oz, hence to v~ !z € Ly, hence to z € (L), which shows that L,, = (L) is
a Lagrangian subspace of C". Furthermore, 01,01, = @or,¢ 'or,. But since oy,
is complex conjugation in C" and since ¢ is both symmetric and unitary, we have
¢ loy, = Yoy, = (o,¢'01,)01, = 01, therefore oy, 01, = ot = ©* = w.

(iv) Observe that if u, v are two unitary maps sending Ly to L € £(n), thenv~'u €
Stab(Ly) = O(n) so that uu’ = w'. Thenif L = u(Ly) € L(n), one has L, =
{z — uu'z = 0}. Butz — uu'z = O ifand only if u='z = 'z, thatis, u"'z € L so
Ly = u(Lp). Conversely, we know that L, = ¢(Ly) where ¢ € W(n) and ¢? = w,
so that indeed ' = ©? = w.

(v) For a given L € L(n), take v € U(n) such that v(L) = Ly. Then L = v~ (L)
and so we know from (iii) and (iv) that L = {z — (v"))(v"!)’z = 0} and that
oror, = v (v 1. Hence op,01 = (0p07,) "' = v'v.

(vi) Letd = diag (v, . . ., oy) € U(n) be a diagonal matrix such that u = pd*¢ ™!
and set L = d(Ly). Then we know from (iii) and (iv) that o;0;, = d?, hence u =
POLOLPT! = Opw)TpLy)- u

Statement (v) may seem a bit useless at this point as it is just a way of rephrasing
(ii), but it will prove useful to us when formulating the centered Lagrangian problem
(see §6.2).

3 Quasi-Hamiltonian Spaces

We recall here the definition of quasi-Hamiltonian spaces and the examples that shall
be useful to us in the following. We follow [AMM] (see also [GHJW, AKM] for
related constructions). Let U be a compact connected Lie group acting on a manifold
M endowed with a 2-form w. We denote by (- | - ) an Ad-invariant Euclidean product
onu = Lie(U) = T, U. Let x be (half) the Cartan 3-form of U, that is, the left-
invariant 3-form defined onu = T, U by x1(X,Y,Z) = %(X | [Y,Z]) = % (IX,Y] |
Z), where the last equality follows from the Ad-invariance property. Since (-|-)
is Ad-invariant, Y is actually bi-invariant and therefore closed: dxy = 0. Further,
denote by % and 6® the left- and right-invariant Maurer—Cartan 1-forms on U they
take values in u and are the identity on u, meaning that for any © € U and any
E€T,U, 05 = ut.¢ and OR(€) = £.u~! (where we denote by a point . the effect
of translations on tangent vectors). Finally, denote by X* the fundamental vector
field on M defined, for any X € u, by the action of U: X% = % |i=o(exp(X).x) for any
x € M. Throughout this paper, we will follow the conventions in [Mo] to compute
exterior products and exterior differentials of differential forms.

Definition 3.1 ([AMM]) In the above notations, (M,w) is called a quasi-Hamil-
tonian space if
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(i) the 2-form w is U-invariant: Yu € U, the associated diffeomorphism of M,
denoted by ¢, satisfies @}w = w;
(ii) there exists a map pu: M — U, called the momentum map, such that

(a) p is equivariant with respect to the U-action on M and conjugation in U,
(b) dw = —px,

(c) Vx € M, kerw, = {X!: X € u| Ad u(x).X = —X},

(d) VX € u, the interior product of X* and w is

Lypw = %u*(ﬂL +0% | X)
where (6L + 6% | X) is the real-valued 1-form defined on U by
(0" + 0% | X).(&) = (0,(6) +0,,() | X)
foranyu € Uandany ¢ € T, U.

The examples of quasi-Hamiltonian space which will be of most interest to us are
the conjugacy classes of U.

Proposition 3.2 ([AMM]) Let C C U be a conjugacy class of a compact connected Lie
group U. The tangent space to Catu € Cis T,C = {X-u—u-X: X € u}. Foragiven
X € u, denote [X], := X-u — u-X. Then the 2-form w on C given at u € C by

X1, 1)) = 3 (Adw X | ¥) — (Adw-Y | X))

is well defined and makes C a quasi-Hamiltonian space for the conjugation action and
with momentum map the inclusion p: C — U. Such a 2-form is actually unique.

Observe that [X], = Xﬁ, that is, the fundamental vector fields generate the tan-
gent space to C. It is also useful to write this quantity [X], = (X — Adu-X)-u =
u-(Adu~!'-X — X). In order to describe the symplectic structure on the moduli
space Me = Home(m, U(n))/U(n), we will have to consider the product space
C; x --- x €}, where the C; are conjugacy classes in U(n) endowed with the diag-
onal action of U(#n). To make this a quasi-Hamiltonian space with momentum map
the product map p(uy, ..., u;) = u; - - - uy, one has to endow it with a form that is not
the product form but has extra terms. The product space thus obtained is called the
fusion product and usually denoted C; ® - - - ® C;. The general result is the following.

Theorem 3.3 (Fusion product of quasi-Hamiltonian spaces [AMM])  Let
(My,wy, 1) and (M, w;y, 1)

be two quasi-Hamiltonian U -spaces. Endow M, x M, with the diagonal action of U.
Then the 2-form w = (w; ®w,) + (0L A 3 OF) makes My x M, a quasi-Hamiltonian
space with momentum map

p1 - pos My X My — U

(21, %2) ¥ 1 (x1) 2 (%2).
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Here, the 2-form w; @ w;, is the product form (w; @& wy)(x, x,) ((V1,v2), (W1, w2)) =

(W1)x, V1, w1) + (w2)x, (V2, wa) and (u}0F A p130R) is the 2-form defined on M; x M,
by

(ILLTHL A M;eR)(xhxz) ( (Vl, VZ); (Wla WZ))

= (W w1 | G360 ) = (60 w1 | (360, 72))

The above result shows that C; x - - - x €; is indeed a quasi-Hamiltonian space for the

diagonal action of U (n), with momentum map the product pu(uy, ..., u) = uy - - - u.
For a product of three factors, one can explicitly write the fusion product form in the
following way.

Corollary 3.4  The fusion product form on My x M, X M3 is the 2-form
w= (W BwrBws)+ (" A p30°) & (30" A p50°) & (U0 A (15 Ad) - p36%))

Proof To obtain the above expression, one applies Theorem 3.3 successively to
M, X M, and to (M; X M;) x Mj. One can then also check that the fusion product
is associative, as shown in [AMM]:

w = (((M ®wy) + (MTQL A MZFQR)) S2) ws) + ((,Ul ) *0" A M;eR)

_ (wl & ((w @ ws) +(ﬂ;9LAﬂ;9R))) F (O A Gy ) 0%y,

4 The Symplectic Structure on the Moduli Space of Unitary Repre-
sentations of Surface Groups

The theory of quasi-Hamiltonian spaces provides a very nice description of the sym-
plectic structure of moduli spaces of unitary representations of surface groups. We
refer to [AMM] for the general description of these moduli spaces as quasi-Hamil-
tonian quotients and we will now concentrate on the space of representations of
7 =m(S\{s1,...,5}) = (g1,9,---,8 | 18- -g = 1). Giving such a represen-

tation with prescribed conjugacy classes Cy, . . ., C; of generators amounts to giving /
unitary matrices uy, . .., 4 such that u; € C; and u; - - -4y = 1. But we know from
Section 3 that this amounts to saying that (u1,...,u) € p~'({1}), where

w:C x--xC — Un)
(g, ooy up) — g -y
is the momentum map of the diagonal U (n)-action. The moduli space of unitary
representations is then Me = Home(w, U(n))/U(n) = p~'({1})/U(n), which is
the symplectic manifold obtained from €, X - - - x C; by quasi- Hamiltonian reduction,

a procedure which we now recall, stating [AMM, Theorem 5.1] in a particular case
to apply it more directly to our setting.
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Theorem 4.1 (Symplectic reduction of quasi-Hamiltonian manifolds [AMM])
Let (M,w) be a quasi-Hamiltonian U -space with momentum map p: M — U. Let
i: = ({1}) <= M be the inclusion of the level set 1~ ({1}) in M and let

prp {1 - N {1H/U

be the projection on the orbit space. Assume that U acts freely on p~'({1}). Then there
exists a unique symplectic form w™ on the reduced space M™d := y~'({1})/U such
that p*w™d = i*w on p=1({1}).

The proof consists in showing that i*w is basic with respect to the fibration p and
then verifying that the corresponding form w™? on ;~'({1})/U is indeed a sym-
plectic form. In virtue of the above theorem, describing the symplectic structure of
Me = p~'({1})/U amounts to giving the 2-form defining the quasi-Hamiltonian
structure on the product C; x - -- x C;. We now give the description of this 2-form
in the case where [ = 3.

Proposition 4.2 Let (uj,uy,u3) € C; x G x C3. Take X;,Y; € u and write
[X;1, [Y;] € Ty, Cj for the corresponding tangent vectors (see §3). The 2-form w making
C1 x €, x C5 a quasi-Hamiltonian space with momentum map p(uy, uy, u3) = U1l u3
is given by:
1
wy([X],[Y]) = 3 ((Adul X | Y) = (Aduy - Yy | X))+ (Aduy - X, | V)

- (Adu2 'Y2 | Xz) + (Adl/l3 'X3 ‘ Y3) - (Adu3 'Y3 | X3)

+(Adu X, =X, | Y, — Adw, - Y>)

—(Adu; 'Y - Y | Xy — Aduy - X))

+(Adu, "Xy — X, | Y5 — Adus - Y3)

—(Adw, 'Y, =Y, | X3 — Adusz - X3)

+ (Ad lzlfl X1 — X | Ad U, Y; — Ad(u2u3) -Y3)

- (Adufl . Yl - Y1 | Ad Uy 'X3 — Ad(u2u3) X3)) .

The above expression is obtained by applying Corollary 3.4. Observe that the
fusion product 2-form on €; x C, consists exactly of terms of the above expression
which do not contain vectors X5 or Y3. See also [Tr, Remark 5.3] for expressions of
fusion product forms on products of conjugacy classes.

5 Lagrangian Submanifolds of a Quasi-Hamiltonian Quotient

The purpose of this section is to give a way of finding Lagrangian submanifolds in
a symplectic manifold obtained by reduction from a quasi-Hamiltonian space. It
mainly consists in carrying over a standard procedure for usual symplectic quotients
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to the quasi-Hamiltonian setting. To that end, we recall the following result from
[OS, Proposition 2.3], which concerns Hamiltonian spaces. Let U be a compact con-
nected Lie group acting on a symplectic manifold (M, w) in a Hamiltonian fashion
with equivariant momentum map ¢: M — u*. Let 7 denote an involutive automor-
phism of U and still denote by 7 the involution

(Tyr)*:u* — u*

A— Ao T T

that it induces on the dual u* of the Lie algebra u = T;U of U. Let 3 be an anti-
symplectic involution on M, that is, such that §*w = —w and 3 = Idy. In
the above notations, [ is said to be compatible with the action of U if Vu € U,
Vx € M, B(u-x) = 7(u)-B(x), and [ is said to be compatible with the momentum
map &: M — w* ifVx € M, ® o B(x) = —7 o P(x).

Proposition 5.1 ([OS]) IfMﬁ := Fix(3) is non-empty, it is a Lagrangian submani-
fold of M, stable by the action of the subgroup U := Fix(7) of U.

O’Shea and Sjamaar then proceed to studying the reduced space
Mred — (I)_l({O})/U,

on which 3 induces an involution 3. To obtain analogous results for a symplectic
manifold M™ = ;;~!({1})/U obtained by reduction of a quasi-Hamiltonian space
M, we wish to define an involution 3 on M such that § induces an anti-symplectic
involution B on M™4, This is done in the following way.

Theorem 5.2 Let U be a compact connected Lie group and let (M, w) be a quasi-
Hamiltonian U -space with momentum map j1: M — U. Let T be an involutive auto-
morphism of U, denote by T~ the involution defined on U by 7~ (u) = 7(u™") and let
0 be an involution on M such that

(1) VYueUVxeM,Bux)="1(u).B(x) (8 is said to be compatible with the action
of U),

(if) Vx € M, po B(x) = 7~ o u(x) (0 is said to be compatible with the momentum
map p: M — U),

(iii) B*w = —w (0 reverses the 2-form w).

Then ( induces an anti-symplectic involution 3 on the reduced space
Mred = pH({1})/U.
IfB has fixed points, then FiX(B) is a Lagrangian submanifold of M,

Remark See the end of this section for comments on the condition Fix( B ) # 2.
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Proof Compatibility with the momentum map (condition (ii)) shows that 5 maps
p~t{1}) into p=1({1}) (since 77 (1) = 1). Compatibility with the action (condi-
tion (i)) then shows that G(u.x) and 3(x) lie in the same U-orbit, so that we have a
map

B: 1)/ U — Y ({1 U
U-x+— U-[B(x).

We know from quasi-Hamiltonian reduction (see Theorem 4.1) that there exists a
unique symplectic form w'd on M™ = 4 =1({1})/U such that p*w™ = i*w where
it p~'({1}) = Mand p: p='({1}) — M™. To show that F*w™ = —w™d, Jet us
first prove that i*(3*w) is basic with respect to the fibration p. Then there will exist
a unique 2-form v on M™ such that p*y = i*(3*w). Since both v = —w™d and
v = B*w“d satisfy this condition, they have to be equal. The last part of the theorem
then follows from Proposition 5.1 as the fixed-point set of an anti-symplectic invo-
lution, if it is non-empty, is always a Lagrangian submanifold. Let us now write this
explicitly. Verifying that i* (3*w) is basic is easy since 8*w = —w and i*w is basic (see
[AMM]). But it is actually true without this assumption, so we prove it for (3 satisfy-
ing only conditions (i) and (ii) above. We have to show that i*((3*w) is U-invariant
and that for every X € u = Lie(U), we have ty: (i*(3*w)) = 0, where X* is as usual
the fundamental vector field Xﬁ = % |li=o(exp(tX).x) (for any x € M) associated to
X € u by the action of U on M. Let u € U and denote by ¢, the corresponding
diffeomorphism of M. The map p being equivariant ¢, sends p~'({1}) into itself,
henceiop, = ¢,0ion u~'({1}). Furthermore, compatibility with the action yields
B0 ¢y = @rw) o . We then have, on ' ({1}),

0, (" (B*w)) = (Boiop,)w
= (@‘r(u) © ﬁ o 1)*‘*)

=i (3" (Sﬁi(u)w) )s
N——

=w

where the very last equality follows from the U-invariance of w. Further, let X € u.
Since 3 is compatible with the action, one has G(exp(tX).x) = T(exp(tX)) - B(x) =
exp(t7(X)) - B(x) (where we still denote by 7 the involution T)7 on u = T, U),
hence T,3.X% = (T(X))%(x), hence vx: (8*w) = B*(¢(r(x):w)- Since 1x: (i*(B*w)) =
i*(tx:(6*w)), we can compute, using the fact that 3 is compatible with (s,

(570 = 3 o) = 7 (5 7 (64 0% | 700) )

= %(uoﬂ)*(QL +0% | (X)) = %(T* o) (6" +6% | 7(X))

= 2 (Y 6| r00),
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hence i*(1x: (6*w)) = 3i* op*(-++) = 3(uoi)*(---). But poi: p~'({1}) —» Uisa
constant map, therefore T'(x 0 i) and consequently (1 01)* are zero, which completes
the proof that i*(§*w) is basic. Finally, let us show that p*(Berd) = i*(f*w) =
p*(—w'd) (this is where we really use 3*w = —w). We have, on = ({1}),

p*(g*wred) — (Bop)*wred _ (P Oﬁ)*wred _ ﬂ*(p*wred) _ ﬁ*(l*w) _ (l Oﬂ)*w

— (601)*‘4) — l*(ﬁ*w) :i*(—W) - _*u = _p*wred :p*(_wred).

This completes the proof, as indicated above. ]

In the next section, we will give an example of a map [ satisfying the hypotheses
of Theorem 5.2. In the case we will then be dealing with, it will be important to us
that the map 7 under consideration be actually an isometry for the Euclidean product
(+]+) on u (recall that this scalar product is part of the initial data to define quasi-
Hamiltonian U-spaces). So far, we did not need that hypothesis. Before ending this
section, we would like to say that, in fact, if 3 satisfies the conditions of Theorem 5.2
and has fixed points, then ,@ necessarily has fixed points. Indeed, first observe that
Fix(3) # @ ifand only if Fix(8) N~ ' ({1}) # . We then have the following result,
which is a convexity result concerning momentum maps in the quasi-Hamiltonian
framework and which is adapted from (a special case of) the convexity theorem of
O’Shea and Sjamaar (see [OS]).

Theorem 5.3 ([Sc2])  Let B be an involution defined on a quasi-Hamiltonian
(U, 7)-space (M, w, u: M — U) such that ( is compatible with the action and the
momentum map and such that 8*w = —w. Assume that Fix(3) # @ and that there
exists a maximal torus T of U which is fixed pointwise by 7~, and let W C t = Lie(T)
be a Weyl alcove. Then u(MP) Nexp W = (M) N exp W.

The proof of this theorem is too long to be presented here, all the more so as it calls
for techniques which are very different from the ones we have used so far. A proof
is available in [Sc2] and will appear in a forthcoming paper ([Scl]). The fact that

Fix(B) # @ is then a corollary of this theorem.

Corollary 5.4 ([Sc2]) IfFix(3) # @ and = ({1}) # @, then Fix(B) N~ ({1}) #
@, in which case the involution (3 induced by (3 on 1! ({1})/U satisfies Fix(3) # @.

Proof Since Fix(3) # o, the above claim applies. Since = '({1}) # P and 1 €
expW, we then have 1 € p(M) NexpW = u(M”) N exp W, which means that
p~{1}) NFix(B) # @, which in turn is equivalent to Fix(3) # &. [ ]

We will use neither Theorem 5.3, nor its corollary, in the following.
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6 Lagrangian Representations as Fixed Point Set of an Involution

In this section, we will state our main result, which is the characterization of a
o¢-Lagrangian representations of m = 7, (S?\ {s1, ..., s/}) as the elements of the fixed
point set of an involution 8 defined on the product of I conjugacy classes of the uni-
tary group (satisfying the condition 3 (uy,...,u) € C; X -+« X C | uy ...y = 1).
Using Theorem 5.2 proved in the preceding section, we will deduce that the set of
(equivalence classes of) Lagrangian representations is a Lagrangian submanifold of
the moduli space Me¢ = Home(mw,U(n))/U(n). The first five subsections explain
how these results (in particular the involution [3) were obtained but may be skipped
if one wants to go straight to the actual theorems (whose proofs may also be read
without knowledge of the previous subsections).

6.1 The Infinitesimal Picture and the Momentum Map Approach

Let us recall our problem: given [ unitary matrices uy,...,u; € U(n) satisfying
u; € Cjand u;---u; = 1, do there exist [ Lagrangian subspaces Ly, ..., L; of C"
such that 001 = u; (where o; is the Lagrangian involution associated with L; and
o1 = 01)? As was recalled in Section 2, the condition o0, € Cj, which lies
on the spectrum of the unitary map ;0 1, can be interpreted geometrically as the
measure of an angle between Lagrangian subspaces. The Lagrangian problem above
can therefore be thought of as a configuration problem in the Lagrangian Grassman-
nian L(n) of C": given eigenvalues exp(i);), A; € R", do there exist | Lagrangian
subspaces Ly, . .., L; such that measure(L;, Lj;;) = exp(i);)? Under this geometrical
form, the Lagrangian problem is slightly more general than our original represen-
tation theory problem. It is very much linked to the unitary problem studied in
[JW, Ga, Bil, AW, KM, Bi2, Be], which is the following: given A; € R", do there exist
l'unitary matrices u, . . ., u; satisfying Spec u; = exp(i}\;) and u; - - - u; = 12 In fact,
a solution (L, ..., L;) to the Lagrangian problem (second version) provides a solu-
tion u; = 00 to the unitary problem. As was shown in [FMS], it is possible to
use this approach to give an interpretation of the inequalities found by Biswas [Bil]
(which are necessary and sufficient conditions on the A; for the unitary problem to
have a solution in the case n = 2 and I = 3) in terms of the inequalities satisfied by
the angles of a spherical triangle.

The fact that the unitary problem admits a symplectic description was our first
motivation to study the Lagrangian problem from a symplectic point of view. The
second motivation is derived from the above-given geometrical formulation of the
problem. To better understand this, let us try and formulate an infinitesimal version
of the Lagrangian problem. Take three Lagrangian subspaces Ly, L,, L, close enough
so that we can think of these points in £(n) as tangent vectors to £(#n) at some point
Ly representing the center of mass of Ly, L,, L3. Tangent vectors to the Lagrangian
Grassmannian are identified with real symmetric matrices Si, S,, S5, and the center
of mass condition then turns into S; + S, + S3 = 0. It seems reasonable in this context
to translate the angle condition mes(L;,L;y;) = exp(i);) (that is, Spec ;041 =
exp(i)j)) into the spectral condition Spec S; = X; € R”". We then recognize a
real version (replacing complex Hermitian matrices with real symmetric ones) of a
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famous problem in mathematics (see [Fu] for a review of this problem and those
related to it): given \; € R”, do there exist Hermitian matrices H,, H,, H; such that
Spec H; = A; and H; + H, + H; = 0? In fact, these last two problems are equivalent
(meaning that for given (A;);, one of them has a solution if and only if the other one
does) and this can be shown in a purely symplectic framework (see [AMW]) using
momentum maps to translate the condition H; + H, + Hz = 0 into (Hy, H,, H3) €
p~1({0}). Therefrom, it seems promising to try to think of the Lagrangian problem
as a real version, in a sense that will be made precise in Section 6.5, of the unitary
problem (since a solution to the Lagrangian problem provides an obvious solution
to the unitary problem).

6.2 The Centered Lagrangian Problem

As a consequence of the above infinitesimal picture, we replace our Lagrangian prob-
lem with a centered problem, meaning that instead of measuring the angles (L;, Lj11),
we measure the angles (Lo, L;) where L is the horizontal Lagrangian L, = R" C "
(playing the role of an origin in L£(#n)). Recall from Section 2 (Theorem 2.2 and
Proposition 2.3) that this angle is measured by the spectrum of oyo; = u;u i» where
u; is any unitary map sending L; to Ly. We then ask the following question: given
I conjugacy classes Cy,...,C; C U(n), do there exist | unitary matrices uy, ...,y
such that v‘u; € C; and u;-- - = 12 The main observation here is then to see
that the condition Spec #'u = exp(i)\), for some A € R" (that is, #'u lies in some
fixed conjugacy class of U(n)) means that u belongs to a fixed orbit of the action of
O(n) x O(n) on U(n) given by (ky, k) -u = klukz_l, as is shown by the following
elementary result.

Lemma 6.1 For any u,v € U(n), Spec u'u = Spec v'v if and only if there exist
(k1, k) € O(n) x O(n) such thatv = klukzl.

Since we think of the above problem as a real version of some complex problem, we
now wish to find this complex version, which is done by abstracting our situation a
bit to put it in the appropriate framework.

6.3 Complexification of the Centered Lagrangian Problem

Let us formulate the centered Lagrangian problem in greater generality. For every-
thing regarding the theory of Lie groups and symmetric spaces, especially regarding
real forms and duality, we refer to [He]. We start with a real Lie group H. Let G = H®
be its complexification and let 7 be the Cartan involution on G associated to H, that
is to say, the involutive automorphism of G such that Fix(7) = H. Let U be a com-
pact connected real form of G such that the associated Cartan involution 6 satisfies
07 = 76. Such a compact group always exists and is stable under 7. The group H is
then stable under @ and U and H are said to be dual to each other (when H is non-
compact, they indeed define dual symmetric spaces U/(U N H) and H/(U N H)).
Moreover, because of the fact that 7 is the Cartan involution associated to the non-
compact dual H of U, the compact connected group U contains a maximal torus T
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such that 7(¢) = t~! forallt € T (U, 7) is said to be of maximal rank, see [Lo, pp.
72-74,79-81]). Let K := U N H. Then K = Fix(r|y) C U and K = Fix(f|y) C H.
We consider the action of K x K on U given by (ky, kz).u = kyuk; ! Notice that if
H is compact to start with, then K = U = H, and the above action defines congru-
ence in U. As for us though, we are interested in the case where H is non-compact.
For H = Gl(n,R), we have U = U(n) and K = O(n), and we are then led to ask
the following question, which is a generalized version of our centered Lagrangian
problem. Given [ orbits Dy,...,D; of the action of K x K on U, do there exist
uy,...,u € Usuchthat u; € D;and u ---u; = 12 Observe that as a generaliza-
tion of Lemma 6.1, these orbits are in one-to-one correspondence with the conjugacy
classes in U of elements of the form 77~ (u)u, where u is any element in a given orbit
D and 77 (1) = 7(u~!). Indeed, this is a corollary of [He, Theorem 8.6, Ch. VII],
which we now state under a form most convenient for our purposes.

Theorem 6.2 (Cartan Decomposition of U [He]) Let U be a compact connected Lie
group and let T be an involutive automorphism of U. Let K = Fix(t) C U. Still denote
by T the involutive automorphism Tiy7: w = T\U — u. Then there exists a subset
qo C U such that

(i) VXe€aq,X)=-X;

(ii) each u € U can be written u = k; exp(X)k2_1 for some ki, k, € K and for a
unique X € qp.

Further, if X,Y € usatisfy 7(X) = —X and 7(Y) = =Y, and if there exist u € U such

that Adu.X =Y, then there exists k € K C U such that Ady kX =Y.

Corollary 6.3  Let u,v € U. Then there exist (k;, ky) € K x K such that v = kyuk; '
if and only if 7= (v)v and 7~ (u)u lie in a same conjugacy class in U.

Proof The firstimplication is obvious. Conversely, write u = k; exp(X)k; !asin the
above theorem. Then 77 (u) = k; exp(X)kl_1 (since 7(k;) = k;jin U and 77 (X) =
—7(X) = X in u) and therefore 7~ (u)u = k, exp(ZX)kgl. Likewise, we can write
v = kjexp(Y)(k;)~! and therefore 7= (v)v = kjexp(2Y)(k;)~!. Since 7~ (v)v is
conjugate to 7~ (u)u in U, we see that 2Y is Ady U-conjugate to 2X + H where H € u
satisfies exp(H) = 1. We then necessarily have 7(H) = —H. By using [He, Theorem
8.5, Ch. VII], we can then write H = 2Z with Z € u satisfying 7(Z) = —Z and
exp(Z) € K. ThenY is Ady U-conjugate to (X+Z2). But7(Y) = —Y and 7(X+2) =
—(X+2), therefore, by the above theorem, Y and (X +Z) are Ady K-conjugate. Then
we have Y = k.(X + Z).k~ ! in u for some k € K, so that

v =k exp(Y)(k;) ™! = klkexp(X) exp(Z2)k~ " (k;) ™!
= k{kki ' (ky exp(X)k;, 1) ky exp(2)k™ (ky) !
——

€K =u €K

Now to find the complex version of our problem, we apply the same construction
to the complex Lie group G = H® viewed as a real Lie group. Then G = G x G
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is the complexification of Gand U = U x U C G x G = G is a compact real
form of G©. Its non-compact dual (which needs to be a subgroup of G* = G x G)
is then H = {(g,0(g)) : ¢ € G} ~ G where  is the Cartan involution associated
to U. The Cartan involution associated with U is 0: (g1,2) € G — (0(g1),0(22))
and the Cartan involution associated with H is 7: (g1,£) — (6(g2),0(g1)). Indeed,
Fix(g) = U, Fix(7) = H and 07 = 76. Then we define

K:=UnNH

={(2,0) 10(s,0() = (20) }
={(s.0(9) | 0(g) =g}
={(wu):ucU}

(we will also use the notation Ua := {(u,u) : u € U} instead of K) and we consider
the action of K x K = Ua x UponU = U x U defined by

(G, ), (uzy 1)) - (u,v) = (uyasy ' wyvuy ).

Our problem then states that given I orbits D Lyeens of the above action, do there
exist [ pairs (uy,vy),...,(u,v) € U=UxU such that (u;,v;) € D; and
(uy,v1) -+ (u,v)) = 1, thatis,uy ---wyy=1land v; - - v, = 12

Before passing on to the next subsection, we wish to point out that if we consider
the action of K x K not on U but rather on its dual H, then the orbits of this action are
characterized by the singular values of any of their elements (Sing h = Spec(0~ (h)h)
where h € H and 0~ (h) = 6(h™!)). As a consequence, our (centered) Lagrangian
problem appears as a compact version of the (real) Thompson problem, replacing
0 with 7 in the latter to formulate the former (see [AMW, EL] for a proof of the
Thompson conjecture in the real case).

6.4 Equivalence between the Complexification of the Centered Lagrangian Problem
and the Unitary Problem

From now on, the initial data is a compact connected Lie group U. For such a group,
we can formulate: (i) the centered Lagrangian problem (concerning K x K-orbits in
U, where K = U N H with H the non-compact dual of U), (ii) a complex version of
this (concerning Ua x Up-orbits in U x U), (iii) the unitary problem (concerning
conjugacy classes in U). To show the equivalence of these last two problems, the main
observation to make is the following one.

Lemma 6.4 The map

n:UxU—U

(u,v) — u" v

sendsa Up x Un-orbit D inU x U ontoa conjugacy class C in U.
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Proof If (u,v) = (uluouz_l, ulvouz_l) then u=lv = uz(uo_lvo)uz_l ) 77(@) c G
where C is a conjugacy class in U. Further, let (1, v) € D and take any w € €. Then
Juy | w = upu~vu; ' so that

(LW) = (1,M2M_1VM;1) = ((uZu_la MZu_l); (u27u2)) : (M, V)a
——

€UAXUa D
hence (1,w) € D, therefore w = n(l,w) € 77(@). [ |

It is nice to observe that this map 7 may be used to show that a compact connected
Lie group U is a symmetric space U = (U x U)/Ux (see [He]). Coming back to the
matter at hand, we have the following result, that says that the complexification of
the centered Lagrangian problem has a solution if and only if the unitary problem
has a solution, that is, these two problems are equivalent.

Proposition 6.5 Let@l, cee 51 belorbits of Un xUp inU xU andletCy,...,C C
U be the corresponding conjugacy classes C; = n(D;). Then there exists

(1,7, -+ -, (ug, v)) € Dy X - x Dy

such that wy---u = 1 and vy---v; = 1 if and only if there exist (wy,...,w;) €
Gy x -+ x Csuchthatw;,---w; = 1.

Proof Setting (u;,v;) := (1, w;) for every j, we see that the second condition im-

plies the first one. Conversely, assume that ((uy,v1),...,(u,v)) € Dy x --- x D
satisfy uy---uy = 1l and v;---vy = 1. Then (u;---u) v;---v; = 1, hence
ufl e u;l(uflvl)m <.y = 1, with uflvl € C;. Hence,
-1 —1,,—1 -1 —1/,—1 -1
ul ...uz (ul Vl)uz...ulul ...u3 (uz VZ)”?&"'”Z"'(”[ Vl):1
——
ecy €C, ec;
Setting w; = ul_l e u;l(uflvl)uz Cee U Wy = ul_l e u;l(uglvz)bg ceeup, ..., and
w) = uflvl then gives a solution (w1, ..., w;) to the unitary problem. [ |

In analogy with a result on double cosets of U(n) in Gl(n, C) (which are charac-
terized by the singular values Singg = Spec(6~(g)g) of any of their elements) and
dressing orbits of U(n) in

(U(n))* = {b € Gl(n,C) | bis upper triangular and diag(b) € (R*")"}

appearing in [AMW], the above proposition can be formulated more precisely in the
following way. Consider the action of U' on D, x - - - x D; given by

(¢17" '7%01)' ((uhvl)u' ..,(ul,Vl))

= (@1 (w1, v1) 03 pa (ua,m) 3o (g v) )
—_————

—1 —1
:(%Ml% yP1V1P, )

https://doi.org/10.4153/CJM-2007-036-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-036-9

862 F. Schaffhauser

and the diagonal action of U(n) on €} x --- x €

- (wi,...,w) = (pwip™ .. owp ).

These actions respectively preserve the relations u; -4 = v;---v = 1 and
wy -+ -w; = 1. We may then define the orbit spaces

M@ ::{((uj,Vj))j€@1><“'X®l’ u1~-~u1:v1~-~vl:1}/Ul

and
Me:{(wj)j661><"'><el| Wl---wlzl}/U

And we then have the following.
Proposition 6.6  The map

n(l)zilx...xﬁl_)elx...xel

—1 —1 —1 —1 —1 —1
((uy,vi)y ooy Quv)) = (g (uy vy - -ugy e, uy (U vim g, vy vy)

induces a homeomorphism Mz >~ Me.

We will not use this result in the following, so we do not give the proof, which is
but a consequence of the above. We point out the fact that this result reinforces the
analogy between our problem and the Thompson problem. We now wish to explain
in what precise sense the Lagrangian problem is a real version of these two equivalent
problems.

6.5 Solutions to Real Problems as Fixed Point Sets of Involutions

The important idea of thinking of possible solutions to a real problem as the fixed
point set of an involution defined on the set of possible solutions to a corresponding
complex problem is well established in symplectic geometry and is due to Michael
Atiyah and Alan Weinstein (see [At, Du] and [LR91]). In fact, the idea is that the
set of possible solutions to a complex problem carries a symplectic structure and that
the corresponding real problem is formulated for elements of the fixed point set of an
anti-symplectic involution defined on this symplectic manifold. Examples of results
obtained using this idea include the (linear and non-linear) real Kostant convexity
theorems (see [Du, LR91]) and the real Thompson conjecture (see [AMW, EL]). Al-
though we will have to replace symplectic manifolds with quasi-Hamiltonian spaces
for technical considerations, the above idea plays a key role in our approach. Keeping
this in mind, we will eventually define an involution ﬁ(l) on the quasi-Hamiltonian
space C; X --- x €. But to explain how this involution is obtained, we will first
work on the product @1 X e X @1 of | Ua x Up-orbits in U x U. The key here
is to try and see the K x K-orbit of w € U as a subset of some Up x Ua-orbit
D C U x U. This is done by observing that w € D is equivalent to 7~ (w)w € C,
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which in turn is equivalent to (7(w), w) € D. Indeed, the first equivalence is Corol-
lary 6.3, where C is defined as the conjugacy class of 7~ (w)w for any w € D.
Then we know from Lemma 6.4 that C = 77(@) where D is the Ua x Ua-orbit
of (1, 7~ (w)w) ~ (7(w), w), which gives the second equivalence. In order to obtain
elements of the form (7(w), w) as fixed points of an involution, we set

a:UxU—UxU

(u,v) — (7(v), 7(w)).

Then o? = Id and Fix(«) = {(7(v),v) | v € U} ~ U. In particular, Fix(«) is always
non-empty. Moreover, we have the following.

Lemma6.7 o(D) = D, so that o defines an involution on D whose fixed point set is
isomorphic to D and therefore non-empty.

Proof If (u,v) € 5, we have n(a(u,v)) = 77 (W)71(w) = 7(v"'u) = 77 (u" ).
Butif w € U, then 7~ (w) is conjugate to w. Indeed, since 7 comes from the Cartan
involution defining the non-compact dual of U, there always exists a maximal torus
of U which is fixed pointwise by 77, and w is conjugate to an element in such a torus:
w = ot~ with 77(t) = t so that 7= (w) = 7(@)tT(0™Y) = T(@) 'weT(p™!)
(observe that when U = U(n), then 7~ (w) = w' and all of this becomes clear).
Thus n(a(u,v)) = 7(u~'v) and u~'v = n(u,v) lie in the same conjugacy class € =
17(@), so by Lemma 6.4, we have indeed a(u,v) € D. From the remark preceding
Lemma 6.7 we see that Fix(a|;) ~ D # @. [ |

On the product @1 X oo X '51 of lUA X Up-orbits in U x U, we can therefore
define the involution:

a(l):@lx---x@1—>@1><-~-x@;

(Goyv)y ey Gu ) == ((TO0), 7)), -, (T(0), 7 (1))

Observe that its fixed point set satisfies Fix(a’) ~ D, x - - - x D; and is therefore non-
empty. We then have the following result, which says that the centered Lagrangian
problem has a solution if and only if there exists a solution of the complexified prob-
lem which is fixed by oV,

Proposition 6.8  Let Dy,...,D; bel K x K-orbits in U. Forevery j € {1,...,1},
let C; be the conjugacy class of T~ (w)w where w is any element in D ;, and let @j be the
corresponding Up x Un-orbitin U x U (i.e., such thatn(@j) = Cj, wheren(u,v) =
u~'v). Then there exist (wy, ..., w;) € Dyx---xDjsuchthatw, ... w; = lifand only
there exist ((uy,v1), ..., (u,v;)) € @1 X ooee X @lsuch thatu; -~y =1Lv,---vy=1
and uj = 7(v;j) forall j € {1,... 1}, ie, ((u,v1),..., (u,w)) € Fix(a®).

https://doi.org/10.4153/CJM-2007-036-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-036-9

864 F. Schaffhauser

Proof Fora given (wy,...,w;) € Dy x --- X Dy | wy---wp = 1, set (uj,v)) =
(t(wj),wj). By Lemma 6.4, (u;,v;) then belongs to @j and we have indeed
up---u = vy ---v; = 1. Conversely, for ((u;,v;)); € @1 X e X @1 [ up...uy =
vi...v = 1and such that u; = 7(v;) forall j, set w; := v;. Thenw; ---w; = 1 and
T (wjw;j = uj_lvj € Cj, so that, by Corollary 6.3, w; € D;. ]

This type of result is exactly why some given problem (A) is called a real version
of another problem (B): if ¢ denotes the set of solutions to problem (B) (we assume
that 8¢ # @) and Sy the set of solutions to problem (A), then there exists an involu-
tion o on some space M O 8¢, whose fixed point set is non-empty, such that Sg # &
if and only if 8¢ N Fix(a) # @. The question then is: what is the real version of
the unitary problem? Given what we have done so far, we see that giving an answer
to this question amounts to defining an involution 3% on € x --- x € such that
BY o nh = o a®, where n®: Dy x -+ x D; — € x -++ x € is defined as
in Proposition 6.6, so that n(Fix(a")) C Fix(3"), which in particular implies that
Fix(8") # @. The only possibility is then to set, for any (wy, ..., w;) € C; x---xCp:

M Bwi,ew) = (77 w) T ()T ()T (W) - T (w),

T (wW)TT (wim)T(w), T (W)
We then have the following result (Proposition 6.9), along the lines of Proposition
6.6. As earlier, we see that the group K’ acts on Fix(a(?) and preserves the relations

uy---uw = vy---v; = 1. Likewise, K acts diagonally on Fix(5®), preserving the
relation wy - - - w; = 1. We may therefore define

M% 2:{((uj,Vj))j€®1X-~-X®1|

-y =v---v=1and ((uj,vj))]. € Fix(a(’))}/Kl
and
Mg:{(wj)je(?l ><"'><(‘21|W1-~-W1:land(Wj)jEFiX(ﬂ(l))}/K

We then have the following.

Proposition 6.9  The map n®™: Dy x -+ x D; — €y x - -+ x € induces a homeo-
morphism M% ~ M‘é

Again, this is an analog of a result in [AMW], which justifies considering our
Lagrangian problem a compact version of the Thompson problem. We may now
move on to the main results of this paper.
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6.6 The Set of oy-Lagrangian Representations

Let Cy, ..., C; belconjugacy classes in U(n) such that there exist (1, ...,u;) € €y X
-+ - x Cpsatisfying 4y - - -1y = 1.

Definition 6.10 The representation of 7;(S*\{si, ..., s}) corresponding to such a
(u1,...,u) is said to be Lagrangian if there exist | Lagrangian subspaces L, ..., L
of C" such that, denoting by o; the Lagrangian involution associated to L;, we have
uj =ojojy forall j € {1,...,1} (with o, = o). It s said to be oy-Lagrangian if
it is Lagrangian with L; = L, := R" C C".

Recall that two representations (uy, ..., u) and (v, ..., v) of m (S*\{s1,...,s1})
are equivalent if and only if there exists a unitary map ¢ € U(n) such that pujo~! =
viforall j € {1,...,I}. Since o,y = @ore ™', we have that any representation
equivalent to a Lagrangian one is itself Lagrangian. In particular, since for any La-
grangian L € L(n) there exists a unitary map ¢ € U(n) such that (L) = Ly, we see
that a given representation is Lagrangian if and only if it is equivalent to a o-Lagran-

gian one. We now define the map.

(2) B:Cx- X —C x---xC

S 1
(o) — (T T, T T, T W T, U))

(see equation (1) in the previous subsection for motivation: when U = U (n), 7(u) =
7). Observe that 3 is an involution (for I = 3 one easily sees that 32> = Id) and
that Fix(3) # @ (one may for instance pick a diagonal element u; in every €; and
then B(uy,...,u) = (uy,...,u;)). Also, we have the compatibility relations (see
Theorem 5.2)

6(%0'(1’{17-"71’”)) :a'ﬁ(ul7"'7u1)
/'1’0/6(1’{17"'71’{1) :ﬂl_l al_l = (M(UM...,MZ))il’

where p is the product map p(uy,...w;)) = wu;---uw on € x --- x €. Fi-
nally, we consider the Euclidean product on the Lie algebra u(n) given by
(X]Y) =tr(XY*) = — tr(XY). In particular, the map 7: X € u(n) — X € u(n) is
an isometry for this scalar product.

We may now state and prove the following characterization of oy-Lagrangian rep-

resentations.

Theorem 6.11  Given | conjugacy classes Cy,...,C; of unitary matrices such that
there exist (u1,...,u;) € C x --- x Cy satisfying uy - --u; = 1, the representation
of m1(S*\{s1, . .., s1}) corresponding to such a (uy, . .., w) is 0o-Lagrangian if and only

if B(uy, ..., w) = (u1,...,u) (see equation (2) for a definition of [3).

We could as well have defined 8 on U(n) x --- x U(n) and obtained a similar
result, but we deliberately stated our result this way, as it will be more appropriate in
the following to work with the quasi-Hamiltonian space €; x - -- x C.
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Proof of Theorem 6.11 Let us start with (u, ... ,u;) € Fix((), that is,
ﬁ;l .. .ﬁ;lutlﬂ2 T =
ey s T =
1. ._ t_ ...

i U Wity - U = U

Then we have ] = u; (so that ; = ufl),

— _
()’ = @ up_ )" = (wu)_y)" = w_quy,
——1 ——1 t— — =1 =
(uj...ul)t — (ul .'.uj+lut:iuj+l ...ul...ul uf_lulul)t
i t. t t AN
= (wup_y - ui ) =ujuy, .
and

t

(wy-w) = @ ) = (- dbul)f

=up---u.

To these | symmetric unitary matrices we can associate, by Proposition 2.3, | La-
grangian subspaces:

Ly:={zeC |z— (u---u)z =0}
Ly={zeC"|z—(u---u)z =0}

Li={zeC"|z—(uj---u)z=0}
L_1:={z€C" | z— (y_u)z = 0}

Li:={z€C"|z—uz=0}

and denote by o; the Lagrangian involution associated to L;. Let us now assume
that (uy, ..., u) satisfy the full hypotheses of the theorem, that is, that we have
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uy - - - y=1. Then L; = L,. Therefore, by Proposition 2.3, since L; = {z — ujz = 0},
we have 009 = u, that is, 0701 = w;. Further, since L, = {z — (4 - - - u;)z = 0}, we
have 0,00 = uy -+ - uy = ul_1 hence u; = 00;. Finally, forall j € {2,...,1—1}, since
(uj---u)" = uj---u, there exists, by Proposition 2.3, a unitary map ¢; € U(n)
such that ap?- = ; and <p§ = uj---u, and we then have ¢;(Ly) = L;. Set
LJ‘ = w;l(Lj) = Ly and L;H = cp;I(LjH); denote by 01’~ and U;H the associated
involutions. Then

Lty ={z| ¢j(2) € Ljn}
={z| pj(2) —ujs1---wpj(z) = 0}
={z| pj(2) —ujp1---u P; (2) =0}
~~
={z|z— (gp}lujﬂ e ulcp;I)E = 0}.

But (go?luj+1...ulg0;1)t = cp;luj+130;1, because (gp}l)t = (305»)_1 = 30;1

and (ujy1---u))' = ujy - - w. Therefore, by Proposition 2.3, we have O'J/-HO'J/- =
npj_lujﬂ---uzgaj_l. Since ga? = wuj---u; we then have gp]»_luj+1~-~uzgoj_1 =
1. —1 2y, =1 _ =1, —1 1 _ -

o (i @e; = ¢ u; pj, therefore u;" = pjoi 0/, = 0j0; since

Lj = goj(L;), Liyg = gaj(L;H) and o,y = @orp_y. Hence uj = 0joj,; and the
representation of w corresponding to (uy, . . ., 1) is op-Lagrangian.

Conversely, assume that a given representation (uy,...,u) is og-Lagrangian.
Then u; = 0y09. Now observe that for any unitary map u, one has u = oyuoy,
therefore here uj = ﬁl_l = aoul_lao = oy(o100) Loy = oy(ogor)oy = 0100 = u.
Likewise,

ﬁl_luf_lﬁl = (Uoul_100)(00%:1100)(00”100)
= Uo(ul_lulillul)oo
= 00(0901)(0101-1)(0100) 09
= 0]-10]
= Ui,

and so on, until

o0(0007) - - - (0302)(0201)(0203) - - - (0300) 00

1 1
ul ...uz uluz...ul

= 0103
= ug,
so that B(uy,...,u) = (uy, ..., u). [ |
Among representations of 7;(S?\{si,...,s}), we can then characterize those

which are Lagrangian in the following way.
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Corollary 6.12 (Characterization of Lagrangian representations)  Suppose that one
of the C; is defined by pairwise distinct eigenvalues and let uy, . .., be | unitary ma-
trices such that u; € C; and uy ---uy = 1. Then there exist | Lagrangian subspaces
Ly,...,L of C" such that u, = 0105, Uy = 0,03,...,u; = 010, (where o; is the
Lagrangian involution associated to L;) if and only if B(uy, ..., u;) is equivalent to
(uy,...,u;) as representations of m. In this case, if ¢ is any unitary map such that
Bluy,...,u) = W™ ... Yupp™Y), then ' = 1 and if © is any unitary map
such that @' = 1), then the representation of T corresponding to

(o™ pup™")
is 0g-Lagrangian.

Proof Suppose first that u; = 0,0,,...,u; = o0j0;. Take ¢ € U(n) such that
@(Ly) = Lo. Then ¢-(u,...,u;) is op-Lagrangian, hence 5(¢- (u1,...,u;)) =
w.(Uy,...,u;), hence @ - B(uy, ..., u;) = @-(uy,...,u), hence

Blur, ... ow) = (@ o) (try ..y w) ~uy (U, ..., ).

Observe that 31 = ' is symmetric.

Conversely, suppose that there exist v € U(n) satisfying G(uy,...,u) =
.(uy, ..., u;) and assume first that the conjugacy class C; is defined by pairwise dis-
tinct eigenvalues. Write 1y = vdv—!, where d is diagonal. Then since 3(u) = 1).u, we
have in particular u;)~! = uf, from which we obtain Yvdv 'y~ = (v 1)'d'v' =
(v")~"tdv', so that (V'pv)d(v'¢pv)~! = d. Since d is diagonal with pairwise distinct
elements, v'1v is itself diagonal and therefore symmetric, so that 1 is symmetric. If
now it is a different C; which is defined by pairwise distinct eigenvalues, say €;_,
then consider the representation (uy, 1y, ..., u—1): it is indeed a representation of 7
since the relation u; - - - 4; = 1 is invariant by circular permutation (as can be seen by
conjugating by u;) and ¢ - (uy, ..., u) issentto ¥ - (uy, uy, . . ., uj—y) via this transfor-
mation. The representation (uy, uy, . .., uj—;) is Lagrangian if and only if (11, ..., u;)
is Lagrangian. We can define a corresponding 3 accordingly and proceed as above to
show that ¢ is indeed symmetric.

Now, to conclude, let ¢ be any unitary map such that p'¢ = ¢ (such a map

always exists by Proposition 2.3). Starting from SB(uy,...,u) = ¥.(ug,...,u),

we obtain (¢')™'-B(u) = ¢-u, hence B(p-u) = ¢-u so that, by Theorem

6.11, ¢ - (w1, ..., us) is og-Lagrangian. Hence (uy, . .., u;) is Lagrangian, with L, =
-1

0~ (Ly). u

Before passing on to studying Lagrangian representations in the moduli space, we
would like to point out that if a representation u is irreducible, then so is 5(u) and,
more interestingly perhaps, that it is possible to characterize Lagrangian represen-
tations with arbitrarily fixed first Lagrangian L, in a way similar to Theorem 6.11.
In order to do so, we define, for a given Lagrangian subspace L;, the involution
B, (uy, uz, u3) = (Ulugluflul_luzuwl, crlu3_1u2_1u3al,alu3_lol) (remember that
when L, = Ly, oguoy = u). If we write L; = ¢(Ly) for some ¢ € U(n), we obtain
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Br, (u) = (p¢") - B(u) (this does not depend on the choice of ¢ such that ¢(Ly) = L;
as seen from the argument used in Proposition 2.3). Finally, it was proved in [FMS]
that when n = 2 and | = 3, every (two-dimensional) unitary representation of
71 (S*\{s1, 52, 53}) is Lagrangian: this is because in this case the moduli space is a sin-
gle point (it is zero-dimensional and connected), so that the submanifold consisting
of Lagrangian representations is the point itself (see [FW] for dimensions of moduli
spaces of representations). As a matter of fact, we believe that the characterization of
Lagrangian representations as representations u satisfying 3(u) ~y, u is true even
without the (generic) assumption made on the Cj, but we have been unable to prove
it so far. One would only need to show that if 3(u) = .u for some ¢ € U(n), then
there exists such a ¢ which is symmetric. In the remainder of this paper, we will as-
sume that one of the C; is defined by pairwise distinct eigenvalues, so that Corollary
6.12 holds.

6.7 Lagrangian Representations in the Moduli Space

Recall from Section 4 that the moduli space of unitary representations of
7 = m(S*\{s1,...,s}) is the quasi-Hamiltonian quotient M¢ = p~'({1})/U(n)
where yi: € x --- x € — U(n) is the product map. Since the involution 3 we con-
structed on C; X - -+ X C;in Section 6.6 satisfies 5 ot = 7~ oy (where 7(u) = on
U(n)) 3 preserves ' ({1}) and since (¢ - u) = 7(¢p) - B(u), B induces an 1nv01u—
tion 6 on Me = p~1({1})/U(n) given by 5([14]) = [B(u)]. Observe that if 5

defined as in the end of the prev1ous subsection by 81 = (p¢') - 3 (where ¢ € U(n)
satisfies ¢(Lg) = L), then 6” = 6 Furthermore, if [u] € Me is the equivalence
class of a unitary representation of , then it is Lagrangian if and only if any of its

1 _

representatives is Lagrangian (for, if u; = 004, then pu;jp~' = (T]U]H where

LJ‘ = (L), for any ¢ € U(n)). Corollary 6.12 then shows that a given [u] € Me is
Lagrangian if and only if B ([u]) = [u]. We then have the following result, which is a
direct consequence of Theorem 5.2.

Theorem 6.13  The set of equivalence classes of Lagrangian representations of m =
T (S \{s1,...,57}) is exactly Fix(B). It is a Lagrangian submanifold of the moduli
space Me = Home(m, U(n))/U(n) of unitary representations of  (in particular it is
always non-empty).

To apply Theorem 5.2, the only condition left to check is that *w = —w, where
w is the 2-form defining the quasi-Hamiltonian structure on €; X - - - x C; described
in section 4. Actually, we also need to check that FiX(B) # @. As indicated before
Theorem 5.3, this is always true for an involution [ which satisfies the hypotheses of
Theorem 5.2 and which has fixed points itself, but since this paper does not contain
a proof of this fact, we instead refer to [FW, Theorem 1], which we state here.

Theorem 6.14 ([FW]) Let Cy,...,C bel > 1 conjugacy classes in U(n) such that
there exist (uy, ..., u)) € C; X --- x Cy satisfying uy - --u; = 1. Then there exist |
Lagrangian subspaces Ly, ..., Ly of C" such that ojojy, € Cj forall j € {1,...,1},
where o ; is the Lagrangian involution associated with L; and where 01, = o).
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This shows that Fix(3) N p~'({1}) # @ as one can construct, from the Lagrangian
representation (¢;o11); whose existence is guaranteed by the theorem, a 0-Lagran-
gian representation (U;U;H)j € Fix(3) by applying ¢ € U(n) such that ¢(L;) = L.
Proof of Theorem 6.13 As observed, we only have to check that §*w = —w. We
prove it by induction on I. For I = 1, we have, for any X,Y € u (denoting [X], =
X.I/l — UX (S Tuel))

1
wu([X1u, [Y]) = E((Ad wX|Y)— (AduY | X))
aswellas B(u) = 7(u™ ") and T, 3.[X], = [7(X)],(,-1). Therefore,
(6*“))14( (XTu, [Y]u) = W{f(u)(Tuﬂ‘[X]u, Tuﬂ‘[Y]u)
1
= E((Adr(u_l).T(X) | 7(Y)) = (Ad7(u™").7(Y) | 7(X)))

= 2 ((rAdu™ ) | 7(1)) — (r(Adu™¥) | 7(X))).

Since 7 is an isometry for (- | - ), we then have:

(B w)u([XTus [Y1a)

N = N

((Adu ' X|Y)—(Adu"'Y | X))

((X|AduY) — (Y | Addu.X))

= _wu( [X]u; [Y]u) .

To complete the induction, we will use the following lemma, which is general in na-
ture and can be used to construct form-reversing involutions on quasi-Hamiltonian
spaces.

Lemma 6.15 Let (My,w, pi1: My — U) and (My,ws, pta: My — U) be two quasi-
Hamiltonian U-spaces. Let T be an involutive automorphism of (U, (-|-)) and let (;
be an involution on M; satisfying

@) ffwi=—ws

(i) Bi(u-x;) = 7(u) - Bi(x;) forallu € U and all x; € M;;
(iii) pioB; =77 op,.

Consider the quasi-Hamiltonian U -space

(M =M, x My, w:=w, ®wy+ (ujo" Ap30%), pi=p-p)
(with respect to the diagonal action of U ) and the map
Bi=((ooB).b1,0): M — M
(x1,%2) = ((Mz © 52(x2))~51(x1)752(x2)) .

Then (3 is an involution on M satisfying
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(i) f'w=-w
(1) PB(ux) =7(W).0(x) forallu € U and all x € M;
(ili) poB=7"opu.

We postpone the proof of the lemma and give the end of the proof of Theo-
rem 6.13. To complete the induction, all one has to do is check that our involution
B = BY (see (1)) on the product C; x - - - x C; of [ conjugacy classes is indeed obtained
as in the lemma starting from the form-reversing involution 3" := 7~ : u — u' on
each single conjugacy class. This is easily checked since on C; x C;:

B2 (uy, ) = (i, uh)
= (uty - Uy, 1)
= ((p2 0 BV (w))- 8V (), 8V () ,
and on C; x (G, x G3):
B (uy, up,u3) = (05 ol Towts, w5 TS, uh)
= ((uquz)" - ul, il - 1dh, ufl)

= (((12 - p3) o BP(uz, u3)) - B (wy), B (w3, u3))

and so on. It is of course the very form of the involution 8 which inspired the for-
mulation of the lemma. u

Proof of Lemma 6.15 First, we have
B8, x) = (120 B(B) ) i (120 Bax)) - Bi)) B Ba(x2)) )
= (1) - (720 Bal)) - B (Biw)) ) 1)

—r— o
= ((m:be) (1) ™31,
= (x1,%2),
so that 3 is indeed an involution. Second,
Blu-xi,u-x) = (p20 Balu-x2)- Br(u-x1), fa(ui-x2))
= ( pa(7 () - Bo(xz) - (T(u) - By (xl))ﬁ(u)ﬁz(Xz))
=ty ( Ba)) )1
= (7 (20 ) - Bilx) , 7() - Bx2) )
=7(u) - Bx1,x2),
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and

po B(xi,x) = Ml((Mz o %(x2)) '51(x1)) p2(Ba(x2))
= (2 0 Ba(x2) 1 © Br (1) (2 © Ba(2)) ") (12 0 Ba(x2))
=7 0 ua(x)T 0 pi(x1)
=70 (- p2)(x1,%)
=77 o u(x1,%).

So the only thing left to prove is that 8*w = —w. Let us start by computing T3. For
all (x1,x,) € M, and all (v, v,) := %|,:O(x1(t),x2(t)) (where x;(0) = x;), we have

d
T )8 (V1,v2) = I ‘ tzo((Mz 0 Bh(x2)) - Br(x1(2)), ﬁz(xz(l‘)))

= ((p2 0 B2(x2)) - {(9izog2(xZ)(Tx2(Mz °3)- VZ))igl(xl) + Ty, B1- 01},
Ty, 02 72).-
Recall indeed that if a Lie group U acts on a manifold M, then

4
dt

i)

dt
where X € u = Lie(U) is such that u; = ug exp(¢+X) for all ¢, that is,

it (4] ) = (2] )

Let us now compute 5*(w; ® w,). We obtain, for all (x;,x;) € M and all (v;,v,),
(W17W2) € T(xl,xz)M)

(%) = ug - X5 + g - (—

t=0

(B (w1 B w2))xe0) (Y1, 12), (W1, w2)) = (W1) (1m0 () * B () X

() (20 B { (Fraopion (T2 0 B 1) 5 ) + T}

(A)
(4) (120 B262)) - { (8o (T2 0 B2) - w2)) o+ Ty -1} )
(4)
+ (W2)8,00) (T, B2 - V2, T, B2 - ).

(B)
Since w; is U-invariant, we can drop the factors p, o 5,(x;) € U appearing on lines
(3) and (4). Further, since f*w; = —w; and *w, = —w,, we have, by the ] = 1 case,
(5) (A) + (B) = —(w1)x, (v, w1) — (W2)x, (v2, w2)

= — (w1 ® w2)(x, 0) ((V1,12), (W1, W2)).
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The remaining terms on lines (3) and (4) then are

i
(6) (W1) 3, ) ( (aﬁzoﬂaz(xz)g(sz (20 3)- VZ)) Bi(x1)’ T Wl)
#
(7) +(W1)(31 (x1) ( Tx] ﬂl V1, (0,1112<3A’32(362)(T"2 (MZ °© 52) ) W2)) ﬂl(xl))
@ #00)) ( (8 o (T2 © B 12)
1616a) \ \Yin08:() U U2 © 02)V2) ) 5 s

i
(9520/32(762)(’1—"‘2 (MZ °© 52) ’ WZ)) 31(961))

and we notice that each of these three terms is of the form vy:w; = 1} (0% + 6% | X)
for some X € u. To facilitate the computations, we set, fori = 1,2

8= pioBilx) €U,

Gii= Ty (i 0 B) - vi € TyopxpU = T U,

i = Ty (i © Bi) - wi € TyopnU = TgU.

We can then rewrite lines (6), (7) and (8) in the form

) (g, (m) + g (m) | 05,(C2))
M c

N =

(10) =5 (64, + 62 () | 0L0m)
——  N———

@ D
(11)
1
+ 5(9;(0;2(772)-& — 8104, (m)) + 04 (05,(n2) - &1 — &1 - 0, (1)) ‘ GgLZ(Cz))

where the expression for the last term follows from the equivariance of x,,

'
o~ (Orizoa) (T (112 © B) - w2)) g

(Ghnopier (T (20 B2) - w2) o
= (0(m)) ,

(where X} = X - u — u - X is the value at u of the fundamental vector field associated
to X € uby the action of U on itself by conjugation). We can simplify the expression
in (11) further by using the definition of # and % and the Ad-invariance of (- |- ):

(11) = S (Adg "+ 05 () — Adgi - 0% (m2) | 0% (&)

(12)

N = N =

(60m) | Adgi - 0L(G)) — 5 (Adg-6L0m) | 64(G)

https://doi.org/10.4153/CJM-2007-036-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-036-9

874 E. Schaffhauser
Let us now compute 3*(u; 08 A p36R).

(B* (0" A 1360%)) ey ) (V1 72), (w1, w2))
= (/”LTHL A M;HR)(#zoﬁz(Xz) * Bi(x1),82(x2)) ( T(X1 -,xz)ﬁ <(v1,12), T(x1 ,xz)ﬁ - (wi, WZ))

1
(13 =5 (0% (g 4oy (T et - (2.0 Bal2))
%,_/
fu (B epg; !

AL+ TuBrom}) | 68 m))
5 (- (T s~ (12 0 Bt
A O + T }) | 02(G)).
Since p, is equivariant, we have, for any v € Tjg, ()M,
T, - gy tbn - (2 © Balx2)) - v = (2 0 B2(x2)) - (Tg, ) 1 - V)

where the action in the right-side term is conjugation. We then have

82818

1
— (08 (@ (Toom - ((B50m) ) + Tabow)) g ) | 08(G)

(13) = 20, (@ (T - (B0 0+ Tai ) -57) | 620m)

2\ £88
1
= E(g2g1 &' (05(0) & —81-05(0)) g ' | 05 (m))
1
5(8281 &'0-CGg [ 050m)
N——

=03 (C1)

0, ((2))

— (&8s '@ (00m) & — & -0 () - ¢

Nl’_‘ l\)l»—t

+ (g s e m & 05(G))
%,_/
=0 e (7]1)

= J(AdgAdg 04 (G) | 080n)) — 3 (Adgs 0L(G) | 05 )

NI»—

+=(Adg - 05 (C) | 02 (m2)) — = (Adgr Adg " - 0L () | O (()

(Adg2 éz(nz) | 92@2)) - (Adgzﬂé(?h) | 92(42))

NI>—' NI>—'
N = N =
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(14)

= 2 (BL(@) | Adgi B (m) — 3 (BL(G) | ) + 5 (81 | B m)
(3" (4) (27)
— S (0Lm) | Adgy-0L(G) + 3 (6L 0m) | 0L(@)) — 5 (Bhn) | 6L.(C)

(3" (47) 1)

(to obtain this last expression, one uses the Ad-invariance of (- | -) and the fact that
Adg, Io 92 = 0L). Observe that (4) and (4') cancel in the above expression. Like-

543

wise, (17), (27) and (3’) in (14) cancel respectively with (1), (2) in (9) and (10) and
with (12) when computing the sum *(w; ® w;) + B*(ui0r A p30%). The non-
vanishing terms in this sum are therefore (A) and (B) from (5) and (C) and (D) from
(9) and (10), so that

(B w)e (v, w) = (B* (w1 @ w2))x (v, w) + (B* (70" A 1136%)) (v, w)
= (A) +(B) +(C) + (D)

(15) = —(1 @ W w) — 3 (65 | B0 — (6 () | 0L(0))
But p; o 8; = 77 o p;, so that:

(951 (&) | 9552(772)) = (951051(,(1)(Tx1 (1o Br)-w) | 9520/32(;(2)(7}2(#2 o %) -w1))
(16) = (0% ) (T (7 0 i) 1) [ 05 o) (T (7 0 1) - w2)

1

and 7~ = Inv o 7, where Inv: u — u~ ! is inversion on U, so

Tyt §=—1 () (Ty7-&§) -7 (w).
Hence

O (T ™) =08 (=7 (W) - (T,m- &) -7~ (W) = =7~ () - (Tu7-§)
== _97L—(u)(TuT : f)

(and likewise % changes into §R). Since in addition to that 7 is a group automor-
phism and an isometry for ( - | - ), the expression (16) becomes

16) — (6%
(16) (er(wo

= (TIT'(QﬁI(XI)(TxI,UI 1)) | TlT'(eﬁz(xz)(Tx2ﬂ2'W2)))
= (05 o) (T i - v1) | O (T 12 - w2)
= (70", () | (150%)x, (w2)) ,

)(T,u](xl)T : (Tx1M1 . Vl)) ‘ ef(uz(xz))(T;Lz(xz)T . (TXZMZ . WZ)))

https://doi.org/10.4153/CJM-2007-036-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-036-9

876 F. Schaffhauser

so that we have

(B w)e(v,w) = (15)

—(w1 @ wy)x(v, w)

(W0 00 | (507, 00))

= (01 ) | (23005, (02)) )

= —(w1 ® W)V, w) — (u70" A p30%) (v, w)
= —wi(v, w),

which completes the proof of Lemma 6.15. ]

Remark As a last comment on Theorem 6.13, we would like to say that even if
we drop the assumption on the conjugacy classes, the set of equivalence classes of
Lagrangian representations is still a Lagrangian submanifold of Me. Indeed, it is
always contained in Fix(ﬁ), and therefore it is isotropic, and its dimension is half the
dimension of Me (see [FW]). With our hypothesis on the C;, the upshot is that we
are able to show that this Lagrangian submanifold is exactly Fix(3).

The main tool to obtain Theorem 6.13 was Theorem 5.2, which is very general. It may
for instance help to find Lagrangian submanifolds in the moduli space of polygons
in $%, which also admits a quasi-Hamiltonian description (see [Tr]). In fact, in [Tr],
the symplectic structure of the moduli space of polygons with fixed sidelengths in
$3 ~ SU(2) is obtained by reduction from the quasi-Hamiltonian space C; x - - - x C;
where C; is a conjugacy class in SU(2), so that our involution 3 can be defined in this
context. By analogy with results in [FH], the fixed-point set of this involution should
consist of polygons in $®> which are contained in the equatorial $> C S* (I would like
to thank Philip Foth for suggesting this to me).

6.8 The Case of an Arbitrary Compact Connected Lie Group

To conclude, we wish to explain, using the description of (7(;) given in section 2,
how to make sense of the notion of Lagrangian representation when the compact
connected Lie group U at hand is not necessarily the unitary group U (7). We suppose
that such a group U is endowed with an involution 7 leaving a maximal torus of U
pointwise fixed (for instance the Cartan involution defining its non-compact dual),
and we define an action of /27 = {1, 00} on U by 0g.u = 7(u). We then consider
the semi-direct product U x 7/27 for this action. Recall that if U = U(n) and
7(u) = uthen U(n) x 2/27 = (7(-11\) = U(n) U U(n)or,. Under this identification,
0o.u = 7(u) = U = o, uoy, and the Lagrangian involutions are the elements

0L = Op(L,) = SOUL03071 = (¢0L0¢710L0)0L0

= (pp Do, = (pe')or, « (e, 01,) € Un) x Z/2L.
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Observe that the element ' does not depend on the choice of ¢ € U(n) such that
L = ¢(Ly), as was shown in Proposition 2.3. Thus, we see again that the elements of
order 2 in which we are interested are in one-to-one correspondence with the sym-
metric elements of U(n). In the general case, the elements of order 2 that we are
interested in are the elements (w, 0y) € U % Z/27 where w € U satisfies 7(w) =
w~!. The product of two such elements is then of the form (wy, op).(w, 09) =
(wi(00-w2),08) = (wT(w3),1) € U C U x /27 (observe that when w, = w,, we
indeed obtain 1, because 7(w;) = w; '). One can then say that a U-representation

(ty,...,w) of m = m(S*\{s1,...,s}) is decomposable (or Lagrangian) if there exist
wi,...,w; € U such that 7(w;) = W;l for all j and u; = (wy, 00).(W2,00), 4 =
(W, 00).(W3,00),...,u; = (W, 00).(wi,00). Observe that we then indeed have

up -+ u = 1, for

Uy U= (WlT(WZ)v 1).(wyr(w3),1) - -+ (WZT(Wl)v 1)

= (WmiT(w)waT(ws) - - - wiT(w1), 1) = 1,

since 7(w;) = w;l. A representation will be called oy-decomposable if it is decom-
posable with w; = Id. Then, Theorem 6.11 and Corollary 6.12, along with Theo-
rem 6.13 are still true in this setting (the condition on the eigenvalues of some C;
to be pairwise distinct is to be replaced by the condition that the centralizer Z, of
any u € C; is a maximal torus of U, and therefore conjugate to a maximal torus
fixed pointwise by 77). All one has to do is then define 3 as in (1) in subsection
6.5 (that is, replace u' by 7(#~!) in the definition of 3 given in subsection 6.6): the
oo-decomposable representations are exactly the elements of the fixed-point set of
0, a given representation u is decomposable if and only if 3(u) is equivalent to u,
and the set of equivalence classes of decomposable representations is a Lagrangian
submanifold of Home (7, U) /U, obtained as the fixed-point set of an antisymplectic
involution ,@ . We refer to [Sc2] for further details in that direction.
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