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Abstract

In this paper, we show that, with probability 1, a random Beltrami field exhibits chaotic regions that coexist with
invariant tori of complicated topologies. The motivation to consider this question, which arises in the study of
stationary Euler flows in dimension 3, is V.I. Arnold’s 1965 speculation that a typical Beltrami field exhibits the
same complexity as the restriction to an energy hypersurface of a generic Hamiltonian system with two degrees
of freedom. The proof hinges on the obtention of asymptotic bounds for the number of horseshoes, zeros and
knotted invariant tori and periodic trajectories that a Gaussian random Beltrami field exhibits, which we obtain
through a nontrivial extension of the Nazarov—Sodin theory for Gaussian random monochromatic waves and the
application of different tools from the theory of dynamical systems, including Kolmogorov—Arnold—Moser (KAM)
theory, Melnikov analysis and hyperbolicity. Our results hold both in the case of Beltrami fields on R3 and of
high-frequency Beltrami fields on the 3-torus.
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1. Introduction

Beltrami fields, that is, eigenfunctions of the curl operator satisfying
curlu = Au (1.1)

on R3 or on the flat torus T for some nonzero constant A, are a classical family of stationary solutions
to the Euler equation in three dimensions. However, the significance of Beltrami fields in the context of
ideal fluids in equilibrium was only unveiled by V.I. Arnold in his influential work on stationary Euler
flows. Indeed, Arnold’s structure theorem [1, 2] ensures that, under suitable technical assumptions, a
smooth stationary solution to the three-dimensional Euler equation is either integrable or a Beltrami field.
In the language of fluid mechanics, an integrable flow is usually called laminar, so complex dynamics
(as expected in Lagrangian turbulence) can only appear in a fluid in equilibrium through Beltrami
fields. This connection between Lagrangian turbulence and Beltrami fields is so direct that physicists
have even coined the term ‘Beltramization’ to describe the experimentally observed phenomenon
that the velocity field and its curl (i.e., the vorticity) tend to align in turbulent regions (see, e.g.,
[17,28]).

Motivated by Hénon’s numerical studies of Arnold—Beltrami—Childress (ABC) flows [23], which are
the easiest examples of Beltrami fields, Arnold suggested [1, 2] that Beltrami fields exhibit the same
complexity as the restriction to an energy level of a typical mechanical system with two degrees of
freedom. To put it differently, a typical Beltrami field should then exhibit chaotic regions coexisting
with a positive measure set of invariant tori of complicated topology.

Although specific instances of chaotic ABC flows in the nearly integrable regime have been known
for a long time [35], Arnold’s speculation has been wide open up until recently. A major step towards
the proof of this claim was the construction of Beltrami fields on R* with periodic orbits and invariant
tori (possibly with homoclinic intersections [ 1] inside) of arbitrary knotted topology [13, 14]. In fluid
mechanics, these periodic orbits and invariant tori are usually called vortex lines and vortex tubes,
respectively, and in fact the existence of vortex lines of any topology had also been suggested by Arnold
in the same papers. These results also hold [16] in the case of Beltrami fields on T?, which, contrary to
what happens in the case of R, have finite energy; this is important for applications because R3 and T>
are the two main settings in which mathematical fluid mechanics is studied. The main drawback of the
approach we developed to prove these results is that, while we managed to construct structurally stable
Beltrami fields exhibiting complex behavior, the method of proof provides no information whatsoever
about to what extent complex behavior is typical for Beltrami fields.

Our objective in this paper is to establish a probabilistic version of Arnold’s view of complexity in
Beltrami fields. To do so, the key new tool is a theory of random Beltrami fields, which we develop
here in order to estimate the probability that a Beltrami field exhibits certain complex dynamics. The
blueprint for this is the Nazarov—Sodin theory for Gaussian random monochromatic waves, which
yields asymptotic laws for the number of connected nodal components of the wave. Heuristically,
the basic idea is that a Beltrami field satisfying equation (1.1) can be thought of as a vector-valued
monochromatic wave; however, the vector-valued nature of the solutions and the fact that we aim to
control much more sophisticated geometric objects introduces essential new difficulties from the very
beginning.
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1.1. Overview of the Nazarov-Sodin theory for Gaussian random monochromatic waves

The Nazarov—Sodin theory [30], whose original motivation was to understand the nodal set of random
spherical harmonics of large order [29], provides a very efficient tool to derive asymptotic laws for the
distribution of the zero set of smooth Gaussian functions of several variables. The primary examples
are various Gaussian ensembles of large-degree polynomials on the sphere or on the torus and the
restriction to large balls of translation-invariant Gaussian functions on R, Most useful for our purposes
are their asymptotic results for Gaussian random monochromatic waves, which are random solutions to
the Helmholtz equation

AF+F=0 (1.2)

on R¢. We will henceforth restrict ourselves to the case d = 3 for the sake of concreteness.

As the Fourier transform of a solution to the Helmholtz equation (1.2) must be supported on the
sphere of radius 1, the way one constructs random monochromatic waves is the following [8]. One
starts with a real-valued orthonormal basis of the space of square-integrable functions on the unit two-
dimensional sphere S. Although the choice of basis is immaterial, for concreteness we can think of the
basis of spherical harmonics, which we denote by Y;,,,. Hence, Y}, is an eigenfunction of the spherical
Laplacian with eigenvalue /(I + 1), the index [ is a nonnegative integer and m ranges from —/ to I. The
degeneracy of the eigenvalue /(I + 1) is therefore 2/ + 1. To consider a Gaussian random monochromatic
wave, one now sets

00 l
0(&) =D 3 il apm Yim(€) (1.32)

1=0 m=-1

on the unit sphere |£| = 1, & € R, where a;,,, are independent standard Gaussian random variables. One
then defines F as the Fourier transform of the measure ¢ do-, where do is the area measure of the unit
sphere. This is tantamount to setting

Ji 1
F(x) = (27)2 Z Z alelm( )ﬂ (1.3b)

120 m=—t x|

The central known result concerning the asymptotic distribution of the nodal components of Gaussian
random monochromatic waves is that, almost surely, the number of connected components of the nodal
set that are contained in a large ball (and even those of any fixed compact topology) grows asymptotically
like the volume of the ball. More precisely, let us denote by Ng(R) (respectively, Ng(R;[X])) the
number of connected components of the nodal set F~!(0) that are contained in the ball centered at the
origin of radius R (respectively, and diffeomorphic to ). Here, Z is any smooth, closed, orientable
surface X c R3. It is obvious from the definition that Nx (R; [X]) only depends on the diffeomorphism
class of the surface, [X]. The main result of the theory—which is due to Nazarov and Sodin [30] in
the case of nodal sets of any topology, and to Sarnak and Wigman when the topology of the nodal sets

is controlled [32]— can then be stated as follows. Here and in what follows, the symbol ——> will be

used to denote that a certain sequence of random variables converges both almost surely and in mean.
Morally speaking, this is a law of large numbers for the number of connected components associated
with the Gaussian field F.

Theorem 1.1. Let F be a monochromatic random wave. Then there are positive constants v, v([Z])
such that, as R — oo,

Nr(R) 1 Ne(R[ED o
Bl o Brl oD

Here, ¥ C R3 is any compact surface as above.
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1.2. Gaussian random Beltrami fields on R>

Our goal is then to obtain an extension of the Nazarov—Sodin theory that applies to random Beltrami
fields. As we will discuss later in the introduction, this is far from trivial because there are essential new
difficulties that make the analysis of the problem rather involved.

The origin of many of these difficulties is strongly geometric. In contrast to the case of random
monochromatic waves (or any other scalar Gaussian field), where the main geometric objects of interest
are the components of its nodal set, in the study of random vector fields we aim to understand structures
of a much subtler geometric nature. Among these structures, and in increasing order of complexity, one
should certainly consider the following:

(i) Zeros, that is, points where the vector field vanishes.
(ii) Periodic orbits, which can be knotted in complicated ways.
(iii) Invariant tori, that is, surfaces diffeomorphic to a 2-torus that are invariant under the flow of the
field. They can be knotted too.
(iv) Compact chaotic invariant sets, which exhibit horseshoe-type dynamics and have, in particular,
positive topological entropy.

Recall that a horseshoe is defined as a compact hyperbolic invariant set with a Cantor transverse
section on which the time-T flow of u is topologically conjugate to a Bernoulli shift [22], for some T.
Consequently, let us define the following quantities:

(i) NZ(R) denotes the number of zeros of u contained in the ball Bg.
(ii) Given a (possibly knotted) closed curve y ¢ R?, N%(R; [y]) denotes the number of periodic orbits
of u contained in Bg that are isotopic to y.

(iii) Given a (possibly knotted) torus 7 c R3, VL(R;[T]) is the volume (understood as the inner
measure) of the set of ergodic invariant tori of u that are contained in Bg and are isotopic to 7.
Ergodic means that we consider invariant tori on which the orbits of u are dense.

>iv) NL}}(R) denotes the number of horseshoes of u contained in the ball Bg.

Clearly, these quantities only depend on the isotopy class of y and 7.

It is not hard to believe that these geometric subtleties give rise to a number of analytic difficulties.
One should mention, however, that there also appear other unexpected analytic difficulties whose origin
is less obvious. They are related to the fact that it is not clear how to define a random Beltrami field
through an analog of equation (1.3b). This is because the characterization of a monochromatic wave
as the Fourier transform of a distribution supported on a sphere is the conceptual base of the simple
definition (1.3a), which underlies the equivalent but considerably more awkward expression (1.3b).
Heuristically, analytic difficulties stem from the fact that there is not such a clean formula in Fourier
space for a general Beltrami field. This is because the three components of the Beltrami field (which are
monochromatic waves) are not independent, so the reduction to a Fourier formulation with independent
variables is not trivial. We refer the reader to Section 3, where we explain in detail how to define
Gaussian random Beltrami fields in a way that is strongly reminiscent of equation (1.3b). Later in
this introduction, we shall also informally discuss the aforementioned difficulties and discuss how we
manage to circumvent them using a combination of ideas from partial differential equations, dynamical
systems and probability.

We can now state our main result for Gaussian random Beltrami fields on R3, as defined in Section 3.
Let us emphasize that the picture that emerges from this theorem is fully consistent with Arnold’s view
of complexity in Beltrami fields; with probability 1, we show that a random Beltrami field is ‘partially
integrable’ in that there is a large volume of invariant tori, and simultaneously features many compact
chaotic invariant sets and periodic orbits of arbitrarily complex topologies. This coexistence of chaos and
order is indeed the essential feature of the restriction to an energy hypersurface of a generic Hamiltonian
system with two degrees of freedom, as Arnold put it. In this direction, Corollary 1.3 below is quite
illustrative.
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Theorem 1.2. Let u be a Gaussian random Beltrami field. Then:

(i) The topological entropy of u is positive almost surely. In fact, with probability 1,

R
lim inf ( ) >
R—oc0 | R|

(i) With probability 1, the volume of ergodic invariant tori of u isotopic to a given embedded torus
T c R3 and the number of periodic orbits of u isotopic to a given closed curve y C R> satisfy the
volumetric growth estimate

VE(R; [T]) NO(R; [y])
liminf 24—— -7 > ! , liminf %4-—-"-2 > y
AT (7D, Nt =

The constants v, v'([T]) and v°([y]) above are all positive, for any choice of the curve y and the
torus T.

Corollary 1.3. With probability 1, a Gaussian random Beltrami field on R3 exhibits infinitely many
horseshoes coexisting with an infinite volume of ergodic invariant tori of each isotopy type. Moreover,
the set of periodic orbits contains all knot types.

Remark 1.4. The result we prove (see Theorem 6.2) is in fact considerably stronger: We do not only
prescribe the topology of the periodic orbits and the invariant tori we count but also other important
dynamical quantities. Specifically, in the case of periodic orbits we have control over the periods (which
we can pick in a certain interval (77, 73)) and the maximal Lyapunov exponents (which we can also
pick in an interval (A1, Ap)). In the case of the ergodic invariant tori, we can control the associated
arithmetic and nondegeneracy conditions. Details are provided in Section 6.

Unlike the case of nodal set components considered in the context of the Nazarov—Sodin theory for
Gaussian random monochromatic waves, we do not prove exact asymptotics for the quantities we study
but only nontrivial lower bounds that hold almost surely. Without getting technicalities at this stage,
let us point out that this is related to analytic difficulties arising from the fact that we are dealing with
quantities that are rather geometrically nontrivial. If one considers a simpler quantity such as the number
of zeros of a Gaussian random Beltrami field, one can obtain an asymptotic distribution law similar
to that of the nodal components of a random monochromatic wave, whose corresponding asymptotic
constant can even be computed explicitly.

Theorem 1.5. With probability 1, the number of zeros of a Gaussian random Beltrami field satisfies

NZ(R) L!
%V
|BRr| as.

z

as R — oo. The constant is explicitly given by
V= cZ/ 10(2)| e 2@ dz = 0.00872538 . ... , (1.4)
RS

where ¢* := 2152 /[143V5 7*], and O, O are the following homogeneous polynomials in five variables:

0(2) = 2125+ 23 — 2124 — 212224 — 2324 + 2222325 — 2123 , (1.5)

0(z) = 189 2+4—( + 2)+—(Z4+ZIZ4+Z5) (1.6)
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1.3. Random Beltrami fields on the torus

A Beltrami field on the flat 3-torus T° := (R/27Z)> (or, equivalently, on the cube of R? of side length
27 with periodic boundary conditions) is a vector field on T? satisfying the eigenvalue equation

curlv = Av

for some real number 4 # 0. It is well known (see, e.g., [10]) that the spectrum of the curl operator
on the 3-torus consists of the numbers of the form A = +|k| for some vector with integer coefficients
k € Z3. Restricting our attention to the case of positive eigenvalues for the sake of concreteness, one
can therefore label the eigenvalue by a positive integer L such that 1; = L'/2. The multiplicity of the
eigenvalue is given by the cardinality of the corresponding set of spatial frequencies,

Z,={keZ:|k|>?=L}.

By Legendre’s three-square theorem, Z; is nonempty (and therefore Ay is an eigenvalue of the curl
operator) if and only if L is not of the form 4% (8b + 7) for nonnegative integers a and b.
The Beltrami fields corresponding to the eigenvalue A7 must obviously be of the form

ML = Z V]f‘ Elk.x,
keZy,

for some vectors VkL € C3, where VkL = V_Lk to ensure that the Beltrami field is real-valued. Starting from
this formula, in Section 7 we define the Gaussian ensemble of random Beltrami fields u’ of frequency
Az, which we parametrize by L. The natural length scale of the problem is L'/2.

Our objective is to study to what extent the appearance of the various dynamical objects described
above (i.e., horseshoes, zeros and periodic orbits and ergodic invariant tori of prescribed topology) is
typical in high-frequency Beltrami fields, which corresponds to the limit L — oo. When taking this limit,
we shall always assume that the integer L is admissible, by which we mean that it is congruent with 1, 2,
3, 5 or 6 modulo 8. We will see in Section 7 (see also [31]) that this number-theoretic condition ensures
that the dimension of the space of Beltrami fields with eigenvalue Ay tends to infinity as L — oo.

To state our main result about high-frequency random Beltrami fields in the torus, we need to introduce
some notation. In parallel with the previous subsection, for any closed curve y and any embedded torus
T, let us respectively denote by Np, NL‘L, N;’L ([y]) and N; . ([T1) the number of zeros, horseshoes,
periodic orbits isotopic to y and ergodic invariant tori isotopic to 7 of the field u”, as well as the volume
(i.e., inner measure) of these tori, which we denote by V', ([7]). To further control the distribution of
these objects, let us define the number of approximately equidistributed ergodic invariant tori, N;f arn,
as the largest integer m for which u” has m ergodic invariant tori isotopic to 7 that are at a distance
greater than m~'/3 apart from one another. The number of approximately equidistributed horseshoes
N}u]f periodic orbits isotopic to a curve N';*([y]) and zeros N7 are defined analogously. Note that,
again, the asymptotic information that we obtain is perfectly aligned with Arnold’s view of complex
behavior in typical Beltrami fields.

Theorem 1.6. Let us denote by (ul) the parametric Gaussian ensemble of random Beltrami fields on
T3, where L ranges over the set of admissible integers. Consider any contractible closed curve y and
any contractible embedded torus T in T>. Then:

(i) With a probability tending to 1 as L — oo, the field u® exhibits an arbitrarily large number of
approximately equidistributed horseshoes, zeros, periodic orbits isotopic to y and ergodic invariant
tori isotopic to T. More precisely, for any integer m,

Jim 2fmin (N, N ((T1), NS (D), N2} > m) = 1.
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Furthermore, the probability that the topological entropy of the field grows at least as L'/? and that

there are infinitely many ergodic invariant tori of u™ isotopic to T also tends to 1:

LIEEOP{NLL([H) =00 and hip(u") > V" L2} =1,

(ii) The expected volume of the ergodic invariant tori of u isotopic to T is uniformly bounded from

below, and the expected number of horseshoes and periodic orbits isotopic to 7y is at least of order
L3/2.‘

h
lim inf min BN, EN‘(:L(D/])

L—00 132 1372 sEV,EL([ﬂ) >vi([yL[TD -

In the case of zeros, the asymptotic expectation is explicit, with v* given by (1.4):

EN?

ul

: _ 3.2
ngxgo 3 = (2n)°v*.

Here, v and v.([y], [ T]) are positive constants.

Remark 1.7. As in the case of R?, the result we prove in Section 7 is actually stronger in the sense that
we have control over important dynamical quantities (which now depend strongly on L) describing the
flow near the above invariant tori and periodic orbits.

1.4. Some technical remarks

In a way, the cornerstone of the Nazarov—Sodin theory is their very clever (and non-probabilistic)
‘sandwich estimate’, which relates the number Ng (R) of connected components of the nodal set of the
Gaussian random field F that are contained in an arbitrarily large ball Bg with ergodic averages of the
same quantity involving the number of components contained in balls of fixed radius. Two ingredients
are key to effectively apply this sandwich estimate. On the one hand, each nodal component cannot be
too small by the Faber—Krahn inequality, which ensures, in dimension 3, that its volume is at least 173
if AF + A>F = 0. On the other hand, to control the connected components that intersect a large ball but
are not contained in it, it suffices to employ the Kac—Rice formula to derive bounds for the number of
critical points of a certain family of Gaussian random functions.

In the setting of random Beltrami fields, the need for new ideas becomes apparent the moment one
realizes that there are no reasonable substitutes for these two key ingredients. That is, the frequency A does
not provide bounds for the size of the more sophisticated geometric objects considered in this context
(i-e., periodic orbits, invariant tori or horseshoes), and one cannot estimate the objects that intersect a
ball but are not contained in it using a Kac—Rice formula. As a matter of fact, we have not managed to
obtain any useful bounds for these quantities, and, while we do use a sandwich inequality of sorts (or at
least lower bounds that can be regarded as a weaker substitute thereof), even the measurability of the
various objects of interest becomes a nontrivial issue due to their complicated geometric properties.

To circumvent these problems, we employ different kinds of techniques. Firstly, ideas from the theory
of dynamical systems play a substantial role in our proofs. On the one hand, KAM theory and hyperbolic
dynamics are important to prove that certain carefully chosen functionals are lower semicontinuous,
which is key to solve measurability issues that would be very hard to deal with otherwise. Furthermore,
to prove that Beltrami fields exhibit chaotic behavior almost surely, it is essential to have at least one
example of a Beltrami field that features a horseshoe, and even that was not known. Indeed, the available
examples of nonintegrable ABC flows are known to be chaotic on T* due to the noncontractibility of
the domain but not on R3. This technical point is fundamental and makes them unsuitable for the study
of random Beltrami fields. Therefore, an important step in our proof is to construct, using Melnikov
theory, a Beltrami field on R? that has a horseshoe. Techniques from Fourier analysis and from the global
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approximation theory for Beltrami fields are also necessary to handle the inherent difficulties that stem
from the fact that the equation under consideration is more complicated than that of a monochromatic
wave. As an aside, the only point of the paper where we use the Kac—Rice formula is to compute the
constant v* in closed form.

In the case of Beltrami fields on the torus, the results we prove concern not only the expected values
of the quantities of interest but also the probability of events. In the case of random monochromatic
waves on the torus, Nazarov and Sodin [30] had proved results for the expectation (which apply to
very general parametric scalar Gaussian ensembles), and Rozenshein [31] had derived very precise
exponential bounds for the probability akin to those established by Nazarov and Sodin [29] for random
spherical harmonics. However, both results use in a crucial way that the size of nodal components can be
effectively estimated in terms of the frequency: The Faber—Krahn inequality provides a lower bound for
the volume and large diameter components can be ruled out using a Crofton-type formula and Bézout’s
theorem. No such bounds hold in the case of Beltrami fields, so the way we pass from the information
that the rescaled covariant kernel of u” tends to that of u to asymptotics for the distribution of invariant
tori, horseshoes or periodic orbits is completely different. Specifically, we rely on a direct argument
ensuring the weak convergence of sequences of probability measures, on spaces of smooth functions,
provided that suitable tightness conditions are satisfied.

1.5. Outline of the paper

In Section 2, we start by describing Beltrami fields in R? from the point of view of Fourier analysis and
provide some results about global approximation. Gaussian random Beltrami fields on R? are introduced
in Section 3, where we also establish several results about the structure of the corresponding covariance
matrix and about the induced probability measure on the space of smooth vector fields. In Section 4,
we recall, in a form that will be useful in later sections, several previous results about ergodic invariant
tori and periodic orbits arising in Beltrami fields. Section 5 is devoted to constructing a Beltrami field
on R? that is stably chaotic. Finally, in Sections 6 and 7, we complete the proofs of our main results in
the case of R and T3, respectively. The paper concludes with an appendix where we provide a fairly
complete Fourier-theoretic characterization of Beltrami fields.

2. Fourier analysis and approximation of Beltrami fields

In what follows, we will say that a vector field u on R3 is a Beltrami field if
curlu =u.

Taking the curl of this equation and using that necessarily divu = 0, it is easy to see that ¥ must also
satisfy the Helmholtz equation:

Au+u=0.

To put it differently, the components of this vector field are monochromatic waves. An immediate
consequence of this is that the Fourier transform i of a polynomially bounded Beltrami field is a
(vector-valued) distribution supported on the unit sphere

S:={£eR: & =1}.
Since u is real-valued, ¥ must be Hermitian, that is, #(&) = u(—¢). Furthermore, a classical result due
to Herglotz [26, Theorem 7.1.28] ensures that if u is a Beltrami field with the sharp fall off at infinity,

then there is a Hermitian vector-valued function f € LQ(S, C3) such that # = f do; for the benefit of
the reader, details on this and other related matters are summarized in Appendix A. For short, we shall
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simply write this relation as u = Uy, with

Uy (x) = /S FE) € do(£) 2.1

Obviously, Uy is a Beltrami field if and only if f is Hermitian (which makes U real-valued) and if it
satisfies the distributional equation on the sphere

i£x f(&) =f(&). (2.2)

In this paper, we are particularly interested in Beltrami fields of the form u = Uy, where now f
is a general Hermitian vector-valued distribution on the sphere. The corresponding integral, which is
convergent if f is integrable, must be understood in the sense of distributions for less regular f (that is
to say, for f in the scale of Sobolev spaces H* (S, C3) with s < 0). We recall, in particular, that for any
integer k > O the field Uy is bounded as [15, Appendix A]

sup - / 9 OF 1 < cip 2.3)
y I EE——— S -k 3y . .
r>0 R Jpe 1+ x| HEEED

We recall that, for any real s, the H*(S) norm of a function f can be computed as

00 1
ey = D > L+ D> | fiml?,

1=0 m=-1

where fj,,, are the coefficients of the spherical harmonics expansion of f.
With ¢(¢) := %(%) 12(1 +V/7i 1), let us consider the vector-valued polynomial

p(€) = q(&1) (€8 = 1,616 — i&3, 6163 + i) (2.4)

which we will regard as a Hermitian function p : R3 — C3. Note that the restriction of p to the sphere
vanishes exactly at the poles & := (%1, 0, 0). The inessential nonvanishing normalization factor ¢ (&)
has been introduced for later convenience: When we define random Beltrami fields via the function p
in Section 3, this choice of p will ensure that the associated covariance matrix is the identity on the
diagonal (see Corollary 3.6).

We next show that, away from the poles, the density f of a Beltrami field Uy must point in the same
direction as p.

Proposition 2.1. The following statements hold:

(i) Ifthe vector field Uy is a Beltrami field, then p X f = 0 as a distribution on S. Furthermore, if x is
a smooth real-valued function on the sphere supported in S\{&.,&_} and f € H*(S, C?) for some
real s, then there is a Hermitian scalar function ¢ € H*(S) such that y f = ¢ p.

(ii) Conversely, for any Hermitian ¢ € H*(S), the associated field U, is a Beltrami field.

Proof. In view of equation (2.2), for each vector ¢ € S, consider the linear map M¢ on C3 defined as
MgV =V —-iéxV.

More explicitly, M ¢ is the matrix

-1 —i& i&
Mg =| i&z -1 —i&
—i& i& -1
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The determinant of this matrix is det Mg = f% + f% + f% — 1, and in fact it is easy to see that M,
has rank 2 for any unit vector &. Since Mgp (&) = 0 for all £ € S and p(&) only vanishes if & = &,
we then obtain that the kernel of M, is spanned by the vector p(&) whenever ¢ is not one of the
poles £:. In a neighborhood of the poles, the kernel of M can be described as the linear span of

P(é) = q(&) (E162 +i83,85 — 1,663 — i&)).
Since M¢ f(€) = 0 in the sense of distributions by equation (2.2), it stems from the above analysis
that one can write

(&) =a(§) p()

for £ away from the poles, and

f(&) =B p(&)

in a neighborhood of the poles; here, @ and B are complex-valued scalars. As p(&) X p(¢) = 0 for all
¢ € S, we immediately infer that

pxf=0.

Also, as the support of a function is a closed set, p is bounded away from zero on the support of y, so
we have that

As f is Hermitian, this proves the first part of the proposition. The second statement follows immediately
from the fact that

Me[p()p(£)] = () Mep(§) =0.
O

Remark 2.2. A Beltrami field of the form U, can be written in terms of the scalar function ¥ (x) :=
- fS e'$ X q(&1) (&) do(¢) (which satisfies the equation Ay + ¢ = 0) as

Uyp = (curlcurl +curl) (¥, 0,0) .
When ¢ is smooth, the Beltrami field has the sharp decay bound

Cllellzz (s

U <
| wp(x)| T+ x|

Remark 2.3. Not any Beltrami field of the form Uy can be written as U, for some scalar function ¢:
An obvious counterexample is given by

f(é:) = (0’ 1, l) 6§+ (g) + (O’ 1’ _l) 6-§7 (5) s (25)

where ¢, is the Dirac measure supported on the pole &: = (+1, 0, 0). The reason for which we cannot
hope to describe all Beltrami fields using just scalar multiples of a fixed complex-valued continuous
vector field p’ is topological. Indeed, as u is divergence-free, we have that & - p’(¢) = 0, so p’ must
be a tangent complex-valued vector field on S. By the hairy ball theorem, the real part of p’ must then
have at least one zero £*. The equation i& X p’(&¢) = p’(&) implies that the imaginary part of p’ also
vanishes at £, so in fact p’(£*) = 0. This means that densities f such as equation (2.5), where we can
take £* := £, without any loss of generality, cannot be written in the form ¢p’.
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Intuitively speaking, Proposition 2.1 means that any Beltrami field Uy whose density f is not too
concentrated on &, can be approximated globally by a field of the form U,,,,. More precisely, one can
prove the following.

Proposition 2.4. Consider a Hermitian vector-valued distribution f on S that satisfies the distributional
equation (2.2), and define

ek =inf {[|Of [+ : © € C(S), O(&) =O(£-) = 1}

If ¢  is finite and € > & i, one can then take a Hermitian scalar distribution on the sphere ¢, which
is in fact a finite linear combination of spherical harmonics if f € H™(S, C?), such that

SHPI/ Us (x) = Ugp (x)|?
Br

— dx < Ce.
r>0 R 1+|x|2k

Furthermore, g7 o =01if f € L%(S,C3).

Proof. The first assertion is a straightforward consequence of the first part of Proposition 2.1 and of the
estimate (2.3). Indeed, since f is a compactly supported distribution, then f € H*(S,C?) for some s.
Take any &" € (& k,€), and let us consider a function © as above such that [|@f]|y-«(s) < &. Since
&' > gy r,itis obvious that we can assume that ® = 1 in a small neighborhood of the poles .. Applying
Proposition 2.1, we infer that y f = ¢p with y := 1 —© and some Hermitian scalar function ¢ € H*(S).
In view of the fact that the map f + Uy is linear and of the bound (2.3), we then have

SHPI/ |Uf(x)_U¢p(x)|2d Cw 1/ Ve (x)|?
Bgr

= = dx < C||® ksen < Ce'.
R=0 R Br 1+ |X|2k || f”H (S,C3%)

» =z
1+ |x[2 rR>0 R

As finite linear combinations of spherical harmonics are dense in H* (S), if s = —k we can approximate
¢ in the H~*(S) norm by a Hermitian function ¢’ of this form; then

1 [Us (x) = Upp ()7

— dx
r>0 R Jg 1+ |x|
1 Ur(x)-U X 2 1 U,— X 2
csupt [ WO Ve, o, —/ Wte—orF ) _ ¢,
r>0 R JBg 1+ x| r>0 R Jpp  1+]x|

provided that [|¢ — ¢« ) < & — €.
Finally, tosee thate s o = 0if f € L%(S,C3), let us take a smooth function ® : R3 — [0, 1] supported
in the unit ball and such that ®(0) = 1. Setting

On(§) == O(né —n&,) +O(ng —ng-),

we trivially get that [|©, f |2 sy < || fll 2 (s) for all n > 2 and that ©,, f tends to zero almost everywhere
in S as n — co. The dominated convergence theorem then shows that [|®,, f1[;2(s) — 0 as n — oo, thus
proving the claim. O

Another, rather different in spirit, formulation of the principle that densities of the form ¢p can
approximate general Beltrami fields is presented in the following theorem. Unlike the previous corollary,
the approximation is considered only locally in space, and in this direction, one shows that even
considering smooth functions ¢ is enough to obtain a subset of Beltrami fields that is dense in the C*
compact-open topology:

Proposition 2.5. Fix any positive reals & and k and a compact set K C R3 such that R3\K is connected.
Then, given any vector field v satisfying the equation curlv = v in an open neighborhood of K, there
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exists a Hermitian finite linear combination of spherical harmonics ¢ such that the Beltrami field U ,,
approximates v in the set K as
||U¢p - V”C"(K) <E.

Proof. Let us fix an open set V O K whose closure is contained in the open neighborhood where v is
defined, and a large ball Bg D V. Since R3\K is connected, it is obvious that we can take V so that
R3\V is connected as well. By the approximation theorem with decay for Beltrami fields [14, Theorem
8.3], there is a Beltrami field w that approximates v as

w=vllckv) <&

and is bounded as |w(x)| < C/|x|. As the Fourier transform of w is supported on S, Herglotz’s
theorem [26, Theorem 7.1.28] shows that one can write w = Uy for some vector-valued Hermitian field
f € L%(S, C?) that satisfies the distributional equation (2.2). Proposition 2.4 then shows that there exists
some Hermitian scalar function ¢ € C*(S) such that

lUfr = Ugppllrz(sg) < Ce
so that [|[v = Uypllr2(v) < Ce. As the difference v — U, satisfies the Helmholtz equation
AW -Uypp)+v-Ug,p =0
in V, and K cc V, standard elliptic estimates then allow us to promote this bound to
v = Ugpllcr k) < Ce,

as we wished to prove. O

3. Gaussian random Beltrami fields

The Fourier-theoretical characterization of Beltrami fields presented in the previous section paves the
way to the definition of random Beltrami fields.
In parallel with equation (1.32) (see Appendix A for further heuristics), let us start by setting

) !
0(&) =) > i am Yim(©),

1=0 m=-1

where ay,, are normally distributed independent standard Gaussian random variables and Yy, is an
orthonormal basis of (real-valued) spherical harmonics on S. Note that ¢ is Hermitian because of the
identity Yy, (=€) = (=1)!Y},,,(¢). We now define a Gaussian random Beltrami field as

u:=Uyp,

where we recall that Uy and p were respectively defined in equations (2.1) and (2.4).

Remark 3.1. As discussed in Proposition 2.1, the role of the vector field p is to ensure that the density
f := ¢p satisfies the Beltrami equation in Fourier space, ié X f(&) = f(&). Hence, one could replace
p (&) by any nonvanishing multiple of it, that is, by p(&) := A(€) p(¢), where A : R3 — C is a smooth
scalar Hermitian function that does not vanish on S. All the results of the paper about random Beltrami
fields remain valid if one defines a Gaussian random Beltrami field as u := U,5 with ¢ as above,
provided that one replaces p by p in the formulas. Also, the results do not change if one replaces the
basis of spherical harmonics by any other orthonormal basis of L2(S), but this choice leads to slightly
more explicit formulas for certain intermediate objects that appear in the proofs.
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In what follows, we will use the notation D := —iV. An important role will be played by the vector-
valued differential operator with real coeflicients p (D), whose expression in Fourier space is

(DY (&) = p(&) U(£),

for any scalar function ¢ in R3. Equivalently, by Remark 2.2, the operator p (D) reads, in physical space,
as

p(D)¥ = —(curl curl +curl) (¢(D1)y,0,0),

where D 1= —i0,,.
The first result of this section shows that a Gaussian random Beltrami field is a well-defined object
both in Fourier and physical spaces.

Proposition 3.2. With probability 1, the function ¢ is in H'=%(S)\L*(S) for any 6 > 0. In particular,
almost surely, u is a C™ vector field and can be written as

3 e 4 1+1(|x|)
u(x) = (21 " " @i p(D) Yzm(| |) e l 3.1)

1=0 m=-1
The series converges in C* uniformly on compact sets almost surely, for any k.

Proof. Forl > 0and -]l < m <, alzm are independent, identically distributed random variables with
expected value 1. As the number of these variables with [ < n is

izl:l:(n+l)2,

1=0 m=-1

the strong law of large numbers ensures that the sample average, that is, the random variable

(n+1)2z Z

1=0 m=-1

converges to 1 almost surely as n — co. Now, consider the truncation

n l
on(€) = Z Z i’ i YVim (§) .

1=0 m=-1

As the spherical harmonics Yj,,, are orthonormal, the L? norm of @ 18

n ]
lenllaey = D) . @ty = (n+1)°X,,

1=0 m=-1

and ||, ||? tends to [|¢||? (which may be infinite) as n — oo. Since X;, — 1 almost surely, we

L2(5) L2(5)
obtain from the above formula that (n + 1)72||@, ||

L?*(S) with probability 1.
On the other hand, since

125 tends to 1 almost surely. Therefore, ¢ is not in

leli-<(s) = Z Z T
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it is straightforward to see that the expected value

o 20 +1
E”QO”H 1-5(8) = Z Z (l+ 1)2+25 Z (1 +1)2+20
1=0

is finite for all § > 0. Hence, ¢ € H~'~°(S) almost surely, so u := U, op is well-defined with probability 1.
To prove the representation formula for u# and its convergence, let us begin by noting that

Uiy, (x) = /S D (€) Yim(&) €€ ¥ dor (&)
= Y im (€) €€ dor(£) .
p(D) /S 1Yy (€) €6 dor (&)

Using either the theory of point pair invariants and zonal spherical functions [8, Proposition 4] or special
function identities [15, Proposition 2.1], the Fourier transform of ¥;,,, do has been shown to be

) s Jy1 (x|
/ 'Yy (€) ¢ do(£) = <27r>'zmm(i)ﬂ
s Ix[) |x|!/2

This permits to formally write u as equation (3.1). To show that this series converges in C* on compact
sets, for any large n, any N > n and any fixed positive integer k consider the quantity

iy (1)
o= 33503 ano®p(o o 5 e ”

|a|<kll=n m=-1
where we are using the standard multi-index notation. Since p(D) is a third-order operator, for all
|x| < R we obviously have

N 1 ‘,l+% (r)
ann () < Co ), Y lamll¥imllera o) | —7—
I=n m=—I C*+3((0,R))
%
alm 2426 Ty Gl
< G Z Z Tl Z Z U+ D2 Wi s o) |7 :
I=n m=-1 I=n m=-1 Ck+3((0,R))

where here r := |x| and we have used the Cauchy—Schwartz inequality to pass to the second line. The
Sobolev inequality immediately gives

1Yimllers gy < CllYimllpgrss sy < CI+ DR
To estimate the Bessel function, recall the large-degree asymptotics
5 ~ e (S
2y

which holds as v — oo for uniformly bounded r. As the derivative of a Bessel function can be written
in terms of Bessel functions via the recurrence relation

d %
d_Jv(r) ==Jyu(r) + =J(r),
r r
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it follows that the C**3 norm of Ji, 1 (r)/r'/? tends to 0 exponentially as [ — oo on compact sets:

g ) ()

172

C*3((0,R))
Since we have proven that
2

w1
Z 2 (1 _,_all;nz+25 <0

almost surely, now one only has to put together the estimates above to see that, almost surely, g, n (x)
tends to 0 as n — oo uniformly for all N > n and for all x in a compact subset of R3. This establishes
the convergence of the series and completes the proof of the proposition. O

Remark 3.3. Note that each summand U1y, , = (27r)3/2p(D)[Ylm(ﬁ)lxl’l/zJH% (Ix])] of the series
(3.1) is a Beltrami field.

Since ay,, are standard Gaussian variables, it is obvious that the vector-valued Gaussian field u
has zero mean. Our next goal is to compute its covariance kernel, x, which maps each pair of points
(x,y) € R3 x R? to the symmetric 3 X 3 matrix

k(x,y) :=Elu(x) ® u(y)] . 3.2)

In particular, we show that this kernel is translationally invariant, meaning that it only depends on the
difference:

k(x,y) =%(x = y).

We recall that, by Bochner’s theorem, there exists a nonnegative-definite matrix-valued measure p such
that x is the Fourier transform of p: This is the spectral measure of the Gaussian random field u. In the
statement, p; is the j th component of the vector field p.

Proposition 3.4. The components of the covariance kernel of the Gaussian random field u are
Kjk(x,y) = %ji(x —y)
with

; J
%jk(x) = (zﬂ)sz(D)pk(—D)%

The spectral measure is dp(&¢) = p(£) ® @da‘(f).

Proof. As ay,, are independent standard Gaussian variables, E(a,ap ) = 61170 mny , SO the covariance
matrix is

Kjk(x,y) = [uJ(X)uk(y)] Efu;(x)ur ()]

) 1 o
Z S 3 S B amann) e D) i€ Yo o) ) dortn)
=0 m

=1 I'=0 m=—1'

1
/ e ) G i) i ) @) dor .
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Here, we have used that u and the spherical harmonics Y}, are real-valued. Since Y;,,, is an orthonormal
basis, one has that

00 1
>0 [ [ 0@ 000 i@ Vi dort)doriin = [ 0@ 600 dor@
S JS S

1=0 m=-1

for any functions ¢, ¢ € L?(S). Hence, we can get rid of the sums in the above formula and write
) = [ @02 i) pil@ o). (33)

which yields the formula for the spectral measure of u. Using now that p is Hermitian (i.e., p(&¢) =
p(=¢)) and a well-known representation formula for the Bessel function J; /», the above integral can be
equivalently written as

/S ¢€ (&) pr(®) do(€) = p; (D) pi(~D) /S ¢ dor(¢)

Ji2()x|)

:(ZR)%Pj(D)Pk(_D) x[1/2

The proposition then follows. O

Remark 3.5. A random vector field is called isotropic if its covariance kernel is invariant under rotations,
that is, for any Euclidean rotation R we have

E(R.u(x) ® Rau(y)) = E(u(x) ® u(y)),

where R, denotes the push-forward of u under the action of R. It is well known that the most general
form of a symmetric 3 x 3 matrix function in R? that is invariant under spherical rotations is

SillxDI + fo(lxDx @ x,

where f] and f, are arbitrary functions of |x|. From equation (3.3), we see that our random Beltrami
field is not isotropic because p(&) ® p(&) is not of the form al + b¢é ® & for some constants a, b on
S. This property is not an issue of our construction and cannot be fixed by changing the vector field
p(&). This is in strong contrast with the random vector field i := VF, where F is the Gaussian random
monochromatic wave defined in (1.3b). It is not difficult to show that

B(a,(x)ix (y)) = /S GO E b (&) B (@) dor ().

where now pj;(¢) := i£;, and hence i is an isotropic field. However, it is worth noting that, in both cases,
the random vector field is constructed from an isotropic scalar field, and the spectral measure of the
vector field is the spectral measure of the isotropic scalar field times a tensor product of polynomials.
In the case of the gradient, the matrix covariance kernel is the Hessian of the scalar covariance kernel,
so it is isotropic. In contrast, in the case of the Beltrami field, the derivatives are more involved because
of the differential equation the field must satisfy.

A straightforward corollary is that the Gaussian random Beltrami field u is normalized so that its
covariance matrix is the identity on the diagonal.

Corollary 3.6. For any x € R3, k(x,x) = I.
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Proof. The formula for the spectral measure computed in Proposition 3.4 implies that
0 = [ pjOpi@dor(e).

As p is a polynomial, the computation then boils down to evaluating integrals of the form fs EYdo (&),
where @ = (@1, @2, a3) is a multi-index and £ := £ £7¢5". These integrals can be computed in
closed form [18]:

(YJ‘+1
2

/g" doE) = {2[ 3‘:1 (<5)]/T( |“2|+3) if a1, 2, a3 are even, 3.4)
S 0 otherwise.

Here, I denotes the gamma function.
Armed with this formula and taking into account the explicit expression of the polynomial p (&) (cf.
equation (2.4)), a tedious but straightforward computation shows

[ p@ dr) = 0.
The result then follows. ]

Remark 3.7. The probability density function of the Gaussian random vector u(x) is therefore p(y) :=
(27)732 e2F That is, P{u(x) € Q} = J P() dy for any x € R? and any Borel subset Q C R3.

Since the Gaussian field u is of class C* with probability 1 by Proposition 3.2, it is standard that it
defines a Gaussian probability measure, which we henceforth denote by x,,, on the space of C* vector
fields on R3, where k is any fixed positive integer. This space is endowed with its usual Borel o-algebra
S, which is the minimal o-algebra containing the ‘squares’

I(x,a,b) = {w e CK(R?,R®) : w(x) € [a1,b1) X [a2, by) X [a3, b3)}

forall x, a, b, € R3. To spell out the details, let us denote by € the sample space of the random variables
ajm and show that the random field u is a measurable map from Q to C¥(R3, R?). Since the o-algebra
of CK(R3,R3) is generated by point evaluations, it suffices to show that

o
u(x) = Z Z Aim Uﬂy,mp(x)

=0 m=-1

is a measurable function Q — R> for each x € R3. But this is obvious because u(x) is the limit of
finite linear combinations (with coefficients in R?) of the random variables a;,,, which are of course
measurable. In what follows, we will not mention the o-algebra explicitly to keep the notation simple.
Also, in view of the later applications to invariant tori, we will henceforth assume that & > 4. Obviously,
the Gaussian probability measure s, is regular because the space of C¥ vector fields is metrizable (with
the compact-open C*-topology).

Following Nazarov and Sodin [30], the next proposition shows two useful properties of our Gaussian
probability measure that will be extensively employed in the rest of the paper. They easily follow from
the facts that the covariance kernel x(x, y) only depends on x — y and that the spectral measure has no
atoms. Before stating the result, let us recall that the probability measure y,, is said to be translationally
invariant if 41, (ty.A) = p1,(A) for all A ¢ G and all y € R. Here, 7, denotes the translation operator
on C* fields, defined as Tyw(x) == w(x +y).
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Proposition 3.8. The probability measure ,, is translationally invariant. Furthermore, if ® is an L'
random variable on the probability space (C*(R3,R3), S, u,,), then

Rlim ®or1ydy =EP

Br

both ,-almost surely and in L' (C*(R3,R?), u,,).

Proof. Since the covariance kernel «(x,y) only depends on x — y, the probability measure wu, is
translationally invariant. Also, note that (y, w) = 7,w defines a continuous map

R x CK(R*,R?) — CH(RY,RY),

so the map (y, w) — ®(7,w) is measurable on the product space R3 x C*(R3,R?). Wiener’s ergodic
theorem [30, 5] then ensures that, for @ as in the statement, there is a random variable ®* € L' (CK(R3 x
R3), i) such that

1
][ Do, dyL—>CD*
a.s.
Br

as R — oco. Furthermore, ®* is translationally invariant (i.e., ®* o1, = ®* forall y € R3 almost surely)
and E®* = ED.

Also, as the spectral measure (computed in Proposition 3.4 above) has no atoms, a theorem of
Grenander, Fomin and Maruyama (see, e.g., [30, Appendix B] or [21] and note that the proof carries
over to the multivariate and vector-valued case) ensures that the action of the translations {ry, : y € R3}
on the probability space (C*(R3,R?), S, u,,) is ergodic. As the measurable function ®* is translationally
invariant, one then infers that @* is constant y,,-almost surely. As ® and ®* have the same expectation,
then ®* = E® almost surely. The proposition then follows. O

It is clear that the support of the probability measure u,, must be contained in the space of Beltrami
fields. In the last result of this section, we show that the support is in fact the whole space. This property
will be key in the following sections.

Proposition 3.9. The support of the Gaussian probability measure u,, is the space of Beltrami fields.
More precisely, let v be a Beltrami field. For any compact set K ¢ R® and each & > 0,

pu({w € CK®R,RY) « v = wller k) < &}) > 0.
Proof. By Proposition 2.5, there exists a Hermitian finite linear combination of spherical harmonics,

l

)
Z FamYim
1

n
=0 m=—

(p =
where @y, are real numbers (not random variables), such that [[v — Uy ||ck (k) < £/4. Hence

£
i ({w € CHR,R?) : [lw - vierx) < &}) > P({”M —Ugppllck k) < Z}) ,

where P denotes the natural Gaussian probability measure on the space of sequences (ag;;).
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Proposition 3.2 shows that the series

S 1
2, 2 anUinvp
)

1=0 m=—

converges in C*(K) almost surely, so for any fixed § > 0 there exists some number N (which one can
assume larger than ) such that

i

With the convention that «;,, := 0 for [ > n, note that

o0 l

Z almUilYlmp

I=N+1 m=—I

<f})>1—6.
ckk) 8

N 1
e = Ugplicrxy < D" D laim = ciml1Uy,, pllex ) +
=0 m=—1

o I
2. 2 amUii,p

I=N+1 m=-1

CK(K)

Therefore, if we set M = 8(N + 1)? max;<y max_;<,<; IUity,,, pllck (k) it follows that

]P’({Ilu —Ugpller (k) < Z})

o N 1
& &
ZP({ Z almUilylmp < —}) 1_[ ]—[ P({|alm—alm| < —}),
I=N+1 m=—1 ety 8 g e M
which is strictly positive. The proposition then follows. O

4. Preliminaries about hyperbolic periodic orbits and invariant tori

In this section, we construct Beltrami fields that exhibit hyperbolic periodic orbits or a positive measure
set of ergodic invariant tori of arbitrary topology. Our constructions are robust in the sense that these
properties hold for any other divergence-free field that is C*-close to the Beltrami field. Additionally,
we recall some basic notions and results about periodic orbits and invariant tori that will be useful in
the following sections.

4.1. Hyperbolic periodic orbits

We recall that a periodic integral curve, or periodic orbit, y of a vector field u is hyperbolic if all the
(possibly complex) eigenvalues A; of the monodromy matrix of u at y have modulus |4;| # 1. Since
we are interested in divergence-free vector fields in dimension 3, in this case the eigenvalues are of the
form A, 17! for some real A > 1. The maximal Lyapunov exponent of the periodic orbit y is defined as
A = 107%’1 > 0, where T is the period of .

Given a closed curve yo smoothly embedded in R3, we say that y has the knot type [yo] if y is
isotopic to . It is well known that the number of knot types is countable. Given a set of four positive
numbers Z = (11,12, A1,Az), with 0 < 71 < T and 0 < A; < Ay, we denote by N (R; [y],Z) the
number of hyperbolic periodic orbits of a vector field u contained in the ball Bg, of knot type [y], whose
periods and maximal Lyapunov exponents are in the intervals (77, 73) and (Aj, A;), respectively. Since
we have fixed the intervals of the periods and Lyapunov exponents, there is a neighborhood of thickness
1o of each periodic orbit (179 independent of the orbit) such that no other periodic orbit of this type
intersects it. The compactness of Bg then immediately implies that N (R, [y],Z) is finite, although the
total number of hyperbolic periodic orbits in Bg may be countable.
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An easy application of the hyperbolic permanence theorem [24, Theorem 1.1] implies that the above
periodic orbits are robust under C'-small perturbations so that

NY(R; [¥].Z) > N, (R; [y].T)

for any vector field v that is close enough to u in the C! norm. Indeed, if |ju — Vilci(gg) < 6, then v
has a periodic orbit ys that is isotopic to, and contained in a tubular neighborhood of width C¢ of,
each periodic orbit y of u that has the aforementioned properties. Moreover, the period and maximal
Lyapunov exponent of ys is also d-close to that of ¥, so choosing § small enough they still lie in the
intervals (77, T,) and (A, Ay), respectively. Thus, we have proved the following.

Proposition 4.1. The functional u — NS(R; [y],T) is lower semicontinuous in the C* compact open
topology for vector fields, for any k > 1. Furthermore, N3(R; [y], ) < oo for any C' vector field u.

The following result ensures that, for any fixed knot type [y] and any quadruple Z, there is a Beltrami
field u for which N{(R; [y],Z) > 1. This result is a consequence of [13, Theorem 1.1], so we just give
a short sketch of the proof.

Proposition 4.2. Given a closed curve yo C R® and a set of numbers T as above, there exists a
Hermitian finite linear combination of spherical harmonics ¢ such that the Beltrami field ug := U,
has a hyperbolic periodic orbit 'y isotopic to yy, whose period and maximal Lyapunov exponent lie in
the intervals (Ty,T,) and (A1, Ap), respectively.

Proof. Proceeding as in [13, Section 3, Step 2], after perturbing slightly the curve y( to make it real
analytic (let us also call y( the new curve), we construct a narrow strip X that contains the curve 7.
Using the same coordinates (z, ) as introduced in [13, Section 5], we define an analytic vector field

w = ly—]?'VG—AZVZ,

where |yg| is the length of yp and T € (T1,T»), A € (A1, Az). Using the Cauchy—Kovalevskaya theorem
for Beltrami fields [13, Theorem 3.1], we obtain a Beltrami field v on a neighborhood of yq such that
vl = w. A straightforward computation shows that g is a hyperbolic periodic orbit of v of period T
and maximal Lyapunov exponent A. The result immediately follows by applying Proposition 2.5. O

Corollary 4.3. There exists Ry > 0 and § > 0 such that N, (Ro; [v],Z) = 1 for any vector field w such
that ||w — u0||ck(BR0) < 0, provided that k > 1.

Proof. Taking Ry large enough so that the periodic orbit y is contained in Bg,, the result is a straight-
forward consequence of the lower semicontinuity of N (R; [y],Z), cf. Proposition 4.1. O

4.2. Nondegenerate invariant tori

We recall that an invariant torus 7 of a vector field u is a compact surface diffeomorphic to the 2-torus,
smoothly embedded in R?, and such that, the field u is tangent to 7~ and does not vanish on 7. In other
words, 7T is invariant under the flow of u. Given an embedded torus 7y, we say that 7 has the knot type
[To] if T is isotopic to Tp. It is well known that the number of knot types of embedded tori is countable.

To study the robustness of the invariant tori of a vector field it is customary to introduce two
concepts: an arithmetic condition (called Diophantine), which is related to the dynamics of u on 7, and
anondegeneracy condition (called twist) that is related to the dynamics of « in the normal direction to 7.

We say that the invariant torus 7 is Diophantine with Diophantine frequency w if there exist global
coordinates on the torus (6;,6,) € (R/Z)? such that the restriction of the field u to 7 reads in these
coordinates as

ulr =aegp +bey,, “.1)
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for some nonzero real constants a, b, and w := a/b modulo 1 is a Diophantine number. This means that
there exist constants ¢ > 0 and v > 1 such that

c
mv+l

p
|w—— >
m

for any integers p,m with m > 1. Here, ey, (often denoted by dy,) denotes the tangent vector in the
direction of 6;. We recall that the set of Diophantine numbers (with all ¢ > 0 and all v > 1) has
full measure. It is well known that the Diophantine property (possibly changing the constant c) of the
frequency w is independent of the choice of coordinates.

Let us now introduce the notion of twist, which is more involved. To this end, we parameterize a
neighborhood of 7~ with a coordinate system (p, 01,6,) € (=6,6) x (R/Z)? such that 7 = {p = 0}
and u|y—o has the form (4.1). Let us now compute the Poincaré map 7 defined by the flow of u on a
transverse section X C {6, = 0} (which exists if ¢ is small enough because b # 0):

7 (=6,8") X (R)Z) — (=6,6) X (R/Z) 42)
(p,01) = (m1(p,01), m2(p,61)) , 4.3)

for 6’ < 6. Obviously, 7(0,6;) = (0, 81 + w). Since u is divergence-free, the map 7 preserves an area
form o on X, which one can write in these coordinates as

o =F(p,01)dp Adb, 4.4)

for some positive function F. Notice that the area form o is exact because it can be written as o = dA,
where A is the 1-form

P
A= h(p,0)dor,  hip.0y) :=/ F(s,01) ds,
-5

and the map = is also exact in the sense that 7 A — A is an exact 1-form. Indeed, the area preservation
implies that d(n*A — A) = 0; moreover, the periodicity of / in 6; readily implies that

1 1
[ wa-aea= [ 00.0140) - h0.00) 0y 0.
0 0

so the claim follows from De Rham’s theorem. The exactness of both o and « is a crucial ingredient to
apply the KAM theory.

Remark 4.4. It was shown in [14, Proposition 7.3] that if the Euclidean volume form dx reads as
H(p,01,6>) dpo Adb; Adb, in coordinates (p, 81, 0,) for some positive function H, then the factor F that
defines the area form o is F(p, 61) = H(p, 01,0)ug,(p,01,0), where ug, denotes the 6,-component of
the vector field u.

The twist of the invariant torus 7 is then defined as the number

_ lapﬂ'z((),el)
_ /O e 4.5)

The reason for which we consider this quantity is that it crucially appears in the KAM nondegeneracy
condition of [20], cf. Ref. [14, Definition 7.5] for this particular case.

In the present paper, we are interested in the volume of the set of invariant tori of a divergence-
free vector field u. More precisely, given a quadruple 7 := (w1, ws, 71, T2), Where 0 < w; < wy,
0 < 11 < 7, we denote by V. (R;[T],J) the inner measure of the set of Diophantine invariant tori
of a vector field u contained in the ball Bg, of knot type [T ], whose frequencies and twists are in the
intervals (w1, wy) and (71, 12), respectively. One must employ the inner measure of this set (as opposed
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to its usual volume) because this set does not need to be measurable. When we speak of the volume of
this set, it should always be understood in this sense. An efficient way of providing a lower bound for this
volume is by considering, for each V; > 0, the number N, (R; [T], 7, Vy) of pairwise disjoint (closed)
solid tori contained in Bg whose boundaries are Diophantine invariant tori with parameters in J and
which contain a set of Diophantine invariant tori with parameters in 7 of inner measure greater that V.

Remark 4.5. The twist defined in equation (4.5) depends on several choices we made to construct
the Poincaré map (i.e., the transverse section and the coordinate system). Accordingly, the functional
VE(R; [T], J) has to be understood as the inner measure of the set of Diophantine invariant tori whose
twists lie in the interval (7, 1) for some choice of (suitably bounded) coordinates and sections, and
similarly with N%(R; [T, J, Vo). It is well known that the property of nonzero twist is independent of
the aforementioned choices.

Since the Poincaré map m that we introduced above is exact, we can apply the KAM theorem
for divergence-free vector fields [27, Theorem 3.2] to show that the above invariant tori are robust
for C*-small perturbations so that V! (R; [T],J) = VL(R; [T],J) + o(1) and N'.(R; [T], T, Vo) >
NY(R; [T, J, Vo) for any divergence-free vector field v that is C*-close to u. Indeed, if ||u — Vit (Br) <
0, then v has a set of Diophantine invariant tori of knot type [7] and of volume

VYR [T],T) = VY(R; [T],T) - Cs'/%.

Here, we have used that the frequency and twist of each of these invariant tori is d-close to those of u, so
by choosing § small enough they lie in the intervals (w;, wz) and (71, 72), respectively. The argument
for NL(R; [T],J, Vo) is analogous. Summing up, we have proved the following.

Proposition 4.6. The functionals u — NL(R; [T], T, Vo) and u — VL (R; [T],J) are lower semicon-
tinuous in the C* compact open topology for divergence-free vector fields, for any k > 4.

We next show that, for any knot type [7], one can pick a quadruple 7 and some V; > 0 for which
there is a Beltrami field u with N.,(R; [T], J, Vo) = 1. This is a straightforward consequence of [14,
Theorem 1.1] (see also [11, Section 3]), so we just sketch the proof.

Proposition 4.7. Given an embedded torus T C R3, there exists a set of numbers J,Vy as above, and
a Hermitian finite linear combination of spherical harmonics ¢ such that the Beltrami field ug := U, p
has a set of inner measure greater than Vo > 0 that consists of Diophantine invariant tori of knot type
[T] whose frequencies and twists lie in the intervals (w1, w>) and (71, 12), respectively.

Proof. Tt follows from [14, Theorem 1.1] that there exists a Beltrami field v that satisfies curlv = Av
in R3 for some small constant 1 > 0, which has a positive measure set of invariant tori of knot type
[7]. These tori are Diophantine and have positive twist. It is obvious that the field u(x) = v(x/Q)
satisfies the equation curlu = u in R, and still has a set of Diophantine invariant tori of knot type
[7] of measure bigger than some constant Vjy, and positive twist. The result follows taking the intervals
(w1, wy) and (11, 1) in the definition of J so that they contain the frequencies and twists of these tori
of u, and applying Proposition 2.5 to approximate u by a Beltrami field U, in a large ball containing
the aforementioned set of invariant tori. O

Corollary 4.8. Take J and Vy as in Proposition 4.7. There exists Ry > 0 and 6 > 0 such that
N (Ro; [T1,T,Vo) = 1and VL, (Ro; [T, J) > Vo/2 for any divergence-free vector field w such that
[lw— u0||ck(BR0) < 8, provided that k > 4.

Proof. Taking Ry large enough so that the aforementioned set of invariant tori of u is contained in
Bg,, the result is a straightforward consequence of the lower semicontinuity of Ni,(R; [T], J, Vo) and
VI(R; [T],J), cf. Proposition 4.6. O
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5. A Beltrami field on R? that is stably chaotic

Our objective in this section is to construct a Beltrami field u in R3 that exhibits a horseshoe, that is,
a compact (normally) hyperbolic invariant set with a transverse section homeomorphic to a Cantor set
on which the time-T flow of u (or of a suitable reparametrization thereof) is topologically conjugate to
a Bernoulli shift. It is standard that a horseshoe of a three-dimensional flow is a connected branched
surface and that the existence of a horseshoe is stable in the sense that any other field that is C!-close
to u has a horseshoe too [22, Theorem 5.1.2]. Moreover, the existence of a horseshoe implies that the
field has positive topological entropy; recall that the topological entropy of the field, which we denote
as hyop(u), is defined as the entropy of its time-1 flow. Summarizing, we have the following result for
the number of (pairwise disjoint) horseshoes of u contained in Bg, N*(R).

Proposition 5.1. The functional u — N (R) is lower semicontinuous in the C* compact open topology
for vector fields, for any k > 1. Moreover, if u has a horseshoe, its topological entropy is positive.

In short, the basic idea to construct a Beltrami field with a horseshoe, is to construct first ‘an
integrable’ Beltrami field having a heteroclinic cycle between two hyperbolic periodic orbits, which we
subsequently perturb within the Beltrami class to produce a transverse heteroclinic intersection. By the
Birkhoff—-Smale theorem, this ensures the existence of horseshoe-type dynamics.

Proposition 5.2. There exists a Hermitian finite linear combination of spherical harmonics ¢ such that
the Beltrami field uo := Uy, exhibits a horseshoe. In other words, Ngo(Ro) > 1 for all large enough
Ry > 0.

Proof. Let us take cylindrical coordinates (z,r,0) € R x R* x T, with T := R/2nZ, defined as
Z:=Xx3, (rcos@,rsinf) := (x1,x7) .

We now consider the axisymmetric vector field v in R? given by

v = %(3rl//EZ—(9zlﬁEr+%E9). (5.1)
Here,
Y i=cosz+3rJi(r)

with J; being the Bessel function of the first kind and order 1, and the vector fields

E.:=(0,0,1), E, :=%(x1,x2,0), Eg = (—x2,x1,0),
which are often denoted by d,, d,, d¢ in the dynamical systems literature, have been chosen so that

E.-VN¢=0.¢, E-Vp=0-¢, Eg-Vp=0¢¢

for any function ¢. Notice that v - Vi = 0, so the scalar function i is a first integral of v. This means

that the trajectories of the field v are tangent to the level sets of .
The vector field v is not defined on the z-axis, so we shall consider the domain in Euclidean 3-space

Q:={(z,r,0): (z,r) €D, § €T},

where D is the domain in the (z, r)-plane given by

9 18
D.—{(z,r).—10<z<10,m<r<?}.
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The reason for choosing this particular domain of R? will become clear later in the proof; for the time
being, let us just note that ¥ (z,r) > 0if (z,r) € D.

Also, observe that, away from the axis » = 0, the vector field v is smooth and satisfies the Beltrami
field equation curlv = v.

We claim that, in Q, v has two hyperbolic periodic orbits joined by a heteroclinic cycle. Indeed,
noticing that

(04, 0ry) = (=sinz, 3rJo(r)),

where we have used the identity 9, [rJ;(7)] = rJo(r), it follows that the points p. := (%7, jo.1) € D are
critical points of . Here, jo 1 = 2.4048 ... is the first zero of the Bessel function Jy. Plugging this fact
in equation (5.1), this implies that, on the circles in 3-space

ve ={(z,7,0) : (z,r) = ps, 8 € T},
the field v takes the form

co
v(ps,0) = 5 Eg
Jo,1

with co := 3jo,1J1(jo,1) — 1 > 0. Therefore, we conclude that the circles y. are periodic orbits of v
contained in Q.

It is standard that the stability of these periodic orbits can be analyzed using the associated normal
variational equation. Denoting by (v, v,,vg) the components of the field v in the basis {E,, E,, Eg},
this is the linear ordinary differential equation (ODE)

n=An,
where 7 takes values in R? and A is the constant matrix

. 0(vz,vy)

_ 0 3J5(jo,1)
d(z,r) '

(e.r)=ps (‘l/jo" 0

The Lyapunov exponents of the periodic orbit y. are the eigenvalues of the matrix A. Therefore, since
Jj(jo.1) < 0O, these periodic orbits have a positive and a negative Lyapunov exponent, so they are
hyperbolic periodic orbits of saddle type.

Since ¥ is a first integral of v and ¥ (p.) = ¢, the set

{(Z’rvg) . (//(Z,V) = CO}

is an invariant singular surface of the vector field v. This set contains two regular surfaces I'} and I,
diffeomorphic to a cylinder. We label them so that I'; is contained in the half space {r < jo,1} and I';
in {r > jo,1}. The boundaries of these cylinders are the periodic orbits y.. The surface I'; is the stable
manifold of y, that coincides with an unstable manifold of vy_, while I'; is the unstable manifold of y.
that coincides with a stable manifold of y_. Hence, the union I'} U I'; of both cylinders then form an
heteroclinic cycle between the periodic orbits y, and y_, and one can see that it is contained in €.

Let us now perturb the Beltrami field v in Q by adding a vector field w (to be fixed later) that also
satisfies the Beltrami field equation curl w = w. Our goal is to break the heteroclinic cycle I'y U T in
order to produce transverse intersections of the stable and unstable manifolds of y¥ and y®, where y{
denote the hyperbolic periodic orbits of the perturbed vector field

0 0
X:=v+8w=(r—w+st)Ez+(—Z—¢+swr)E,+(£2+st)E9.
r r r
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As before, (w,,w,,wg) denote the components of the vector field w in the basis {E, E,, Eg}, which
are functions of all three cylindrical coordinates (z,r, ). If £ > 0 is small enough, the §-component of
X is positive on the domain €, so we can divide X by the factor Xy := r% + ewyg > 0 to obtain another
vector field Y that has the same integral curves up to a reparametrization:

Y= X _ ro.y + er’w, £+ 10 + er’w,
Xy U+ertwg  C U+ ertwg

E.+Ey. (5.2)

Substituting the expression of ¥ (z,r) and expanding in the small parameter &, the analysis of the
integral curves of Y reduces to that of the following nonautonomous system of ODEs in the planar

domain D:
é — 37'2]0(}’) rZWz(Z7 r, t) _ 3r4J0(l")Wg(Z, r, t) 2
dt— y(zr) ( W(z,r) v (z,r)? )+0(‘9 ) 5.3)
dr _ rsing rPwp(z,r,0) i sinzwe(z,r,1) ,
dr ~ y(zr) ”( w(zr) v(zr)? )*0(8 ). 5.4)

Notice that the dependence on 7 is 27r-periodic and that we have replaced 6 by ¢ in the function w, (z, r, 6)
(and similarly w,, wg) because the 8-component of the vector field Y is 1. When & = 0, one has

32(r)

T @n )
. rsing

7= ) (5.6)

Hence, the unperturbed system is Hamiltonian with symplectic form w := r~'dz A dr and Hamiltonian
function H(z,r) := logy (z, r). The periodic orbits y.. of v and their heteroclinic cycle I'y UI'; correspond
to the (hyperbolic) fixed points p. of the unperturbed system joined by two heteroclinic connections
I := T N {0 =0}, k = 1,2. These are precisely the two pieces of the level curve {H(z,r) = logco}
that are contained in D. Let us denote by

Yi(t) = (Zg (0, 71), R (£50,7%))

the integral curves of the separatrices that solve equations (5.5) and (5.6) with initial conditions (0, ry) €
I'. Of course, the closure of the set {yx(7) : t € R} is Ik, and the stability analysis of the periodic
integral curves y. readily implies that lim,_,, (_jyk+160 Y& (f) = pa.

By the implicit function theorem, the perturbed system (5.3) and (5.4) has exactly two hyperbolic
fixed points p$ € D so that pf — p. as € — 0. The technical tool to prove that the unstable (resp.
stable) manifold of p¥ and the stable (resp. unstable) manifold of pZ intersect transversely when € > 0
is small is the Melnikov function. We define the vector fields Yy, Y;, respectively, as the unperturbed
system and the first order in € perturbation, that is,

3r2Jo(r) rsinz
Yo = z ro
“TUEn T uen
Vi oo r’w, B 3r4J0(r)w@) ( 2w, B r3sinzwg
e et )T e et )T
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Since the unperturbed system is Hamiltonian, we can apply Lemma 5.4 below (which is a variation on
known results in Melnikov theory) to conclude that if the Melnikov functions

[oe]
My (1) = / W (Y0, Y1)y (1-10) dt 5.7
have simple zeros for each k = 1,2, then the aforementioned transverse intersections exist, and that
actually the heteroclinic connections intersect at infinitely many points. The integrand w(Yp, Y1) denotes
the action of the symplectic 2-form w on the vector fields Yy, Y7, evaluated on the integral curve
v (t — o). It is standard that the improper integral in the definition of the Melnikov functions is
absolutely convergent because of the hyperbolicity of the fixed points joined by the separatrices (see,
e.g., [22, Section 4.5]). Also, notice that although [22, Section 4.5] concerns transverse intersections
of homoclinic connections, the analysis applies verbatim to transverse intersections of heteroclinic
connections.
More explicitly, the Melnikov functions are given by

My (10) = Ciz/w R (1) [wo(Zi (), Ri (1), 1) sin Zi () = 3Ric (1) Jo(Ric () wy (Zic (1), Ric (1), 1) | dt ,
o Y-

where Ry (t) = Ri(t;0,r) and Zi (t) = Zi(1;0,ry). It is well known that the existence of transverse
intersections is independent of the choice of initial condition.
To analyze these Melnikov integrals, let us now choose the particular perturbation

J J{(r)sin@
‘ir) cos O E, — 1(+Eg. (5.8)

w=Ji(r)sin0 E, +

It is easy to check that curl w = w in R?; in fact w = (curl curl + curl) (Jo(r), 0, 0) (or, to put it differently,
w = Ugg(g)-1p» Where the distribution ¢’ on the sphere S is the Lebesgue measure of the equator,
normalized to unit mass). With this choice, the Melnikov functions take the form

oMy (to) = [ " Ric(1)*[J1(Rk (1)) sin Zy. (¢) sin(t + to) — 3Jo(Ry (1)) J1 (Ri (1)) cos(t + 1o) | dt

00

=: ay sinty + by costy,

where the constants ay, by are given by the integrals

ay = /w Ric(0)*[J1 (Ri (1)) sin Z (1) cos t + 3Jo(Ri (1))J1 (R (¢)) sint] dt ,

00

bk =/ Ric(£)*[J1 (Ri(2)) sin Zi (1) sint — 3Jo(Ry(£))J1 (Ri (1)) cost] dt .
Since the Hamiltonian function has the symmetry H(-z,r) = H(z,r), it follows that Ry () = Ry (-t)
and Zy (t) = —Zy(—t). This immediately yields that a; = a, = 0. Moreover, it is not hard to compute
the constants b and b, numerically:

by =3.5508..., by=0.2497...

Therefore, the function My (tg) = by cos tg is a nonzero multiple of the cosine, so it obviously has
exactly two zeros in the interval [0, 27), which are nondegenerate. It then follows from Lemma 5.4
below that the two heteroclinic connections joining p{ intersect transversely. In turn, this implies [33,
Theorem 26.1.3] that each hyperbolic fixed point pZ has transverse homoclinic intersections, so by the
Birkhoff-Smale theorem [22, Theorem 5.3.5] the perturbed system (5.3) and (5.4) (with w given by
equation (5.8)) has a compact hyperbolic invariant set on which the dynamics is topologically conjugate
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to a Bernoulli shift. This set is contained in a neighborhood of the heteroclinic cycle [} UT>, and hence
in the planar domain D where the system is defined. This immediately implies that the vector field Y
defined in equation (5.2), which is the suspension of the nonautonomous planar system (5.3), has a
compact normally hyperbolic invariant set K on which its time-T flow is topologically conjugate to a
Bernoulli shift, where T := 22N for some positive integer N > 0. The invariant set K is contained in Q
because it lies in a small neighborhood of the invariant set I} U I';. Since the integral curves of X and
Y are the same, up to a reparametrization, K is also a chaotic invariant set of the Beltrami field X in Q.

Finally, since R3 \ﬁ is connected, and of course the vector field X satisfies the Beltrami equation in
an open neighborhood of Q, for each 6 > 0, Proposition 2.5 shows that there is a Hermitian finite linear
combination of spherical harmonics ¢ such that

”X - ULpp“C‘(Q) <é.

If 6 is small enough, the stability of transverse intersections implies that the Beltrami field U, has a
compact chaotic invariant set K in a small neighborhood of K on which a suitable reparametrization
of its time-7 flow is conjugate to a Bernoulli shift, so the proposition follows. O

Corollary 5.3. There exists Ry > 0 and § > 0 such that N% (Ro) > 1 for any vector field w such that
[lw — M(]Hck(BRO) < 8, provided that k > 1.

Proof. Taking Ro so that the horseshoe of ug is contained in Bg,, the result is a straightforward
consequence of the lower semicontinuity of N (R), cf. Proposition 5.1. O

To conclude, the following lemma gives the formula for the Melnikov function that we employed
in the proof of Proposition 5.2 above. This is an expression for the Melnikov function of perturbations
of a planar system that is Hamiltonian with respect to an arbitrary symplectic form. This is a minor
generalization of the well-known formulas [22, Theorem 4.5.3] and [25, Equation (23)], which assume
that the symplectic form is the standard one.

Lemma 5.4. Let Y, be a smooth Hamiltonian vector field defined on a domain D ¢ R? with Hamiltonian
Junction H and symplectic form w. Assume that this system has two hyperbolic fixed points p.. joined
by a heteroclinic connection . Take a smooth nonautonomous planar field Y|, which we assume 2r-
periodic in time, and consider the perturbed system Yy + €Y1 + O(g?). Then the simple zeros of the
Melnikov function

(e8]
M) = [ (0 g .
—00
where the integrand is evaluated at the integral curve y(t — to; po) of Yo parametrizing the separatrix
I', give rise to a transverse heteroclinic intersection of the perturbed system, for any small enough ¢.

Proof. If € is small enough, the perturbed system has two hyperbolic fixed points pZ. To analyze
how the heteroclinic connection is perturbed, we take a point pg € I and we compute the so-called
displacement (or distance) function A (#() on a section X based at p( and transverse to I. Recall that the
function £A (o) gives the distance of the splitting, up to order O (£?), between the corresponding stable
and unstable manifolds of the perturbed system at the section X.

A standard analysis, cf. [25, Equation (22)] or the proof of [22, Theorem 4.5.3], yields the following
formula for A (¢9):

Atg) = —— / Yi(y(t = 1)) X Yo(y(r — tg))e™h " TPV ds gy (5.9)
Yo(po)| Jowo

where we have omitted the dependence of the integral curve on the initial condition py € I. Here, we
are using the notation X XY := X Y, — X»Y; for vectors X, Y € RZ and Tr DY, is the trace of the Jacobian
matrix of the unperturbed field Y.
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Take coordinates in D, which we will call (z, r) just as in the proof of Proposition 5.2, and write the
symplectic form as w = p(z,r) dz A dr, where p(z,r) is a smooth function that does not vanish. Let us
call here {e,, e, } the basis of vector fields dual to {dz, dr} (which are usually denoted by 9, and 0,,
as they correspond to the partial derivatives with respect to the coordinates z and r). The Hamiltonian
field Y; reads in these coordinates as

1

Yo =
p(z,r)

(a,H e, —0;H er) .

Noting that

w(Yo, YDy (-1

Yi(y(t—10)) X Yo(y(t —10)) = o(y(t —10))

and
—/t_t() Tr DYy (y(s)) ds fr_to Yo(y(s))-Viegp(y(s)) ds
e Jo = el (5.10)

_ Gl degotn g p(y(1 1))

, 5.11
p(po) G-

equation (5.9) implies that

M((to)

A = ool (o)

so the claim follows because M (#p) coincides with the displacement function up to a constant propor-
tionality factor. O

6. Asymptotics for random Beltrami fields on R>

We are now ready to prove our main results about random Beltrami fields on R?, Theorems 1.2 and 1.5.
To do this, as we saw in the two previous sections, we need to handle sets that have a rather geometrically
complicated structure, which gives rise to several measurability issues. For this reason, we start this
section by proving a version of the Nazarov—Sodin sandwich estimate [30, Lemma 1] that circumvents
some of these issues and which is suitable for our purposes.

6.1. A sandwich estimate for sets of points and for arbitrary closed sets

For any subset I' C R3, we denote by N(x,r;I") the number of connected components of I" that are
contained in the ball B, (x). Also, if X := {x; : j € J}, where x; € R3, is a countable set of points
(which is not necessarily a closed subset of R?), then we define

N(x,r; X) =#[X N B, (x)]
as the number of points of X contained in the open ball B, (x). For the ease of notation, we will write

N(r;T") := N(0,r;T) and similarly A'(r; X'). We remark that these numbers may be infinite.

Lemma 6.1. Let I' be any subset of R® whose connected components are all closed and let X = {x i
Jje T} withx; € R3, be a countable set of points of R3. Then the functions N'(-,r; X) and N(-,r;T’)
are measurable, and for any 0 < r < R one has

X X
NOE®) 40 nrs ) < NOBX) 4
BRr-» IBr| BRryr |Br|
N(y,r;T
Ny, rT) dy < N(R;T).
BR—r |BV|
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Proof. Let us start by noticing that

N(y,r;X)=#jeJ :x; € B(y,r)} = Z 1B, (x) () -
jer

As the ball B, (x) is an open set, it is clear that 1, (x)(-) is a lower semicontinuous function. Recall that
lower semicontinuity is preserved under sums and that the supremum of an arbitrary set (not necessarily
countable) of lower semicontinuous functions is also lower semicontinuous. Therefore, from the formula

NCriX) =sup > g, 0)()s
T e

where 7’ ranges over all finite subsets of 7, we deduce that the function A/ (-, r; X) is lower semicon-
tinuous, and therefore measurable.
Now, let Jg :={j € J : x; € Bg} and note that

BINER) = Y [ 150 0a.

.fEJR BRrar

As we can interchange the sum and the integral by the monotone convergence theorem and

D 1,6 () < D 1B, () =N (13 ),

JE€ITR JjeT

one immediately obtains the upper bound for N'(R; X). Likewise, using now that

BN =Y, [ s 0)d

jEJR BR+r

2 Z/ 1B,(X_/)(y)dy

jedr ¥ Br-r

=Z/ lsr(xj>(y)dy=/ N(y,r: X) dy,
BRr-r BRr-r

jeJ

we derive the lower bound. The sandwich estimate for N'(R; X) is then proved.
Now, let v be a connected component of I", which is a closed set by hypothesis. Since y C B, (y) if
and only if y € B, (x) for all x € , one has that

NGrD) = ) 1), ©.1)

ycl'

where the sum is over the connected components of I' and the set y” is defined, for each connected
component y of ', as
y =) B,

xey

that is, as the set of points in R? whose distance to any point of  is less than r. Obviously, the set y is
open, so 1, is lower semicontinuous and contained in the ball B, (xo), where x¢ is any point of y. Also
notice that y" is not the empty set provided that 2r is larger than the diameter of y. Therefore, by the
same argument as before, if follows from the expression (6.1) that the function N (-, r; ") is measurable.
If we now define the set I'r consisting of the connected components of I" that are contained in the ball
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Bp, the same argument as before shows that

1
N(R;T) > Z ﬁ/ 1,-(y) dy
'}’CFR y BRryr
),
> — lyr(y) dy
Y;R Y| JBg.,
1
=2, m/ Ly (y) dy
ycl' Y Br-r
>/ N(y,r;I") dy
Br_r SUPycr [V
Ny, r;T
5 NO.KT) 4
Br_, |Br|

In the first inequality, we are summing over components y whose diameter is smaller than 2r, and to
pass to the last inequality we have used the obvious volume bound |y"| < |B,|. Note that the proof of
the upper bound for N'(R; X') does not apply in this case, essentially because we do not have lower
bounds for |y"| in terms of |B,|. O

6.2. Proof of Theorem 1.2 and Corollary 1.3

We are ready to prove Theorem 1.2. In fact, we will establish a stronger result which permits controlling
the parameters of the periodic orbits and the invariant tori. In what follows, we shall use the notation
introduced in Sections 4 and 5 for the number of periodic orbits N7 (R; [y], Z), the number of Diophan-
tine toroidal sets N\, (R; [T], J, Vo) (and the volume of the set of invariant tori V}\(R; [T], J)) and the
number of horseshoes N (R). This is useful in itself, since we showed in Section 4.1 that the quantity
NQ(R; [v], Z) is finite but this does not need to be the case if one just counts N, (R; [y]). Also, the choice
of counting the volume of invariant tori instead of its number (which one definitely expect to be infinite)

provides the trivial bound V., (R; [T], J) < |Bg|. Specifically, the result we prove is the following.

Theorem 6.2. Consider a closed curve y and an embedded torus T of R>. Then for any T =
(T, T, A1, A\y), some J = (w1, wr, 11, T2) and some Vy > 0, where

0<T1<T2, 0<A1<A2, 0<a)1<a)2, O<T1<T2,

a Gaussian random Beltrami field u satisfies

. NUR[T], T, Vo)
lim inf
R—o |BRr|

NC°(R; [y],Z
liminf —“( 71.2)
R—>0 |Br

A (VARVAR

>v°([y].D)

with probability 1, with constants that are all positive. In particular, the topological entropy of u is
positive almost surely, and

VY(R; ,
liminfﬂ >Vov'(IT1. T Vo),
R—o |BR|

with probability 1.
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Proof. For the ease of notation, let us denote by ®g(u) the quantities N'(R), NO(R;[y],Z) and
NL(R; [T], T, V), in each case. Horseshoes are closed, and so are the set of periodic orbits isotopic to
¥ with parameters in Z and the set of closed invariant solid tori of the kind counted by N\, (R; [T], 7, Vo).
Therefore, the lower bound for sets I" whose components are closed proved in Lemma 6.1 ensures that,
forany 0 <r <R,

Dr(u) S 1 @, (1yu) Y > 1 7 (Tyu) v,
|Br| |Br| JB., 1B/ |Brl JB., 1B/l

where for any large m > 1 we have defined the truncation
@ (w) = min{®, (w), m}.

We recall that the translation operator is defined as tyu(-) = u(- +y).
As the truncated random variable ®7" is in L' (C¥(R3,R3), u,,) for any m, one can consider the limit
R — oo and apply Proposition 3.8 to conclude that

.. Dr(u)
liminf
R—co  |BR|

Br_» DM (Tyu 1
> limnf (2R r(y)dyz EQ"
Rec  |Bgl 1B, | 1B,

BRr-r

y-almost surely, for any r and m. Corollaries 4.3, 4.8 and 5.3 imply that (for any Z in the case of
periodic orbits, for some J and some Vj > 0 in the case of invariant tori, and unconditionally in the
case of horseshoes), there exists some r > 0, some ¢ > 0 and a Beltrami field ug such that

@, (w) > 1

for any divergence-free vector field w € C*(R?, R?) with [|w — ugllc4(g,) < 6. As the random variable
@, is nonnegative, and the measure y,, is supported on Beltrami fields (cf. Proposition 3.9), which are
divergence-free, it is then immediate that, when picking the parameters Z, (7 and Vj as above, one has
fork >4

EO > i ({w € CEERLRY) : [l - uolle (s, < 6}) =3 M(uo, ) .

This is positive again by Proposition 3.9. So defining the constant, in each case, as

_ M, 0)

>0
|B|

the first part of the theorem follows.

Finally, the topological entropy of u is positive almost surely because u has a horseshoe with
probability 1; see Proposition 5.1. The estimate for the growth of the volume of Diophantine invariant
tori follows from the trivial lower bound

VLR [T, TJ) > VoNL(R; [T], T, Vo) - O

Remark 6.3. A simple variation of the proof of Theorem 6.2 provides an analogous result for links.
We recall that a link £ is a finite set of pairwise disjoint closed curves in R3, which can be knotted and
linked among them. More precisely, if N'(R; [£],Z) is the number of unions of hyperbolic periodic
orbits of u that are contained in Bg, isotopic to the link £, and whose periods and maximal Lyapunov
exponents are in the intervals prescribed by Z, then

.. . NY(R:[L],D)
liminf ————=

> W([L],Z) > 0.
im in Brl ([£],D)
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To apply the lower bound obtained in Lemma 6.1 to estimate the number of links, it is enough to
transform each link into a connected set by joining its different components by closed arcs. The proof
then goes exactly as in Theorem 6.2 upon noticing that analogs of Proposition 4.2 and Corollary 4.3
also hold for links (the proof easily carries over to this case).

Proof of Corollary 1.3. The corollary is now an immediate consequence of the fact that the number
of isotopy classes of closed curves and embedded tori is countable. Indeed, by Theorem 1.2, with
probability 1, a Gaussian random Beltrami field has infinitely many horseshoes, an infinite volume of
ergodic invariant tori isotopic to a given embedded torus 7 and infinitely many periodic orbits isotopic
to a given closed curve . Since the countable intersection of sets of probability 1 also has probability
1, the claim follows. m]

6.3. Proof of Theorem 1.5

We are now ready to prove the asymptotics for the number of zeros of the Gaussian random Beltrami
field u. Let us start by noticing that, almost surely, the zeros of u are nondegenerate. This is because

tu({w € CH(R?,R?) : det Vw(x) = 0 and w(x) = 0 for some x € R*}) =0,

which is a consequence of the boundedness of the probability density function (cf. Remark 3.7) and that
u is C* almost surely; see [4, Proposition 6.5]. Hence, the intersection of the zero set

X, = {xeR>:wkx) =0}

with a ball Bp is a finite set of points almost surely. The implicit function theorem then implies that
these zeros are robust under C'-small perturbations so that with probability 1, N'(R; X)) > N (R; X,)
for any vector field v that is close enough to w in the C! norm. Summarizing, we have the following.

Proposition 6.4. Almost surely, the functional w — N (R; X,,) is lower semicontinuous in the C*
compact open topology for vector fields, for any k > 1. Furthermore, N'(R; X,,) < oo with probability 1.

Since the variance E[u(x) ® u(x)] is the identity matrix by Corollary 3.6, the Kac—Rice formula [4,
Proposition 6.2] then enables us to compute the expected value of the random variable

_ N(r; Xw)
@, (w) B, ] (6.2)
as
ED, = ][ E{|det Vw(x)| : w(x) = 0} p(0) dx
B,
= (27) 2E{| det Vw (x)| : w(x) = 0} . (6.3)

Here, we have used that the above conditional expectation is independent of the point x € R> by
the translational invariance of the probability measure. We recall that the probability density function

p(y) = (27r)’% ¢~2D* was introduced in Remark 3.7.
To compute the above conditional expectation value, one can argue as follows.

Lemma 6.5. For any x € R?,
E{| det Vu(x)| : u(x) =0} = (21)3v*,

where the constant v* is given by (1.4).
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Proof. Let us first reduce the computation of the conditional expectation to that of an ordinary expec-
tation by introducing a new random variable . Just like Vu(x), this new variable takes values in the
space of 3 x 3 matrices, which we will identify with R” by labeling the matrix entries as

ISR
= la &5 86 |- (6.4)
{71 43 &o
This variable is defined as
{ = Vu(x) — Bu(x), (6.5)

where the linear operator B (which is a 9 x 3 matrix if we identify Vu(x) with a vector in R®) is chosen
so that the covariance matrix of u(x) and £ is O:

B :=E(Vu(x) ® u(x)) []E(u(x) ® u()c))]_1 =E(Vu(x) ® u(x)) .

Here, we have used that the second matrix is in fact the identity by Corollary 3.6. An easy computation
shows that then

E(f®u(x)) =0;

as u(x) and ¢ are Gaussian vectors with zero mean, this condition ensures that they are independent
random variables. Therefore, we can use the identity (6.5) to write the conditional expectation as

E{|detVu(x)| : u(x) =0} = E{| det[{ + Bu(x)]| : u(x) =0} = E|det (] .

Our next goal is to compute the covariance matrix of £ in closed form, which will enable us to find
the expectation of | det £|. By definition,

E({ ®¢) =E[(Vu(x) — Bu(x)) ® (Vu(x) — Bu(x))]
=E[Vu(x) ® Vu(x)] —E[Vu(x) ® u(x)] E[u(x) @ Vu(x)] .

The basic observation now is that, for any Hermitian polynomials in three variables ¢(¢) and ¢’ (&), the
argument that we used to establish the formula (3.3) and Corollary 3.6 shows that

E[(q(D)u;(x)) (¢'(D)ur(x))] = Elq(Dx)u;(x) q'(Dy)ur(y)]ly=x

. /S (&) 4/ (=) p; (&) Pr@ €0 dr ()

y=x

- /S (&) ¢’ (=) p; (&) Pr(® dor ()

Here, we have used that ¢’ (D)uy is real-valued because ¢’ is Hermitian. As all the matrix integrals in
the calculation of E(¢ ® ) are of this form with ¢(&) = i€ or 1, the computation again boils down to
evaluating integrals of the form fs &% do(£), which can be computed using the formula (3.4).
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Tedious but straightforward computations then yield the following explicit formula for the covariance

matrix of £:
£ 000-25000-3
0 08 0 000 O
0 040 0 0%&HO O
0 £ 04H 0 000 O
2=E(®{)=[-5000 % 00 0-%
0000 0 Bo0oE O
0 040 0 0HO0 O
osooo 02505(3)
5000-3000 &

Note that this matrix is not invertible: it has rank 5, and an orthogonal basis for the (4-dimensional)
kernel is

{e1+es+e9, er—ey, e3—e7, e — ez},

where {e; }?:1 denotes the canonical basis of R?. As we are dealing with Gaussian vectors, this is
equivalent to the assertion that

O+G+80=0, HL=0, =0, {=( (6.6)

almost surely (which amounts to saying that ¢ is a traceless symmetric matrix). Notice that these
equations define a 5-dimensional subspace orthogonal to the kernel of X. The remaining random
variables ¢’ := ({1, {2, {3, {5, {s) are independent Gaussians with zero mean and covariance matrix

£ 00-350
0 #0 0 0
¥ :=E('®{)=| 0 0% 0 0
-5 00 & 0
0 00 0 &

By construction, X’ is an invertible matrix, so we can immediately write down a formula for the
expectation value of | det {|:

s 1 O 86 &G o
E|det{] = (2”)_7(013@’)_7/ detf &> &5 Lo e 28 g
Bl \G -0l

- o tazyt [ i@t ar
RS
with the cubic polynomial Q being defined as in equation (1.5). Since %{ Tyl = 0 (£'), where the
quadratic polynomial Q was defined in equation (1.6), and

5143

detYX = ———,
28.215

we therefore have
E|detZ| = (27)3v* .

The result then follows. O
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Remark 6.6. If one keeps track of the connection between ¢ and Vu(x), it is not hard to see that the
first condition ¢} + {5 + {9 = 0 in equation (6.6) is equivalent to div u(x) = 0, while the remaining three
just mean that curl u(x) = u(x), at the points x € R?, where u(x) = 0.

In particular, this shows that ®g € L'(C*(R3,R?), u,,). For the ease of notation, let us define the
ergodic mean operator

1
Ar®(w) := m/B D(1yw) dy.

Since M (R, X,,) is finite almost surely, cf. Proposition 6.4, the sandwich estimate proved in Lemma 6. |
implies that, almost surely,

1

@ D, (tyw)dy

BRir

/ @, (tyw)dy < Pr(w) < ——
B, |Br|

for any 0 < r < R. Therefore, and using that |Bg.,|/|Br| = (1 +r/R)3, one has

3 3
r r
|(DR - AR<Dr| < (1 + E) AR+r(Dr - AR(I)r + (1 - E) AR—rq)r - .ARq)r .

For fixed r, equation (6.3) and Proposition 3.8 ensure that
Ll
Ar®,—E®, =v* (6.7)
a.s.

as R — oo; also, note that the limit (which is independent of r) has been computed in Lemma 6.5 above.
Therefore, if we let R — oo while r is held fixed, the right-hand side of the estimate before equation
(6.7) tends to 0 y,,-almost surely and in L' (,,), so that

1
g — Ag®, =50
a.s.

1
as R — o0. As ARCDr—L—wZ by (6.7), Theorem 1.5 is proven.
a.s.

7. The Gaussian ensemble of Beltrami fields on the torus
7.1. Gaussian random Beltrami fields on the torus

As introduced in Section 1.3, a Beltrami field on the flat 3-torus T> := (R/27Z)3 (or, equivalently, on
the cube of R? of side length 27 with periodic boundary conditions) is a vector field on T satisfying
the equation

curlv = Av

for some real number 4 # 0. To put it differently, Beltrami fields on the torus are the eigenfields of
the curl operator. It is easy to see that such an eigenfield is divergence-free and has zero mean, that is,
fT3 vdx = 0.

Since Av + A%y = 0, it is well known (see, e.g., [10]) that the spectrum of the curl operator on the
3-torus consists of the numbers of the form A = +|k| for some vector with integer coefficients k € Z>.
For concreteness, we will henceforth assume that 1 > 0; the case of negative frequencies is completely
analogous. Since k has integer coefficients, one can label the positive eigenvalues of curl by a positive
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integer L such that 1; = L'/2. Let us define
Zp={keZ’: |k =L},

and note that the set Z7, is invariant under reflections (i.e., -k € Z if k € Z;).
The Beltrami fields corresponding to the eigenvalue Ay must be of the form

v = Z Vi elk (7.1)

for some V. € C3. Conversely, this expression defines a Beltrami field with frequency A; if and only if
Vi = V_i (which ensures that v is real-valued) and

ik B
mka—Vk.

Since |k| = L'/?, we infer from the proof of Proposition 2.1 that the vector V; must be of the form
Vi = ax p(k/L'?) (7.2)

unless k = (iLl/ 20, 0). Here, ay € C is an arbitrary complex number and the Hermitian vector field
p (&) was defined in equation (2.4).

The multiplicity of the eigenvalue Ay, is given by the cardinality dy := #Z;. By Legendre’s three-
square theorem, Z;, is nonempty (and therefore Ay is an eigenvalue of the curl operator) if and only if
L is not of the form 4¢(8b + 7) for nonnegative integers a and b.

Based on the formulas (7.1) and (7.2), we are now ready to define a Gaussian random Beltrami field
on the torus with frequency Ay, as

1/2
ub(x) = (2—ﬂ)

| 2 ak kLB (7.3)
L

k eZr

where the real and imaginary parts of the complex-valued random variable aé are standard Gaussian

variables. We also assume that these random variables are independent except for the constraint ai =

afk. The inessential normalization factor (27/dy)"/? has been introduced for later convenience.

Note that u” (x) is a smooth R3-valued function of the variable x, so it induces a Gaussian probability
measure u” on the space of C*-smooth vector fields on the torus, C* (T3, R?). As before, we will always
assume that k > 4 to apply results from KAM theory. We will also employ the rescaled Gaussian
random field

L,z — L X
u=*(x) =u (Z+L‘/2)
for any fixed point z € T>.

7.2. Estimates for the rescaled covariance matrix

In what follows, we will restrict our attention to the positive integers L, which we will henceforth call
admissible, that are not congruent with 0, 4 or 7 modulo 8. When L is congruent with 7 modulo 8,
Legendre’s three-square theorem immediately implies that Z7, is empty. The reason to rule out numbers
congruent with 0 or 4 modulo 8 is more subtle: A deep theorem of Duke [9], which addresses a question
raised by Linnik, ensures that the set Z; /L'/> becomes uniformly distributed on the unit sphere as
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L — oo through integers that are congruent to 1, 2, 3, 5 or 6 modulo 8. This ensures that
ar 1/2
— > pkIL) > [ (&) dor() (7.4)
dL kEZL S

as L — oo through admissible values, for any continuous function ¢ on S. A particular case is when L
goes to infinity through squares of odd values, that is, when L = (2m + 1)? and m — co.
The covariance kernel of the Gaussian random variable u” is the matrix-valued function

k5 (x,y) = EF[ut (x) @ ut(y)] .

Following Nazarov and Sodin [30], we will be most interested in the covariance kernel of the rescaled
field u%-% at a point z € T3, which is given by

X
«H7(x,y) = EL [ML(Z + m) ® uL(z + #)} .

The following proposition ensures that, for large admissible frequencies L, the rescaled covariance
kernel, and suitable generalizations thereof, tend to those of a Gaussian random Beltrami field on R3,
k(x,y), defined in equation (3.2):

Proposition 7.1. For any z € T3, the rescaled covariance kernel k% (x, y) has the following properties:

() It is invariant under translations and independent of z. That is, there exists some function x* such
that

K2, y) = wb (x = y) .
(ii) Given any compact set K C R3, the covariance kernel satisfies
K% (x, y) = K(x, y)

in C*(K X K) as L — oo through admissible values.

Proof. Let a, § be any multi-indices, and recall the operator D = —iV introduced in Section 3. By
definition, and using the fact that ul is real,

X
e

_gL|pa,L X B y
=E [Dxu (z+L1/2)®Dyu (Z+L1/2)]

— 2n L, L T k Kk’ k \“( -k B ik-(z+=25) =ik’ (z+—15)
T d Z Z Elaaor\mr|er\ oz |\ oz) \oz) ¢ AR
kEZL k'EZL

The independence properties of the Gaussian variables aé (which have zero mean) imply that

E*(ajyay,) = 0if k” ¢ {k,—k}. When k’ = k, one has
E"[lag’] = B [(Reay)*] + EX[(Imay)’] = 2,
and when k’ = —k,

E*[(ab)?] = EL[(Reab)?] — EF[(Imak)?] + 20 EF[(Re ak)(Imak)] = 0.
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Therefore, E*(ay af,) = 26 and we obtain

4 k k K\ K\ 2
anB L, _ e e _~ _ 1k~(x—y)/L/
Dy Dy=(x.y) = o > p(L1/2)®p(L1/2)(L1/2) ( LI/Z) ¢ :

keZy

In particular, this formula shows that k%% (x, y) is independent of z and translation-invariant.
Using now the fact that Z; becomes uniformly distributed on S as L — oo through admissible values,
we obtain via Equation (7.4) that

DIDEKE (x,y) — /S £2(-0) p(&) ® p@) ¢ ) dor (&)

- 020f [ p© e p@ e doe).
]
By Proposition 3.4, the right-hand side equals D¢ Dlyg k(x,y), so the result follows. ]

7.3. A convergence result for probability measures

We shall next present a result showing that the probability measure defined by the rescaled field u’-?
converges, as L — oo, to that defined by the Gaussian random Beltrami field on R, u, on compact sets
of R3.

Lemma 7.2. Fix some R > 0 and denote by ullg’z and [, R, respectively, the probability measures on

C*(Bgr,R3) defined by the Gaussian random fields u™* and u. Then the measures ué’z converge weakly
10 uy g as L — oo through the admissible integers.

Proof. Let us start by noting that all the finite-dimensional distributions of the fields u’-? converge to
those of u as L — oo. Specifically, consider any finite number of points x!,...,x"* € R?, any indices
j L., j" € {1,2,3}, and any multi-indices with |a/| < k. Then it is not hard to see that the Gaussian
vectors of zero expectation

(6“1u]L,]’Z(xl), L0 ) e R
converge in distribution to the Gaussian vector
O ujn(xh), . 0% un (27)) (7.5)

as L — oo. This follows from the fact that their probability density functions are completely determined
by the n X n variance matrix

L ._ [qa'qa™ L.z
Z = (8)( 3y Kjljm ()C, y)|(x’y):(xl’xm))1<l,m<n 5
which converges to X := (6;’1 By"m Kt jm (X, Y)|(x,y)=(x!,xm)) @S L — oo by Proposition 7.1. The latter, of
course, is the covariance matrix of the Gaussian vector (7.5).

It is well known that this convergence of arbitrary Gaussian vectors is not enough to conclude that

,u,Lq,’Z converges weakly to u,, r. However, notice that, for any integer s > 0, the mean of the H*-norm
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of u~ is uniformly bounded:

EL’Z“W”?-IS(BR) = Z E/ |DauL,Z(x)|2 dx
Br

la|<s
= Z/B tr(D;"DgKL,z(x,yﬂy:x)dx
|a|<s ¥ PR
Lo Z s tr(DgD;IK(X,Y)b:x)dx<MS’R,
lal<s ¥ PR

To pass to the last line, we have used Proposition 7.1 once more. As the constant M g is independent
of L, Sobolev’s inequality ensures that

2
Hiw sy <M

SUDELZ Wl 2101 ) < CSUDEFZ ]
L L
for some constant M that only depends on R. For any £ > 0, this implies that for all admissible L large
enough

/JILQ’Z({WEC]{(BR,R?’) : >M/e}) <e.

2
|W||Ck+l (BR)
As the set {w € C*(Bg,R3) : ”W“ék”(BR) < M /g} is compact by the Arzela—Ascoli theorem, we
conclude that the sequence of probability measures ,ug’z is tight. Therefore, a straightforward extension
to jet spaces of the classical results about the convergence of probability measures on the space of
continuous functions [7, Theorem 7.1], carried out in [34], permits to conclude that ,u],Le’Z indeed
converges weakly to y,, g as L — oco. The lemma is then proven. m

7.4. Proof of Theorem 1.6

We are now ready to prove our asymptotic estimates for high-frequency Beltrami fields on the torus.
The basic idea is that, by the definition of the rescaling,

uE({w e CH(T3 R - NY > m}) > plo?({w € C*(Br,R?) : NB (r) > m})

provided that r < R < L'/?: this just means that the number of horseshoes that u’ has in the whole
torus is certainly not less than those that are contained in a ball centered at any given point z € T of
radius #/L'/? < 1. The same is clearly true as well when one counts invariant solid tori, periodic orbits
or zeros instead.

For the ease of notation, let us denote by @, (w) the quantity N'JV (r), NS, (r; [T], T, Vo), NS, (r; [¥], T)
or NZ (r) (that is, the number of nondegenerate zeros of w in B,), in each case. See Sections 4 and 5
for precise definitions. We recall that N%, (r) = N (r; X,,) with probability 1, cf. Section 6.3. Theorems
6.2 (for periodic orbits, invariant tori and horseshoes) and 1.5 (for zeros) ensure that, given any m; > 0,
any 61 > 0, any closed curve y and any embedded torus T, one can find some parameters Z, 7, Vy and
r > 0 such that

tu({w € CKR R : @, (w) > mi}) > 1 -6y

Of course, here we are simply using that the volume | B, |, which appears in the statements of Theorems
6.2 and 1.5 but not here, can be made arbitrarily large by taking a large r.

Let us now fix a constant R > r and a point z € T3. We showed in Propositions 4.1, 4.6, 5.1 and 6.4
that the functionals that we are now denoting by ®, are lower semicontinuous on the space C¥(R?, R?)
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of divergence-free fields for k > 4. This implies that the set
Q rom; = {w € C*(BR,R?) : @, (w) > m;}

is open in C*(Bg,R?). Lemma 7.2 ensures that the measure yﬁ’z converges weakly to p, g as L — oo
through the admissible integers. As the set Q, g, is open, this is well-known to imply (see, e.g., [7,
Theorem 2.1.iv]) that

]illjll)iolgfﬂé’z(gr,R,ml) 2 ﬂu,R(Qr,R,ml)

= ({w € CH(R3,R?) : @, (w) > m1})
> 1—51 .

We observe that §; > 0 can be taken arbitrarily small if 7 is large enough (and r/L'/? < R/L'? < 1).
Now, for any A > 1 and L large enough, we can take A pairwise disjoint balls in T* of radius
r/L'? < A7'/3 centered at points {z*}*_| C T3. Setting m := Am;, the previous analysis, which is
independent of the point z, readily implies that

pE({w e CH(TRY) : NXS© > m}) > 1-246; > 1-96,

where the superscript X stands for h,t,0 or z, thus proving the part of the statement concerning
the number of approximately equidistributed horseshoes, invariant tori isotopic to 7, periodic orbits
isotopic to y or zeros. In fact, concerning invariant tori, we observe that obviously N, (r; [T]) = oo
if N, (r;[T],J,Vo) > 1. Since the previous estimate ensures that N', (r; [T],J, Vo) > m; with
probability 1 as L — oo, we infer that the probability of having an infinite number of (Diophantine)
invariant tori isotopic to 7 also tends to 1 as L — oo through the admissible integers. However, this
does not provide any information about the expected volume of the invariant tori.

The result about the topological entropy follows from the following observation. If we denote by ¢~
the time-¢ flow of the Beltrami field u” (z + -), and by ¢, the flow of the rescaled field u%-?, it is evident
that

L 1
oy = m%'/%-

Then, the topological entropy htop(uL), which is defined as the entropy of its time-1 flow, satisfies

1
op (") = iop (1) = o 575 0112) = hop(@112) = L' i (1) (7.6)
= L' hyop (u™%) . (7.7

In the third equality, we have used that the topological entropy does not depend on the space scale (or
equivalently, on the metric), and in the fourth equality we have used Abramov’s well-known formula
(see, e.g., [19]). Since the rescaled field has a horseshoe in a ball of radius r with probability 1 as L — oo,
and a horseshoe has positive topological entropy, say larger than some constant v, (see Proposition
5.1), equation (7.6) implies that the topological entropy of u” is at least v",L!/2,

Finally, we prove the statement about the expected values. As above, we use the functional @, (w) to
denote the number of different objects (horseshoes, solid tori or periodic orbits). The case of zeros will
be considered later. Note that, since ®, is lower semicontinuous, and u? converges weakly to y,, as
L — oo by Lemma 7.2, it is standard that [7, Exercise 2.6]

@ @
liminf EX? —= > B——

>n>0,
L—co IBr| |Br|
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where we have picked some fixed, large enough r. Here, we have used the asymptotics in R, given by
Theorem 6.2, to infer that the last expectation is positive if r is large. Notice that the constant 1 depends
on [y],[T],Z or J depending on the functional that we are considering, but we shall not write this
dependence explicitly. Furthermore, as the distribution of the measure /JILQ’Z is in fact independent of z
by Proposition 7.1, this ensures that there is some L independent of z such that

()
Lz ~r
|B,|

A
2

for all admissible L > Lg and all z € T5.

Now, given any admissible L > Ly, it is standard that we can cover the torus T by balls {B,, (z%) :
1 < a < Ap} of radius ry, := 2r/L'/? centered at z* € T such that the smaller balls B,, />(z%) are
pairwise disjoint. This implies that Ay, > ¢L? for some dimensional constant c. The expected value of,
say, the number of horseshoes of uL in T3 can then be controlled as follows, for any admissible L > Lg:

A
EL D N ZI: B, | gLz @
13/2 1 13/2 |B,|
p
c|B:|n
> > v,
2 V.

for some positive constant v, independent of L. An analogous estimate holds for the expected value
E"N([y]).

To estimate the volume of ergodic invariant tori isotopic to 7, we can proceed as follows. For any
admissible L > L, we have:

VU [T],T)
ELVY([ B,, »| EF?
Z'm Bl

> Z | By 2| Vo E™# B, |

a=1

AL
/%;rm»wm

for some positive constant v ([7]) independent of L. Here, we have used that the balls B,, />(z%) are
pairwise disjoint and the sum of their volumes is, by construction, larger than |T3|/8.
Lastly, in the following lemma we consider the case of zeros:

Lemma 7.3. EL(L_%NiL) — (27)*v* as L — oo through admissible values.

Proof. Let us use the notation
QR := (=Rn,Rn) X (-Rn, Rn) X (—Rn, Rm)

for the open cube of side 277R in R? and call Ni; the number of zeros of u’ (or rather of its periodic

lift to R?) that are contained in Q. By Bulinskaya’s lemma [4, Proposition 6.11], with probability 1 the
zero set of u” is nondegenerate (and hence a finite set of points) and the lift of u* does not have any
zeros on the boundary dQ . Therefore, for any positive integer R,

N, = N7

ul

almost surely. In particular, both quantities have the same expectation.
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Let us now take some small positive real r and denote by N 5 . (y,r) the number of zeros of u* (or

rather of its lift to R?) that are contained in the ball B, (y). The argument we used to prove the estimate
for N'(R; X) in Lemma 6.1 (starting now from the number of zeros in Q, instead of in Bg) shows that

NzL(Z’r) 2% N;L(Z7r)
/ w2 gy < N </ g
Q]—r |Br| “ Ql+r |Br|

N%, (z,r N?, (rL'?
/ uL( ) dz - L% / uL,z( ) dz .
01, |Brl 01, 1Bl

The expected value of this quantity is

- / Nupo L) / BEiN: (L)
Olsr |BrL'/2| Qlar |BrL1/2|

EL2NZ, (rL'?)

Note now that

= |Q1sr|
: |B,11/2]
To pass to the second line, we have used that the expected value inside the integral is independent of the
point z by Proposition 7.1; in particular, this value is independent of the point z one considers.
We can now argue just as in the case of R3, discussed in detail in Subsection 6.3, so we will just
sketch the arguments and refer to that subsection for the notation. The Kac—Rice formula ensures

EL-z Nz i (rL]/Z)
# = 2m) 2 BL2 ({] det Vil (0)] : u™%(0) = 0}),
rL

and this conditional expectation can be transformed into an unconditional one just as in the proof of

Lemma 6.5:
EREN%, _(rL'/?)
B = 07 PER (de )
rL
(271.)—3/2
- 5/2 o 27 = v
(27)>/2(det T/L-2)1/2 Jgs
The fact that the covariance matrix of u’~? converges to that of u as L — co by Proposition 7.1 implies
that
Llim vl =y

Hence, writing the aforementioned sandwich estimate as

L arz
ul

L3/2

Q1 v % < <1Qur v

and letting L — oo and then r — 0, we infer that

. ELN;L z 3.2
Jim o =|01v* = (2n)"v".
The lemma follows. O

Theorem 1.6 is then proven.
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Appendix A. Fourier-theoretic characterization of Beltrami fields

For the benefit of the reader, in this appendix we describe what polynomially bounded Beltrami fields
look like in Fourier space. As Beltrami fields are a particular class of vector-valued monochromatic
waves, it is convenient to start the discussion by considering polynomially bounded solutions to the
Helmholtz equation

AF+F=0.

As before, we consider the case of monochromatic waves on R3, but the analysis applies essentially
verbatim to any other dimension. The Fourier transform of this equation shows that

(1-1¢P)F&) =0,

so the support of F must be contained in the unit sphere, S. In spherical coordinates p := [£] € R* and
w = &/|€] € S, it is standard that this is equivalent to saying that F is a finite sum of the form

N
F= Z Fo(w) 6™ (p-1).
n=1

Here, 6™ is the n'! derivative of the Dirac measure and F,, is a distribution on the sphere, so F;, € H*"(S)
for some s, € R (because any compactly supported distribution is in a Sobolev space, possibly of
negative order). Note that F is real-valued if and only if the functions F}, are Hermitian. Of course, there
are also monochromatic waves that are not polynomially bounded, such as F := ¢ cos(V2x,).

A classical result due to Herglotz [26, Theorem 7.1.28] ensures that if F is a monochromatic wave
with the sharp fall-off at infinity, that is, such that

1
limsup—/ dex<oo,
BRr

R—

then there is a Hermitian vector-valued function f € L?(S) such that F = f6(p — 1). Furthermore,
the value of the above limit is in the interval [C| || F ||i2 ) G ||F ||i2 (S)] for some constants Cy, C;. This
bound means that, on an average sense, |F (x)| decays as C/|x|. The prime example of this behavior is
given by f = 1, which corresponds to F(x) = c|x|‘1/2J1/2(|x|).

The expression (1.3) corresponds to the case N = 0 above, since the function Fy with Fo = f(w)d6(p—
1) is precisely

Fo(x) = /S ¢ f () dor(w)

Also, if f € H™*(S) with k > 0 but not necessarily in L>(S), the function Fy is bounded as [15,
Appendix A]

1 Fo(x)? 2
sup — ———dx < C _ . Al
0 ), Tt < Ul an

Hence, in this case, Fy is bounded, on an average sense, by C|x|*~!. Therefore, if f € H'(S), Fy is
uniformly bounded in average sense.

If f is a Gaussian random field, as considered in the Nazarov—Sodin theory (see equation (1.3a)),
we showed in Proposition 3.2 that f is almost surely in H~'~9(S) for all § > 0 and not in L?(S). This
behavior morally corresponds to functions that are bounded on a average sense but do not decay at
infinity, as illustrated by the function Fy := cosx; generated by f := %[6 £ (&) + 04 (€)]. This is the

https://doi.org/10.1017/fms.2023.52 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.52

44 A. Enciso et al.

kind of behavior one needs to describe the expected local behavior of a high-energy eigenfunction on a
compact manifold as one zooms in at a given point.
The monochromatic wave defined as F), := f(w) 6" (p — 1) reads, in physical space, as

= " ipx-w 2 s(n) _ — (1) np 2 ipx-w )
Fa(®) /S /O ¢P7 f(w) p 5 (p — 1) dp dor () = (~1) /S £ (@) 00t (67677) dor ()

Note that the n'! derivative term involves an n'" power of x. Therefore, using the bound (A.1), one easily
finds that F, is bounded on average as C|x|"**~1 if f € H7¥(S); explicit examples with this growth
can be easily constructed by taking f to be either a constant for k = 0 or the (k — 1) derivative of the
Dirac measure for k > 1. Consequently, picking f as in equation (1.3a), the bound (A.1) morally leads
to thinking of F), as a function that grows as |x|" at infinity, which cannot be the localized behavior of
an eigenfunction. This is the rationale for defining a random monochromatic wave as in equations (1.3a)
and (1.3b). In this direction, let us recall that the relation between random monochromatic waves and
zoomed-in high-energy eigenfunctions on various compact manifolds is an influential long-standing
conjecture of Berry [6]. A precise form of this relation has been recently established in the case of the
round sphere and of the flat torus [29, 30, 31], which heuristically shows that equations (1.32) and (1.3b)
is indeed the proper definition of random monochromatic waves for this purpose.

The reasoning leading to the definition of a random Beltrami field as equaiton (1.3) is completely
analogous and the fact that one can relate Gaussian random Beltrami fields on R? to high-frequency
Beltrami fields on the torus just as in the case of the Nazarov—Sodin theory heuristically ensures that
this is indeed the appropriate definition. For completeness, let us record that, just as in the case of
monochromatic random waves, the Fourier transform of a polynomially bounded Beltrami field « is a
finite sum of the form

N
=) fulw) 6" (p=1),

where now f; is a Hermitian C3-valued distribution on S. For u to be a Beltrami field, there is an
additional constraint on f;, coming from the fact that not every distribution supported on S satisfies
the equation ié x u(&) = u(&). A straightforward computation shows that this constraint amounts to
imposing that

N n N n
> (tJan-sasut@r =iox . (*Jan-sasite
n=j \J n=j \J

on S forall 0 < j < N. Here, ay; := an;lo(l — m) with the convention that ag; := 1. To see this, it
suffices to note that the action of i and i€ x it on a vector field w € C*(R3, R?) is

N
@) = 20" [ @)l [Pw )] dor(@)

n=0

N
(e o) = Y1 [0 fu(@) - 8 lpma [0 w(p0)] dor(@),

n=0

expand the n'" derivative using the binomial formula and note that ey ; is the k™ derivative of p’ at p = 1.
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