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SELF-EMBEDDINGS OF MODELS OF ARITHMETIC; FIXED POINTS,
SMALL SUBMODELS, AND EXTENDABILITY

SAEIDEH BAHRAMI

Abstract. In this paper we will show that for every cut / of any countable nonstandard model M
of IZ}, each I-small X -elementary submodel of M is of the form of the set of fixed points of some proper
initial self-embedding of M iff I is a strong cut of M. Especially. this feature will provide us with some
equivalent conditions with the strongness of the standard cut in a given countable model M of IZ;. In
addition, we will find some criteria for extendability of initial self-embeddings of countable nonstandard
models of IZ; to larger models.

§1. Introduction. In 1973, Harvey Friedman proved a striking result for countable
nonstandard models of finite set theory, and consequently for countable models of
Peano arithmetic (PA) stating that every countable nonstandard model of PA carries a
proper initial self-embedding; here an initial self-embedding is a self-embedding whose
image is an initial segment of the ground model [5]. Afterward, many versions of
Friedman’s style theorem appeared in the literature of model theory of arithmetic
(e.g., see [3] or [16]). In [1], it is shown that some results on the set of fixed
points of automorphism of countable recursively saturated models of PA can be
generalized for initial self~embeddings of countable nonstandard models of I1Z; (see
Theorem 2.4). In this paper, inspired by results about automorphisms of models of
PA, we will investigate some more properties of countable models of IX; through
initial self-embeddings.

In [4], Enayat generalized the notion of a small submodel from [14], to I-small'
for a given cut I of a model of PA (see Definition 1), and proved that:

THEOREM 1.1 (Enayat). Suppose M |= PA is countable, recursively saturated, and
1is a strong cut of M. Moreover, let My be an I-small elementary submodel of M.
Then there exists some automorphism j of M such that M is equal to the set of fixed
points of j.

In Section 3 of this paper, after investigating some basic properties of /-small
X-elementary submodels of a countable model M of IX; for some cut I of M, we
will refine the above theorem for initial self-embeddings; i.e., we will show that I is
strong in M iff every /-small X;-elementary submodel of M is equal to the set of
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fixed points of some proper initial self-embedding of M. This result also generalizes
one of the main theorems of [1] (see Corollary 4.3).

Section 4 of this paper is devoted to the investigation of equivalent conditions to
strongness of the standard cut, denoted by N, in a countable model of I¥;, through
the set of fixed points of initial self-embeddings. In [12], it is shown that:

THeEOREM 1.2 (Kossak—Schmerl). Suppose M is a countable recursively saturated
model of PA. If N is not strong in M, then for every automorphism j of M the set of
fixed points of j is isomorphic to M.

In Corollary 4.2, we will show that for every countable nonstandard model M of
IZ,, if Nis not strong in M, then the set of fixed points of any initial self-embedding
j of M is either a model of —=BZX;, or is isomorphic to some proper initial segment
of M. Then, we conclude that N is strong in a countable recursively saturated model
M of PA iff there exists some proper initial self-embedding j of M such that the
set of fixed points of j is small in M and consequently it is not isomorphic to any
proper initial segment of M.

In Section 5, we will study the extendability of initial embeddings of models of
IX; to larger models. In particular, we will prove that any isomorphism between
two Xi-elementary initial segment of a countable nonstandard model M of I¥; is
extendable to some initial self-embedding of M iff it preserves coded subsets (for
the case of automorphisms of countable recursively saturated models of PA this
condition is only a necessary condition for extendability to larger models [10]).

§2. Preliminaries. In this section we will review some definitions and results which
are used through this paper. All unexplained notions can be found in [6, 7].

e Through this paper, we will work in the language of arithmetic
L4:={+...<.0,1}. For a given class " of £L-formulas (where £ D L), IT is
the fragment of PA* := PA(L) with the induction scheme limited to formulas
of I'. The I'-Collection scheme, denoted by BT, consists of the formulas of the
following form for every ¢ € I':

Viou (Vx <u Iy o(x.3.2)) = v (Vx <u Ty <vp(x,y2))).

Moreover, the strong T-Collection scheme, denoted by B™T", consists of the
formulas of the following form for every ¢ € I':

VZ,uJoVx <u 3y o(x.y.2) = Iy <v p(x, y.2)).

It is folklore that I1X,,; - BT%, 1 - BE, . for all n € w; moreover, for every
new 1%, ¥ B, and I, ¥ —-BZ, | (see [6, Chapter I]).

e Within [Ag + Exp, the Agp-formula xEy denotes the Ackermann’s membership
relation, asserting that “the x-th bit of the binary expansion of y is 1.” For every
M E1Ag + Expand each a € M, ag denotes the set of E-members of ¢ in M.
Moreover, the Ag-formulas Card(x) = y. (X) = y. Len(x) = y. (x), = z. and
x [y= z, respectively, express that “there exists some bijection between y and the
set coded by x,” “the sequence number of x is y,”" “length of the sequence coded
by xis y.” “the yth element of the sequence number x is z,”” and “the restriction
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of the sequence number x to y is z.” In addition, for every formula ¢ (x), by the
formula y = u, @(x) we mean “y is the least element such that p(y) holds.”
Furthermore, for every n € w there exist £ 4-formulas Saty,  and Satp, which
define the satisfaction predicate for X,,-formulas and I1,-formulas, respectively,
in an ambient model. For every natural number »n > 0, it can be shown that
Sats, and Satpy, are X, and IT, respectively, in IX;. Moreover, Saty, € A1121
[6, Chapter I, Theorem 1.75]. If M is a nonstandard model of IX,, the
aforementioned feature along with X,,-Overspill in M imply that every coded
¥,-type and every coded bounded IT,,-type is realized in M.

e X, -Pigeonhole Principle. For every n > 0, if M E1Z,, a € M, and ¢ is a
% ;-formula which defines a function from @ + 1 into a in M, then ¢ is not
one-to-one [6].

e Given L 4-structure M and subset X of M, for every n > 0, we define:

— K*(M: X) :=the set of all £,-definable element of M with parameters
from X.

~I"(M:X):={x: x <aforsomea € K"(M; X)}.

- H'(M: X) := Upe, Hf (M: X). where:

Hj(M: X) :=T1"(M: X). and
H},  (M: X) :=T"(M: H} (M: X)).

- KM:X) := Uy K" (M:; X).
(When X =, we omit X from the notations.) Clearly, I"(M;X) and
H"(M; X) are initial segments of M. The following properties of these
submodels of M are well-known (see, e.g., [6, Chapter IV, Theorem 1.33]):

THEOREM 2.1. Suppose n > 0, and M =15, and X C M , then the following
hold.:

(1) K"(M: X) <5, M. andif K"(M) is nonstandard, then K" (M) |= —~BE,,.

(2) I"(M: X) <5, , M and 1"(M: X) = B,,.

(3) HH(M; X) <z, M and Hn(./\/l; X) ': B2n+1.

e A given structure M is called recursively saturated if it realizes every recursive
type with finite number of parameters in M. In [2], Barwise and Shilipf showed
that any countable model Mof PA is recursively saturated iff it carries an
inductive satisfaction class; here an inductive satisfaction class S of M is a subset
of M which contains (¢, a) such that (1) M = Form(p), (2) (M:S) = PA*,
and (3) (M:S) satisfies Tarski’s inductive conditions for satisfaction (for a
more precise definition see [7]). Smoryfiski in [15], by generalizing Barwise—
Ressayre expandability result, proved that for every countable recursively
saturated model Mof PA there exists some inductive satisfaction class S such
that (M; S) is also recursively saturated.

e For every cut I of M the I-Standard System of M, denoted by SSy; (M), is
the family of subsets of I of the form 7 N ag for some a € M. By SSy(M)
we mean SSyy(M). It is well-known that for every model M of 1Z, (for
n > 0), SSy; (M) is equal to the family of intersections of X,-definable (with
parameters) subsets of M with I (see [6, Chapter 1]). Moreover, it is easy to

https://doi.org/10.1017/js1.2022.88 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2022.88

SELF-EMBEDDINGS OF MODELS OF ARITHMETIC 1047

check that if AV is an initial segment and a submodel of M containing /. then
SSy; (M) =SSy, (N) (see [7]).

e A given model M of TA is called /-tall if K!(M:a) is cofinal in M for no
a € M;anditis called I-extendable if it possesses some end extension N = A
such that Thy, (M) = Thg, (NV). Dimitracopoulos and Paris [3] showed that:

THEOREM 2.2 (Dimitracopoulos—Paris). (1) For any two countable and
nonstandard models M and N of 1Ay + Exp such that M is 1-extendable
and N is 1-tall, there exists a proper initial embedding from M into N iff
SSy(M) = SSy(N) and Thy, (M) C Thy, (N).

(2) Any 1-tall countable model M of BL| + Exp in which N is not 1, -definable
(without parameters), is 1-extendable.

e A cut I of amodel M is called strong if for every coded function f of M whose
domain contains /. there exists some e > I such that /(i) € I iff /(i) < e for
all i € I. Paris and Kirby, in [9]. proved that [ is a strong cut of a model M of
IA¢ + Exp iff (1.SSy;(M)) = ACA( (here ACA, is the subsystem of second
order arithmetic with the comprehension scheme restricted to formulas with
no second order quantifiers).

e For given L 4-structures M and N, an (a proper) initial embedding j is an
embedding from M into N whose image is an (a proper) initial segment of /.
To every self-embedding j of M, we associate two subsets of M:

Iix(j) :=={me M :Vx <m j(x) = x}, and
Fix(j) :={m e M : j(m) = m}.

In [1], it is shown that for every model M of 1Z;, and any self-embedding
j of M. it holds that K!'(M) <y, Fix(j) <5, M. Consequently. Fix(j) =
IAg + Exp. The following results on the set of fixed points of initial self-
embeddings were also proved in [1]:

THEOREM 2.3 (B-Enayat). Let M and N be countable nonstandard models of
IZ1.c e M andd.b € N, and let I be a proper cut shared by M and N which is
closed under exponentiation. Then the following are equivalent:

(1) There exists some proper initial embedding j from M into N such that

I C (7). j(M) <b.and j(c) =d.

(2) SSy; (M) =SSy, (N). and for every Ag-formulad(z. x, y) and everyi € I

it holds that

METzZ(z.ci) = NETz<bd(z.d,i).

REMARK 1. With the above assumptions, suppose ¢ € M N N such that for
all Ap-formula é and for every i € [ it holds that

METFz(z.¢.(a);) = NEIz<bd(z.d (a);).

Then, by an appropriate modification in the proof of Theorem 2.3, we can
manage to construct the above proper initial embedding j with the additional
feature that j((a);) = (a); foreveryi € I.

https://doi.org/10.1017/js1.2022.88 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2022.88

1048 SAEIDEH BAHRAMI

THEOREM 2.4 (B-Enayat). Suppose M = 12, is countable and nonstandard
and 1 is a cut of M. Then the following hold:

(1) Iis closed under exponentiation iff there exists some proper initial self-
embedding j of M such that 15, (j) = 1.

(2) Iis strong in M and I <z, M. iff there exists some proper initial self-
embedding j of M such that Fix(j) = I.

(3) N is strong in M iff there exists some proper initial self-embedding j of
M such that Fix(j) = K}(M).

The following lemma from [1] will be useful in Section 4 of this paper:

LEMMA 2.5. Suppose M |= 1Ay + Exp in which N is not a strong cut, then for
any self-embedding j of M., the following hold:
(1) The nonstandard fixed points of j are downward cofinal in the nonstandard
part of M.
(2) For every element a € M, and m € Fix(j) there exists an element
b € Fix(j) such that

Thy, (M:a.m) C Thy (M:b.m).

Convention. Suppose M |= IX and (J, : r € M) is a canonical enumeration
of all Ap-formulas within M as in [6, Chapter I]. To be more precise, (J; :
r € M) is an enumeration of all Agp-formulas of M (containing nonstandard
formulas) such that for every r € M it holds that

e 0, is a standard Ay-formula for all standard r € M, and

o for every Ag-formula ¢ there exists some standard » € M such that M

believes that r is the Godel number of J.
(For more details see [6] or [7].)
Now, for every r € M, we define the following notations:
e 1,($) = 4 denotes the following partial X;-function in M:

3z((z)o = ® A z = uySatp, (0:(. (¥)o. (¥)1))-

e The notation [f,(X) |] denotes the Z;-formula 3z, y Satp (J,(xX.y.2)).
and [f,(x) |]<* stands for the formula 3z. y < w Saty, (6,(x. y. z)).

e Let F(M) to be the collection of all §-definable partial £, -functions in M.

First note that, it is shown in [1] that

K!M:a)={f(a): f € F(M)and M =[f(a) |1}.

Clearly, f, € F(M) for all standard r € M. Moreover, by a little bit of effort
we can show that for every /' € F(M) there exists some standard » € M such
that f = f, (for details see [1, Lemma 3.1.2]).

As a result, if M and N are two models of IAj such that Thy (M) =
Thy, (V). then F(M) = F(N) = F:={f, :n € N}.

§3. I-small X -elementary submodels. In [14], Lascar introduced a class of
submodels of models of arithmetic, namely small submodels, which resemble those
submodels of a model of set theory whose cardinality is less than the cardinality
of the ground model. Then, Enayat inspired by a result of Schmerl (stated without
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proof as Theorem 5.7 in [8]). generalized this notion in [4]. In this section we will
prove some results about these submodels.

DEerINITION 1. For a given proper cut I of a model M of IA¢ 4+ Exp. subset X of M
is called I-small in M if there exists some ¢ € M such that X = {(a); : i € I'}. and
(a); # (a); for all distinct i, j € 1. When I = N, we simply use small for N-small.

It is easy to see that for every model M of IZ;, each proper cut I of M is
I-small. Moreover, for every a € M, K!(M:a) is small in M. In [12]. it is shown
that every recursively saturated model M of PA possesses some small submodel
which is not finitely generated. This result can be generalized for /-small submodels,
when [ is a strong cut of M (see Theorem 3.2). Furthermore, By using compactness
arguments, for every model M of I¥;, we can find some elementary extension of
M in which it is small. And finally, in [11] it is shown that every nonstandard
small submodel is a mixed submodel (i.e., neither cofinal, nor initial segment). In
a similar manner, for every cut / of a model M of I¥, and each 7-small submodel
Mg of M, if I C M then My is mixed in M. (Since if My := {(a); : i € I}, and
A:={iel: Mk —iE(a);}. then 4 € SSy,;(M) \ SSy,;(My). So M cannot be
an initial segment of M.)

In the following lemma we will show that in the definition of /-small, if 7 is a
strong cut or it is equal to N, then the condition (a); # (@), for all distinct i, j € 1.
can be eliminated:

LemMA 3.1, Suppose M = 1%y is nonstandard, I C, M, My is a submodel of M
such that My = {(a); : i € I'} for some a € M. Then the following hold:

(1) If I =N, then M is small.

(2) If Lis strong in M, then M is I -small.

Proor. First, we will inductively define the following Aq-function (with param-

eters) in M:
(0) := (a)o.
and
glx+1):=yiff

r= U (Elu <z (Vw <z ((a)y %g((x)zi\ (Elav)uﬁ/\u((a)w = (a)v))>>) |

Note that by the way we defined g, its domain is an initial segment of M, and
Dom(g) < Len(a). Moreover, since I and M, are not Ay-definable in M, then
I € Dom(g). So by X;-induction in M, we can find some d € M such that
(d); = g(i) for every i € I. Clearly, (d); # (d); for every distinct i, j € I, and
My C {(d); : i € I}. Now, in each case of the statement of the theorem we will
prove that {(d); : i € I} C My:
(1) Suppose I = N. If {(d), : n € N} ¢ My, then there exists the least number
n € Nsuch that (d), ¢ My. So by the definition of g, there exist some m € N
and some r € M \ N such that (d), | = (a), and (d), = (a),. Therefore,
by the definition of g, it holds that My = {(a),....(a),}, which is a
contradiction.

Ir < Len(a) (
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(2) In the general case with the extra assumption that / is strong in M, consider
the following partial Ap-function in M:

h(x) = u((d)x = (a),).

Since [ is strong and I C dom(/) (because g is well-defined on ), there exists
some e € M such that 2(i) € I iff h(i) < e, for all i € I. Moreover, by the
definition of d. g and A, for every i € I it holds that (d); = (a),(;). So it
suffices to prove that /(i) < e for every i € I. Suppose not; so there exists
some iy € I which is the least element of M such that /(i) > e. Now, by the
way we defined g and /, it holds that

M Vi < hlio) ((a); # (@)niy) A3 < hio — D((a); = (a);)).
Therefore, My={xeM: METi <h(ip-1) x=(a);}. So M, is
Ap-definable in M, which is a contradiction. -

In the following theorem, we will show that when [ is strong, the basic properties
which hold for small submodels, also hold for 7-small ones.

THEOREM 3.2. Let M |= 1% be nonstandard, and let I be a strong cut of M. Then:

(1) Foreverya € M,K"(M;I U{a}) is I-small.

(2) If My is an I-small submodel of M, then I C M.

(3) If M = PA is countable and recursively saturated, then there exists some
I-small elementary submodel of M which is not of the form of K(M: I U {a})
foranya e M.

PrOOF. (1) First fix some arbitrary s > I. So by using strong Z;-Collection in
M for the formula Sata (J,(i. a. z)). we will find some b € M such that

M EY(ri) <s ([frGa) 1] = [frGa) U).
Then, by using ZX;-induction we observe that M3y V(ri) <
s o(y.r.i.a.b). in which ¢(y.r.i,a.b) is the following Ay-formula:
(Lf+(a) U= = )iy = frGa)) A (SLF (G a) T2 = () ey = 0)).
As aresult, if d € M is such that M |=V(r,i) < s ¢(d.r.i.a,b), then
K!(M:Tu{a})={(d);: icl}.

So by Lemma 3.1, K!(M; I U {a}) is I-small in M.

(2) The exact argument used in [4, Theorem 4.5.1] works here: let
My ={(a); : i € I} for some a € M such that (a); # (a); for all distinct
i,j € I. Then put

Z={(y.zyeM: M (a), =z}

Since Z is Ag-definable in M, then X :=1NZ € SSy,(M). As a result,
because / is strong in M. (I: X) = PA™. Now, suppose I/ ¢ My.So (I: X) =
dx (Vy (y.x) ¢ X). Let (I.X)Exo:=u(Vy (y.x)¢ X). Therefore,
X9 ¢ My. So since x¢ # 0, and by the definition of x¢, we conclude that
Xo — 1 € My, which contradicts the fact that M, is a submodel of M.
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(3) We will generalize the method used in [12, Proposition 2.10]: let S be a
nonstandard partial inductive satisfaction class for M such that (M;S)
is recursively saturated. Put M* := (M;S), and N := K(M*; T U {s}) for
some s > . First, note that N is /-small in M: since M™* is a countable
recursively saturated model of PA*, so it also possesses an inductive
satisfaction class. Moreover, [ is also strong in M*. Therefore, by repeating
the argument used in the proof of part (1) of this theorem, and Lemma 3.1(2),
we can show that N is /-small in M.

Moreover, on one hand, it is easy to see that SN N is a nonstandard
satisfaction class for the £ 4-structure N'. So N is also a recursively saturated
model of PA. On the other hand, [ is a proper initial segment of A/ (because
s > I). Therefore, N is of the form of K(M; I U{a}) fornoa € M. —|

REMARK 2. Inpart (2) of the above theorem, as the anonymous referee suggested,
we do not need the whole strength of PA*; it suffices that (/; X) EIZ;. As a result,
if I is a semiregular cut of M, then part (2) of the above theorem holds (for the
definition of a semiregular cut and their properties, see [13]).

The following lemma will be useful in the proof of the main theorem of this
section:

LemmA 3.3. Suppose M E1X,, I is a strong cut of M, and a € M \ I such
that (a); # (a); for all distinct i,j € 1. Moreover, let My = {(a);: i €1} be a
X -elementary submodel of M, X C My be coded in M, and iy € I such that i < i
Jorall (a); € X. Then X is coded in M.

(a.o.iy)
e

PROOF. Suppose oo € M codes X in M. So M Ea = Z2<">f, in which i; =
i<i1
Card(X) <ipando := (x : xEa) (so Len(s) = i1). Since d(x, y, z) is a Ap-formula
and M, <z, M. it suffices to prove that ¢ € M. For this purposelet ¥ := {i < i :
M = (a);Ea}. Then there exists some y € I which codes Y.
Now, we define

h(z) = tu(((a)x : xEz) = (a)u Au < Len(a)), if M 3u< Len(a) ((a)x: xEz) = (a)u,
o 0, otherwise.

Since I is strong in M, there exists some e such that i (i) > e iff 4(i) > I, for
all i € I. We claim that M = Vx @(x,a.7.e), where p(x,a,y,e) is the following
Ap-formula:

Vy < Len(x) 3zEy ((x), = (a)-) = Jw < min{e. Len(a)} (x = (a)y).

Therefore, M = ¢(0.a.7,¢), which implies that ¢ = (a). for some c¢<
min{e. Len(a)}. So o = (a),(,) and & (y) < e. which implies that ¢ € M.

In order to prove the above claim, we will use Ap-induction inside M:
let xe€ M such that M E ¢(w,a.p.e) for every w<x, and MEVy<
Len(x) 3zEy ((x), = (a):). So by induction hypothesis M |= X [en(x) 1= (a),
for some z < min{e, Len(a)}. Then, we put Z :={i<y: M | dy < Len(x) —
1 (x), =(a);}. and let zg € I code Z. As a result, h(z9) <z < min{e, Len(a)}.
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which implies that X [ en(x)-1= (@)4(5,) € Mo. So since My <5, M, then x is in M.
Therefore, x = (a); for some i € I < min{e, Len(a)}. -
Now we are ready to prove the main theorem and corollary of this section. The

method we use for proving Theorem 3.4 is a combination of the back-and-forth
method used in [1, Theorem 6.1] and [8, Theorem 5.6].

THEOREM 3.4. Assume N = 1% is countable and nonstandard, I is a strong cut
of N, and Ny is an I-small X\-elementary submodel of N such that I # Ny. If
M = HY (N Ny). then there exists some proper initial self-embedding j of M such
that Ny = Fix(j).

In order to prove Theorem 3.4, we will first prove the following lemmas:

LemMa 3.4.1. Suppose N, Ny, I, and M are as in Theorem 3.4. Then I is strong
in M and there exists some a € M such that Ny = {(a); : i € I'} and (a); # (a); for
distinct i, j € I.

Proor. By Theorem 2.1, M is a X-elementary initial segment of N such that
M EIZ;. So it is easy to see that [ is also strong in M. Moreover, since Ny # I, by
using X;-Overspill in M we can find the desired ¢ € M. .

LeEMMA 3.4.2. Suppose N', Ny, I, M, and a € M are as in Theorem 3.4 and Lemma
3.4.1. Moreover, letb € M, i := uy, ..., u, and v ‘= vy, ..., v, < b be finite tuples in
M. Then the following holds:

(i) For every m € M there exists some o € M such that I N ag equals to the
Jfollowing set:

Ci={(riy e I+ M f,(@m. (a)) Wand f,Gim, (a)) & K'(M: No U{@a})}

(ii) For every m' € M there exists some o' € M such that I Naf; equals to the
following set:

Ci={(riyel: ME[fr(5.m" (a);) U~ and fr(5.m' (a);) ¢ K" (M: Ny U {a})}.
Proor. We will prove part (i), and part (ii) will be proved similarly. Let
— , . (Lfr@@.m.(a);) IALf (. (a)) 1) —
ri={(nin ko e 1 (VOGO 7))

On one hand, since R is I1;-definable in M, then R € SSy, (M). On the other
hand, by Lemma 3.2(2), it holds that

B
INC={(ri)el: (LR)}= 3kt {{ri).k.t) € R}.

Since 1 is strong in M, which implies that (1, SSy,(M)) = ACA,. and because B
is arithmetical in R and R € SSy;(M), we may deduce that B € SSy,(M), and

consequently C € SSy,; (M). -
LemMmA 3.4.3. Suppose N, 1, No, M, and a € M are as in Theorem 3.4 and
Lemma 3.4.1. Moreover, letb € M, u = uy, ..., u, andv := vy, ..., v, be finite tuples

in M such that
ME@<b A P@v) ANQ(a,v)), where
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P(a.0) = [f (i (a)i) 1] = [f (0. (a);) I forall f € Fandi € I

and

oy (U@ (@)) IALf (D, (a)i) 10N . (5
Qi) = (V@A LED 050 = @ @) £ 16 @), sor a
feFandalli € I

Then the following holds:

(i) If(a); € Noandm € M suchthatm < t(d, (a);) for somet € Fando € M as
in Lemma 3.4.2(i), then for every natural number k > 0 and any (k + 1)-many
elements f. fu,..... fn, of F and each z € Ny there exist some s > I and some
m' < b such that M\="Y(f. fu,..... fn,.il. m.0.m'.b.a.s. oz (a);). where
Y is the following I1-formula:

o Vi <s([f(@.m.(a)i.z) )] = [f(@.m" (a)i.z) LI=") A
m' < t(v,(a)) . U, ; A{n,iYBa) =\ |-
Vi<s /\ték < fn,(ﬁem (a)l o.m'. .

(il) If m' < max{o} and o' € M as in Lemma 3.4.2(ii), then for every natural
number k >0 and any (k + 1)-many elements f, Sngses fup of F and
each z € Ny there exist some s> 1 and some m < max{u} such that

MEY(f. foyoi -l m.0.m" . b.a.s.a.z). where V' is the following 1, -
Sformula:

(Vi<S(ﬂ[f(?7,M’(ia) >) 0 ?ﬂ([f( o ))a ,)Z)i] )
) Ea' A[fn, (4. m —
V’<S/\’<k<fn,(u,m( )i) # fu (0. (a):)

1

Proor. (i) Firstnote thatsince P(it, ) holdsin M, Theorem 2.3 and Remark 1
imply that
(1): There exists some initial self-~embedding j, of M such that jo(M) < b,
Jjo(it) = . and Ny C Fix(jo).
Now, suppose that part (i) of this lemma does not hold:; i.e., there is
some k > 0 for which there exist (k 4 1)-many elements { /. fo,..... fu, }
of F. and some z € N, such that for all s > I it holds that

MEVy<b-Y(f. fo..oo.fn. . m, 0. y.b.a s oz/(a)).
Therefore, by X;-Underspill in M, there exists some s € I such that
MEVYy<b-Y(f. fo..o..[n. 0. m, 0. y.ba s oz/(a)).
(2): Let ko € N be the least natural number, for which there exists a set

{f S ’f”ko} of elements of F, some zy € Ny, and some sy € I such
that

MEVYy<b —|‘P(f,f,,l,...,f,,ko,ﬁ,m,ﬁ,y,b,a,so,a,z(),(a)i).
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Put

X={xeM: MEIJi<sox=(a); N[f(a.m (a);20) 1)}
and

X' ={(nx)eM: M|:3i<so(x:(a),~/\\/

ko
L n=n (n,i)Ea)}.
By Lemma 3.3, there exist (a): € Ny and (a): € Ny which code X and
X', respectively. So we can restate statement (2) in the following form:

(3): Let ko € N be the least natural number, for which there exists a set
{f. f,,l,...,fnko} of elements of F, some . (a);. (a): € Ny such that

] o vg<(a><<gE<(a)§7([,3(5,%8,1?) ¢1<b)* 1
MEVy <t(v, (a) 0 ne.eYE(a)e ALfu, (0, p.8) JI°AY | -
y 3e < E(a); V', < fm(g,,fq,g) = f,,[()qji,y.,e) )

Our plan is to consider two cases ky = 1 and k¢ > 1., and in each case
obtain a contradiction. But before dividing the cases we will define some
X -functions which will help us in achieving the desired contradictions.
First, by considering the code of the sequence ( /', (i, m.€) : (n,.e)E(a)¢)
in M, we may quantify out f,, (#,m,e)s from the formula in
statement (3); in other words, there exists some x € M such that
(X) (n.ey = [, (1. m.€) for every (n;.e)E(a);. So we will deduce that

(4): M |E3xVy <t(v,(a)) 0(y.b.v.x,(a).(a):.2), where 0(y.b, v, x,
(a)e. (a)e. 29) is the following Ag-formula:

( ve < (a)e(eEla)e = [f (0. 7.6.20) <) — )
El<nt»5>E(a)C ([fnt(ﬁ,y,e) \Ir]<b A (x)(n,.6> = fm(’Dsy,E)) ’

Then, we will define ;-definable partial functions b({. y. (a):. (a)¢. zo)
and g($. (a)z, (a);. 20, (a);), as follows (we omit the parameters (a);.
(a)¢, (a);. and 2 in the presentations of these functions for the sake of
simplicity):
: VeE(a)e ([f (€. p.e.20) 1IN )}
- b(O.y) = : : .
(0.7) i= min {“’ (v<n,,e>E(a>¢ (Lfn (0. 3.€) 1<)

) (2)o=xA
-g(Q)=xiff 32| __ ' ) (S, y) < :
7 s 1Oy (e<y.b<<>,y>.<>. (Wl (@)z, <a>¢,z(>>>

and g,(¢.€) == (g(4)) () - for every (n,. €)E(a);.
From the definition of g,(, €)s and statement (4) we may infer that

([6(5, ) U= A Ve < (a)z(eEa)e = [f (5. y.e.20) 1J<00)) —
(5): M vy <13 (a)) 3. €)E(a); fn (5.9.€) ¢]_<b<ﬂai> Algi(.¢) L<b@) A
gi(0.€) = fu,(0.9.€)
It is not difficult to express the formula in the statement (5) in the form
of Vz < b (0. (a):, (a)¢,z9) for some Ap-formula J. Therefore, by the
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property P(i, v), the definition of function s, and statement (5) we
deduce that

(6): M EVy < t(i.(a)) Y. e)E(a), (U@ 0-) P A gy (. e) J=E) A
gilie) = fu (i, y.€)
Finally, we will simultaneously define two more X;-definable functions
in M:

(0(0. ). h($. )
[6(&. y) HA
= min | (ne.€)E(a); | [fn, (0. 3. 0) ") A Lgi(0. )15 OVA ) ¢
g(0.e) = fn (0. y.€)

(Note that, similar to the way we defined function g, we can express the
above definition by a Xi-formula.) Then, by statement (5) it holds that

(b, y) 1] A Ve < (a)e(B(a); — [f (1. y, e.20) L]<PE))) —>)

. — oy (B, ) U0 A Ve < (a)e(eEla)e — [f (5. 3.8.20) 1<) —
(7): M vy < o6a ) ( e Y )
Similarly, from statement (6) we may deduce that

: = (a1 (G ) 1A Ve < (a)e(E(a)e — [f (. y.e.29) YP10)) —
(8): My < a0 [o(a. »).h(a. 1) 1 :
Now, we are ready to examine the mentioned underlined cases for kj:
— If kg > 1: By using Lemma 3.3, let (a),, € Ny be the code of the
following subset of Ny:

y < t(5.(a)i) A[{o(B. y). h(3. y)) ¢]<’;A
D DT Ve < (a);(eB(a) — [f (5. y.6.29) 1A
A= <0(U,.V)7/’l(1),y)>. M= : <( ) g(nl,s>E(a)¢/\[fn1(17,y(,)6) ¢]<b/\
SN S Boyie) = S (@ mee)

So, by statements (3), (7)., and the definition of (a),. we conclude that

eE(a)e = [f (5. y.e.20) 115" A
Ve<(a)e | [(o(0.y).h(5.y) A | =
(9): M EVy < 1(v.(a)i) —(o(9.y).h(.y))E(a), L
ko ((ne.e)E(@)e ALfn (0, .€) LA
2 < o) Vi, (SR A e )
Let f/ € F such that

S0,y e (20, (a),. (a);. (a)g)) = x
iff

x = f(O.y.e.20) N[(0(O. ). h(.p)) LA —(0(C.p). h($. y))E(a),.

So by considering f” instead of f in statement (3) and (2. (a),. (a)¢. (a)¢)
instead of zg, statement (9) leads to contradiction with the minimality
of k().

— If ky = 1: In this case our plan for obtaining a contradiction is as
follows: on one hand, by the definitions of /(. y) and (a);, M thinks
that the cardinality of {h (&, y) : M = (y < t(u. (a);) A [h(a, y) 1)}
is at most so. On the other hand, for every i € I we will inductively
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define some X;-functions, namely w(u,i)s, such that M =
[w(i, i) }]<"@ @) and M believes that there is a bijection between
members of {h(u,w(u,i)): i€ land M [ [h(a,w(a,i)) |]} and
the elements of 1. So the contradiction is achieved. To be more precise,
we define

— mi A [B(0.») 1 A [h(G. y) A
’LU(<> 0) = min {y S t(<>’ (a)l) . (\V/S < (a)é(s ((1) f(<> V.6 ZO) \L]<b(<>’y>))} B

and

w(G. i+ 1) :=min{y < (¢, (a)) : p(O. iy, (a)e. (a)e.79)}. where
o(O.i,p. (). (a)e. 2o) is the following formula:

[6(0.¥) 1 ATh(O. ) 1150k
Ve < (a)(eE(a): — [£( yezo) <b<>}>A
)

[h(< w<<> x)) <@
Vi < i Lf oy (©. 3. B (O w (O, )))u<”<>’y>A —
[, (O w(, %), h(O, w(<, x))) <POw(@x)
Fur Qe y b (G w(.x))) # far (Sr0(.x). h(.w (S x)))

First, we will show that M |= [w(#,i) |]foralli € I. Otherwise, there
exists the least 0 < iy € I such that

(10): M =Yy < t(i. (a);) —~p(it. io. . (@), (a)e. 20).
Note that by the definition of (a); and (a); it holds that

(11): M = ([b(it.m) |] A Ve < (a)e(eE(a): — [f (i@, m. e 29) L]<0@™).
So by statements (8), (10), and (11), there exists some i; < ij such that

(i, w (i, i) AL oy (@, m, b, w(i, ir))) A
(12): M |= U (@ w (i, i), b, w (i, i) LA :
S (@ m, b, w(@, iy)) = fo (@ w(@, iv), h(a, w(i, ir)))

Clearly, [, (2. w(a.iy).h(a. w(ia. i) € KN(M:Nou{ua}). So by
statement  (12), o, (@.m, h(i.w(a.ir))) € KHM: Myu{a}). So
M = =(ni, h(a,w(u.ir)))E(a); (by the definition of (a);). which is
in contradiction with the definition of the function 4.

Then, by the definition of w(i.i)s and statement (8), the function
i h(a,w(a,i)) from {i : i <sp+ 1}into ((a)¢)g is well-defined and
coded in M. So, since the cardinality of (a)c is less than sy + 1, by Z;-
Pigeonhole Principle in M, there exists some distinct iy < i} < 5o+ 1
such that

(13): M = (i, w(i. i) = h(i. w(i. iy)).
Therefore, by statement (13) and the definition of & we conclude that

13
: lg1(ia. h(i, w(ia.ip))) VAL b w(ia. i) LA
(14): M P( e b, w7 lo>>>—gﬂ(a,h(ﬂ’w(ﬁ»fl))) )

Moreover, by the definition of 4 (&, w (i, 1)), for i = iy, i it holds that
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. U oy (i, 1), b w @ 1)) 4] A g (i w(@))) 1A
(”*”“( ot i), b, w(@. 1)) = g1 h(@ w(i))) )

So statements (13-15) imply that
(16): M = fo (i, w(d. iv), (i, w(it, ig))) = [ (i, w(it. i), h(it. w(i, ip))).

But statement (16) is in contradiction with the definition of w (i, i7).
(ii) Part (ii) of this lemma will be proved exactly like part (i), except we
need an extra statement between statements (3) and (4): by using ;-
Collection, we deduce that
Ve < (a)) ([f (@ x.e.29) 1]=* — ¢E(a),) —
(3°): M = 3JwVx < uy (n.e)B(a)y ALfn (i@ x.€) JISYAN |
HE < (a)’? vlSkl ( fnt (IZ X,&) _ fnt (ﬁ,ml,e) )
in which (a), € Ny and (a), € Ny code the following Y and Y’.
respectively:

Yi={xeM: MEJi<syx=(a) N[f(0.m".(a);.z9) 1]°*)}. and

=i

Y ={(nx)e M : ME3Ji<sx=(a /\\/n—nt (n,i)Ea')}.

_|
Now we are ready to prove Theorem 3.4.

ProorF orF THEOREM 3.4. By Lemma 3.4.1, there exists some a € M such
that No = {(a); : i € I} and (a); # (a); for distinct i, j € I. Now, in order to
construct j, first by using strong X;-Collection in M, we will find some b € M
such that

ME=[f(a)) 11— [f((a);) 11=°. forall f € Fandalli e I.

Then, by using back-and-forth method we will inductively build finite functions
i vsuchthatu,v € M,and M = (0 <b A P(u,v) AQ(a,v)), where P(iz, v)
and Q(i, v) are properties as stated in Lemma 3.4.3. Through the “forth” stages
of back-and-forth we shall make the domain of j to be equal to M, and “back”
stages are for making the range of j to be an initial segment of M. For the first
step of induction, we will choose 0 — 0. Then, suppose & — v is built such that
ME@<b A P@v) ANQa,v)).

“Forth” stages: Let m € M \ {u} be arbitrary. By the definition of M, without loss
of generality, we can assume that m < ¢(i1, (a);) forsome ¢ € Fandi € I. Moreover,
let @ € M beasin Lemma 3.4.2. In order to find some image for m, for every s € M
we define the following bounded IT;-type:

ps(y) =={y <t(0.(a))} U psi(y) U psa(y). where
ps1(y) = Vi < s([f Ga.m. (a))) L] — [f (0. p.(a);) ) : f € F):

and

i e (U053 (@)) 00 A . 0)E0) =)
patoyi= i< (VG T o) e}
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We claim that there exists some s > I such that the type p,(y) is finitely satisfiable
in M. Then since p; is a I1;, bounded and recursive type in M, there exists some
m'’ which realizes p,(y) in M. Therefore, P((&z, m). (v, m’)) and Q((&z, m). (v, m’))
hold in M., and this finishes the “forth” stage.

In order to prove the above claim, let d > I be an arbitrary and fixed element
of M . Moreover, supposei.s € M.and O(s, i,i,m.v,b, a, a. p. (a);) is the following
Ap-formula:

Vr<idy <t(v, (a)) (Vw < sV < (([J}r’/(g_;y’;/l( () )) )“;bf/\ Erﬁl,;uzls)a))ﬁ

where £ is the code of the following X;-definable set in M:
L:={{rw)<d: ME[f (a.m (a),) ]}

Note that the parameter i in ® is for bounding indexes of functions which appear
in ®. Moreover, the parameter s is for bounding elements of N, appearing in ®; i.e.,
if ® contains some element of the form (a),,. then w < 5. Now, forevery i € M, we
let G(i) be an upper bound for parameters s as above. To be more precise, we define

G(i):=max{x<d: MEO(x.i.u,mv,b,a ap (a))}

Vw < s((r.w)Ef — [f+(0.y.(a)w )/i] ) A ))

Clearly G is Ag-definable function in M, and I C Dom(G) (we assume
max(@) = 0). Therefore, since I is strong, there exists some e > I such that for
alli € I, G(i) > I iff G(i) > e. We will show that p,(y) is finitely satisfiable in M:

First, note that, p,;(y) is closed under conjunctions. (This holds similar to the
way statement (1) in the proof of Lemma 3.4.3 holds.) So let f,. fu,..... fu, be
some finite number of elements of F, and let n* = max{n, ny. ..., n; }. Then, use
Lemma 3.4.3(i), (n* + 2)-many times; i.e., for every t = 0,....n* + 1 consider f,
instead of f in the assertion of Lemma 3.4.3(i), 0 € Myinstead of z. and f. ..., f,=.
So by Lemma 3.4.3(i), for every t = 0. ..., n* + 1 there exists some s; > I such that

(): MEIYy<bY(S'r. f1.es e t,mv, y,b,a, s, 0,0, (a)).
Then, let s* := min{s, : ¢ < n* + 1}. Therefore, by statement (1) and the
definitions of ® and W it holds that

(2): M EO(s* . n* . a,m,v.b.a,a,p.(a)).
So from statement (2) and the definition of G, we infer that G(n*) > I and
it holds that

(3): M E=O(Gn*).n*,u,m,v.b,a,a, B (a)).
Consequently G(n*) > e, and again by the definition of ® and statement (3),
we deduce that

(4): M EO(e,n* . a,m,v.b.a,a,p.(a)).
Statement (4) implies that
W e o (e ))(Vi<e(fn(a,(m,(cz)i>u(%[f (0.7.(a ))V”)A)
4): M E 3y < (v, [fn, (0. y.(@);) L1 A (ns,i)Ear) —
Ar 1\”<e< Soit.m,(@);) # [ (8.3 ( )

So statement (4) finishes the proof of the claim.
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“Back” stages: Let m’ € M \ {v} such that m’ < vy := max{v}. and up := max{au}.
In order to find some element of M whose image is m’, we modify the proof of the
“forth” stage in the following way:

e Replace p;(y) by
qs(x) = {x < up} U gy1(x) Ugg(x). where,
gs1(x) == {¥i < s(=f (8. (a);) I —h[f( (a);) 1) : f € F}:and
Dl

1) = {v( (17 2 _) ) N}.
n (i, (a))#fnvm

e Replace O(s, i, i, m. v, b,a.a, f) with @' (s,i.u,v.m’.b,a.o’, B'):

Vw<s(<x,r,w)(]—?ﬁ' >[f,(17<m ()>)ﬂ)b)/\ )
I ' w)Ea’ A (x, ', w)ER’) —
s <l<fr (.m. (a)u) # [ (0. . (a >w>>)

where f’ is the code of the following X;-definable set in M:
L={{xrw: MEx<uAw<dnrr<dN[f (i x (a)y) ]}

Vr<i§|x<u0(

The rest of the argument goes smoothly by modifying the “forth” stage according
to the above changes, and this completes the proof. -

COROLLARY 3.5. Assume M |= 1, is countable and nonstandard, I is a proper cut
of M, and M is an I-small X-elementary submodel of M. Then the following are
equivalent:

(1) I is strong in M.
(2) There exists some proper initial self-embedding j of M such that My = Fix(j).

ProoF. Suppose My = {(a); : i € I'}, forsome a € M such that (a); # (a),; for
all distinct 7, j € 1.

(1) = (2): If My =1, then by Theorem 2.4(2), we are done. So suppose
I C M. First, by using Theorem 3.4 let 4 be some proper initial self-embedding of
H'(M: M,) such that Fix(h) = M,. Moreover. fix some b € H'(M: M) \ M, such
that #(H'(M: M,)) < b. Now, by using strong X;-Collection in H!(M: M), and
since H! (M My) <z, M. we can find some d € H!(M: M,) such that

ME[f((a)i.b) 11 = [f((a);.b) 11°¢. forall f € Fandalli € I.

Therefore, by Theorems 2.1 and 2.3 and Remark 1, there exists some proper
initial embedding k : M < H!'(M: M,) such that M, C Fix(k). k(M) < d. and
b € k(M) (note that since H! (M M) is an initial segment of M, then SSy; (M) =
SSy,; (H!(M: My))). Finally, we put j := k 'hk. It is easy to check that j is a well-
defined proper initial self-embedding of M such that Fix(j) = M,.

(2) = (1): We combine the methods used in the proofs of Theorems 5.1 and 6.1
of [1]. Suppose I is not strong; i.e., there exists some coded function f in M such
that I C Dom(f ), and theset D := {f(i): i € I ANT< f(i)} is downward cofinal
inM\I.
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Leth € M\ Myand g := j(f). Forevery k € M, we put
A = {(r.y) <k : M [ Sats(6,((a)y.0))}.

Since Ay is bounded and A;-definable, it is coded by some s; in M. Moreover, the
function k +— s; 1s Aj-definable in M. Now, we define

h(k) == px (V(r.y) <k ((r.y)Esi — Sata,(6,((a),.x)))).
So note that:
(I) Foreveryk > I, wehave Tha,(M:b.{(a);}ic;) C Tha,(M:h(k).{(a)i}icr).
(II) For every i € I, h(i) is well-defined and inside M, = Fix(j); the reason
behind this statement is that for every i € I we consider the following set:
B :={(r.e): M=3y<i((a), =¢eA(ry)Es;)}.
Then, by Lemma 3.3, B; is coded by some «; € M, = Fix(j). So it holds
that
M = h(i) = puy(V(r.e)Eaq; (Sata, (0, (e. x))).
As a result, since Mg <z, M, statement (II) holds.
Now, let 4’ := j(h).Soforalli € I, and allu < i such that f (u) < i, statement (II)
implies that
W (gw)) = j(h) ()W) = jR) GG W) = jh(f(w)) =h(f(u)).
Therefore, foralli € I, M = (i, f,g. h.h'), where p(i, f, g, h, h’) is the following
A-formula:
Vu<i(f(u) <i—h(fu)="h(gu)).
So by X1-Overspill in M, there exists some s > [ such that

(W) Vu<s (f(u) <s— h(f(u)=h(gw)).
Since D is downward cofinal in M \ I. there is some iy € I such that 1<
flig) <s. Let ¢:=h(f(ip)). On one hand. by (I). Tha,(M:b.{(a)i}ier) C
Tha,(M:c.{(a);}icr). As a result, because b ¢ M. we have ¢ ¢ My = Fix(j). On
the other hand (#) implies that

J(e) = j(h(f(@))) = j(m) (G () (0)) = h'(g(iv)) = h(f (iv)) = c.

As a result, I has to be strong in M. =

§4. Strongness of the standard cut and fixed points. In this section, we will show
some properties of Fix(;j), when N is not strong in M. Then we will derive some
criteria for strongness of N in a countable nonstandard model of IZ; in terms of sets
of fixed points of its initial self-embeddings.

LemMma 4.1. Suppose M is a nonstandard model of 1£, in which N is not strong.
Then for any self-embedding j of M the following hold:

(1) Fix(j) is 1-tall.

(2) IfFix(j) is a countable model of BX1, then it is 1-extendable.
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Proor. (1) Leta € Fix(j) be arbitrary and fixed. Since Fix(;j) <z, M. it suf-
fices to prove that K!(M: a) is not cofinal in Fix(). Since M |= B*Z, there
exists some fy € M such that K'(M:a) < t;. Moreover, by Lemma 2.5(2)
there exists some o9 € Fix(j) such that Thy, (M: 1. a) C Thy, (M: . a).
Therefore, K (M: a) < to.

(2) By Theorem 2.2(2), and part (1) of this lemma, it suffices to prove that
N is not IT;-definable in Fix(j). Suppose not; i.e., N is definable in Fix(;)
by some IT;-formula n(x). By Lemma 2.5(1), Fix(j) N M \ N is downward
cofinalin M \ N. So by X;-Underspill in M, there exists some n € N such that
M = —n(n). and consequently since Fix(j) <y, M. Fix(j) = —n(n). which
is a contradiction. 4

The following corollary generalizes Theorem 1.2:

COROLLARY 4.2. Let M |= 1%, be countable and nonstandard in which N is not
strong, and j is an initial self-embedding of M such that Fix(j) &= BX,. Then Fix(j)
is isomorphic to a proper cut of M.

ProOF. By Theorem 2.2(1) and the previous lemma, it is enough to prove that
SSy(Fix(j)) = SSy(M). So let X = NN ag for some a € M. Since N is not strong
in M. by Lemma 2.5(2) there exists some b € Fix(j) such that Thy (M:a) C
Thsg, (M: b). Therefore, X = NN bg, and this finishes the proof. =

We conclude this section with a generalization of a similar result about
automorphisms of countable recursively saturated models of PA in [12]. Moreover,
the following corollary defines Theorem 2.4(3).

COROLLARY 4.3. Let M = 1%, be countable and nonstandard. Then the following
are equivalent:
(1) Nis strong in M.
(2) There exists some proper initial self-embedding j of M such that Fix(j) =
K!(M).
(3) There exists some proper initial self-embedding j of M, and some small My <s,
M. such that Fix(j) = M,.
(4) For every small My <z, M there exists some proper initial self-embedding j
of M such that Fix(j) = M,.
(5) There exists some proper initial self-embedding j of M such that Fix(j) C
I'(M).
If M = PA and it is recursively saturated, then the above statements are equivalent to
the following:

(6) There exists some proper initial self-embedding j of M such that Fix(j) | BZ,
and it is isomorphic to no proper initial segments of M.

ProoF. The equivalences of statements (1)—(5) is a straightforward implication
of Corollary 3.5 and Lemma 4.1(1). Moreover, (6) = (1) holds by Corollary 4.2.
In order to prove (4) = (6), similar to the proof of Theorem 3.2(3), we will find
some small recursively saturated elementary submodel M, of M. So statement (4)
will provide us with a proper initial self-embedding j of M such that Fix(j) = M.
Clearly Fix(j) = BZ;. Moreover, as we mentioned in the beginning of Section 3,
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SSy(My) # SSy(M). As a result, Fix(j) is isomorphic to no proper initial segment
of M. 4

§5. Extendability. In this section, we will study the extendability of initial
embeddings. Most of the theorems of this section are generalizations of results
about automorphisms of countable recursively saturated models of PA obtained in
[10, 11].

DEFINITION 2. Suppose M and N are models of IX;, M, and N are bounded
submodels (or proper cuts) of M and N, respectively. We call an initial embedding
j i Mo < Ny an initial (M, N')-embedding if for every A C M, it holds that

A €SSy, (M) iff j(A4) € SSy,;(N),
where I := I'(M: My), and J = I'(N; j(My)).
If M = N, we call such j an initial M-embedding.

First, in the next lemma we will show that the condition in the above definition,
i.e., preserving coded subsets, is a necessary condition for extendability of an initial
embedding.

LeMMA 5.1. Suppose M and N are models of 1Z1, My C M and Ny C N are
bounded submodels (or proper cuts), and j : Mo < Ny is an initial embedding. If j
is extendable to some initial embedding j : M < N, then j is an initial (M. N)-
embedding.

Proor. Put ] :=1'(M: My). J :=1'(\; j(M,)). and let 4 C M, be arbitrary. If
A =1 (ag)™ for some o in M, then clearly j(4) = J N ((j(a))g)"V. Conversely.
suppose j(4) € SSy,(N). Since My is bounded in M, we have J C, j(M). As a
result, j(A) € SSy,(j(M)). which implies that 4 € SSy, (M). .

Converse of the above lemma holds, when M, and j(M,) are ,-elementary
initial segments of M and .

THEOREM 5.2. Suppose M and N are countable and nonstandard models of 1%,
and I and J are Xy-elementary initial segments of M and N, respectively. Then for any
isomorphism j : I — J which is an initial (M, N')-embedding and each b > J, there
exists some proper initial embedding f : M — N such that f ;= Jj and f (M) < b.

SKETCH OF PROOF. The proof'is conducted by a back-and-forth argument similar
to the one used in the proof of [1, Theorem 3.3]; we will build finite partial functions
# — © such that the following induction hypothesis holds:

If M = [f(@.0) {]. then N = [f (3. j (i) 1.
forevery f € Fandi € L
For the “forth” steps. if # — o is built, for given m € M we define
H:={(ri)el: ME[f:(i.m.i) ]}

Then, let & € M such that H = I N hg. Since j is an initial (M, N')-embedding,
there exists some A’ € N such that j(H)=J Nhg. Therefore, by induction
hypothesis for every s € [ it holds that
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(1): NE3Ix,w< bV{ri) < jls)(rni)Eh — [f,(0,x,i)) }]<%).
Since j is onto, statement (1) implies that for every ¢ € J it hold that
(2): N E3x.w<bV{ri) <t ((rni)EBh — [f(5.x.0) ]J<).
Therefore, by using X;-Overspill in A/, we will find some image for m, for which
induction hypothesis holds. The “back” stages can be done similarly. -

The proof of the above theorem can also be modified for 7-small submodels.

THEOREM 5.3. Suppose M |= 1, is countable and nonstandard, 1 is a strong cut of
M, My is an I-small Z,-elementary submodel of M such that My = {(a); : i € I},
and j is an initial embedding of Mo such that j(I) C, M. Then the following are
equivalent:

(1) j Iy is an initial M-embedding. and there exists some b € M such that
M= j((a)i) = (b)) foralli e I.
(2) j extends to some proper initial self-embedding of M.

SKETCH OF PROOF. (2) = (1) holds by Lemma 5.1. In order to prove (1) = (2),
we will use a similar argument to the proof of [1, Theorem 3.3] to obtain an extension
fofj. For this purpose, first we will fix some d € M which is an upper bound for M.
Then, we will build finite partial functions & — v such that the following induction
hypothesis holds:

M LS (. (@)i) 1= [ (@ (b)) 157,
forevery f € Fandi € I.

Here, we outline the proof for the “back” steps and the proof of “forth” steps is left
to the reader. Suppose # —  is built, and m < max{v} is given. We define

L:={(ri)e jI): ME-lf(o.m (b))}

Then, let / € M such that L = j(I) NIg. Since j |; is an initial M-embedding,
then there exists some /’ € M such that j'(L) =1 N If;,. Moreover, by using
Lemma 3.3, forevery s € I there exists some (a);, € My which codes of the following
subset of Mj:

A:={(r.(a);): M ({ri)<s AN{ri)El)}.
By IT;-Overspill, it suffices to prove that for every s € I it holds that
(*): ME3Ix<max{ua} V(r.i) <s ({r.i)El' = =[f. (@, x,(a);) L]).
Suppose not; i.e., there exists some s € I which for statement () does not hold.

So we have,
(i): M EVx <max{ua}3I(ri) <s ({(r,i)BlI' ALf, (@, x, (a);)]]).

As a result, by using X;-Collection in M, from statement (i), induction
hypothesis, and the way we chose (a);,, we may conclude that
(ii): M = Vx <max{o} 3(r.e)E(b) ;) ([f+(0.x.¢) {]%9).
So by statement (ii), there exists some (r, i) < s such that

(if): M = ((ri)EL A L1 0 (@.m. (b) ) 9.

But statement (i) is in direct contradiction with the way we chose /. —
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In the last theorem, we investigate whether we can control the set of fixed points,
while extending an isomorphism to an initial self-embeddings with larger domain:

THEOREM 5.4. Suppose M =15, is countable and nonstandard, I is a strong
X -elementary initial segment of M, and j : I — I is an isomorphism and an initial
M-embedding. Then there exists some proper initial self-embedding J of M such that
J 1= j.and Fix(j) = Fix(j).

SKETCH OF PROOF. First, we will fix some arbitrary a > I. Since [ is strong in
M, there exists some b > I such that:

x): ifME[f(ai)lland f(a,i) > I then f(a,i) > b, forall f € Fandi € L

So by Theorem 5.2, there exists some proper initial self-embedding j of M such
that j [;= j and j(M) < b. If Fix(j) = Fix(j). then we are done. Otherwise, by
using a similar argument to the proof of Theorem 3.4 (as we will briefly outline the
modifications which should be made to the proof below), we will construct some
proper initial self-embedding 4 of N := H'(M:a) such that & [;= j, Fix(h) =
Fix(j). and h(N) < b. If M = N, then we are done. Otherwise, by using Theorem
2.3 we shall find some proper initial embedding k : M < N such that I C I (k)
and b € k(M). Finally, we put j := k' hk.

In order to construct the aforementioned 4, we will inductively build finite
functions & — o such that

P(a. o) = [f(i.i) |] = [f(0.j(i)) {]<°. forall f € Fandi € I: and
= . - I <b
Q. 5) = (WW) “fA(a[,figvéJz(l)) 4 A) o fi) # f(@.j(0). forall f € F

andalli € I

e For the first step of induction, we will take @ — j(a); clearly P(a. j(a)) holds in
M. Moreover, by statement (x) and since Fix(j) < b, the property Q(a. j(a))
also holds in M.

e Then suppose u — o is built. We will just mention the changes that should be
made in the “forth” steps of Theorem 3.4, and “back” steps should be modified
similarly:

— Suppose m € N \ {it} is given. By the definition of N. without loss of
generality, we may assume that m < ¢(it, a) for some ¢t € F. Put

Ci={(rni)e LN E[fr(@.m.i) A fr(id.m.i) ¢ KIN:TU{a})}.

Let a.a’ € N such that C =71 Nag and j(C) =1 Nag (note that since
N is a Zi-elementary initial segment of M containing I, j is an initial V-
embedding):

—LetL:={(riyel:NE[f(a.mi)l]}.L=INpg. and j(L)=1Npf
for p. ' € N.

— Forevery s € j(N) such that j(s’) = s for some s’ € N, let

ps(¥) == {y < t(0.j(a)} U psi(y) U psa(y). where
psi(y) = {¥i < s((n.))BB' — [fn(0.y.i) 11<°) : n € N}, and
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(n,w)Ea A (n,i)Ea’ A
ps2(y) = {Vw<s'Vi<s(< [fn(B.y. i) 1]<b )%) : neN}.
f11(7/_l»m=w) #fn(f),y,i)

— Inordertofind somes > I suchthats € j(N)and p(y)isfinitely satisfiable,
we will adapt the rest of the proof of Theorem 3.4 accordingly; for instance,
we will mention two of these adaptations:

(1) Letd’ € N suchthatd’ > I andd := j(d'). Moreover. foreveryi.s.s' € N,
let O(s.s’.i.it.m.0.b, j(a).a.a'. B) be the following Ag-formula:

vr<i3y <1(v. j(a))
Vw < s({(r,w)ER" — [f (v
;

Vw < sVw' < 'V < i (
[ff/
.fr/(u’ms
Then, for every i € M, we define
G(i):=max{w <d : ME3x <dO(x,w.ii,mv.b, jla).ad, B}

Since [ is strong, there exists some e’ > I such that e’ < d’, and foralli € I,
G(i) > I iff G(i) > e'. Then, for every i € M put

N . [G(i) <9 A Gli) > e’ A
1(i) = max{x <jl): ME (@(x,G(i).,i,ﬁ,m,ﬁ,b,f(a),a, o' )
Again, since [ is strong, there exists some e > I such that e < d, and for all
icl [(i)>TiffI(i) > e. Then p.(y) is a finitely satisfiable type.
(2) Instead of the function (0(<. ). h(<{.y)) we need to define the following
function:

(0(0. ¥). h(O.¥). B (. p))
[5($.p) 1A
[f i, (n . 8) 10000 A
[g:(¢.w) J<POIA [~
g (O w) = f, (0. .0)

where oy, € I is the code of the following subset of I

r=min § (n;. i, w)Bey -

{(ni.w): MlEi<soAw< j(so)A(n.w)Ea A (n.i)Ea'}.

The rest of the adaptations should be made similar to statements (1) and (2)
in order to construct /. =

REMARK 3. If we letj be the trivial automorphism of 7, then Theorem 5.4 implies
Theorem 2.4(2).
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