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There are two planes, called ¢ parabolic planes,” through each
line on the cubic surface cutting the surface in residual conics
touching the line in question at two points called the ¢ parabolic
points ”’ of that line.

If the cubic surface be taken in the form UVW =UV'W’,
where U, V, W, U’, V', W’ are six planes defining nine lines on the
cubic surface, then the remaining eighteen lines on the surface
form ‘ three associated double-sixes,”” each line belonging to two
double-sixes.

The following results were obtained by W. P. Milne and
A. L. Dixon.

1The twenty-four tangent planes to a cubic surface at the twenty-
four parabolic points on the twelve lines of a double-sixz of the surface
touch the same quadric, and there are thirty-six such quadrics corre-
sponding to the thirty-six double-sixes of the surface. These thirty-six
quadrics are contact quadrics of the harmonic envelope T of the surface
(.e. they touch T wherever they meet it), and have been termed * Milne
Quadrics” by A. L. Dizxon.

2The eighteen lines of ‘‘three associated double-sixzes’ meet ihe
parabolic curve in thirty-siz points, and the tangent planes to the cubic
surface at each of these thirty-six points touch the same cubic envelope
', which also touches the common tangent planes of the harmonic
envelope T' and each of the “triad” of Milne quadrics corresponding
to the three associated double-sixes.

2If M\, My, M; be a triad of Milne quadrics corresponding to three
associated double-sixes, then M, -+ M, + M, = 3P* where P is a point.

17 =312 — M, M, M; for all ““itriads” of Milne quadrics.

1'W. P. Milne, Proc. London Math. Soc. (2), 26 (1927), 377-394.
2 A. L. Dixon, Proc. London Math. Soc. (2), 26 (1927), 351-362.
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It was suggested to me by Professor W. P. Milne that I should
investigate in this connection the case of the trinodal cubic surface;
I have obtained the following results.

§2. The Trinodal Cubic Surface.

Take the three nodes of the cubic surface at 4, B, and C, and
let D be the point of intersection of the three constant tangent
planes along BC, CA, AB, where ABCD is the tetrahedron of
reference. Then the equation of the trinodal cubic surface can be
written

U=sdt* + 3d, 2 x + 3d.t*y + 3d; 172 + 6sayz = 0. (1)

We can map this surface U on a plane = by means of a web of
plane cubics passing through the six points A4,;, A, .... 4, where
A, coincides with 4,, 4, with 4,, and 4, with 4,. Taking 4,4:4. as
the triangle of reference in =, and ¢, », { as coordinates, we obtain
the following mapping equations:— .

r=8mn+0, y=7(@l+§, z=0mé+n), t=sfqL

By comparison with equation (1) we see that

p1q17‘1+1 = "—dk, Sry = *—3d1k, S$1p = ‘—3d2k, 8191 = —3d3k, 813 = Gks.
whence k satisfies the equation 9d,dodsk* — 2dsk — 2s = 0.
s(d-+o) s(d—o)

A =d? 18d,d,d = Atsg b, b= =7
Take s+ 18d;dyds, o= Afts—% K o ddd,’ . 0 didds

To the points 4, = A, etc., correspond the lines a; = «, etc., on
the cubic surface which we will denote by «, 8, and y. To the lines
A dy=pmy+ =0, 4,4, etc., correspond the lines c,y, ¢34, €56, Which
we shall denote by ¢, r, s respectively. To the lines 4;4,= 4,4,
= A, 45 = A, 4, ete., correspond the lines ¢35 = ¢35 = ¢45 = ¢46 €tcC., Which
we shall denote by xz, y, 2. To the conic touching the lines A4, 4,,
A;4,, at A; and A, and passing through A, corresponds the line
b, = b, which we denote by o', and similarly for 8’ and y'.

The equations of the lines on the cubic surface together with
the two parabolic planes corresponding to each are given below.

Line on the Surface. Corresponding Parabolic Planes.
x={x=0,1t= 0. x = 0 taken twice over,

and similarly for y and =.

a= {dt+3d2y+ 3d3z:0, t:3d3k1 Z}. (d+0)t+ 3d2y+ 3d3(1 —O‘kl)2=0
taken twice over.
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Similarly for 8 and y; in the case of o', 8/, ¢/, k, is replaced by k; in
the equations of a, B, vy respectively; in the corresponding parabolic
planes the sign of o is also changed, besides replacing %, by %, in the
parabolic planes corresponding to a, 8, y respectively.

g={dt + 3d,x + 3d,y + 3ds;2 =0, x = 0}.
' =6dt +d;"d; " Ax + 18dyy 4 18d32 =0, x = 0.

And similarly for r and s.
Corresponding to the curve of section of the cubic surface and
the plane lx + my -+ nz + pt = 0, we have in = the curve
Dl + 8L+ qomn* L+ mn* & +r nl2 &+ nlPy - s pénl = 0. (3)
Using Salmon’s conditions that the curve (3) be harmonie and
equianharmonic and the fact that there is a 1:1 correspondence

between the two curves we find that if 7', and S; be the harmonic
and equianharmonic envelopes of the cubic surface, and if we trans-

form to the lettering d, .. .., s we have
S=1688"18,=02—0A =0 (4)
T=168s T, =207 -300" —3AA =0, (5)

where A’ = 2lmn,
Q' =sp* + 2 (d;mn + dynl 4+ dylm),
O =2{dsp + 3(d2d3l+d3dlm+d1d2n)}.

The quadric ©' = 0 is the quadric inscribed in the three nodal cones
of the cubic surface, and the point ® =0 is the intersection of the six
parabolic planes through a, o', B, B, v, v'.

Since o and o’ are generators of the nodal cone at A of the cubic
surface, and the parabolic planes through these lines touch the nodal cone

at A along the lines, it follows that @ = 0 is the pole of the plane aa’ with
respect to the nodal cone at A, and similarly with respect to the nodal

cones at B and C.

We see from its equation that the equianharmonic envelope S has four
nodes at the points A, B, C, and © =0, and the nodal cones of S at
A, B, and C are the nodal cones of the surface.

From (5) we see that

T=3A1TAN —-L00)—07(30%/A—-20)=0 (6)
which leads to the following important results:—

The harmonic envelope T, the quadric O' = 0, and the cubic envelope
OO —2AA =0 have a common developable touching all the three
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surfaces, each plane of which touches T at two points, and every
tangent plane of each of the three nodal cones of the surface U are
bitangent planes of T.

Now W. P. Milne proved, in the paper referred to, that a Milne
quadric is the envelope of planes cutting the cubic surface in sections
U’ such that the pairs of points in which U’ is met by conjugate
lines of a double-six are ‘“ apolar pairs’ of points with respect to the
Hessian of U’ (¢.e. the polar line of one point of the pair with respect
to the Hessian of U’ passes through the other point, and wice-versa),
By the 1:1 correspondence between points in = and points on the
cubic surface, we see that we can obtain the Milne quadrics by
stating that the pairs of points in =, corresponding to the pairs of
points in which conjugate pairs of lines of a double-six cut U’, are
‘“apolar pairs” with respect to the Hessian of (3) ¢.e. H,’ (corre-
sponding to U’). The points in = corresponding to the points in
which the lines on the cubic surface cut lr + my + nz + pt = 0 are
readily obtained; taking

H'=a)& 4 b/ 7n* 4 ¢s' ¥ + 3ay' €9 + 3as" €L + 3b/7* £ + 3bs" L
+ 3¢, I+ 8¢’ Py + 69" €l = 0,
we find that, if ¢ =r,mn + p,nl + g, Im — (s,%/4) p*, then

a/ = (m+plrin—pisip) b'=m*{n+pgll—qs,p}, cs'=n*{l4qr m—rsp}
3a, =py 1{d — 3q,Im}, 3a, =1 {¢ — 3p,nl}
3by =qim{p — 3q,Ilm}, 36 =m {¢ — 3r;mn}
3¢/ =rni{p— 3p,nl}, 3¢ =n {¢ — 3rymn}, 69 ={s1pd—3 (pqir1+1)Imn}.
The condition that two points (&, 11, §1), (€25 2, §;) be an apolar
pair of points with respect to H,’= 0 is
El(a EF et ad L)+ oo F 200 (g S by e e’ L) = 0.
The thirty-six double-sixes of the general cubic surface reduce
to fourteen in the trinodal case, which fall into types as follows, each
giving a Milne quadric obtained by the foregoing method. (The
lettering has been converted from p,;, ¢, etc., to d, d, etc., and the
types of the double-sixes are made to correspond with Jolliffe’s types
of Steinerian Complexes in his paper ‘ The Inflexional Tangents of
the Plane Quartic,”! there being no type corresponding to his

Type I1.)

1 A. E. Jolliffe, Proc. London Math. Soc. (2), 23 (1924), 250-278.
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Double-Sua. Corresponding Milne Quadric.

TypeI. BB yyxs
yy zzra L =0 — 6d; mn, and similarly for M and N.

Type II1. aByxyz

xyzao By 0 =0

Type IV, aafByy
a’a'B'BY'y O, =302/4A — 20" =0

Type V. aryyzz Ui=0 —6ld{ —dyds (d b, + 1)1
sa'yypp +dydym + dydyn + 3dy dy dy by p) = 0.

U, has k, in place of &k, in U,, and so on for Vy, Vy; Wi, Wa.

The point {— dyds (dk, + 1)1 4+ dsdym + dyden + 3d, dd3 by p} = 0
is the point of intersection of y and p’. The remaining three double-
sixes need not be considered as they give rise to the degenerate
quadrics I* = 0, m? = 0, n* = 0.

Professor Milne also proved in his paper that the cubic envelope
I' is the envelope of planes cutting the cubic surface in sections U’
such that the triad of points, in which any set of three non-
intersecting lines on the cubic surface cut U’, is an apolar triad
with respect to H’ the Hessian of U’ (i.e. the mixed polar line of one
pair of points with respect to the Hessian of U’ passes through the
third point). Hence as before by 1:1 correspondence, we see that,
if our three points in 7 are (&1, n1, 1), (§2, 72, &)y (€5, s, &), T is given
by
& (46 +Hny + Glo) + s (HE, + By + FE) + L (G, 4 Fo + CFy) = 0,
where 4 = (@' &1 + ax' i+ a5’ &) ete.,  F = (¢ &1+ b’ m + ¢’ () ete.,
since this is the condition that the three points (¢, 7, {;) ete., are an
apolar triad with respect to H,’.

The point P = 0, where M, + M, 4 M; =3P was proved by
W. P. Milne to be the fixed point through which =; passes, if the
plane 7, intersects the cubic surface in a curve U’ such that the three
non-intersecting lines (lines which would not intersect on the general
cubic surface, and give a distinct I') on the surface, corresponding
to the triad M,, M,, M;, cut = in three points forming an apolar
triad on U".

The sets of three non-intersecting lines, their corresponding
triads of Milne quadrics, points P =0, and cubic envelopes I' are
found to be as follows, and are divided into five classes.
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Three non- T'riad
intersecting of ) .
lines on the  Milme Point P. Cubic Envelope T'.
surface.  quadrics.
Class 1. aBy LMN p=0 sH(@p —dA)=0

Class II.  Byy  LO'U, A =sp—3dudel=0 s[04, + AtstA]=0.

For the triad L ©'U,, corresponding to Byz, k, is exchanged
for k£, in the above, and similar results are obtained for the triads
MOV, MO'V,; NO'W,, NO'W,.
Class I111. Byg LV\W, Bi=sp-—-3dd.kym s} 0B N
 —3d,dok.n=0 (‘—!—anv‘[als—l—Qd?daklm ] }
| +-9d3d k,n—6d,sp) ]

For the triad LV,W,(8y'q) k, is exchanged for 4, and wice
versa in the above, similar results being obtained from the triads
MWwW,U,, MW, U,; NU,V,, NU,V,.

Class [V. aad'z QN ON 0=0 A AA -0 0O/2)=0.

OGO+ LAW? )]=0

Class V. BBz O,U, U, 3d,0 = 4Al A —ld; (% O+ 2d, Amn

The results for O,V V,, O, W, W, are obtained by symmetry.

The properties of the Milne quadrics, I’s, and the points P can
be easily obtained from their equations, but will not be discussed
here.

§3. The Plane Trinodal Quartic Curve.

In the paper, previously referred to, A. E. Jolliffe proved that if
I, and J; denote the harmonic and equianharmonic envelopes of a plane
quartic curve, then a conic K can be so defined that the sextic envelope
Js + KI, =0 shall touch the twenty-four inflexional tangents of the
quartic curve, and every ome of the twelve bitangents of o Steinerian
complex.

The properties of the conics K, which are contact conics of
J, were further discussed by W. P. Milne in two papers ‘“Contra-
variant envelopes of the plane quartic curve!,” and ‘ Contravariant
envelopes of the cubic surface.”

1\, P. Milne, Proc. London Math. Soc. (2) 24 (1925), 335-338.
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It was shown in my own paper “ Note on a property of the
plane quartic curve” that

(i) J¢ can be expressed in the form J,= @ — K, K, K,, where
K, K, K, is a “triad of contact conics” of J.
(i) K+ Ky, -+ K;=P", where P’ = 04s a point.

I now proceed to obtain these triads of contact conics of J;in
the case of the trinodal plane quartic.

§4. The Trinodal Plane Quartic.
Take the equation of the trinodal plane quartic to be (as in
Jolliffe’s paper)
Q=ay’2? + bz2a’ + cxty® + 2ayz (fo + gy + hr) =0,
where A, B, and C, the three vertices of the triangle of reference

are taken at the three nodes of the quartic. We also use the
notation

A = abe + 2fgh — af? — bg? — ch?,
O =2(Fl + GEm + Hn),
where F = gh — cf ete., and I, m, n are tangential coordinates,
O = — (al* 4 bm* + cn® — 2fmn — 2gnl — 2him),
AN =2lmn, F,=F—ia*A}, F,=F 4 iat A} ete.
a=Cz—Fyy, =Cz—F,y=0;
similarly for the tangents from B and C to @ we use 8, 8'; y, .

x = = 0, and similarly for y and z

p=fiz+ gy +hz= 0)
g=hr+ gy + hz=0 ] Bitangents of @ (where f, — f— 4/bc,
7‘Ef2x+gly+hz7~:0l fo=f+4/be, etc.)
S Ef-gx -+ g2 Y -+ klz == 0
Then we have I =121, =0 —3A’0
J =432J,=20"° — 900’ 4+ 27AA’ = 0,
te, AJ =3 (100" — 3AAN? 4+ 07 (20" — 30%/A) = 0.

Since O = 0 is the equation of the conic touching the nodal tangents
of the quartic, we see from the last equation that the harmonic envelope
of the trinodal quartic curve has siz bitangents, which are the six nodal
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tangents of the quartic, and also the conics ©' = 0, and 307 — 8A 0" =0
are contact conics of J.

From I = 0 we see that the equianharmonic envelope has four nodes
at the points A, B, C, and © = 0, and has as its four pairs of nodal
tangents the nodal tangents of the quartic, and the pair of tangents from
© = 0 fo the conic ©' = 0.

Dividing the conics K into types as in Jolliffe’s paper, and
using his method for obtaining them, we obtain the following table
(taking K = twice Jolliffe’s K)

L Corresponding
Conic K. Steinerian Complex.
TypeI. L =0 —6fymn=20 yz twice, By, By, ar, s,
=0 —6fimn=0 yz twice, By, B'y, xp, 29,

with similar results for M, M,; N, N;.

Type II. P =0'4 3a7'(Cm® + 2Fmn 4 Bn®*) =0 a® twice, aa’ twice, pq, 7s,
and similarly for @ and R.

Type II11. O' =0 xa, xa', yB, yB’, zy, 2y
Type IV. ©,=20%/A —20"'=0 aa’ twice, BB’ twice, vy’ twice.

Type V. U,=0'+64f[GH A 1+Gm+ Hn]=0 yy twice, 28’ twice, a'r, as.
Usy= 0" 4-64-[GH, A I+ Gym-- Hn]=0 yy' twice, 28 twice, ar, a’s.
Us= 0" +64°fy[G.H, A i+Gym+ Hn]=0 yy twice, 28 twice, o'p, aqg.
U=0"+64Y[GHA I+Gm+Hm]=0 yy twice, 28 twice, ap, a'q.
Similarly for Vy, Vo, Vs, Vy: W, Wo, W, Wo.
The pair of points Cm* + 2Fmn + Bn® = 0 are the poinis where x
tntersects a and o elc.
The point G, H, A=Yl 4+ Gym + Hyn = 0 is the point of intersection
of B and vy etc.

We know by Jolliffe’s paper that, corresponding to each conic K,
we have @ =k,"8, 8, + 82, while S,, §,, S, are conics or line pairs, and
k' is a constant. If ¥, be the cubic envelope, which is the envelope
of lines cutting §,, S,, S; in involution, then we obtain the followmg
¥.’s corresponding to each K.
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Conic K. Cubic Envelope V,.
Type[. L ymn [fy Vom 4+ fo Ven—(hVe +gVb) 1] =0
L Imn [f; Vim—f,Ven+(EVe —gV'b) 1] = 0,and so on.
Type II. P a [(km—gn)(Cm*+ 2Fmn+ Bn*)4al(Cm*+ Bn*)]=0 etc.
Type II11. ©'=0 —tAPA /4 =0
Type IV. 0O, A{{BOFP+ .. +C(2HF+ BG) Pm+ ..
+(ABC+2FGH)lmn} =0
Type V. U, HA Vb m 4V cHyn?—p H,GL A~ 11— p, Amn
+H {VeG A —pynl+G(VbH A '—p}lm] =0
For U, the suffix 1 is changed to 2 in ¢, H and p in above.
U, UA- [VGm?—V cHn?—p,H, G A 1 12— pgAmn
—H, (V@A +p} nl+Go{VbH, A —py}im] =0

Yor U,, G, and H, are replaced by @ and H, respectively, and
ps by p, in the above, where

pr=(WecH+gVb+iAYfil,  po=(AWec+gVh — i AY S,

ps = (Vb —hVe— i AYf7Y,  pi= (gVh — hVe + i A o1 ete.

It was proved by A. E. Jolliffe in a note on his paper that for
any conic K we have J = 108k, ¥; + 8K (91, — K*) = 0.

Hence if we take any two conics K,;, K,, and can find ®; such
that ®, =k" (V' + 4, Ky) = k" (V" + 4, K,) where WV, refers to K|,
and ¥," to K., and 4,, A, are the tangential equations to two points,
then K,, K, are two conics of a triad, and the third conic K; of the
triad can be obtained similarly (%", k.” are constants).

We find that J = -30 — K K, K,, and in each case
A, =4,=4,= P

Since the trinodal quartic curve is a degenerate case of the general
quartic, the method used in my paper, referred to previously, of
obtaining the ‘‘triad of conics” by means of three bitangents
through whose six points of contact with the quartic no conic passes,
does mnot give the complete set of triads, but the above method is
applicable in all cases, and by its use we obtain the following triads,
their points P’, and their corresponding cubic envelopes @,
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Triad of Conics Point P’
Class 1. LMN A4/ = Val +Vbm + Ven =0
L M\N, Ay =—Val + Vom + Ven =0
LM N, Ay = Val —Vbm 4+ Ven =0
L,M,N A= Val+Vim—Ven =0

Cubic Envelope D,
O/ ' =0'4y —3AN( fVa+gVb+ hVe +Vabe) =0
O, =04 +3A( fVa—gVb—hVec+ Vabe) =0
Q) = 0’4y + 3A (—fVa + gVb — hVe + Vabe) = 0
O,/ =04 + 3N (—fVa —gVb+ Ve + Vabe) =0

Triad of
Conics

Class 11.

LO'U, B'z=—pl+Vbm- Ven=0 ' B’ +3iAA =0

LO'U, Bi=—pl+Vbm+Ven=0 O By —3iAIA" =0

LO'U;  B/= pl—Vbm+Ven=0 0 B/ +3iA'A" =0

LO'U, Bi/= pl—Vbm+Ven=0 O B, —3iAIA =0,
[MO'V,, MOV, MGO'V,, MO'V,;
\NO'W,, NO'W,, NO'W,, NO'W,.

Point P’ Cubic Envelope @,

and similarly for the triads

Class Ila.
LL.Q C/=—h+bm-+fn=—=0 O,"=b"40'Cy' +6mn(An+Ql)}=0
LL.R Cl=—gl+fm+en=0 Oy"=c HO'Cy +6mn(HI+Am)} =0,
and similarly for the triads MM,R, MM,P; NN,Q, NN,P.
Class II1.
LViW, —Val+gqm-+rm=0 @, 4L {{n—Vb)m~ (ro—V c)n}=0
LVsW, —Val+gm+rnn=0 Oy’ +L {{gs—V b)ym+(ri—V c)n}=0
LV,Wy  Val+gm+rm=0 D, +LA{(gs—V b)m+(rs—V e)n}=0
LV W, Vil + gim + rm =0 '+ L {(94"/5)7”"‘(7'4“\/6-)”}:0
LV, W, Val —gm 4 rgm =0 D'+ Li{(gi+-V 8)ym+ (rs+V e)ny=0
LV, W, Vial — gom + ryp =0 (D3'+L1{(912+\/77—)m—(7'4+\/0_)%}:0
LV, W, Val 4 ggm — rm =0 D'+ Lo{(ry+V eyn—(gs+V b)my=0
LV.W, Vial 4 gm —rm =0 O+ Li{(r+V cyn—(gs+vE)m)}—0.

Similar results are obtained for the triads:—
ITMW,Uyy MW, U, ete;
\NU,V,, NU,V,, ete.

https://doi.org/10.1017/50013091500007720 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500007720

178 J. BLAKEY

Class 1.
(OMCMON Q=0 —tA}BAAN —100O)=0.
Class V.
QU U, O —4Af;11=0 A(QO —3AA") —2IA0, f ;1]1=0
QU U, O —4Af'1=0 A(OO'—3AA"Y—2IA0, f [ 1]=0,
and similarly for the triads Q1 1,, O, V3V,; OW, Wy, O, W, W,.
Class V1.

PV.,V, al+{h+2aH B~ 'ym—gn=0 O+ 2H,a!B~'mP =0
PVyV, al+{h+2aH.B-Ym—gn=9 &)+ 2H,a'B-'mP =0
PW,\ W, al—hm+{g+2aG,C-}n=0 @,/ 4 2G,a*C'nP =0
PW,W, al—hm+{g+2aG:C"}n=0 @, +26,a*C'nP =0.

Including the cases of degenerate bitangents (¢.e. lines joining
two nodes, and tangents from a node), we find that the only sets of
triads which do not correspond to three bitangents, through whose
points of contact with the quartic no conic passes, are those of
Classes 1V and V which both contain the conic ®,. The conic @, is
defined by the Steinerian complex aa’, 88’, vy’ (all taken twice), and
hence there is no third bitangent such that no conic passes through
its points of contact with the quartic @, and those of any pair
aa’, BB’, yy'. By considering all triads of bitangents it can be
shown that Classes IV and V are the only two sets of triads of
conies into which the conic O, enters, and hence that the triads
given in the above tables are the only ones possible.

The properties of the conies K, the cubic envelopes ®@;, and the
points P will not be considered in this paper, as they are easily
obtainable from their equations.

§5. Summary.

By adopting Geiser’s' method of regarding the quartic curve as
the section of the enveloping cone to a cubic surface from a point
on itself, we obtain analogous results in the case of the trinodal
quartic curve as for the trinodal cubic surface, for a double-six
projects by this method into a Steinerian complex, and hence the
section of the enveloping cone of a Milne quadric by the plane of
projection is a contact conic K.

1 G. F. Geiser, Math. Ann. 1 (1868), 129-138.
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Since the tangent plane to the cubic surface at the vertex of the
enveloping cone projects into a bitangent (p) of the trinodal quartie
curve, we find that this gives rise to more contact coniecs K than
there are Milne quadrics of the trinodal cubic surface. Thus we find
that there are no Milne quadrics corresponding to Jolliffe’s Type II,
and also that there are twice as many conics K in each of Jolliffe’s
Types 1 and V as there are Milne quadrics in the corresponding
Types I and V. Conics K which are the sections of enveloping
cones of Milne quadrics are lettered the same as their corresponding
Milne quadrics, and all others are due to the bitangent p.

The Milne quadrics can be represented according to the number
of the nodal cones they can be inscribed in as follows:—

No. of nodal cones quadrics

Type Milne Quadrics . ) .
can be inscribed in
V. CH 0.
V. U1, UQ, V], VQ; W1, I’VQ 1.
1. L, M, N 2.
IIl. o’ 3.

The triads of Milne quadrics obtained are:—
Class 1. LMN.
Class II. O LU,, 0" LU,; O"MV,,0'MV,; O NW,, O NW,.
Class 1I1. LV, W,; LV.Wy; MW, U, MW, U,; NU,V,, NU,V,.
Class IV. © 0'0,.
Class V. Q.U Uy O,V V,y Oy Wy W,

We have the following classification for the conics K according
to the number of nodal tangent pairs that they touch.

Number of pairs of nodal

Type Conics K
tangents K touches
V. (CH
1. | P, QR 0
V. Uy Uy Vi, Vo Wy, Wy
Us, Uy; Vi, Vi W3, W,y !
1. L, M, Nl

L, M, N 2
111, )’ 3
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The triads of contact conics K are as follows:—

Class 1, (L M N.
A[LM] N, LLMN, L M, N.
Class Ila. PMM, PNN,; QNN,; RLL,, RMM,.
Class 11, J@'L C,OLUy;; OMV,0MV,; &N Wl, O'N W..
|0 LUy, O'LU,; © MV, M\ V,; O N W, 0N,
Class III. (L V,W,, LV, W,; MW]UQ, MW, U,; NU,V, NU.V,.
LVW,,, LV, Wy MW,Uy, MW, U,; NU,V,, NU,V,.
lLl ViWs, LV, Wy, LViWo, LiV,W,; MW, Ug, M,W,U,,
M WUy MW, Uy; N ULV, NyULV,, NyUV,, NULTV,.
Class I‘V. ('), @’ G)O- Class .V. @()U] (]2, @0 Vl VQ, @()IV] WQ.
OUsU,, OgV3 V4, O Wi W,
Class V1. PV-zVs, PV,V,, PW1W3’ PW2W4§ QW1W4, QW2IV37
QU\U;, QU U,; RUU,, RUU;, RV\V;, RV,V,.

The triads in the first lines of Classes I-V constitute the triads of
contact conics K corresponding to the total number of Milne quadric
triads, and the classes in each case correspond.
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