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FINITE-DIMENSIONAL DISTRIBUTIONS
OF A SQUARE-ROOT DIFFUSION

MICHAEL B. GORDY.,* Federal Reserve Board

Abstract

We derive multivariate moment generating functions for the conditional and stationary
distributions of a discrete sample path of n observations of a square-root diffusion
(CIR) process, X(t). For any fixed vector of observation times 71, ..., t,, we find
the conditional joint distribution of (X(#1),..., X(#;)) is a multivariate noncentral
chi-squared distribution and the stationary joint distribution is a Krishnamoorthy—
Parthasarathy multivariate gamma distribution. Multivariate cumulants of the stationary
distribution have a simple and computationally tractable expression. We also obtain
the moment generating function for the increment X (r + §) — X (¢), and show that the
increment is equivalent in distribution to a scaled difference of two independent draws
from a gamma distribution.
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distribution; Krishnamoorthy—Parthasarathy distribution; multivariate noncentral chi-
squared distribution; multivariate gamma distribution; square-root diffusion
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1. Introduction

Let X; be a one-dimensional Feller (1951) square-root diffusion process with stochastic
differential equation

dXt = (M —KXt)dt +O'\/ X[ dW[,

where W, is a Brownian motion. We assume that ;© > 0 to ensure that X; remains nonnegative.
This process is widely used in economics and finance, especially in modeling interest rates and
corporate credit risk, where it is usually known as the CIR process (Cox et al. (1985)). In this
paper we derive moment generating functions for the conditional and stationary multivariate
distributions of a discrete sample path of this process.

Let X = (X(#1),..., X(#,)) be a discrete sample path for a given vector of ordered
observation times #; < t» < ... < t,. In Section 2 we derive the conditional joint moment
generating function for X given X (7p) for tp < t1, and show that the conditional distribution is
a multivariate noncentral chi-squared distribution of the type studied by Jensen (1969).

If we impose k > 0, then X; is stationary. In Section 3 we demonstrate that the stationary
distribution of X is a Krishnamoorthy—Parthasarathy (1951) multivariate gamma distribution.
(When4u/o? > n — 1, X canalso be represented as the diagonal vector of a Wishart matrix (see
Kotz et al. (2000, Section 48.3.3)). Series solutions for the density and cumulative distribution
functions are given by Royen (1994) for a restricted class of the Krishnamoorthy—Parthasarathy
distribution. We demonstrate that the distribution of X falls within this class. We also provide
a simple and computationally tractable solution for the multivariate cumulants.
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Finite-dimensional distributions of a square-root diffusion 931

Inthe n = 2 case, the stationary distribution is a Kibble—-Moran bivariate gamma distribution
(see Kotz (2000, Section 48.2.3))). In Section 4 we study the stationary distribution of the
increment X (t 4+ §) — X (¢) for a fixed time-step §. We show that this increment is equivalent
in distribution to a scaled difference between two independent gamma variates and provide
a simple closed-form solution for the moments of this distribution. Other applications are
discussed in Section 5.

2. Conditional finite-dimensional distribution

We derive the conditional moment generating function (MGF) Mx (u | X (tp)) for X given
X (t9), where u denotes the vector of auxiliary variables uq, ..., u,. We assume X (f9) > O.
It is well known that the transition distribution for X (r 4+ &) given X (¢) is a scaled noncentral
chi-squared distribution (e.g. Alfonsi (2010)). Letting M, denote the conditional MGF for
X (¢t + 8) given X (¢), we have

—K8
Me(u; 8, x) = ElexpuX (t +8)) | X(0)] = (1 — u)"2#/7 exp(f 9“ xa)),
—ou
where
02
—34 ifk =0,
2

0 = 5

U—(l —exp(—«§)) otherwise.
2K
As the square-root diffusion is a Markov process, we have
Elexp(uiX (1)) | X (tk—1), X (tk—2), . .., X (1), X (t0)] = El[exp(ur X (#x)) | X (tx—1)]
= Mc(uic; tk — tk—1, X (tk—1))

fork =1, ..., n. For notational convenience, we define p; ; = exp(—«|t; —t;|) and
2
o 7|l‘i—tj| ifk =0,
i,j — 2

;—K(l — pi,j) otherwise

for (i, j) € {0, 1, ..., n}z. We write My in nested form
My | X(t))
= Elexp({#, X)) | X(t0)]

n—1
= ]E|:eXP<Z ukX(tk)>Mc(un§ In — th—1, X(th-1)) | X(tO):|

k=1
n—2
=(1- en—l,nun)_2M/02E|:eXp<Z ukX(tk))
k=1
Pn—1,nlUn
X E[exp(unlx(tn1))eXP(TX(tnI)) ’ X(tnz)} ‘ X(to):|
— Un—1,nln
n—2
=(- en—l,nun)_zu/czE[exp<Z ukX(tk))Mc(ﬁn—l; th—1 — th—2, X(ty—2)) | X(ZO):|7
k=1
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where Onlnll
~ n—1,nn
Up—1=uUp—1 + ————.
11— Qn—l,nun
Repeating this process n times in total, we obtain

n

—2u/0?
Mx(u | X (19)) = []‘[(1 - ekl,kﬁ/a} exp(iio X (1)), @2.1)
k=1

where the modified auxiliary variables have the forward recursive relationship

- i
i = ug + Pk k+1 kj—l 2.2)
1 — Ok k+1Uk+1
fork =0, ..., n and where we fix ug = 0 and it,,4-1 = 0.

We will express (2.1) in a compact matrix form. We first establish the notation and prelimi-
nary results. A vector a of length m is positive-decreasing if a; > ap > --- > a;, > 0.

Definition 2.1. (Correlation matrix generated by a.) Given a positive-decreasing vector a of
length m, let C(a) be the m x m matrix with elements
C@li, j1 = )
Amin{i, j}
The matrix C(a) is a one-pair matrix in the sense of Gantmacher and Krein (see Vandebril
et al. (2010, Definition 3.11)), which leads to the following properties.

Lemma 2.1. [fvector a of length m is positive-decreasing then

(i) the determinant of C(a) is

m—1 m—1 2
det(C(a)) = ]_[(1 —C@k, k+11P) = ]_[ (1 - a"—;l> > 0;

k=1 k=1 aj

(i1) the inverse of C(a) is a symmetric tridiagonal matrix with nonzero elements

2/.2 2
ai(ai_y — aiyy)

C@) 'k, k] =
(@, —ap)(a} —aZ,))
C@ "k k+11= Cl@) [k + 1,k] = I,
A — Ay

where, for notational convenience, we define ap = 0o and a+1 = 0, and
(iii) the product aC (a)_1 is a vector with first element ay and zero remaining elements.

Proof. The expression for the determinant (i) follows directly from Proposition 3.16 of
Vandebril et al. (2010). The inverse (ii) follows directly from Roy et al. (1960, Section 3), see
also Vandebril et al. (2010, Theorem 3.17), and (iii) is straightforward to verify from (ii).

We call C(a) a correlation matrix because it is symmetric positive definite for all on- and
off-diagonal elements bounded in (0, 1).
Let B;,j = \/pi,j/0i,j,and form =1, ..., n let by, be the length-m row vector

bm = [,anm,nferl s ,anm,nferZy ey ,anm,n].

For each m, the elements of b,, are positive-decreasing, so R,, = C(b,,) is a correlation matrix.
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Let I, be the identity matrix, and Y, the diagonal matrix
Yo = diag([On—m.n—m+1Un—m+15 On—m n—m+2Un—m+2; - - - » On—m nln])-
The main result of this section is given in Theorem 2.1.
Theorem 2.1. The conditional MGF of (X (t1), ..., X(t,)) given X (tp) is
My (u | X(t0)) = det(ly — Ry ) ™/7" exp(by X (I — Ry ) '8, X (10)).-

Proof. We demonstrate that the expression on the right-hand side is equivalent to (2.1).
We first show by induction that

Up—m — Un—m = by Vo (I — Rme)_lb;n =dm (2.3)
form=1,...,n. Form =1,
_ :32_1 ‘911—1,n’4n Pn—1.nlU -
g1 =b Y — R = = = =i — Up—t,
11— en—l,nun 1- en—l,nun

where the last equality follows from u,, = u, and (2.2).

Now assume that (2.3) holds for all I < k < m. Define A,, = R;,! — Y, so that (I, —
Rme)_l = A;lngl. By Lemma 2.1(ii), Rn_11 is symmetric tridiagonal, so A,, is also
symmetric tridiagonal. Let ¢,, be the vector

1 ,Bn—m+l,n—m+2 ,Bn—m+l,n—m+3 ,Bn—m—i-l,n
 Pn—m,n—m+1 s , yeses

:anm,nfm+1 lgnfm,nfm+2 ﬂnfm,nfm+3 ,anm,n

¢ m

and ®,, = diag(¢,,). Define

~ A

by =by®,, YTu=o.'1,0,.'. R,
Ap =0 14,0, =R —T,,.

qu Rm q)I’I‘l ’

>

We can rewrite the quadratic form g, as
Gm = b TmA 'R
= by @, @ Vi @ (B A @)~ @, R 0, 01D,
= by YA R'H,. (2.4)

It is straightforward to verify that the transformed variables embed lagged values of the original

variables R
b, =  Pn—m,n—m+1 (1, 11,

R,'[1,1] R1[1,2]
— ———, 0,2
51 bulll nl119,12]

Rm = 1 ’ ’
Ry'1,2] .
—,0m—2 Rm—l

LLén[11¢,(2]
> _unﬂnJrl 0,1
T = o Tm_l]
From the relationship
Oij+1 — pjj+10ij = 0 j+1 (2.5)
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we obtain
2 2 —1
BijBij < 1 1 > B ( i, j Pi,j+1 > iR 2.6)
= Y = = Pi,jPj j+1- .
'312,j - ,31'2:1'4_1 ﬂi2,j+l ﬂlz,] Ioi,jei,j+1 - )Oi,j+10i,j I

This leads to

R,'1.2] P
¢m[1]¢m [2] = n—m+1,n—m+2
which, by Lemma 2.1(iii), implies
[ R,[1,2]
é,(119,,[2]
Equation (2.6) similarly leads to
R,;l[l, 1] _ On—m.n—m+2

¢m[1]2 9n—m,n—m+19n—m+l,n—m+2

) 0m—2:| = _bm—lR,;l_y

With these identities we can partition the matrix A, as

911—m,n—m+2

—1
~ —Up—mt+1 —bmIR 1
Am = enfm,n7m+19n7m+l,nfm+2 "

_erl—lb;n—l Am-1
From Lemma 2.1(iii) we have

buR:" = by R diag(¢,) " = [%0 0,. ..,0],
m

which implies that only the first column of A ! appears in the product Anjlﬁ,gll;;n. By the

standard formula for the inverse of a partitioned matrix, we have

1

A = —
" Am/Amfl

[L bm*er;llA;llfl]/’

where Am /Am—1 is the Schur complement of A, in Am. Substituting into (2.4), we obtain
,anm,nferl / Pn—m,n—m+1
qm = =
& (1] Am/Am—1
_ Pn—mn—m+1Un—m+1 + Gm—1)
9n—m,n—m+l(Am/An1—l)

The denominator is expanded as

en—m,n—m—&-l(AAm/Am—l) = 9n—m,n—m+l(Am[1» 1] - bm—lR,leA,;l_erzl_lb;n_l)-

(Wn—ma1 +bm—1 Tm—lA,;1_1 R,;llb:n_l)

2.7)

The quadratic form can be written as

bt Ry AL R By = b et A5 R

m—1 m—1Ym—1
+ b (R = YDA R B

m—1

_ 2
=qm-1+ ﬂn—m+1,n—m+2’
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SO

N en—m n—m+2
en—m,n—m—i-l (Am/Am—l) = — n—m,n—m+l(un—m+l + Qm—l)
9n—m+1,n—m+2

_ ’32
n—m,n—m~+1Pp—m+1,n—m+2
9n—m,n—m+2 - pn—m+l,n—m+29n—m,n—m+1

9n7m+1,n7m+2
- enfm,nferl (Un—m+1 + gm-1)
=1- 9n—m,n—m+l(un—m+1 + gm-1), (2.8)

where the final equality follows from (2.5). Substituting into (2.7), we arrive at

pn—m,n—m+l(un—m+1 +Qm—1) _ pn—m,n—m+lﬁn—m+1

qm = = = .
1 - 9n—m,n—m+1 (un—m-',-l + Qm—l) 1- 9n—m,n—m+1un—m+1

This establishes (2.3), which immediately implies that g in (2.1) is simply g;,.
By (2.8), we have

[10 = 6raiii) = [ Ow-mon-mt1(An/An-1). 2.9)

k=1 m=1

Because A, /Apm—1 is scalar, the Schur complement decomposition of the determinant gives

. det(A,,) 1 det(A,)
Ap/Ap_1 = = ) 2.10
m/Am=1 = G T den@,)? det(A, 1) 210
‘We also have
det(@y)? det(R,)  det(R,')  det(R," 1

det(Rn)  det(Ry,")  det(R;1) Ry'/R,
The Schur complement in the last term is

9n—m,n—m+2

Ry /RyL, = — bt Ry Rt Ry

9n—m,n—m+19n—m+l,n—m+2
enfm,nferZ

2
0 0 - IBn—m+1,n—m+2
n—m,n—m=+1Y%n—m+1,n—m+2

_ 9n—m,n—m+2 - Pn—m+l,n—m+26n—m,n—m+l

anm,n7m+l 9n7m+] n—m+2
1

6n—m,n—m+l

I

where the last equality follows from (2.5). Substitute into (2.10) to obtain

1 det(R," ) det(A,)
On—m,n—m+1 det(R,;l) det(Apu—1)
_ 1 det(R, Anm)

Qn—m,n—m—H det(Rm—lAm—l)
_ 1 det(l,, — R, V1)
9n—m,n—m+1 det(Ly—1 — Rpn—1Ym—1) '

Am/Am—l =
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Substituting into (2.9), we obtain a telescoping product that simplifies to

n

n
~ det(lm - Rme)
(1 = Og—1 kux) = =det(I, — R, Yp).
]l:[] nE[l det(lmfl - Rmflefl) " nen

Thus, the expression in Theorem 2.1 matches (2.1).

3. Stationary finite-dimensional distribution

When k > 0, the square-root diffusion is stationary. We assume stationarity here and for
the remainder of the paper. To derive the stationary MGF from the conditional MGF, we fix

#,...,tpand let 9 - —oo. Fori, j € {1,...,n}, we have
o2 _
lim pg ; =0, lim 6p;=—=86, lim Y, = 0 diag(u)
ty—>—00 " to—>—00 2k tg——00

zollffoo Ruli, j1 = /pi,j = RIi, j], IOEIPOOI’” =0,.

Since L
lim I, — R,Y, = I, — 6 Rdiag(u)

th—>—00
remains nonsingular in the limit, while b,, converges to 0, we have

lim b, Y, (I, — R, Y)~ '8, = 0.

Ip—>—00
Thus, we have established the stationary MGF.
Theorem 3.1. The stationary MGF of (X (t1), ..., X(t,)) is

My ) = det(I, — 6 Rdiag(u))~ /"

In the preprint version of this paper (Gordy (2012)), Theorem 3.1 is proved by an alternative
direct method and not as the limiting form of the conditional MGF.

The distribution of X is a special case of the broader class of Krishnamoorthy—Parthasarathy
(1951) multivariate gamma distributions. The MGF in the general case is det(I — Cdiag(u))™“
for « > 0 and nonsingular C. It is usually (but not necessarily) assumed that each marginal
distribution has unit scale, in which case the matrix C has 1s on the diagonal and C[i, j]2 is the
correlation between components i and j. From this relationship, the matrix C is known as the
accompanying correlation matrix. In the specific case of the stationary square-root process, we
could equivalently obtain the accompanying correlation matrix R from the known property of
exponential decay in the autocorrelation function (Cont and Tankov (2004, Section 15.1.2)).

Series solutions for the density and cumulative distribution functions of the Krishnamoorthy—
Parthasarathy distribution were derived by Royen (1994) for a class of correlation matrices
(see also Kotz et al. (2000, Section 48.3.6)). This class includes any correlation matrix with
tridiagonal inverse. Our matrix R is the correlation matrix generated by the vector

= [on () l(3)o) ool ()]

and, therefore, R~ is tridiagonal by Lemma 2.1. This property also allows for efficient
computation of the determinant in the MGF. We can write

det(I, — O Rdiag(u)) = det(R(R™" — Adiag(u))) = det(R) - det(R~" — fdiag(n)).
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Lemma 2.1 provides det(R). The matrix R~! — Adiag(n) is tridiagonal, which implies that the
determinant satisfies a two-term recurrence rule (Horn and Johnson (1985, Section 0.9.10)).
Consequently, the cost of computing the determinant is linear in n, whereas this cost is cubic
in n for a general matrix.

We next show that the multivariate cumulants of the distribution are easily calculated. Let
v = (v, ..., V) be a vector of nonnegative integers with at least one positive element, and let
[v] = Y7, vi. Let IT(k) be the set of permutations of 1, ..., k with the restriction 7 (1) = 1.
Our main result applies to any Krishnamoorthy—Parthasarathy distribution.

Theorem 3.2. Let Y ~ K P, («, C). The cumulants of Y of order v are given by
Yy =« Z Cls@@@), s@ (v - Cls@(vD), s@@(v] — D)]--- Cls(w(2)), s((1)],
well(|v])

where s is a vector of vi copies of 1, followed by vy copies of 2, and so on.

Proof. The cumulant generating function is
Kyu) = log(My (u)) = —a log(det(I — Cdiag(u))) = —a log(det(W (u))),

where we define W (u) = I — C diag(u) for convenience.
Using s, we can write the cumulant of order v as v, = D; Ky (0), where
s glvl
DyKy(u) = —— Ky ().
‘ uus(1y - -+ Dts(pv])

We take partial derivatives in sequence, beginning with

Kyu) = —o tr(W(u)—1 oW

= atr(Ww) ™' Cya)),
3'4s(1)) s

8MS(1)

where we define Cy as the n X n matrix matching C on the kth column and O elsewhere, i.e.

Cli,k] ifj =k,
0 otherwise.

Cili, j] ={

Subsequent derivatives are

92 _ _
————— Ky (@) = atr(W@) ™' Csy W)~ Csq1).
Jug(1)0us(2)

3
) Ky @) = aftr(W (@)~ Csy W (@) ™' Cy) W ) ™' C51y)
Qs (1) du5(2) s 3)

+ tr(W (@) ' Cy) W (@) "1 Cy3y W () ' Cy1))1

Continuing this way, we arrive at

D, Ky(u) =« Z tr(W(u)71Cs(zr(lv\))W(u)ilCs(n(lvl—l))
well(|v])

W) T Cyry W @) T Corary)-
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Observing that W(0) = I, the cumulant can be written as

Uy =a Z tr(Cs () Cser(wh—1 -+ * Csm@) Cs (1)) (3.1
weM([v))

Because each Cy matrix is nonzero only in column &, the product C; C, of two such matrices
has nonzero elements only in column ¢, and element [i, £] is C[i, k] - C[k, £]. This implies that
the product Cyz(jv))) Csz(jv|-1)) - * - Csx2))Cs(x(1)) has nonzero elements only in the s( (1))
column. The trace of the product is the [s(7 (1)), s(7(1))] element of the product and is given
by

tr(Cs(v)) Cs(vi=1) -+ Cs@@) Cs(m(1)
= Cls(z (1)), s(@(v)]- Cls@(v])), s(z(lv| — D)]--- Cls(7(2)), s(m(1))].

We substitute into (3.1) to complete the proof.

The set I1(k) contains (k — 1)! elements, so the cumulants are not too costly to compute for
moderate values of |v|. For vectors v containing large elements, computational efficiency can
be improved by eliminating duplicated permutations of s(;r) in the summation. Say m is the
index of the smallest positive element of v, i.e. v, satisfies

v, = min(max(vy, 1), ..., max(v,, 1)).

Let Sy, be the set of unigue permutations of the vector s with the restriction that §(1) = m for
alls € Sy . Then

! | |
Yo = @ =2 37 CIS(D. S(D] - CIE(BD. S(1v] = D]+ CI52). S(D].
" 5€Sym

For the cumulants of X, we substitute o = 21/ o2 and A R for C. We exploit the exponential
form of each element R[i, j] to obtain

vl

2 = vl vp! -yl K
Iﬁv=?9‘”'—n Z exp{ —{ 3 Z|t§(i+1)_t§(i)| )
i=1

Vm -
5€Sv.m

where we define s(Jv| + 1) =5(1) = m.

4. Moments of the increments

In the bivariate case, the stationary distribution simplifies to the Kibble-Moran bivariate
gamma distribution with MGF as given in Corollary 4.1.

Corollary 4.1. The MGF of (X (t), X (t 4+ 8)) under stationarity is
Mx (1, u2) = Elexp(ui X (1) + ua X (t + 8)] = (1 — ) (1 — Guz) — 6% puyug) =24/,

where p = exp(—«$).

For fixed 8, we call X;1s — X, an increment of the process X;. Under stationarity, X;;s —
X, 2 X5 — X for all 7, so without loss of generality we examine the stationary distribution of
As = X5 — Xo.
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From Corollary 4.1,

Ma(u; 8) = Mx(—u, u)
= (1 - 62(1 — pyud)~2/°°
= (1 = 6T = pu)(1 + 6T = puy) "2/
= Mr(uy/1 = p) - Mr(—u/T - p), @.1)
where p = exp(—«§) and
Mr ) = (1 — Gu)~2/7"

is the univariate stationary MGF for X (). An immediate implication of (4.1) is that Ay is
equivalentin distributionto (1 — p) 172 times Aso. Furthermore, A is equivalent in distribution
to the difference between two independent draws from the stationary distribution of X (¢). This
gives a very simple method for sampling from the stationary distribution of As.

Consider the general problem of the moments of the difference between two independent and

. . - . . iid.
identically distributed (i.i.d.) gamma variates. Let Z1, Z> Ee Ga(w, B) for shape parameter
o > 0 and scale parameter 8 > 0, and define Y = Z; — Z,. The nth cumulant of Y is

Y= (1 + (=1 — D0ap".
Central moments are obtained from the cumulants via the complete Bell polynomials, i.e.

E[Y"] = By(¥1, Y2, .., ¥n).

For any sequence c1, c3, . . ., the Bell polynomials satisfy

By (Ber, B2, ..., B"cn) = B"Bulct, 2 - .., Cn)

SO
E[Y"] = " B,(0, 2a1!,0,2a3!, 0, 245!, .. .).

Furthermore, since the distribution is symmetric around zero, we know that the odd moments
E[Y%+1] are 0.
In Appendix A we prove a general identity on the complete Bell polynomials.

Lemma 4.1. Let k be a positive integer and let & 1, &k 2, . . . be the sequence of integers

k ifj=0 (mod k),

§kj = .
/ 0 otherwise.

Then for any scalar o € R,

(kn)! T'(x +n)
n! I'(a)

B (§,100!, & 21!, ..o Ep g (hkn — 1)) =

)

where T'(-) is the gamma function. For any positive integer m not divisible by k,

By (& 120!, & o1l o & ma(m — 1)) = 0.
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It follows immediately that the even central moments of Y are

on Cm)! T'(a + 1)

E[Y?"] = B¥" B2, (0, 221!, 0,2a3!,0,2a5!,...) = B
n! I'w)

and the odd central moments are 0. As kurtosis is often of particular interest, we note

BV _ o, ]
BY2E — <+a>'

Application to the moments of As is direct. Substitute o = 2u/0% and B = 6. Even
moments are
@m! T(2u/o?) +n)

E[ASZn] =(1-— exp(—K(S))nézn n! rQu/o?)

The kurtosis of As is 3(1 + ?/2), which is invariant with respect to the time increment §.

5. Conclusion

Our main contributions are simple closed-form expressions for the moment generating
functions of the conditional and stationary multivariate distributions of a discrete sample path
of a square-root diffusion process. We establish that the stationary distribution is within the
Krishnamoorthy—Parthasarathy family, and thereby draw a connection between a stochastic
process and a multivariate distribution that each first appeared in the literature in 1951.

Our result has application to estimation of parameters of the continuous-time square-root
process from a discrete sample. It gives a simple and computationally efficient way to generate
moment conditions for the generalized method of moments estimator of Chan er al. (1992).
The empirical characteristic function approach of Jiang and Knight (2002) can also be easily
implemented. Indeed, Jiang and Knight (2002) considered the example of a square-root
diffusion, but their solution to the characteristic function corresponds to our intermediate
equation (2.1), rather than to the simple form in our Theorem 3.1.

Three of our auxiliary results may have application elsewhere. First, Theorem 3.2 provides
a general solution for the multivariate cumulants of any Krishnamoorthy—Parthasarathy distri-
bution. Second, our Bell polynomial identity in Lemma 4.1 generalizes a known relationship
between Bell polynomials and the gamma function (i.e. for the k = 1 case of the lemma).
Finally, we provide a simple formula for the moments of the difference of two i.i.d. gamma
variates. It complements existing results that allow the variates to differ in scale parameter
(see, for instance, Johnson et al. (1994, Section 12.4.4)), but which lead to more complicated
expressions for the moments.

Appendix A. Proof of the Bell polynomial identity

For any sequence of scalars cy, ¢z, . .., the generating function of the complete Bell poly-
nomials is

n

X xn > X
exp E v )= E Bn(cl,CZ’”-aCn)n_" A1)
! = !

n=1
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where we fix By = 1. When ¢; = & ;ja(j — 1)!, we have
S n o kn
X X
exp(Z an> exp(Z kaﬁ>
n=1 n=1
o yn
e uS—
()
n=1
n

o0
=Y Bu(a0l,all, ... — 1)z)y—',
=0 n!

where we introduce the change of variable y = x*.

Using identities from Comtet (1974, pp. 135, 136) and the Digital Library of Mathematical
Functions (2010, Section 26.8.7 (http://dlmf.nist.gov/)), we have

F
B, (a0!, 1!, .. O‘(”_l)')—ZIS(n o)jek (a—l—n)’
k=1 INCY)
where s(n, k) denotes the Stirling number of the first kind. Restoring the original variable x,
we have
- " s kn
X Cla+n)y" T(a +n) (kn)! x
)" : A2
exp(;;cn”’> Z; P nt Z: F@) n! (kn)! “2)

Matching terms to the right-hand side of (A.1) with the same power of x, we obtain

kn)!' T'(ax + n)
n ()

Bin (8k,1a0!, & pal!, . & ppa(kn — D)) =

Whenever m is not a multiple of k, the coefficient on x™ on the right-hand side of (A.2) is 0, so
By (Er 100!, &k a1l o &g ma(m — 1)) = 0.
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