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We prove the existence of nontrivial ground state solutions of the critical quasilinear
Hénon equation —Apu = ||t [ul?” (“1) =2y — |z|¥2|uP (@2)=24, in RN, It is a new
problem in the sense that the signs of the coefficients of critical terms are opposite.
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1. Introduction
In this paper, we consider the p-Hénon equation

—Apu = |z u
u € DyP(RY),

prla) =2y |x]“?|u pr(a2)=2y ip RY,

(1.1)

where 1 < p < N, Apu = div(|Vu|P~2Vu), a; > az > —p, p*(a;) = P(xij:ﬁ) (1=
1,2), and D}P(RN) = {ue D"P(RY):uisradial}, D'P(RY) is the com-
pletion of Cg°(RY) under the norm ||ul = ([pn |VulPdz)t/?, C3L.(RY) =
{ue Cg(RY) : wis radial}.

Forg > 1, a € R, let

LY(RN; |2]®) := {u : RN — R is Lebesgue measurable, / |z|¥|u|?de < oo}
RN

be the weighted Lebesgue space with the norm |[ullg,q = ([zn |z|*|u|?dz) /9. For
all a > —p, the best weighted Sobolev constant

Sa 1= inf Jo [Vulds ;
weDLP (RN )\ {0} (fRN |x|a|u\p*(a)dx) ()
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is achieved by the function (see [7, 24])
((N—p)p”(NJra)) prra
L
Ua(fﬂ) = N N—p )
(14 Ja55) 7

which is a positive solution of the critical equation

—Apu = |z|*|ulP 2y in RV,
L N (1.3)
u € D P(RY).
The weighted Sobolev inequality (1.2) gives the weighted Sobolev embedding
DIP(RN) s LP @RV, [2|*). (1.4)
The number p*(a):= p(fvvij;) is named as the Sobolev (resp. Hardy—Sobolev,

Hénon—Sobolev) critical exponent for o = 0 (resp. —p < o < 0 (cf. [10]), o > 0 (cf.
[20, 21, 23))). It should be pointed out that (1.2) and (1.4) are valid on D*?(RY)
for —p < a < 0. Equation (1.3) with Hardy—Sobolev or Sobolev or Hénon—Sobolev
critical exponent has been extensively investigated, we refer to [2, 5, 6, 8, 10-12,
15-18, 22| and some references therein.

In recent years the double critical elliptic equation

P =2y 4 X|z|2|ulP”(@2) =2y in RV, (1.5)

— Apu = |z|“u

involving with Hardy—Sobolev and Sobolev critical exponents has been researched
by a few of authors. Filippucci et al. [9, theorem 1] proved the existence of pos-
itive solutions of (1.5) for the case A =1, a3 =0, —p < ap < 0. Hsiaet al. [13,
theorem 1.2] established the ground state solutions for (1.5) asp =2, A =1, a3 = 0,
—2 < ap < 0 in the half space RY. For (1.5) withp =2, A€ R, =2 < ap < a1 <0,
Li and Lin [19, theorems 1.3 and 1.4] found the ground state solutions in RY. More
recently, we have established in [25] the positive ground state solutions of (1.5) as
p=2,A=1, a3 > as > —2 by using the ideas in [9]. To be more precise, the crit-
ical exponents in [25] include Hardy—Sobolev, Sobolev and Hénon—Sobolev critical
exponents. In the case p =2, a; > 0, we call (1.5) the Hénon equation which was
raised by Hénon [14] in 1973 in studying the rotating stellar structures. Indeed,
the results in [25] can be extended to the quasilinear case (1.5) with 1 <p < N,
a1 > ag > —p. What is more interesting is that whether or not (1.5) with A = —1
and a; > as > —p has nontrivial solutions. It is a new problem and has never been
considered before. The following theorem gives a positive answer in radial case.

THEOREM 1.1. Let 1 <p < N and a; > as > —p. Then (1.1) has a nonnegative
ground state solution.

It is worth noting that the existence of nontrivial solutions for (1.1) with o >
a1 > —p is still an open problem. In § 2 we give the proof of theorem 1.1.
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2. Proof of theorem 1.1

By the continuous embedding (1.4), weak solutions of (1.1) are exactly critical
points of the C! functional

1 1

D(u) = —A(u) — B(u)dz + C(u), ue€ D-P(RY), 2.1
(u) p() p*(al)() p*(a2)() (R™) (2.1)
where
A(u) = / \VulPdz, B(u) = / | ul” (Dda,  C(u) = / || ulP” () d.
RN RN RN
There exists a ground state solution of (1.1) provided the minimum
= inf @ 2.2
m:= inf ®(u) (2:2)

can be achieved, where
N = {ue DPRV\{0}: (®'(u),u) =0}

is the Nehari manifold for the functional ®. Using the similar arguments in [26],
we have the following properties about the manifold.

LEMMA 2.1. Let aj > ag > —p. For each u € D2P(RN)\{0}, there exists a unique
tuy > 0 such that t,u € N and ®(t,u) = max;>o ®(tu). The function u — t, is con-
tinuous and the map u — t,u is a homeomorphism of the unit sphere in DLP(RY)

with N
Applying the mountain pass theorem in [1], we have the following lemma.

LEMMA 2.2. Let oy > ag > —p. There ezists a sequence {u,} C D}?(RY) such that

P(up) —é>0, @ (uy)—0, n— oo (2.3)

with
¢ := inf D(~(t 2.4
¢:= Inf max (v(1)), (2.4)

where T := {v € C([0, 1], D}P(RY)) : (0) = 0, ®(y(1)) < 0} .
By the arguments in [26, chapter 4] and lemma 2.1, we get a key fact that
m = ¢. (2.5)

Now we analyse the properties of the (PS): sequence {u,} on the d-ball By :=
{z € RN : |z| < §} and on the annular domain B, := {z € RV : 0 < a < [z] < b}
which are important to the proof of theorem 1.1. We remark that the discussion
below will be carried out in the sense of subsequence which will be denoted by the
original sequence.
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LEMMA 2.3. Assume u, — 0 in D2P(RN). Then for any annular domain By, we
have

/ Vun|Pdz — 0, / 2 fun P @z 0 (1= 1,2), n— o0, (2.6)
Ba.b Ba,b

Proof. Let n € C§5.(RY) be such that 0 < n <1 and 7|p, , = 1. Since
DIP(RYN) e LY(BR\B,; |=|*) (2.7)

forany R>p > 0,1 < g <ooand a > —p, see [21, lemma 6], it follows that

o
Ba,b

By Holder inequality and (2.7), we get that

623

un|p*(°‘i)dx —0, 1=1,2, n— oo, (2.8)

L vl we e < ([ 9upas) T ([ 90nPipan)” o
RN RN RN

(2.9)
as n — oo. Furthermore, combining (2.3), (2.8), (2.9) and nPu,, € DLP(RY), we get
that

0(1) = <¢’/(un)a77pun> = / |Vun|p_2vun : V(Upun)dx + 0(1)
RN
= / Un|Vun [P~ 2V, - V(0P) + [nVu,|[Pdz + o(1)
RN
:/ [nVu,|[Pdz + o(1).
RN
It follows from n|p, , = 1 that
/ [Vu,|Pdz — 0 as n — oo,
Ba,b
and this completes the proof. 0

For any ¢ > 0, we set

i un\p*(ai)dx, 1=1,2.

k:= lim |Vu,|Pdz, k;:= lim / |z
n—oo n—0oo
B5 Bzi

From lemma 2.3 we see that these three quantities are well defined and are
independent of the choice of § > 0. We have the following conclusion.

LEMMA 2.4. Assume u, — 0 in DYP(RY). Then

p* ()

either k1 =0 or k1 = S& V7" for all § > 0.
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Proof. Let ¢ € C§5.(RN) satisfy ¢|p; = 1. Since ¢pu, € DFP(RY),
(@ (uy,), pu,) — 0 as n — oo. (2.10)

According to lemma 2.3, we obtain that

/ |Vun|p72VunV(¢un)dx:/ |V, [*dz + o(1),
RN

Bs
[ el e = [ s
RN Bs

Therefore (2.10) leads to

g Qg

un [P @)z + 0(1), i=1,2.

K= K1 — Ka. (2.11)
The weighted Sobolev inequality (1.2) shows that

([ aterionp@0as) ™ < st [ 9o,
RN RN

Using lemma 2.3 and (2.11), we get that

P
FMCEY) -1 —1
K1 <Salf<a<8a1 K1-

It follows that

f*(Oq)
k1 =0or Kk > S& V7,

and this completes the proof. O
We need the following interpolation inequality for proving lemma 2.6.

LEMMA 2.5 [24, lemma 2.4]. Assume 1 <p< N, ay > ay > —p. For any u €
DLP(RN), it holds that

1—7

Hu”p*(az),az < SQ_THU |1_T>

;* (av1),1 ||’U/‘

.
p* (1) —vay
p*(ar)—v

( , (P+a2)(N+a1)]’ 0<v< ptos *(a1)~

where 0 = o) (Nt as) b

14
T p—
p*(a2)

p*(org)

LEMMA 2.6. There exist 0 < & < £5&,V™" and a sequence {r, > 0}, such that

N-—p
aTL($) =17 un(rnac) fO’f’ T € RN

verifies for all € € (0, &),

/IﬂmWN”me=& VneN (2.12)

1
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Proof. It follows from ¢ > 0 and lemma 2.5 that ko := lim / 2] u, [PV da >
n—oo ]RN

p* (o)
0. Let & := min{S&, V"7 ko, for fixed € € (0, &) and any n € N, there exists
r, > 0 such that

Tn

By scaling, it is straightforward to check that {@, } satisfies (2.12). O

Proof of theorem 1.1. It is easy to see that {u,} satisfies (2.3). Since p*(ay) >
p*(a2) > p, it follows from (2.3) that

1
p*(az)

B(ity) <¢>’<an>,an>>(1 ! )nannp. (2.13)

p  p(az)
Thus {@,} is bounded in D!}'P(RY) and then there exists @ € D}?(RY) such that
Uy, — @ in DIP(RY);

Uy — @ in LP" (@) (RN |z

o j=1,2.

U (7) — @(z) a.e. on RY.

Using the ideas of Boccardo and Murat [3] (see details in [24]), we can prove that
Vi, (z) — Vi(x) a.e. on RV, Tt follows that @ is a critical point of ® and ®(@) > 0
by (2.13) again. Let v,, := 1, — @, then {v, } is bounded in D}?(R™). Assume

Avy) — As, B(vn) — Boo, C(vp) — Cup.

Using Brezis—Lieb lemmal4], we get

1 1 1
B(v,) — ~An — B + Co = & — D(a), 2.14
(0n) = A= = ey P ¥ polan) @ (2.14)
(@' (02), n) — Aso — Boo + Coo = 0. (2.15)

If Ao =0, then @ is ground state solution of (1.1). Assume that Ao, > 0 and @ = 0.
Then lemma 2.4 implies that

p*(aq)
either lim / |2 | [PV dz = 0 or  lim / 2] |, |P7 OV da > S5 P
n—oo Bl n—oo B1

p* (1)
This contradicts (2.12) with 0 < £ < 28Z,*V"". Thus @ is nontrivial. If ®(a) = ¢,
then we finish the proof with (2.5). Otherwise, we get that

O(u) >m=¢é

Since
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we get by (2.14) and (2.15) that
B < é,

which contradicts (2). It follows that @ is a ground state solution of (1.1).
By the structure of the manifold A, we get that || € A/, then a nonnegative
ground state solution is established. O
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