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DECOMPOSITION OF WITT RINGS
AND GALOIS GROUPS

JAN MINAC AND TARA L. SMITH

ABSTRACT.  To each field F of characteristic not 2, one can associate a certain Galois
group G, the so-called W-group of F, which carries essentially the same information
as the Witt ring W(F) of F. In this paper we show that direct products of Witt rings
correspond to free products of these Galois groups (in the appropriate category), group
ring construction of Witt rings corresponds to semidirect products of W-groups, and the
basic part of W(F) is related to the center of G. In an appendix we provide a complete
list of Witt rings and corresponding W-groups for fields F with |F/F2| < 16.

1. Introduction. The intriguing relation between the theory of quadratic forms and
Galois theory has been of interest for a long time. (See for example [Wi:1936], [Wr:1979],
[Wr:1983], [Wr:1985], [JWr:1989], [AEJ:1984], among others.) However, recently the
connection between the Witt ring structure for a field F' (of characteristic not 2) and
its Galois groups was made quite precise. If L is a Galois field extension of F, with
Gal(L/F) = G, we call L a G-extension of F. Given a field F, with char F # 2, one
can consider the field extension F® /F which is the compositum over F of all Z/2Z-,
YA / 47-, and Dy4-extensions of F. (Here D4 denotes the dihedral group of order 8.) One
can then show that the Galois group Gr of F® over F, hereafter referred to as the W-
group of F/, is determined by W(F), and that G determines W(F) except in the case when
the level s(F) of F is < 2 and the form (1, 1) is universal. (In this paper basic knowl-
edge of quadratic form theory and profinite groups will be assumed. See [La:1973] or
[Sc:1985] for the former and [N:1971] and [Se:1965] for the latter. Throughout we will
assume all fields to be of characteristic not 2.) In other words, knowledge of Gr is essen-
tially equivalent to knowledge of W(F). (See [MiSm:1993], [MiSp:1990], [MiSp:1995],
[Sm:1988], [Sp:1987].) This relationship between a specific Galois group of F and W(F)
opened a new way of attacking some questions in quadratic from theory and posed other
new questions. In particular, it allows one to use the techniques of inverse Galois theory
to study some classical problems in the theory of Witt rings.

One of the most outstanding problems is the characterization of Witt rings in the cat-
egory of all rings. In spite of many efforts, very little is known. Indeed, we know only a
very few finitely generated Witt rings (i.e. Witt rings of fields with finitely many square
classes), namely those which are Witt rings of the real numbers, the complex numbers,
finite fields, or a local field, and those rings which can be obtained from them using group
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ring construction and direct product formation in the category of Witt rings. These are
the so-called “elementary type” Witt rings. A complete list of Witt rings for fields F' with
|/ F?| < 32 has been published, and all of these are of elementary type. However it re-
mains an open question whether all finitely generated Witt rings are of elementary type.
(See [CMa:1982], [Ma:1980], [La:1973], [Sc:1985], [Pf:1966].)

Realizability of the elementary type Witt rings described above implies realizability
of certain groups as W-groups Gr. In this paper we will answer the question, which ones?
In particular we will determine the group-theoretic analogues for W-groups to the group
ring and direct product constructions for Witt rings. We want to emphasize that here we
do not make any assumption on the finiteness of | / F?|. (Similar results on the analogues
to group ring and direct product constructions for absolute 2-Galois groups are obtained
in [JWr:1989].) Berman [Be:1978] introduced the very useful and fundamental notion
of the basic part Bas(F) of a field F. (See also [Ma:1980].) In this paper we show that
Bas(F) is closely related to the center Z(Gr) of the W-group of F. In fact, if —1 € F2,
then Z(Gr) modulo the Frattini subgroup of Gy is dual to F / Bas(F). We conclude by
considering some possible areas for further exploration, and providing a complete list of
W-groups for fields with small square class groups.

Throughout this article we will be viewing the groups that arise as being in a subcat-
egory of the category of groups. We describe this category here.

DEFINITION 1.1. The category C is the full subcategory of the category of pro-2-
groups whose objects are those pro-2-groups G satisfying

(1) g =1Vg€G,

(2) £ € Z(G), the center of G, Vg € G.

LEMMA 1.2.  Objects of the category C are precisely central extensions of elemen-
tary abelian 2-groups by elementary abelian 2-groups.

Here, by elementary abelian 2-group we mean []; Z /2Z with I possibly infinite, and
possibly empty. This product carries the usual product topology.

PROOF.  Suppose first that G is a central extensionof 4 = [, Z/2Zby B = 1,2 /21,
and for each g € G, let g denote the image of g in B. Then we have g = 1,s0 g% € 4,
so g* = (g2)*> = 1 and g> € Z(G). On the other hand, assume that G is a pro-2-group
satisfying conditions (1) and (2) above. Let 4 be the closed subgroup of G generated
by squares. Then 4 C Z(G), and B := G/A is 2-elementary abelian. Since gZ € Z(G)
Vg € G, we see that for each element @ € A we have a®> = 1. Thus 4 is 2-elementary
abelian as well. (Here we are using the fact that a compact topological group 4 with the
property a®> = 1 Va € A is 2-elementary. This is an easy consequence of Pontrjagin’s
duality theorem [Pn:1966].) (]

Critical to our understanding of the connections between decomposition of Witt rings
and the structure of W-groups is the relationship between the construction of the W-group
and the Witt ring. We explain this now; for details see [MiSm:1993], [MiSp:1995], and
[Sm:1988].
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Let W(F) be a Witt ring of a field F, and let G = F/ F? be the group of square classes
of F. Then G has a natural structure as a vector space over the field Z / 27, and we can
choose a basis B = {b; : i € I} for G as a Z /2Z-vector space, where / is some linearly
ordered index set. Let Q be the subgroup of the Brauer group Br(F) of F generated by
the classes of quaternion algebras over F. (See [La:1973] or [Ma:1980].) Together G
and Q provide us with a quaternionic structure (G, 0, q) following [Ma:1980], where
q is the map ¢:G x G — Q defined by sending (a,b) € G X G to the class of the
quaternion algebra ("%’) in 0 C Br(F). By abuse of notation we write (a, b) to denote
the image g(a, b) of (a, b) in Q. The close relation between quaternionic structures and
Witt rings was exploited in [Ma:1980], where both were defined abstractly using only
a few axioms and not relying on any underlying field. It is shown in Theorem 4.5 of
[Ma:1980] that the category of Witt rings and the category of quaternionic structures are
naturally equivalent. This relationship is used in [MiSp:1995], and consequently in this
article. Roughly speaking, quaternionic structures form the bridge between Witt rings
and Galois theory. We can now explain how to construct Gr, the W-group of F, using
the quaternionic structure (G, Q, q) above.

Let ¥ be the free group in the category C on the symbols {z; : i € I}. Then ®(F),
the Frattini subgroup of ¥, is a Z /2Z-vector space with basis (22, [z;,2] : i,j € Li <j).
Let P be the set of homogeneous polynomials of degree 2 in the variables #;,i € I,
with coefficients in Z/27. Thus P is also a Z /2Z-vector space. We then have a natural
pairing (, ): ®(F) X P — Z/2Z, obtained by letting {z2,[z;,z;] : i,j € L,j > i} and
{2,4t; ;i,j € I,j > i} be dual bases.

We have a group homomorphism 6: P — Q given by 0(2) = (b;, by), 0(t;t;) = (bi, b;).
Let R = (ker@)!t = {s € ®(F) : (s,p) = 0Vp € ker8}. Then R can be viewed as the
dual Q* of Q. The major result needed in our paper is the following.

PROPOSITION 1.3.  The W-group G and the group F | K. are isomorphic pro-2-
groups.

REMARK. Itis in fact possible to associate an abstract W-group to any abstract Witt
ring (in the sense of [Ma:1980]) by using the approach in the proposition above. In the
case that the abstract Witt ring is in fact the Witt ring of a field F, then the abstract W-
group constructed in this manner will be isomorphic to the W-group of F. See [Sm:1988]
for details.

2. Direct products and free products. The concept of direct products of Witt rings
was introduced in [Ma:1980]. In this section we shall show that this notion corresponds to
the free product of W-groups in the category C. (See also [MiSm:1993] and [Sm:1988].)

In order to describe the free product of two groups G, and G; in C, it is convenient
to make the following definition.

DEFINITION 2.1. Suppose gl, gZ € C. Let gl/q)(gl) = lim G;, 62/(1)(62) =
— jeJ
lim  Hj, where G; and H; are finite 2-elementary groups and ®( G;) denotes the Frattini
— kek
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subgroup of Gj, i = 1,2. Then we define the free commutator subgroup (G ; G») to

be lim Gj ®z 27 Hi, where G; and Hj are viewed as vector spaces over the field
— jxkeJxK

7/21.

One checks easily that the groups G; ®7 /7 Hy indeed form a projective system, and
that this definition of the free commutator subgroup is independent of the particular
choice of G; and Hy used in the representation of G; /®(G;) as a projective limit. More-
over, we observe that we have a natural map G X G, — (G ; Gu). Forv; € G;, we
denote the image of (71, 72) as (Y1,72)-

We can now describe the group G which will turn out to be the free product of G, and
G in the category C. As a topological space G is just Gi X G> X (Gi ; G»), with the
product topology. Multiplication in G is determined by the following properties:

(1) Gi, Gy, and (G, ; Gy ) considered as subspaces of G are also subgroups of G with
their original multiplications.

(2) (Gi; G) is in the center of G.

(3) Foreachv; € G and7Y, € G,, we define the productY; -7, inside G as (7,72, 1),
and the product VY, - ¥ as (1,72, {Y1,72)). More precisely we have:

OLLD- (L2, 1) = 01,72,1);
(L2, -, LD = (01,72, (Y1,72)

REMARKS. Observe that G can be expressed as the semidirect products

G=(GiI x (G, )" G
= (G x (G, G2) % Gi.

Here the action of G, on G| X (G, G») is defined by the fact that (G, G, ) is central in
G, and by the rule 777271 = 72(71,72) V11 € Gi, Y2 € Go. The element (7,,7,) is
actually the commutator of the elements v, and 7, in G. One can check quite easily that
G is indeed an element of C.

Let G be as defined above, and let G; * G, denote the free product of the groups G,
and G in the category C. Then we have the following.

THEOREM 2.2. G = G * Go.

PROOF. Consider G as G x G X (Gi, G2), so that elements of of G are triples
(1,72,73), with 7| € Gi1,72 € G, and V3 € (G, Gz). Let j; denote the natural in-
jections of G; into G, i = 1,2. Suppose also that we are given an element G € C and
continuous homomorphisms ¢;: G; — G, i = 1,2 (in the category C). We would like to
show that there exists a unique homomorphism ¢: G — G in C such that the diagrams

G - g
%l e
G
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are commutative, i = 1,2. Since G is generated by Gi, G2, there can exist at most one
homomorphism ¢ as above, which is determined by

<,0(]}(’Yi)> =) Vi€ G

To show that such a ¢ exists, first observe that we have a well-defined homomorphism in

C, namely ¢: (G, G2) — G given by ¥({(71,72)) = [¢1(M1), 2(72)], "1 € G1,72 € Ga.
Then for each (71,72,73) € G, define

e((1,72,73)) = P1(DP2(2P(3).

The map ¢ is clearly continuous, so we need only check that ¢ is a homomorphism. But
it is straightforward to check that for any (71,72,73) and (v{,75,7%) € G,

P (1,72, 79)(01,72,79) = 1MV DP2 (Y], ¥2)7375)
= o((1,72,79)) 0 (011,72,73))-
Thus we see G = G * G as claimed. L]

Of course, one can characterize free products G, * G, using generators and relations. In
order to formulate this result, assume that G = F /R, Gi = F /Ry, and G, = F/ R,
where G = G * G,,and F, Fy, and > are free objects in C. Moreover assume that F;
has the set 4; as a minimal set of generators, and that G; C G, i = 1,2. Then we have
the following very simple characterization of the set of relations &_ in the category C.

PROPOSITION 2.3.  Keep the notation above. Then the set A := A U A, generates

F,and R = R, x R,.

PROOF. From the previous theorem we know that G = G X Gy X (G1, G2) as
a topological group under the multiplication described above. Therefore G/®(G) =
Gi/P(G1) X G2/ ®(G>). Since the image of the sets 4, U4, = A in G/D(G) is a
minimal set of generators of G/®(G), we see that 4; U 4, is a minimal set of genera-
tors of G as well. (See [Se:1965].) Thus what remains to show is that & = the closed
normal subgroup generated by Ry U R, = K, x R,. From the relation F /®(F) =
G1/P(G)) X G2/ P(G,) we deduce that R C ®(F). But ®(F) is 2-elementary, i.e.
O(F) = Tjes Z/2Z for some index set J. Since R N K, = {1}, we see that R U R,
generates the subgroup &; X &, in F. Moreover, it is in fact a subgroup of ®(F), and
thus is normal in ¥. Finally from /R x R = Gi X G, X (G, G2) we conclude
RER XR. n

Our main theorem in this section follows easily from the above analysis and the fol-
lowing result from the theory of abstract Witt rings.

PROPOSITION 2.4 [MA:1980; pp. 100-102].  Suppose that S and S, are two Witt
rings, and let S be their direct product in the category of Witt rings. Let (G, Q1,q;) and
(G2,02,92) be the quaternionic structures corresponding to the Witt rings Sy and S,
respectively. Then the quaternionic structure corresponding to S is (G} X G2,0) X Qa,
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q1 X q2). Conversely, suppose that S is a Witt ring with quaternionic structure (G, Q, q),
and suppose that G\ and G, are subgroups of G such that G = G| X G, and such that
VYa,b € G, q(a,b) = 0 & gi(a;, b)) = 0, i = 1,2, where x; denotes the component of
x € Gin G; and q; is obtained by the restriction of q to G;, i = 1,2. Then there exist Witt
rings Sy and S, with corresponding quaternionic structures (G, Q1, q1) and (G2, 02, ¢2),
such that S = S; X S, in the category of Witt rings.

THEOREM 2.5.  Suppose that Sy and S, are two Witt rings, and let S be their direct
product in the category of Witt rings. Let G) and G, be the W-groups correspondingto the
Witt rings S\ and S,, respectively. Then the W-group G corresponding to S is isomorphic
to G x Gy. Conversely, if G is the W-group of a Witt ring S, and if G = G, * G, in the
category C, then there exist Witt rings S1 and S, such that G; is the W-group associated
toS;,i=1,2,andS= S, X S,.

PROOE. Let O}, O, and 0) x O, be the quaternionic structures corresponding to S,
S, and S, as above. Then &) = O, R, = 05, and R = (01 x 0»)*, with respect to the
pairings described in Section 1. Since (Q1 x 02)* = O] X (5 as topological groups, we
conclude that R, = K, x K. Thus we have G = G * G; as claimed.

To prove the converse, let G = G, * G, be the W-group of some Witt ring S, with
quaternionic structure (G, 0, q). Then [G/D(G)]* = G. Set G; = [G;/ P(G)]*, i = 1,2.
Then clearly G = G| X G,. Set Q;,i = 1,2 to be the subgroup of Q generated by those
elements with both slots in G;. Then under the pairing (, ) defined in the proposition
in Section 1, we find that the dual to Q; is precisely the relations &; defining the group
G;, i = 1,2. (This follows immediately from the observations that X = R X R,
because G = Gy * G, that &; is orthogonal to ;,j # i, and that & is dual to Q.) Set
qi: G; X G;i — Oy, i = 1,2 to be the restriction of g to G;. Let a, b be any two elements
of G, and again let x; denote the component of x € G in G;. Then g(a,b) = 0 & (a,b)
is orthogonal to X & (a;, b;) is orthogonal to &;, i = 1,2, & gi(a;, b;) = 0. Thus we
concludethat § = S XS,, where S; is the (abstract) Witt ring with associated quaternionic
pairing (G, O;, g;) and associated W-group G;, i = 1,2. n

3. Group rings and semidirect products. In this section we show that the group
ring construction for Witt rings corresponds in a natural way to a semidirect product
construction for W-groups. Moreover, in the case when s(F) = 1, it is in fact a direct
product. Since the group ring formation for Witt rings determines which elements in £
are “basic”, we begin by recalling definitions related to this concept, and then setting up
convenient notation for Gr to allow us to keep track of which elements are basic.

Recall that an element a € Fis rigid if D((1,a)) = F2 UaF?, in other words, if (1, a)
represents as few elements as possible. An element a € F is called double-rigid if both a
and —a are rigid. Now Bas(F) = {a € F'| a is not double-rigid {UF2U—F? is a subgroup
of F (see [Be:1978] and [Wr:1981]). This is the so-called basic part of F. Observe that if
|F/F?| > 2, then Bas(F) = {a € F'| a is not double-rigid}, because then certainly —1
is not rigid.
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We introduce the following notation: Let H = {0 € GF | o(/—1)=v—1 },ie. the
setof elements in G ﬁxing\/_—_l, so H = Grifs(F) = 1.Chooseabasis{—1,a; | i € I}
for F/F?,or{a; | i € I}ifs(F) = 1,suchthat {—1,a; | i € I'} (respectively {a; | i € I'})
forms a basis for the basic part Bas(F) of F, for some subset I’ of / (which we can do
since Bas(F) is a subgroup of F, containing F2). LetJ = I\ I, so {a; | j € J} are all
double-rigid elements. Let {o_y,0; | i € I} if —1 ¢ F2,or{o; | i € I}if —1 € F*, be
a corresponding “dual” set of generators for Gr. Assume that the basis has been chosen
sothat {o; | i€ I} CH.

LEMMA3.1.  Retain the notation above. Then foranyi € I,j € J,i # j, [0i,0;] = 1.

PROOF. Since F®) is generatedby Z /2Z-, 7 /4Z-, and D,-extensions of F, it suffices
to show that o; and o; commute when restricted to any Z /2Z-, 7 /4Z-, or Ds-extension
of F. Since Z /2Z- and Z /4Z-extensions are abelian, it is enough to check that for each
extension L/ F with Gal(L/F) = Dy, we have [0}, 0;]|; = 1. Let F(,/a,v/b) be the fixed
field of the center Z(Gal(L/ F)) of Gal(L /F), and assume that Gal(L / F(+/ab)) = Z /41.
Suppose, contradictory to our claim, that [0;,07]|; # 1. Then neither o; nor o; are in
Z(Gal(L/F)). Thus o; fails to fix either/a or /. Say 0;(/a) = —/a. Then by the dual-
ity of the generators for Gr and the basis for F/ F2, we see that a; must appear as a factor in
the decomposition of a as a product of basis elements in £/ 2, and therefore a ¢ Bas(F),
so a is double-rigid. On the other hand, since Gal(L / F) = Dy, Gal(L/F(v/ab)) =~ 7 /41,
andL D F(/a, V/b), we see that the quaternion algebra (a, b) splits over F. (See [Sp:1987]
fora proof.) Thus b € Dp((1,—a)),s0 b = —a € F'/F*. Now by assumption, both o; and
0; fix /=1, s0 g;(/a) = —/a, 0;(V/'b) = —/b, 0i(/a) = —/a, and 0;(V'b) = —/b.
Then a,»a;‘ fixes both \/a and Vb, so o,-a;' |, € Z(Gal(L/F)), and [0}, 0]|, = 1, con-
trary to assumption. Thus in fact o; and o; commute as claimed. =

LEMMA 3.2.  Foranyj € J,0; has order 4 in Gp.

PROOF. We consider two cases. First suppose s(F) = 1. Then the F-quaternion al-
gebra (a, a) is split for any a € F, so in particular (aj, a;) is split. Thus (see [La:1973])
there exists a Galois extension K /F, with K O F(,/a;) and Gal(K/F) = Z /41. Since
0;(,/a;) = —,/a; by assumption, we see that g; generates Gal(K / F), and thus has order
a multiple of 4 in Gr. The result follows by observing that Gr has exponent 4.

Now consider the case —1 ¢ F2. The splitting of the quaternion algebra (a;, —a;)
implies the existence of a Dj-extension L/F, with L D F(,/a;, v—1) and
Gal(L/F(\/——l)) = 7 /4Z. (One can take, for example, L = F(\/—‘l, \/aj).) Look at
o; restricted to L. Since o; fixes V=1 by assumption, oj|; € Gal(L / F(\/—_l)). On the
other hand, the unique quadratic extension of F(v/—1) in L is F(v/—1 »\/4), and , /a; is
not fixed by 0. Thus o;|;, generates Gal(L /Fi «/—1 )), and again the order of ¢; in Gr
must be (a multiple of) 4. n

REMARK. One could also prove this lemma quite easily from the description of the
relations in Gr given in the proposition in Section 1. Following the notation there we
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have, in the first case, that tj2 € ker(0), but (zj?, tf) # 0, 50 012 # 1, and in the second

case, that 2 + _11; € ker(6), but (27,2 +1_1) # 0, 50 again o7 # 1.

COROLLARY 3.3.  Let A; denote the closed subgroup of Gr generated by ), j € J.
Then A; = T1; Z /4L in the category of pro-2-groups.

PROOF. (Sketch) A, is an abelian pro-2-group of exponent 4. The result follows from
Pontrjagin duality ([Pn:1966]). The dual (A,)* to A; is a discrete abelian group of expo-
nent 4, generated by x;, j € J, such that x;(0;) = V=1 € C, and xj(ox) = 1ifj # k.
One checks easily that (A)* is isomorphic to @, Z /4Z. We have a natural isomorphism
0: Ay — (A))* = 11,2 /41 given by 8(o)(x) = x(0). "

THEOREM 3.4.  LetJ' be any subset of J, and let Ay denote the closed subgroup of
Gr generated by 0j, j € J'. Then the group A} is a normal subgroup of Gp.

PROOF. Ify/—1 € F, then the theorem follows from the fact that [0,0,] = 1 for
all i € I, which we proved at the beginning of this section. If v/—1 ¢ F, then for each
Jj € J' C Jwehave 07[0j,01] = 0j(0”{gjo_;) = 1. There are a number of ways to
see this. From our “generator-relation” description of G, this is equivalent to the fact
that any product of quaternion algebras in Br,(¥) which is equal to 1 includes either
both (a;, a;) and (a;, —1) or neither of them. This in turn follows from the existence of
a nondyadic 2-Henselian valuation of F' such that the value group I' satisfies I'/2I" =
([a;] | j € J) C F/F?. Alternatively one can observe that since any a;, j € J is double-
rigid, the only x € F/F? with (a;,x) = 1isx = 1 orx = —aj. Perhaps most enlightening
is the following explicit proof.

To see that 7 = 012.[0}-,0_1] = 1, it is enough to show that restriction of 7 to any
L/F with L/F Galois and Gal(L/F) = Z/4Z or D, is the identity. Assume first that
Gal(L/F) = 7 /4Z. Let F(/b) be the unique quadratic subextension of L. Then b is a
sum of 2 squares and hence is basic. This means that a; does not appear in the expression
for b as a product of our chosen basis elements, and thus that oj2 restricted to L is the
identity. Since Gal(L/F) is abelian, [0j,0_1]| is also the identity, and hence 7|, = 1.

Next assume that Gal(L /F) = Dy, and let F(/b,,/c) be the unique biquadratic subex-
tension of L, with Gal(L / F(v/bc)) 2 Z /4Z. Then (b,c) = 1 € Br(F).Ifone of b, c,say b,
is double rigid, then in factb = —c € F/F?. Assume first that a; is a factor in the decom-
position of b as a product of basis elements. Then 0;(v/b) = —/b and 0;(/c) = —/c.
Thus o; generates Gal(L / F(\/—~_l)), S0 012 # 1 € Gal(L/F). On the other hand, since
0_1(V/—1) = —/~1, 0_; cannot fix both v/b and \/c, so [0j,0_1] # 1 € Gal(L/F).
From the structure of Dy it then follows that 7|, = 1. Assume next that a; is not a fac-
tor of b. Then o} FD = 1 and ojzlL = 1 = [0;,0_1]|.. Finally, assume both b and
¢ are basic. Then g; is not a factor of either b or ¢, and as above oj| FWhye = 1and
atle = 1= [g5,0-1]e.

Summarizing the results above we see that for all j € J' C J, 07 '0j0; = 0 Vi € 1,
and 0~{gjo 1 = 0;. Thus Ay is a normal subgroup of G. .
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Recall that for Ay = (a; | j € J') C F/F?,J' C J as above, we have W(F) = S[A,]
where S is again a Witt ring of a field. In fact, if J/ = J one can actually identify S
with a Witt ring of a residue field of some 2-Henselian valuation on F. (See [Ma:1980],
[Wr:1981], [JWr:1989], [J:1981], [AEJ:1987].) Then let S = W(K) for some appropriate
field K. The main result of this section is that the W-group G of F is a semi-direct
product of Ay with the W-group Gk of K.

THEOREM 3.5.  Keep the notation above. Then
gF%J Ay X GK = <HZ/4Z) X gK
J/

where Gy is generated by {o; | i € I\J'}Uo_yif —1 ¢ F*and by {o; | i € I\J'}if
—1 € F2. The action of Gk on Ay is given by the equations

1

o 't0; =T YTEAy,

U:iTU'_l :7J VTE AJ’ (lf —1 ¢F2)

PROOF. Let G be the closed subgroup of Gr generated by {o; | i € I\ J'} Uo_;
if —1 ¢ F2andby {o; | i € I\ J'}if —1 € 2. We will show Ay x G X G, where
the action of G on Ay is as described in the theorem, and G = Gg. Assume first that
v/—1 € F. Since Ay and G generate Gr and Ay is a normal subgroup of Gr, we will have
Gr as a semidirect product of these two subgroups if we can show Ay NG = {1}. Since
{o:|i e I\J'}N{o; | j € J'} = () by definition, it suffices to show that ®(A ) ND(G) =
1. In other words, we must exclude the possibility that for some nonempty subset C of
J'" and some element & € ®(G), we have ([T.cc 02)h = 1. Let C be any nonempty subset
of /', and letj € C. Then for L = F(y/a;), Gal(L/F) = Z /4Z, and the unique quadratic
subextension of L is F(,/a;). Hence o;|;, generates Gal(L/F), but 02|, = 1 forall ¢ # j,
¢ € C, k|, = 1, and thus ([Iecc 02)h = of # 1. That the action is as claimed follows
from the preceding theorem. To see that G = Gk, observe first that Gx and G have the
same minimal set of generators, namely {o; | i € I'\ J'}. Thus it suffices to check that
they satisfy the same relations. This follows from the fact that the relations among F-
quaternion algebras whose entries consist of “dual elements of F to the elements of G”
are precisely the same as those satisfied by the “corresponding” quaternion algebras over
K. (See [Ma:1980], [JWr:1989), [J:1981], [Wr:1981].) The case v/—1 ¢ F is handled in
the same way as the case V=1 € F, the only difference being that o_; has nontrivial
action on Ay . The details are left to the reader. »

As a converse to this result we have the following.

THEOREM 3.6.  Assume that I and K are fields with associated W-groups Gr and

Gk, such that s(F) > 4 or s(F) = s(K), and that Gy = Ay X G = (Ily Z/4Z) % G,
where the action of Gk on Ay is given as follows: Set H = {0 € Gx | o(/—1) =+/—1}.
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Theno 'to =1Vo € H,1 € Ay and o™ '10 = P Vo € Gk \ H,7 € Ayp. Under these
assumptions we have W(F) = W(K)[Y.y Z/21].

PROOF. From the Remark in [Ma:1980; p. 114] we see that there exists a field ex-
tension M /K such that W(M) = W(K)[%, Z /2Z). From the previous theorem we then
conclude Gy = Ay X Gx = Gr. Since we assume s(F) > 4 or s(F) = s(K) = s(M), we
see ([MiSp:1995]) that W(K)[¥y Z/27] = W(M) = W(F). L]

4. Gr and the basic part of W(F). The connection between Bas(F) and Gr again
divides into two cases,v—1 € Fandv/—1 ¢ F. The answer is the following: Let # be
the subgroup of Gr generated by those elements in Gr which fix v/—1, and let L be the
subgroup of Gr generated by those elements of Gr fixing {\/a | a € Dp((1, 1))} point-
wise. Then £/ Bas(F) can be viewed as the Z/2Z-dual to the subgroup of Gr/®(Gr)
consisting of the images of Z({) N L, in case —1 ¢ F2, and as the Z/2Z-dual to
Z(Gr)/ D(GF) in case —1 € F2 Thus in the level 1 case, the basic part of the field cor-
responds to the center of the W-group. Because of the simpler description in this case,
and to avoid having to account for the different behavior of —1 in each proof, we will
examine the two cases separately. We begin with the case /—1 € F.

THEOREM 4.1.  Let ® = ®(Gr) denote the Frattini subgroup of the W-group Gr of
the field F, and let Z denote its center.
(1) If|F|F?| <2, then Z = Gp.
(2) If|F/F?| > 4and+/—1 ¢ F, then Z = ®.
(3) IfV/—1 € F, then Z/® is the annihilator of the 7 | 21-vector space Bas(F)/ 2
under the pairing (, ):F/F? x Gp/® — 7/2Z given by {a,0) = ﬁ\/@ €
{1,-1}y=2z/27.

PROOF. For (1), observe that this means G is a cyclic group, and hence must be
abelian. For (2), let 0 € Gr \ ®@. Then there exists an element a € F such that a ¢ +F2,
and o(,/a) = —/a. Since the quaternion algebra (a, —a) = 1 € Br(F), there is a Dy-
extension K/F, K C F®, with K D F(,/a,\/—a), and such that Gal(K / F(\/—_l)) =)
7/41. Since Z(Gal(K /F)) = Gal(K/F(,/a,\/=a)), we see o ¢ Z(Gal(K/F)), and
hence o ¢ Z. Thus Z = @ as claimed. (We will refer hereafter to an extension K O
F(/a,\/b) 2 F, with Gal(K/F) = Dy and Gal(K/F(/ab)) = 7/4Z as a D{""-
extension of F)

Now suppose /—1 € F. We have a natural pairing (, ): F/F? x Gr/® — 7/2Z
given by (a,0) = ﬁ\/@ € {1,—1} = Z /27, where by abuse of notation we have used
a to denote both an element of F and its square class in 7/ £2, and o to denote both an
element in Gr and its image in Gr/®. Suppose that a € Bas(F) and 0 € Z. We claim
that o(/a) = \/a. If not, then o(y/a) = —/a. Since a € Bas(F), 3 € F, b ¢ F? U aF?,
such that (@, b) = 1 € Br(F), so that there exists a Df{”b)-extension K of F. Let & denote
the image of o in Gal(K / F). Then it is clear that & ¢ Z(Gal(K / F)), and so also o ¢ 2.
This is a contradiction, so the claim is proved. Thus in the pairing (, }, Z/® and Bas(F)
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are orthogonal to each other. To complete the proof, we must show that if o € G has
the property o(v/b) = v/b Vb € Bas(F), then o € Z. Now since F©® is the compositum
over F of all cyclic of order 4 and dihedral of order 8 extensions of F, it follows that
cEZ &G E Z(Gal(K / F)) VD,-extensions K /F. Let K be a Df‘“’b)-extension‘ Then
(a,b) = 1 € Br(F), so neither a nor b is rigid. Then both \/a and /b are fixed by o by
assumption, s0 G € Z (Gal(K / F)), completing our proof. L]

Now we turn our attention to the case whenyv/—1 ¢ F.Set H = {0 € Gr | o(V—1) =
V—1},and set L = {0 € Gr | o(/a) =+/aVa € Dp((1,1))}.

THEOREM 4.2. o(/b) = Vb Vb € Bas(F) & o € Z(H)N L. In other words,
(Z(}[ )N L) /@ is the annihilator of Bas(F) under the pairing (, ): F/F* X Gp/® —
7 /21 given by (a,0) = %\/@ e{l,-1}=12/22.

PROOF. Suppose first that o € F := {0 € Gr | o(v/b) = /b Vb € Bas(F)}. Then,
as in the preceding proof, we see that ¢ € Z(H). Now leta € D((1,1)). If a € +F?,
then 4-a € Bas(F) and y/a and \/—a are both fixed by all 0 € F. Thenifa € D((1,1)),
a ¢ +F?, we see a € D((1,—a)), so +a € Bas(F) and again o € ¥ fixes/a and \/—a.
Thus F C Z(H)N L.

To finish the proof, we must prove the opposite inclusion, £L N Z(#) C F. Then
let o € LN Z(H) and b € Bas(F). We must show o(v/b) = /b. This is clearly true
if +b € Dg((1, 1)), so we shall assume this is not the case. Since b € Bas(F), either
b or —b is not rigid. Say —b is not rigid. Then there exists ¢ € Dp((1,—b)) with b,
¢, —1 independent mod 2. It follows that we can find 7 € Gr fixing V=1 (sot e H),
which also fixes v/b, but such that 7(;/c) = —/c. Then consider any D“-extension L/ F.
Suppose o(v/b) = —/b). Then [o,7]|; # 1|1, and we see o ¢ Z(H), a contradiction.
Hence o fixes v/b. Next suppose that —b is rigid. Then necessarily b is not rigid, and by
the argument we have just given we see o fixes v/—b. Since by assumption 0 € H, o
fixes v/—1 as well, and hence must fix /5. =

REMARK. —1 is not in general explicitly determined just by knowledge of Gr. So
it could be argued that #{ is not a purely group-theoretical notion. However, the “nega-
tive” of the Kaplansky radical, —KR := {a € F | Dr((1,a)) = F}, is determined by Gr
([MiSm:1993]), and this is all that is necessary for the determination of Bas(F). Specifi-
cally, if —KR is “trivial”, then —KR = {—1}, and —1 is determined. If —KR, or the Ka-
plansky radical, is nontrivial, then in fact Bas(F) = F. This follows from the observation
that for any b € '\ KR, we have Dp({1,b)) D (KRUbBKR), so |Dp({1,b))| > 2|KR| > 4,
and b is not rigid. Thus if b is rigid then b € KR. Then Dp({1,—b)) = F, so —b is rigid
if and only if |/ F?| < 2. Since we are concerned with # only in the case —1 ¢ F?, we
see that £//F? = {1,—1} in this case, and again Bas(F) = F.
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5. Concluding remarks. Our results in Section 1-Section 3 compare with those in
[JWr:1989] as follows: In going from Witt rings to Galois groups, we are considering
quotients of Gal(F(Z) /F ), so our results give less information on which pro-2-Galois
groups arise over a field, given its Witt ring. In going from Galois groups to Witt rings,
we are effectively starting with a weaker hypothesis (information only on a quotient
of the absolute pro-2-Galois group, rather than the whole group), so the results can be
considered as stronger. Also it is important to note that we do not make the assumption
that |7/ F%| < 00, so again our results are more general.

In Section 4 we have shown that the center of G corresponds to F / Bas(F), in the
case when/—1 € F. One may ask whether it is possible to refine this result in some way.
For example, since the center of a group consists of the intersection of the centralizers
of individual group elements, one may try to determine what the centralizer of a given
element should correspond to, either in F or in W(F). Is there a correspondence between
Cg,(0) and some quotient £ / Bas,(F), where Bas,(F) is a “local basic” part of F with
respect to o, sitting inside Bas(F)?

This is one aspect of a much larger question concerning connections between sub-
groups and quotients of Gr and the corresponding parts of '/ F2 or W(F). One may ask
such questions as when and how a W-group for a field K occurs as a subgroup or quotient
group of the W-group of a field F. The authors will investigate such questions in future
work ([MiSm:pre]).

The approach taken in this paper clarifies the relationship between Witt rings and
Galois groups. It illustrates how one can translate Galois group properties into Witt ring
properties and vice versa, using elementary duality principles.

6. Appendix: /¥-groups for fields " with |[F/F?| < 16. We present below a com-
plete list of the W-groups that occur for fields with square class group of order less than
or equal to 16, in conjunction with their corresponding Witt rings. This gives a concrete
illustration of how the results in this article can be used to generate all “elementary type”
W-groups. It also makes clear the inability of the W-group to distinguish the level of the
field in the case (1,1) is universal. The number before the decimal point in each case
indicates the order of F’ / F2.In all cases the * is to be interpreted as the free product in
the category C described in Section 2, and the action of the semi-direct product is that
described in Section 3. Recall also that for Witt rings, Z x Z = Z[x], and if 2 # 0 € R,
R X Z/2Z[x] = R x Z/4Z. See [Ma:1980] for further description of notation, particu-
larly for the descriptions of the Witt rings Lox_1, Lok, and Ly ; which arise as Witt rings
of the reals, the p-adic fields Q, and finite extensions of Q,. We denote the correspond-
ing W-groups as Gyx_1, Gy o and Gy ; respectively. We give explicit descriptions of Gs,
G4 and Gy, as well as their corresponding Witt rings L3, L9, and L4 at the end of
the table below.
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1.1
2.1
2.2
2.3
4.1
4.2
4.3
4.4
4.5
4.6
8.1
8.2
8.3
8.4
8.5
8.6
8.7
8.8
8.9
8.10
L1
12
13
14
15
.16
8.17
16.1
16.2
16.3
16.4
16.5
16.6
16.7
16.8
16.9
16.10
16.11

% 00 90 00 00 90

16.12 Z x (Z/2Z[x] x Z/2Z[y))[z]

16.13
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WF)

7/21

YA

/41

Z/271x]

7[x]

Zx1/47

/47 x 1/41
7/27[x] x 7/22y]
Z/47[x]

Z/27[x,y]

7 x 7[x]

Zix] x 7/4Z

7 x (Z/47y

7 x 7/4Z[x]

Z x 7/27[x,y]
@/427

/47 x 7 /4Z]x]
7/47 x 7/2Z[x,y]
@/221x1y

7/27(x] x 7/22[y,7]
L[x,y]

(Z x Z/47)[x]
@/4271x]

(Z/2Z[x] x Z/2Z[y))Iz]
Z/47[x,y]
Z/21Z[x,y,z]

Ls

Zlx] x Z[]

ZxZ[x] x2/4Z
Z[x] x (Z/4Z)

Z[x] x Z/4Z[y)

Z[x] x Z/2Z[y,z]

Z x (Z/41)}

7 x 7/4Z x 7/41[x]
Z x 7/4Z x 7/2Z[x, ]
Z x Z[x,y]

Z x (I x 1/4D)[x]

Z x (Z/41[x]

Z x 7/4Z[x,y]

|GF|

[o NI S S

32
16
16
64
128
256
128
128
512
256
256
512
256
32
64
128

256

212
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Gr

1

7/22

7/41

7/41

7/21%7/21=17/41 x1)21
7/21%17/47

7/41x1/41

7/41%1)47

7/41x1/41

7/41x17/47
2/21%1/2Lx1/21
7/22%7/22%1/41
Z/22%7/41%1/41
7/27%(1/41 x 1/47)
Z/2Zx(Z/41 x 1/47)
7/4Z%7/41+1/41
7/47 % (1 /41 x 1/47)
Z/4Z % (1)L x 1/47)
Z/AZ+Z[AL+1]/4L
Z/AZ*(1/4L x 1/47)
Z/4Zx(Z/2Z+1/27)

Z/4Z % (2/22 +1/41)

Z/47 % (Z/42+7/47)

7/4Z x (Z/4L+1/47)
Z/4Zx(Z/4Z x 7/41)

(z/4zy

G;

7/22%7)2Z+2/27+1/27
Z/22%7/22+1/27x1/41
7/22%7)2L+1)47x1)47
Z/2Z%7)27 % (Z/4L x 1/41)
Z/27+7/2L % (1/47 x 1/41)
Z)2Lx7/41+1/42 1 )41
Z/2Z+7/4Z x(1/41 x 1 /47)
7/27+7/41 % (1/41 x 1 /47)
7/27 % (1/4Z % (2/2Z »1/217))
2/27%(Z/4Z % (1/21+1/47))
7/27 % (1/4Z % (Z/4L 1 /47))
7/27 % (/47 x (1/4Z x 1 /41L))
Z/27 % (Z/A1 % (1 /41 % 7/41))
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W(F) | GF|
16.14 Z x Z/2Z[x,y,2] 210
16.15 7Z x L5 212
16.16 (Z/42)" o4
16.17 (Z/47) x 7/42x] 213
16.18 (Z/42)? x Z/2Z[x,y] 213
16.19 Z/4Z x Z[x,y] 210
16.20 Z/4Z x (Z x Z/4)[x] 21l
16.21 Z/4Z x (Z/42)[x] o1
16.22 /41 x (Z)2Z[x] x 2)2Zh)[z) 22
16.23 7/4Z x Z/4Z[x,y] 21
16.24 7/4Z x 2/2Z[x,y,7] 21!
16.25 Z/4Z X 13 213
16.26 (Z/2Z[x))* 214

16.27 7/2Z[x] x Z/2Z[y] x Z/2Z[z,w] 21
16.28 7/27[x] x (Z/2Z[y] x 7/2Z[z])[w] 212

16.29 Z/2Z[x] x Z/2Z[y,z,w] 211
16.30 Z/4Z[x] x Z/4Z[y] 212
16.31 Z/4Z[x] x Z/2Z[y,z] 212
16.32 Z/2Z[x,y] x Z/2Z[z, w] 212
16.33 (2)°[x] 28
16.34 (22 x Z/4D)[x] 29
16.35 (Z x (Z/AT)P)lx] 210
16.36 (Z x Z/4Z[x)D] 2
16.37 (Z x Z/2Z[x,y)z] 29
16.38 (Z/4Z)°[x] 211
16.39 (Z/4Z x Z/4Z[x))y] 210
16.40 (Z/4Z x Z/2Z[x,y)[z] 210
16.41 (Z/2Z[x]’[] 211
16.42 (Z/2Z[x] x Z/2Z[y,z])w] 210
16.43 Z[x,y,z] 28
16.44 (Z x Z/4D)[x, ] 28
16.45 (Z/4Z)[x,y] 29
16.46 (Z/2Z[x] x Z/2Z[y))[z,w] 2°
16.47 7 /4Z[x,y,z] 28
16.48 7 /27Z[x,y,z,w] 28
16.49 Ls[x] 210
16.50 Lag 212
16.51 Ly, 212

Gr

7/21%(Z/4Ly

7/27 %6,

Z/AZ+7/4Z+1/41 1 /AL
Z/AL+7/47 + (/41 x 1 /47)
Z/AZ+7/4Z % (1/4L x 1/41)
Z/4Z%(1/4Z % (1/2Z+1/21))
Z/AZ*(1/4Z % (1/41+1/27))
Z/AZ*(1/4Z % (1/41+1/AT))
Z/41 % (1/41 x (1/41 1 /A1)
Z/4Z%(2/4Z % (Z/AZ % 1 /A1)
7/41 % (1/41)

Z/AL+ 14T +1)4T1 +1 /42
Z/AL+7/47 x(1]4L x 1/47)
Z/47 % (1/4Z x (1/41 * 1/41))
7/41%(Z/4Ly

(Z/47 X 7 /47) x (Z/4Z x 1 /47)
(Z/4Z X 7/47) % (Z/4Z x 1 /4Z)
(Z /A7) * (1 /41)?

Z/AL % (Z/21%7/21+1/27)
7/4L % (Z/41+1/21 +1/27)
Z/AZ X (222 1|47 x 1 /47)
Z/471x (/21 % (/41 x 1/41))
Z/4Z % (Z/21*(Z/41 x 1/41))
7/41 % (241 747 + 7 /47)
Z/47 % (1 /41 %(Z/41 x 1 /41))
7/41% (2/4Z % (1/41 x 7/41))
7/41 x (141 1 /47 x 7 /47)
7/41 x (2/4Z7 % (1/41 x 7/41))
Z/4Z % (Z/41 % (Z/4Z % 7/47))
Z/41x (1/4Z % (Z/41+1/21))
Z/41 % (1/42 % (1/41+1/41))
Z/AL X 7/41 x (Z/4Z 7 /4Z)
7/4Z % (241 % (Z/4Z % 7 /47))
/42y

7/47 x 64

Gayp

Ga,1

The groups 63, G4, and G4 have the following presentations, all given in category
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C, i.e. the groups have exponent 4, with commutators and squares central of order 2:

GS = (x,y,z l X2 = [y,Z]>
Gap = (x,y,z,w| [x,y] = [z,w])
641 X (x,y,2,w | [x,y][z,w] = %)

The corresponding Witt rings have the following structure:
Ly=2/82-1®Z/2Z-(1 —x)®Z/2Z- (1 — y) with multiplication defined by
(I-x)1-y)=4
Lao =2/22-102/22 - p® %2 (2/2Z- (1 —x) ®Z/2Z - (1 — yy)) with
multiplication defined by (1 — x;)(1 —y) =6;p, (1 —x;)p = (1 —y)p =0
Loy =2Z/42-10Z/42-(1—-2)®Z/2Z-(1—x)DZ /2Z-(1 —y) with multiplication
definedby (1 —x)(1 —y)=2(1 —2),(l —2)(1 —x)= (1 —2)(1 —y)=0
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