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Tannakian Categories With Semigroup
Actions

Alexey Ovchinnikov and Michael Wibmer

Abstract. A theorem of Ostrowski implies that log(x),log(x +1), ... are algebraically independent
over C(x). More generally, for a linear differential or difference equation, it is an important problem
to find all algebraic dependencies among a non-zero solution y and particular transformations of
¥, such as derivatives of y with respect to parameters, shifts of the arguments, rescaling, etc. In this
paper, we develop a theory of Tannakian categories with semigroup actions, which will be used to
attack such questions in full generality, as each linear differential equation gives rise to a Tannakian
category. Deligne studied actions of braid groups on categories and obtained a finite collection of
axioms that characterizes such actions to apply them to various geometric constructions. In this
paper, we find a finite set of axioms that characterizes actions of semigroups that are finite free
products of semigroups of the form N x Z/mZ x - x Z/n,Z on Tannakian categories. This is the
class of semigroups that appear in many applications.

1 Introduction

It is an important problem for a linear differential or difference equation to find all al-
gebraic dependencies among a non-zero solution y and particular transformations of
¥, such as derivatives of y with respect to parameters, shifts of the arguments, rescal-
ing, etc. The simplest example that illustrates this is log(x) satisfies y = 1/x, while
it follows from Ostrowski’s theorem [18] that log(x),log(x + 1), ... are algebraically
independent over C(x). It turns out that this information is contained in the Galois
group associated with this differential equation [6,7], which is a difference algebraic
group, that is, a subgroup of GL,, defined by a system of polynomial difference equa-
tions. Other important natural examples include the following:

¢ The Chebyshev polynomials T, (x). They are solutions of linear differential equa-
tions (1-x2) y” — xy’ + n>y = 0. In addition, they satisfy the following difference
algebraic relations (with respect to the endomorphisms o, 01, and o0, specified be-
low):

Tpe1 =2xTy(x) = Ty1(x), o(n)=n+1,
Toni1(x) = 2T (x) Ty (x) = x, o1(n) =2n, o(n)=n+1,
Ton(x) = T, (2x* - 1), o1(n) =2n, o3(x) =2x* -1,
Ty (T (x)) = Tum(x), 01(x) = Ty (x), 02(n) = mn.
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¢ The hypergeometric function , F; (4, b, ¢; z) is a solution of the parameterized linear
differential equation

z(1-2)y" +(c-(a+b+1)z)y' —aby =0.
It also satisfies (among others) the difference algebraic relation
2Fi(a,b,¢;2) =(1-2)" " F(a,c-b,c;2/(z-1)),

where 01(b) = ¢ - b, 02(2) = z/(z - 1). The above relation is called the Pfaff trans-
formation.

* Kummer’s (confluent hypergeometric) function of the first kind, 1F;(a; b;z), is a
solution of zy" + (b — z)y’ — ay = 0. It satisfies the difference algebraic relation

e“1F(a;b;-z) = 1Fi(b-a;b;z), o01(z) =-z,02(a) =b-a.

* The Bessel function ], (x) is a solution of the parameterized linear differential equa-

tion x?y”’(x) + xy'(x) + (x* — a*) y(x) = 0. It also satisfies, for example,

xJar2(x) = 2(@ + 1) Jar1(x) = xJa(x), o(a)=a+1
Ja(=x) = (-1)*Ja(x), o(x) = —x.

In all these cases, semigroups arise as the semigroups generated by the given endo-
morphisms (they are not always automorphisms). The resulting semigroups in all but
one case are free commutative and finitely generated, with the exception of one ex-
ample of the pair of automorphisms 01(n) = 2n and 0,(n) = n + 1, which generates
a Baumslag-Solitar group [1]. In addition, we show in Example 4.5 how the classical
contiguity relations for the hypergeometric functions are reflected in our Tannkian
approach. The g-difference analogue of the hypergeometric functions studied in this
framework can be found in [22].

Moreover, such recurrence relations are not only of interest from the point of view
of analysis and special functions, but, as emphasized in [13, 26], they also appear in
the representation theory of Lie groups: they are encoded in the properties of tensor
products of representations, including decompositions of tensor products into the
irreducible components, e.g., Clebsch-Gordan coefficients.

In this paper, we develop a theory of Tannakian categories with semigroup actions,
which will be used in the future to attack such questions as finding such relations in
their full generality using the Galois theory of linear differential and difference equa-
tions with semigroup actions. In this approach, given a linear differential or differ-
ence equation and a semigroup G, one constructs a particular Tannakian category
with an action of G. Theorem 3.17 shows that if such a Tannakian category has a neu-
tral G-fiber functor, then this category is equivalent to the category of representations
of a difference algebraic group. This group is the one that will measure the algebraic
dependencies mentioned above.

In practice, the semigroup G is usually infinite, and therefore, its action on a cate-
gory (see Definition 3.3) is defined by infinitely many functors and commutative di-
agrams, which is inconvenient in applications. However, Deligne [4] studied actions
of braid groups on categories and obtained a finite collection of axioms that charac-
terizes such actions. Tannakian categories with group actions (among other things)
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were first introduced in [11], but the finiteness questions were not considered there,
because a different kind of applications was studied.

In this paper, we find a finite set of axioms that characterizes actions of semigroups
that are free products of semigroups of the form

N xZ/mZ x - xZLIn,Z

on Tannakian categories. Even if G is given by a finite set of generators and relations,
as in [4, Section 1.3], in our case it is not sufficient just to define actions of generators
of G and impose the constraints corresponding to the relations (see Example 4.3).
Our hexagon axiom (4.4) provides necessary and sufficient extra constraints, as we
show in Theorem 4.2. This is the first time that such a scenario has been proposed.
The main application of our result will be to find all algebraic dependencies among
the elements of orbits of solutions of linear difference and differential equations under
actions of chosen semigroups.

This application will be possible after the parameterized Galois theories of linear
differential and difference equations with semigroup actions are fully developed. So
far, this has been done for the simplest case of the semigroup N [6,7,23], i.e., in the
case of one difference parameter. The main method used in those papers was dif-
ference parameterized Picard-Vessiot rings (which correspond to neutral difference
fiber functors for Tannakian categories [12]) that were constructed in a particular way,
which does not directly generalize to arbitrary semigroups. This motivates the new
approach to the problem that we take up in this paper.

In the case of differential Galois theory with differential parameters, Wibmer [28]
used constructions similar to those mentioned above to construct Picard-Vessiot ex-
tensions with one differential parameter. However, there were obstacles to generaliz-
ing this particular construction to several differential parameters as well. Such diffi-
culties have recently been overcome [10] by introducing actions of Lie rings on Tan-
nakian categories (these first appeared as differential tensor and Tannakian categories
for one derivation [12, 20, 21] and several commuting derivations [16]) and applying
geometric arguments to the constructions from [3] to construct Picard-Vessiot exten-
sions for several (not necessarily commuting) differential parameters under assump-
tions that are most practical for applications. The authors expect that the results of this
paper on actions of semigroups (instead of Lie rings) on Tannakian categories will lead
to a construction of Picard—Vessiot rings with semigroup actions (that is, with several
difference parameters, not necessarily commuting) with immediate practical applica-
tions in the near future. This includes the problem of difference isomonodromy [22],
which awaits the full development of the Picard-Vessiot theory with semigroup ac-
tions.

The paper is organized as follows. In Section 2.1 we give an overview of the con-
structions that we use from difference algebra. In Section 2.2 we recall difference alge-
braic groups and the basic constructions from their representation theory. Section 3
contains a brief review of Tannakian categories in Section 3.1, followed by Section 3.2,
containing an introduction to semigroup actions on categories. Semigroup actions on
tensor categories are described in Section 3.3, which is followed in Section 3.4 by our
first main result on Tannakian categories with semigroup actions, Theorem 3.17. We
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continue with Section 3.5, in which we give a representation theoretic characteriza-
tion of a difference group scheme being a linear difference algebraic group. Section 4
contains our second main result, Theorem 4.2, showing how actions of semigroups
coming from applications can be defined using finitely many data.

2 Basic Definitions

2.1 Difference Algebra

In this section, we will introduce the generalization of the standard difference alge-
bra with one and several endo- or automorphisms [2, 14] that we need. Let G be a
semigroup. In what follows, we will assume that G has an identity element, which we
will denote by e. If G and G’ are semigroups, e and e’ are their identity elements, and
¢:G - G’ is a semigroup homomorphism, we will assume that ¢(e) = e’. In what
follows, we use the standard notation for the semigroups N = ({0,1,2,...},+) and
Z|tZ = ({0,1,...,r =1}, + (mod r)), r > 1. The semigroup of ring endomorphisms
of a ring k is denoted by End(k).

Definition 2.1 A G-ring (resp., G-field) is a commutative ring (resp., field) k together
with a semigroup homomorphism Ty: G — End(k). For each g € G, we also call the
pair (k, Tx(g)) a g-ring (resp., g-field) and write g:k — k instead of Ty (g): k — k,
both for simplicity and to follow the general convention in difference algebra.

Example 2.2 LetG = Nand k = C(x). Then for each a € N, Ty(a)(x) = x + a,
Ty(a)(x) = 2°x, Ts(a)(x) := n°x, and Ty(a)(x) := x*) induce homomorphisms
Ty, Ty, Ts, and Ty from G to End(k). Note that T; and T; also induce a homomor-
phism N * N — End(k), where * denotes the free product of semigroups, and T, and
T; induce a homomorphism N x N - End(k).

Definition 2.3 A morphism of two G-rings (R, Tg) and (S, Ts) is a ring homomor-
phism ¢: R — S such that, forall g € G, ¢ o Tr(g) = Ts(g) © ¢.

Let k be a G-field.

Definition 2.4 A k-G-algebra is a k-algebra R such that R is a G-ringand k — R is
a morphism of G-rings.

A morphism of k-G-algebras is a morphism of k-algebras that is a morphism of
G-rings. The category of k-G-algebras is denoted by k-G-Alg.

Definition 2.5 A k-G-algebra (R, Tg) is called finitely generated if there exists a
finite set S ¢ R such that R is generated by the set {T(g)(s) | g€ G,s € S}.

The ring of G-polynomials with coefficients in k in G-indeterminates y;, ..., y, is

the ring k{y1,..., yn}c = k[yig:g € G,1 < i < n] (here, y; . = yi, 1 < i < n), with
the G-structure given by h(yi ) = ying §h € G, 1< i< n.
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2.2 Difference Algebraic Groups and Their Representations

Let G be a semigroup and k be a G-field. In this section, we will introduce group
k-G-schemes and their representations, followed by the basic constructions with the
latter in Section 2.3. This is a straightforward but important generalization of differ-
ence algebraic groups (see [6, Appendix], [11, Section 4.1] and the references therein).

Definition 2.6  An affine group k-G-scheme H is a functor from the category
of k-G-algebras to the category of groups that is representable. An affine group
k-G-scheme H is called a G-algebraic group if the k-G-algebra that represents H is
finitely generated.

In what follows, we will simply say “group k-G-scheme” instead of “affine group
k-G-scheme” If H is a group k-G-scheme, the k-G-algebra that represents H is de-
noted by k{H}. A morphism of group k-G-schemes is a morphism of functors. If
¢:H - H' is a morphism of group k-G-schemes, then the dual morphism is denoted
by ¢*: k{H'} - k{H}.

Remark 2.7 The category of group k-G-schemes is anti-equivalent to the category
of k-G-Hopf-algebras, which are k-Hopf algebras such that all structure homomor-
phisms commute with T(g), g € G.

Alternatively, a k-G-vector space is a k-vector space with a semi-linear action of G,
ie, g(cv) =g(c)g(v), g€ G,cek,veV.Such k-G-vector spaces form a symmetric
tensor category (with the usual tensor product over k), and a k-G(-Hopf) algebra is
precisely a commutative (Hopf) algebra object in this category.

Let k be a G-field and H a group k-G-scheme (similarly for a k-g-scheme with
g2¢G).

Definition 2.8 A representation of H is a pair (V, ¢) comprising a finite-dimen-
sional k-vector space V and a morphism ¢: H - GL(V) of group k-G-schemes.

Here GL(V) is the functor that associates with a k-G-algebra R, the group of all
R-linear automorphisms of V ®j R. It is represented by the k-G-algebra

k{xu, ce ,xnnal/ det(xij)}(;’

which is the localization of the k-G-algebra k{ X1l -« > xnn} G by the multiplicative
subset generated by gdet(x;;), g € G, and where n = dim V. We will often omit ¢
from the notation.

Definition 2.9 A morphism (V,$) — (V',¢") of representations of H is a k-linear
map f:V — V' that is H-equivariant, i.e.,

feR
VorR—— V' ®r R

¢(h)l lfb'(h)
f®R
V& R——V ®R
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commutes for every h € H(R) and any k-G-algebra R.
The resulting category is denoted by Rep(H).

Remark 2.10 Rep(H) is equivalent to the category of finite-dimensional comodules
over k{H}.

2.3 Constructions With Representations
2.3.1 Basic Constructions

We will now recall several basic constructions that one can perform with representa-
tions.

* A k-sub-vector space W of a representation V of H is called a subrepresentation of
V if it is stable under H, i.e., h(W ®; R) ¢ W ® R for every h € H(R) and any
k-G-algebra R. Then W itself is a representation of H, and the quotient V/W is
naturally a representation of H.

e If V and W are representations of H, then the tensor product V ®; W is a repre-
sentation of H via

h®h
(Ver W) &k R~ (V& R)®p (W& R) —> (V& R) ® (W & R)
~ (V [ W) ®r R

for h € H(R).

* Similarly, the direct sum V @ W is naturally a representation of H.

* The representation of H consisting of k as a k-vector space and the trivial H-action
is denoted by 1.

e If V and W are representations of H, then the k-vector space Homy(V, W) of
k-linear maps from V to W is a representation of H. For any k-G-algebra R, h €
H(R), and ¢ € Homy(V, W) ®; R 2 Homg(V ®; R, W ® R), we define h(¢) €
Homy (V, W) ® R as the unique R-linear map such that

V&R —> W R

h(y)

VerR—— W®orR

commutes, that is, h(¢) = h o ¢ o h™'. In particular, if V is a representation of H,
the dual vector space V¥ = Homy (V, k) = Homy (V, 1) is a representation of H.

2.3.2 Semigroup Action

The above constructions with representations are familiar from the representation
theory of algebraic groups. The following construction, however, is unique to dif-
ference algebraic groups and, in a certain sense, which will be made precise in Sec-
tion 3, is sufficient to characterize categories of representations of difference algebraic
groups. Let (V, ¢) be a representation of H and g € G and let 8V = V @y k be the
k-vector space obtained from V by base extension via g:k — k. A similar notation
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will be adopted for other objects: if X is some object over k, then $X denotes the ob-
ject obtained by base extension via g: k — k. There is a canonical morphism of group
k-G-schemes g: GL(V') - GL(8V) given by associating, for any k-G-algebra R, with
an R-linear automorphism h: V ®y R - V ®j R the R-linear automorphism

@)  g(h)fVerR~(V®rR)®g R 2% (V @ R) ®x R ~ &V @ R.

Here, the former and latter isomorphisms are given by
v@a®r>velear and ve®nr®r,—»ve1leg(n)r,, veV,ackrrn,rnekR,

respectively, and the tensor product (V ®; R) ®g R is formed by using g:R — R

on the right-hand side. In terms of matrices, if ¢ = (e;,...,e,) is a basis of V and

A € GL, (R) represents the action of h on V ® R, i.e., h(e) = eA, then with respect

to the basis e®1of 8V, the action of g(h) on 8V ® R is represented by g(A) € GL,(R).
We can define a new representation (8V, g(¢)) of H as the composition

¢(¢):H % GL(V) & GLEV).

If f: V - W is a morphism of representations of H, then also ¢f:8V —¢& W is a mor-
phism of representations of H. Thus V ~» 8V is a functor from Rep(H) to Rep(H). In
terms of comodules, this functor can be described as follows. Let p: V — V ®; k{H}
be the comodule structure corresponding to the representation V and let

Ry:¥(k{H}) = k{H} ®x k > k{H}, a®bw g(a)-b.

Then the comodule structure corresponding to the representation 8V is
g id®R;
8(p): 8V = &V @ K(k{H}) —— #V & k{H}.
3 Tannakian Categories With Semigroup Actions

Let H be a G-algebraic group and H the group scheme obtained from H by forgetting
the difference structure. Then the category of representations of H (as a G-algebraic
group) is equivalent to the category of representations of H' (as a group scheme).
However, intuitively it is clear that the representation theory of H (as a G-algebraic
group) is much richer than the representation theory of H* (as a group scheme). The
main point of this section is to identify, in a rather formal manner, an additional “dif-
ference structure” on the category of representations of H that accounts for this pur-
ported richness. One can recover H (as a G-algebraic group) from its (Tannakian)
category of representations and this additional difference structure.

The main result in this section (Theorem 3.17) is a purely categorical characteri-
zation of those categories that are categories of representations of group G-schemes.
This is an analogue of the Tannaka duality theorem for group schemes. In the general
context of fields with operators, a Tannaka duality theorem was proven in [11]. How-
ever, in the situation that we are considering here (the case of a semigroup action),
it is possible to give a very simple definition of difference Tannakian categories and
a rather direct proof of the corresponding Tannaka duality theorem. We have, there-
fore, chosen to include an independent self-contained proof of the Tannaka duality
theorem for difference group schemes.
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In practice, the use of Theorem 3.17 warrants an effective description of actions of
a particular class of groups on categories. Lemma 4.1 and Theorem 4.2 contain such
a description for free products of free finitely generated abelian semigroups, the most
popular class of semigroups that appear in the applications.

3.1 Review of Tannakian Categories

We start by recalling the usual Tannakian formalism. Basic references for Tannakian
categories are [3,5,24]. We mostly follow [5] in the nomenclature:

* A tensor category is a category C together with a functor CxC - C, (X, Y) ~ X®Y
and compatible associativity and commutativity constraints

X®(Y®Z)~(X®Y)®Z, XQ0Y=Y®X,

such that there exists an identity object (1, e). The identity object is unique up to
unique isomorphism and induces a functorial isomorphism X ~ 1 ® X.

o If C is abelian and ® is bi-additive, we speak of an abelian tensor category. In this
case R := End(1) is a (commutative) ring, C is R-linear (via X ~ 1 ® X), and ® is
R-bilinear.

e Let R be a ring. An abelian tensor category over R is an abelian tensor category
together with an isomorphism of rings R ~ End(1).

* Let Cand D be tensor categories. A tensor functor C — D isa pair (F, a) comprising
a functor F: C — D and a functorial isomorphism ax y: F(X)® F(Y) ~F(X®Y)
such that some natural properties are satisfied. If C and D are abelian, F is required
to be additive. We will often omit « from the notation and speak of F as a tensor
functor. A morphism of tensor functors is a morphism of functors also satisfying
some natural properties.

* Atensor category is called rigid if every object X has a dual X" (cf. [5, Definition 1.7]
and [3, 2.1.2].)

* Letkbeafield. A neutral Tannakian category over k is a rigid abelian tensor category
C over k, such that there exists an exact faithful k-linear tensor functor w:C —
Vecty. Any such functor is said to be a fibre functor for C.

* For every k-algebra R, composing w with the canonical tensor functor Vect;, —
Modg, V ~ V ® R yields a tensor functor w ® R:C - Modg. We can define a
functor Aut®(w): Alg, — Groups by associating to every k-algebra R the group of
automorphisms of w ® R (as tensor functor).

The main result about Tannakian categories is the following theorem.

Theorem 3.1 ([5, Theorem 2.11]) Let C be a neutral Tannakian category over k and
w:C — Vecty a fibre functor. Then H = Aut®(w) is an affine group scheme over k
and w induces an equivalence of tensor categories between C and the category of finite-
dimensional representations of H.

For later use, we record a corollary.

Corollary 3.2  Let k be a field and C, C' neutral Tannakian categories over k with
fibre functors w and w', respectively. There is a canonical bijection between the set of
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morphisms of group k-schemes from H = Aut®(w) to H' = Aut®(w’) and the set of
equivalence classes of pairs (F, a), where F: C' — C is a tensor functor and a: wF — w’
an isomorphism of tensor functors. Another such pair (Fy, ay) is equivalent to (F, a) if
there exists an isomorphism of tensor functors F — F such that

WF — WF
w’

commutes.

Proof This follows from Theorem 3.1 and [5, Corollary 2.9] |
3.2 Actions of Semigroups on Categories

Let G be a semigroup. We will start with the main definition, which contains infinite
data if and only if G is infinite.

Definition 3.3 (see also [4, §0], [9, §1.3.3 and 1.3.4], and [8, §4.1]) A G-categoryisa
category C together with a set of functors T(g):C - C, g € G, and isomorphisms of
functors

crg T(f)oT(g) > T(fg), f.g€G,u:T(e) — idc,

such that the following diagram is commutative.

(3.) T(f) o T(g) o T(h) 25 T(fg) o T(h)

id ocg)hl iffg,h

T(f) o T(gh) —=— T(fgh)

If C is a small category, G-actions on C form a category Cg, in which

(i) an objectis a set of functors and isomorphisms

({T(g) g€ G} {crglf.g€G})

as above, and
(ii) a morphism between two objects, T and T”, is a set of morphisms of functors
{mpT(f) = T'(f) | f € G} such that t = 1" o m, and the following diagram is

commutative.

(32) T(f) o T(g) —2= T(fg)

T'(f) 0 T'(g) —= T'(fg)
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Lemma 3.4 Let F:C — C be a functor, g € G, and I F — T(g), an isomorphism of
functors. Then (T, {cf,g},1) = (T',{c} ,},1"), where

T'(h) :=T(h), he G~ {g}, T'(g):=F,

crn=crmfrheGN{gh  cppi=cgn(loid), ¢, = cpg(idol), heG,

and ' = 1if g # eand ' =11 if g = e. In particular, (T, {csn},1) = (T',{c} ,},id),
where

T'(h) := T(h), he G~ {e}, T'(e):=idc,

u=crm frheGa{e}, cp=con(iT oid), ¢, =cpe(idor™), heG.

In other words, for a given element of the semigroup, one obtains an isomorphic action

of the semigroup by replacing the action of this element by a functor that is isomorphic
to it.

Proof Letmy =id: T(h) - T'(h),h € G~ {g}andmyz =I"":T(g) — F. Then (3.1)
and (3.2) are commutative by the construction. [ |

3.3 Semigroup Actions on Tensor Categories

Definition 3.5 A G-®-category is an abelian tensor category C together with an
action T of G on C such that

(i) forallgeG, T(g):C — Cisatensor functor,
(ii) forall f,g€G,cr ot T(f)oT(g) = T(fg)andi:T(e) — idc areisomorphisms
of tensor functors.

If C is a G-®-category, then R := End(1) is naturally a difference ring via
T(g):End(1) » End(T(g)(1)) ~End(1), ge€G.

The latter isomorphism is derived from the uniqueness of the identity object and the
fact that a tensor functor respects identity objects. Note thatforallg € G, T(g):C — C
is T(g)-linear, i.e., T(g)(re) = T(g)(r)T(g)(¢) for every morphism ¢ in C and
r€R.

Definition 3.6 Let R be a G-ring. An R-linear G-®-category is a G-®-category that
is R-linear and such that the canonical ring morphism /: R — End(1) is a morphism
of G-rings. An R-linear G-®-category is said to be over R if [ is an isomorphism of
G-rings.

The following is a prototypical example of a difference tensor category.

Example 3.7 Let R be a G-ring. The category Modg of R-modules is naturally a
G-®-category over R.

* The tensor product is the usual tensor product of R-modules.
* For all g € G the tensor functor T(g):Modgr - Modg, M ~ &M is given by base
extension via g:R — R, i.e., T(g)(M) = 8M = M ®x R. The R-module structure
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of 8M comes from the right factor. So, explicitly for m € M and r, s € R we have
(3.3) s-(mor)=m®sr and sm®r=mq g(s)r.

In particular, for g = e, we have a functorial in M isomorphism T'(e)(M) = M.
Moreover, for all R-modules M and N and f € Hom(M, N), we define

T(g)(f)(mer)=f(m)er,

as usual for base extensions, and T'(g)(f) € Hom(T(g)(M), T(g)(N)).
e Forall g, h € G, and an R-module M, the isomorphism

(34) cen:T(g)T(h)(M) - T(gh)(M), m@r®s—m®eg(r)s, me M, r,s €R,

is functorial in M.

¢ The functorial isomorphism, which is part of the data of a tensor functor, is the
natural one: $M @ 8N ~ §(M ® N).

* The identity object (1, e) is the free R-module 1 = Rb of rank one with basis b
together with e:1 — 1 ® 1 determined by e(b) = b ® b.

Note that by identifying R with End(1), we recover the original T(g):R — R from
T(g):End(1) — End(1).

In what follows, we will always consider the category of modules over a G-ring
with the above described G-®-structure. In particular, if k is a G-field, then Vecty is
naturally a G-®-category (over k).

Definition 3.8 Let C and D be G-®-categories via Tc and Tp, respectively. A
G-®-functor C — D is a pair (F, a) comprising a tensor functor F:C — D and a set
of isomorphisms of tensor functors a = {ag: Fo Tc(g) - Tp(g) o F:C—->D | ge G}
such that the diagram

(3.5) FoTc(e) ————=Tp(e)oF

\/

is commutative, and for all f, g € G, the following diagram is commutative.

(3.6) FoTe(f)oTe(g) — " FoTe(fg)
(idoocg)(zxfoid)l l“fg
cp )goid
To(f) o To(g) o F d To(fg) o

Example 3.9 Let Rbea G-ringand S an R-G-algebra. Then Modg - Modg where
M ~ M ®p S, together with the functorial isomorphisms

g M ®OrS=(M®rRR)®rS=*M@rS~(M®rS)®sS=8M®rS), ge€G,
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derived from the commutativity of

is a G-®-functor.
The composition of G-®-functors is a G-®-functor in a natural way.

Definition 3.10 Let (F,a), (F',a’):C - D be G-®-functors. A morphism of
G-®-functors (F,a) — (F’, oc’) is a morphisms of ®-functors 3: F — F’ such that
the diagram

oid
(3.7) Fo Tc(g)L-F’oTc(g)

|

ido
To(g) o F = To(g) o F'
commutes for all g € G.
3.4 Semigroup Actions on Tannakian Categories

Definition 3.11 Let k be a G-field. A neutral G-Tannakian category over k is a
G-®-category C over k that is rigid (as a tensor category) and such that there ex-
ists a G-fibre functor C — Vecty, i.e., a G-®-functor (F, a) with F exact, faithful, and
k-linear.

Example 3.12 Let k be a G-field and H a group k-G-scheme. The category Rep(H)
of representations of H is a neutral G-Tannakian category over k in a natural way.

¢ The tensor product and dual are as described in Section 2.3.

* The tensor functors T(g): Rep(H) — Rep(H), V ~ 8V, g € G, are also described
in Section 2.2.

* Forall g, h € G,and V € Ob(Rep(H)),

cqn:T(gT(h)(V) = T(gh)(V), ver®s—=veg(r)s, veV,rseck.

* The G-®-functor w: Rep(H) — Vecty that forgets the action of H is a G-fibre func-
tor for Rep(H).

Theorem 3.17 asserts that Example 3.12 is “essentially” the only example of a neutral
G-Tannakian category. However, there are natural examples of neutral G-Tannakian
categories for which the determination of the corresponding group G-scheme is a
highly nontrivial problem.

Definition 3.13 We will define the G-®-category of differential modules. Let K be a
G-field and a 0-field (that is, 0: K — K is a derivation) such that, for all g € G, there
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exists a non-zero ag € K such that g: K — K satisfies d o g = agg o 9, and for all
g hegG,
(3.8) agh = agg(an).

For example, if the G-action commutes with 0, all the a,s can be chosen to equal 1.
As in [25, Definition 1.6 and Section 2.2],

* the objects are finite-dimensional K-vector spaces M with an additive map
0:M — M satisfying d(am) = d(a)m + ad(m), a € K, m € M;

¢ the morphisms are K-linear maps that commute with 0; the tensor structure is as
in the vector spaces, with d(m @ n) =d(m) ® n+m® d(n), me M,n e N;

* the G-action is given as in Example 3.7 with the differential module structure de-
fined on T(g)(M), forall g € G, by

(3.9) o(m®r):=0d(m)e (agr) +mead(r)
and extended to sums by additivity.

Proposition 3.14  The category of differential modules defined above is a G-®-category
over the G-field K° = {a € K | 9(a) = 0} = End(1).

Proof Recallthat T(g)(M) = M ®k K, where the tensor product is considered with
respect to the field homomorphism g: K — K. As in [25], the above is a ®-category,
with (3.9) being well defined as, on the one hand, for all g € G,

o(mr®1) = (o(m)r+mor) ® ag = d(m) ® agg(r) + m ® agg(or)
=0(m) ® agg(r) +m®d(g(r))
and, on the other hand,
o(mrel)=0(me®g(r)) =d(m)®ayg(r)+med(g(r)).
Moreover, 0: T(g) (M) — T(g)(M) is a differential module structure. Indeed, for all
m € M and r, s € K, we have by (3.3)
d(s(mer))=0(mers)=0(m)® (agrs) + m® d(rs)
=s(d(m)®@agr) +s(m®9d(r)) +9(s)(m®r)
=sd(mer)+d(s)(mer).
For all g, h € G, condition (3.8) implies that ¢, ,(M): T(g)T(h)(M) - T(gh)(M)

is a morphism of differential modules. Indeed, for all m € M, r,s € K, using (3.4), we
have

Icgn(M)(m®r®s)) =0(meg(r)s) =0(m)®agyg(r)s+ma® d(g(r)s)
=0(m)®agug(r)s+m® g(d(r))ags + me g(r)o(s)
=d(m) ® gapr)ags + m® g(d(r))ags + m® g(r)a(s)
=cen(M)(0(m)®apr®ags+me@d(r)®ags+mere®d(s))
=cen(M)(0(m®r)®ags+mer®ad(s)) =cgn(M)(d(meres)).

From Example 3.7, we now conclude that ¢, is an isomorphism of tensor functors
T(&)T(h) - T(gh).
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Moreover, we have a, = a,, = a.g(a.). Hence, since a, # 0, g(a,) = 1. Since
g:K — K is injective, we conclude that a, = 1. The condition a, = 1 implies that
1(M): T(e)(M) — M is a morphism of differential modules. Indeed, for all m € M
andr e K,

(MY((mer))=i(M)(d(m) ® a,r+m®dr) =0(m)-1-r+mor
=d(mr)=0(1(M)(m®r)).
By Example 3.7, 1: T(e) — id is an isomorphism of tensor functors. ]

On the level of explicit computation (by considering M with a choice of a basis, as
in the differential Galois theory [25, Section 1.2]), given a matrix differential equation
0Y = AY, the action of T(g) on it is given by (cf. [6, §1.1])

I(g(Y)) = agg(a(Y)) = agg(AY) = agg(A)g(Y).
In other words, if dY = AY is the matrix differential equation of M with respect to a
basis ey, ..., ey, then 0Z = agzg(A)Z is the matrix differential equation of T'(g)(M)
with respect to the basise; ® 1,...,e, ® 1.

Example 3.15 For instance, let K = Q(x), 0 = 9/dx, G = Z, and T(1)(f(x)) =
f(2x). Then d o T(1) = 2T(1) o 9, and therefore, the differential equation d(y) = y
is sent by T'(1) to the differential equation d(y) = 2y, which can also be seen on the
level of solutions: e* is sent to e>*.

Let k be a G-field, C a neutral G-Tannakian category over k, and w: C - Vecty a
G-fibre functor. For every k-G-algebra R, composing w with the G-®-functor

Vecty - Modg, V ~ V @R,

yields a G-®-functor  ® R:C — Modg. Let Aut®®(w)(R) denote the group of all
automorphisms of w ® R, i.e., invertible morphisms w ® R - w ® R of G-®-functors.
Then Aut®®(w) is naturally a functor from k-G-Alg to Groups.

If C = Rep(H) and w are as in Example 3.12, we have a canonical morphism

H - Aut®®(w)

of group functors on k-G-Alg. (The statement that & € H(R), when considered as a
morphism of functors i: w ® R - w ® R, respects G, is precisely identity (2.1).)

For a k-G-algebra R, let R! denote the k-algebra obtained from R by forgetting
the G-action. Similarly, for a group k-G-scheme H, let H' denote the group scheme
obtained from H, by forgetting the G-action, i.e., H is the affine group scheme rep-
resented by the Hopf algebra k{ H}'.

Proposition 3.16  Let k be a G-field, H a group k-G-scheme, and w: Rep(H) — Vecty
the forgetful G-®-functor. Then the canonical morphism H — Aut®®(w) is an isomor-
phism.

Proof Let R be a k-G-algebra. By forgetting the G-structure, we can interpret w

as a fibre functor for a Tannakian category. Then [5, Proposition 2.8] says that the
natural map H'(RY) — Aut®(w)(RY) is bijective. It therefore suffices to see that,

https://doi.org/10.4153/CJM-2016-011-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-011-0

Tannakian Categories With Semigroup Actions 701

under this bijection, H(R) ¢ H*(R") corresponds to Aut®® (w)(R) c Aut®(w)(R").
Thus, we must show that, for an isomorphism of G-®-functors f:w ® R - w ® R,
the corresponding morphism h € Homy (k{H}n, R”) = H'(R") is a morphism of
difference rings. Let ¢ € k{H}. We have to show that h(g(¢)) = g(h(¢)), g € G.
Using Sweedler’s notation, we may write

(3.10) A(9) =D 90y ® p(2) € V @ k{H}.

Then V := span; {¢) } is a finite-dimensional H-stable k-subspace of k{ H} contain-
ing ¢, as (id ®¢) o A(¢p) =1® ¢. By assumption, forall g € G,

(.11) Ve R— ~ 8y @ R

§V ®kR) ﬂg(v ®k R)

commutes. By (3.10), Bv (¢ ®1) = h(¢ ®1) = ¥ ¢(1) ® h(¢(2)) € V ®; R. Chasing
(p ®1) ®1¢€ 8V @ R through diagram (3.11), we see that

Yo ®h(g(en) =D 90 ®g(h(¢r))) € V &k R,

where the latter tensor product is formed by using k % k > Ronthe right-hand side.
Applying the counit &: k{ H} — k to this identity, we conclude that

> g(elpay)))h(g(92))) = h( Y g(e(e1)g(92)))) = h(g(9))
and

Y 8(elom))g(h(92))) = g( Y. e(ea))h(9@))) = g(h(9))

are equal. So, as claimed, h is a morphism of G-rings. ]

Theorem 3.17  Let k be a G-field and (C, w) a neutral G-Tannakian category over k.
Then H = Aut®® (w) is a group k-G-scheme and w induces an equivalence of G-®-cate-
gories over k between C and Rep(H).

Proof Let C! denote the tensor category obtained from C by forgetting G. Simi-
larly, let w!: C* — Vect; denote the tensor functor obtained from w by forgetting the
G-structure. Then (C!, w*) is a neutral Tannakian category over k. By Theorem 3.1,

H = Aut® (o)

is an affine group scheme over k. The crucial step now is to use the G-structure on C to
put a G-structure on K, i.e., to turn the k-Hopf-algebra k[H] into a k-G-Hopf alge-
bra. To put a G-structure on 3{ is equivalent to defining, for every g € G, a morphism
of k-groups g: H — 83 such that

— 7 s
(i) fg:3 - YOI is equal to I EAYTCIN F(83¢) = U9 forall f,g € G and
(i) e=id.
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For a k-algebra R, let ;R denote the k-algebra obtained from R by restriction of scalars
via gtk — k. So ;R equals R as a ring but the k-algebra structure is given by k — R,
a +— g(a). For every object X of C, we have

g(w(X)) ®r R = ((U(X) (22 k) ®r R~ a)(X) Q gR.

It follows that (T(g) o w) ® R and w ® (R are isomorphic as tensor functors from
C to Modp, and we find that Aut®(T(g) o w)(R) =~ H(gR) = #H(R). Since the
construction is functorial in R, we see that Aut®(T(g) o w) =~ 8.

We define a morphism of k-groups ¢: H = Aut®(w) — Aut®(w o Tc(g)) as fol-
lows. If R is a k-algebra and A € H{(R), in particular Ax: w(X) ® R — w(X) ®; R
for every object X of C, then we have

$r(M)x = Are(g)(x): @(Tc(8) (X)) @k R = (T (X)) ® R.
The isomorphism e, : wo Tc(g) = T(g) o w of tensor functors yields an isomorphism
Aut®(wo Tc(g)) » Aut®(T(g) o w).
In summary, we have a morphism of k-groups
H = Aut®’(w) - Aut®(wo Tc(g)) =~ Aut®(T(g) o w) =~ ¥KH.

In detail, if A € F((R), then gr(A) € 8H(R) = H(R) is given, for each object X in C,
by (gr(1))x being the morphism making

0(Te(g)(X)) @ R — 22 (Te(g)(X)) @y R
(«xg)x®idi l(ag);@id
T(g)(w(X)) @ R T(g)(w(X)) @ R

(8r(1))x

w(X) ® gR w(X) ® ¢R

commutative.
Let us show that (i) above is satisfied for any f, g € G. So, for a k-algebra R and
A € H(R) we need to show that

M@ (fr(V) = (F)r(A) € VOH(R) = H(y4R).
For an object X of C, the automorphism

H@) (M) x: 0(X) ® 7R - 0(X) ® f¢R
corresponds to the automorphism

Are(h)(re(e)(x)): (T ()(Te(8)(X))) ®k R — (T (f)(Tc(8)(X))) @k R
under the chain of isomorphisms

Y12 0(X) ® fgR = T(g)(w(X)) ® sR = w(Tc(g)(X)) ® R
= T(f)(@(Tc(g)(X))) ® R = w(Tc(f)(Tc(g)(X))) ® R.

On the other hand, the automorphism
(Fr(V)x: 0(X) @k fR > w(X) ® 1gR
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also corresponds to the automorphism

Ate(p)(te(g) (0 @(Te(f)(Te(8) (X)) @k R = w(Tc(f)(Tc(g)(X))) @k R

under the chain of isomorphisms

y2:(X) @ rgR = T(fg)(w(X)) @k R~ w(Tc(fg)(X)) @ R
= 0(Tc(f)(Tc(8)(X))) @k R.

To prove (i), it therefore suffices to see that y; = y,. But this is guaranteed by (3.6).

To prove (ii), let R be a k-algebra and A € H(R). For an object X of C, the au-
tomorphism €z(1)x of w(X) ®; R corresponds to the automorphism Az, (.)(x) of
w(Tc(e)(X)) ®k R under the isomorphisms

w(X) ® R=T(e)(w(X)) & R = w(Tc(e)(X)) ® R.

A
w(X)®r R u w(X)®r R

i Arc(eyx) J’

w(Tc(e)(X)) ® R ——— w(Tc(e)(X)) ®« R

commutes and w ~ w o Tc(e) ~ T(e) o w ~ w is the identity transformation by (3.5),
it follows that ex (1) x = Ax. So €r(1) = A as required.

Let H be the group k-G-scheme defined by the G-structure on 7, i.e., H is repre-
sented by the k-G-Hopf-algebra k[HH]. We will next show that

H(R) = Aut®®(w)(R) c Aut®(w)(R) = H(R)

for any k-G-algebra R.

Note that if H is a group k-G-scheme, J{ the group k-scheme obtained from H
by forgetting the difference structure, and R a k-G-algebra, then H(R) c H(R) can
be described as follows. For every g € G, we have two maps from H(R) to 8H(R):
gr:H(R) — #H(R) and the map H(g):H(R) - H(gR) = £H(R) obtained from
the k-algebra morphism g: R — 4R by the functor property of H. One immediately
checks on the coordinate rings that a morphism of k-algebras k{H} = k[H] - R
commutes with the action of g if and only if it lies in the equalizer of gr and H(g).
Thus, H(R) c H(R) is equal to the intersection of all these equalizers.
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So A € H(R) lies in H(R) if and only if the outer rectangle in

Tc(8)(X)

w(Te(g) (X)) @k R PN (Te(g)(X)) @ R

T(g)(w(X))®k R T(g)(w(X)) ® R

~R A X
w(X) ® ¢R @D (x) e <R

Ax®id

(w(X) ® R) ®r 4R (w(X) ® R) ®r 4R

commutes for all g € G and all objects X of C. But this is just (3.7) spelled out in detail.
Therefore, H(R) = Aut®®(w)(R) and H = Aut®®(w) is a group k-G-scheme.

For every object X of C, the vector space w(X) is a representation of H and w can
be interpreted as a G-®-functor from C to Rep(H). Since C - Rep(H) (Theorem
3.1) and Rep(H) — Rep(H) are equivalences of categories, C — Rep(H) is also an
equivalence of categories. |

3.5 More on Representations

In this section, we will give a more explicit presentation of G-Hopf algebras and cat-
egories of representations of difference algebraic groups.

3.5.1 Explicit Formula for Semigroup Action

More explicitly, to obtain the G-Hopf algebra representing Aut®®(w), similarly to
[19, Section 6.3] and [10, pp. 370-371], one can take the Hopf algebra A that represents
Aut®(w):

A= @ o(V)ex w(V)V/U,

VeOb(C)
where U is the k-subspace spanned by

{(idew(¢)"-w(¢)®id)(z) | V, W € Ob(C), ¢ € Mor(V, W),z € w(V)®w(W)"},

and define the action of G on A as follows. For V € Ob(C),letv € w(V) and u «

w(V)V.Forall g € G, we define T(g)(v®u) € w( T(g)(V)) Ok w( T(g)(V))V by:
T()(veu)=(el)eT(g)(u), T(g)(u)(wea):=aT(g)(u(w)),

forall w € w(V),a € k. For A defined as in [10, pp. 370-371], one uses the same
formula, but conjugated by the isomorphism

9:1(V) @k (V)" > Homi(w(V), n(V)),
p(veu)(w)=u(w)v, ven(V),ucw(V)", wew(V),

where, for our purposes, 7 = w.
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3.5.2 Characterization of Difference Algebraic Groups

In this section, we will show how to recognize categories of representation of G-alge-
braic groups among those of group G-schemes.

Let G be generated by S ¢ G. Recall that, for all g € G, I5(g) is defined to be the
length of a shortest presentation of g as a product of the generators. For all sloppy
fek{y,...,yn}c, we define

ordg(f) := max  Is(g).
g(yi) appears in f
For simplicity, in what follows, we assume that S is fixed and drop the subscript S
from ord.

Definition 3.18 We say that an object V of a G-®-category C is a G-®-generator of
C if the set of objects {T(g)(V) | g € G} generates C as an abelian tensor category.

A representation ¢: H — GL(V) is called faithful if ¢*:k{GL(V)} - k{H} is
surjective.

Theorem 3.19  Let H be a G-algebraic group. Then every faithful representation of H
G-®-generates Rep(H).

Proof This proof closely follows the proof of [19, Proposition 1]. Let U be an A :=
k{H}-comodule. By [27, Lemma 3.5], U is an A-subcomodule of U ®; A = A™,
puega = idy ®A. The canonical projections 77;: A™ — A are H-equivariant (with
respect to the comultiplication A: A - A® A). Since U c A™, we have

m
Uc @ ﬂi(U))
i=1

and each 71;(U) is an A-comodule. Let (V, ¢) be a faithful representation of H and
fix a basis v1,...,v, of V. Let m = ¢*:B := k{x11,...,Xnn,1/det}¢ — A be the
corresponding surjection of k-G-Hopf algebras. Since 7;(U) is a finite-dimensional
A-subcomodule of A, there exist 7, s, p € Zso and a finite subset S ¢ G such that 77; (U)
is contained in (L, s, ), where
Ls,rsp = l_g(gdet)_’{f(x,-j) | deg(f) <s,ord(f) < p}.
g€

The comultiplication of B is given by A(xij,¢) = X1 Xi1,g ® X1j,¢» & € G, forall i, j,
1<i,j<n,and Lg,,,p is a B-subcomodule of B, because

A(xijxpq) = Zn: XilXpr ® X1jXrq and ord(fif2) = max{ ord(f1), ord(fz)}.

I,r=1

Hence, Ls, s, is also an A-subcomodule of B. Therefore, each 77;(U) is a subquotient
of some Lg ;,p. Thus, we only need to show how to construct these Ls , s, , from V.
For each i,1 < i < n, the map ¢;:V — B, v; = x;; is GL, (hence, H)-equivariant,
because

(¢i ®id)(pv(v))) = (¢i ®id)(]§:1’l ® x) = lixil ® x1j = A(xij) = pa(9i(v;)).
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Every f € Ly 0,1,p is of the form

n
f=2 X cixijg cijek

i,j=1g€S¢

for some finite Sy ¢ G such that, forall h € S¢, ord(h) < p. As noted above, this space
is an A-subcomodule of B. The map (¢, ..., ¢, ) induces

(Tp(V)" 2 Loyp. Tp(V):= D T()(V),
geG
Ir,s(g)<p

as A-comodules, not necessarily finite-dimensional. Hence, one can construct
L@,O,l,]r

Let s € Zs,. The A-comodule Ly 5., is the quotient of (Lg;0,1,5)® by the sym-
metric relations. So we have all Ly o,,. Now let s = n = dim; V. Then the one-
dimensional representation det: H — GL; with h ~ det(h) isin Lg g,y . For f € kY,

we have det(h)(f)(x) = f(x/det(h)) = ﬁ(h)f(x) Thus,

®r
LS,r,s,p = ( @ggdet*) ® L@,O)s,pa
g€

which is what we wanted to construct. [ |

Corollary 3.20 Let H be a group k-G-scheme. Then H is G-algebraic if and only if
Rep(H) has a G-®-generator.

Proof This follows from Theorem 3.19 using [10, Proposition A.2] and Section 3.5.1.
|

4 Defining Actions Using Generators and Relations

It is natural to ask for which classes of semigroups can their actions on small cate-
gories be defined using only finitely many data. For instance, can one find a restric-
tion functor R from Cg to the category of actions of a particular finite subset of G
(or some other finite subset of some other semigroup associated with G, as done in
[4, Théoréme 1.5]) so that R is an equivalence of categories? In Theorem 4.2, we will
show that this is the case for finite free products of semigroups of the form

N xZ/mZ x - x Z|n,Z,

which is the main result of this section. By Lemma 4.1, this also implies that actions
of finite free products of such groups on categories can be described using finite sets
of diagrams.

4.1 Actions of Free Products of Semigroups

In this section, we will show how to describe actions of free products of semigroups
on a small category C in terms of actions of each of the semigroups.

For every pair of semigroups G; and G,, we have the category Cg, x Cg, [15, SIL.3].
We will define the restriction functor R: Cg, .6, = Cg, x Cg, as follows:
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o foranobject T=({T(g):C—>C|geGi*Gy},{cro|f,g€Gi*G,}),welet

R(T) ::(({T(g):C—>C|geGl},{cf,g|f,geG1}),
({T(8):C~C| geGa}.{cre| frgeGa}));

» for objects Ty and T, and a morphism m = {ms: Ty(f) - To(f), f € Gi * G2}, we
let

R(m) = ({mpTi(f) = To(f), f € Gi}, {mp: Ti(f) = Ta(f), f € Ga} ).

Lemma 4.1  For semigroups Gy and G, the restriction functor R: Cg, .6, — Cg, x Cg,
is an equivalence of categories.

Proof We will show this by constructing a quasi-inverse functor E to R. For every
object

(({r(@rc—>clgeai){ecrg| frgeti}),
({T():C~>ClgeGl {crel f.8€G}))s
define
E(T) = ({T(m) o T(m) oo T(ug) o T(vy) | s € Givi € Go1<i < g9 21},
{erg] fg€GixGa}),
where, for all presentations of the shortest length
f=uvi- vy, g=uvy-usv ui,u;eGl, v,»,v;er,lgiSr,lsjss,

s’s?

define

(4. crg =1d:T(f) o T(g) = T(fg)

if vy, u; # e or v,u; = e. Otherwise, if v, = e, define

(42)  cfg = 1dr(u)oT(m)omoT(tr)oT(vr) OCuput] © HAT(W ) 0moT(ut)oT(v1) -

The case u; = e is similar. The required associativity for ¢ follows from (4.1) and
(4.2) and the associativity for ¢, in each of G; and Gj.

Now let m € MOYCGGCGZ(Tsz) and f = wyvy---u,v, with u; € Gy, v; € Gy,
1< i <r,being a presentation of the shortest length. Define

Mg = My, © My ©---0 My, oMy,

which satisfies (3.2) by construction. By construction as well, R o E = idc, xc,,- We
will show that E o R 2 idc, ,,, - Indeed, let

Tl» T2 € Ob(CGI*GZ) and me D/IOI'CGI*GZ (Tl) Tz)
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Then the diagram

(EoR)(T}) —> T

(EoR)(m)l mi
IT2

(EoR)(T2) —= T,

is commutative, where, for each T € Ob ( CGI*GZ) , the set of isomorphisms of func-
tors I7: (E o R)(T) — T is defined by, for each uyv; -+ u,v, € Gy * G, successively
composing isomorphisms of functors of the form

Curvimuviuivisr-srv, AN Cuviup iy,
which finishes the proof. ]
4.2 Actions of Finitely Generated Abelian Semigroups

In this section, we will discuss actions of a category C of finitely generated abelian
semigroups of a special form:

(4.3) G=N"xZ/mZx---xZInZ, nj>1,1<j<r,

(for simplicity, let m = n + r) with a selected set A = {ay, ..., a,} of generators that
correspond to the decomposition (4.3). Let the category C, consist of

* objects of the form
T(a)|acA},{ig.a:T(a;)oT(a;) — T(a;)oT(a;)|1<j<i<m},
({1@ ] aca} {ioa ) o T(ar)|1<j<i<m)
{17 T(an)*™ —>id|1<j<r})

such that, for all iy, i, i3,1 < i} < i < i3 < m, the following diagram is commutative
(the hexagon axiom):

(4.4)
idoiai )
T(ai,) o T(ai,) o T(a;,) ——— T(ai,) o T(ay) o T(ai,)
i“iy“iind
T(ais) © T(aiz) ° T(ail) T(ail) © T(aiz) ° T(ai3)

id m“"z’“\l 1d°’ai3,ai2

0, a;, oid
T(ais) ° T(ail) © T(aiz) 34) T(ail) © T(ai3) ° T(aiz)
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aswellas, forall j,1<j<r,

(45) T(a,,+j) o T(Cln+j)onj71 ] T(an+j) E—— T(anﬂ-)o"i ] T(dnJrj)

l \LIjoidV
idol;

T(anﬂ-)o T(tl,Hj)onj T(Lln+j).

» morphisms between two objects T and T’ consist of morphisms of functors
{ma: T(a) > T'(a) | a € A} such that, for all 7,7, i < j, 1 < i,j < m, the fol-
lowing diagram is commutative:

(4.6) T(a;) o T(aj) ——> T(ay) o T(a;)

m,,iomajl ima}.omai
7

iai,av
T’(a,-) o T’(aj) *j> T’(aj) o T’(ai).
And for all j, 1< j <, the following diagram is commutative:

I,
(4.7) T(apsj)°" —— idc

on;
J
m“n+j
II

T'(ansj)°" > idc.

The restriction functor R: Cg — C, is defined as follows:

48) R({T(¢)|geG}{crelfg€G})
= ({T(a) | a € A}, {aya) = iy © Capays i > f}

{1j:=10 Canapuai™ 0770 Cangjpansp 1€ J < r} )
n+j

(4.9) R({mg|geG})={ma|acA},

where one shows that the latter satisfies (4.6) and (4.7) by combining several dia-
grams (3.2), for ca;,4;> €aj,a;> @0d Cq,,q,- Moreover, (4.4) is satisfied. Indeed, we denote
T; := T(a;), Tij := T(a;ia;), Tijx := T(aiajax), i, j,k = 1,2,3, and, for simplicity,
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omit the composition sign. Note that T;; = Tj; and Tjjx = -+ = Tgj;. We have
. -1 .
Casz,a, oid Cay,a3 oid Cay,ajaz
LLTLT —— Tnh — LT T2 Tis —— Tins
idoca,,a i* i idocay,a i* Tid OCay,a; Cayaz,az
. -1 .
Caz.ayay Cay,aras idocy ., Cay,ay 0id
T3Ty Tsn LTy ——LThTs —— TuTs
id ocgll,az * T5a1u3,a2 * C;II,aZOid
Caz,a; oid C;:,a3 oid idoca3,a2 idOC;;,aS
LLG—— T ——TTThL —— 1T ——Ti1T;
C“lv“3°idi Caj,azasz Cay,a,0id
Cajaz,ay Cajay,az
T3 T T3 Tn'Ts

We then have
. -1 .
Cﬂz,al ° ld = Ca1a2,a3 ° Cﬂz;“lﬂa © (ldoCal,as)’
. -1 . _ -1 . -1 .
(1docaz,a3)(1docu3)ﬂz) - (Cal,az ° ld) © Calaz,a3 ° Cﬂ1ﬂ3,u2 ° (Cﬂbas o ld)

Therefore,

(idOC;ZI)as)(idOCM’uz)
= (cpl 4, 01d) 0 (Caya, 0id)(idoc,! ;) 0 ol 4 0 © Carasiay © (Cayay ©id),

which finally shows the required equality of the two paths of isomorphisms of functors
with arrows marked “+” starting at T3 T Ty and ending at T, T, T5.
Finally, (4.5) is a direct consequence of iterated applications of (3.1).

Theorem 4.2  The functor of restriction R: Cg — C, defined above is an equivalence
of categories.

Proof First note that, by Lemma 3.4, we may assume that = idc. We will construct
a quasi-inverse functor E to R. For this, let T € Ob(C,). We define

E(T) = ({T(af‘---afn"‘ﬂd,- >0,1<i<m,d;<n;, n<i<m},
{cailmainm’alqlmagnm |si,qi20,1<i<m, s;,q; <n;,n<ics m}),
where
(4.10) T(ah---a%m) = T(a))*" 0---0 T(ay)™, T(e):=idc,

d,+j is taken modulo 7,1 < j < r, and each ¢ a1
1
priate composition of isomorphisms of functors

asm a®.qin 18 defined as the appro-

(1) idpayets  daap Lo 1<ijp<m, i>j,d>0,1<s<r,

. . s1+ Smt .
that corresponds to turning aj' -+ a$ -al' --- aly into a;' ™" - - ayr "1™ by successively

exchanging the adjacent powers of a;’s in this product starting with moving a;™ to the

position next to al", then similarly continuing with a;”1, and so on, and computing

q
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modulo the n;’s whenever needed. Note that we have fixed the above particular way
of the successive exchanges, and it will be used later. Finally,

E({mg|acA}):={mg|gecG},

where each m, is defined as the appropriate composition of the m,’s following (4.10).
To show that the associativity condition (3.1) holds, first note that (4.4) implies (3.1)
for all triples

(4.12) (ai>ai,,ai,), 1<y, 0,13 <m.

Indeed, if i} = i, = i3 > nand n;, = 2, then (3.1) follows from (4.5). Now if i < j, then
Ca;,a; = id, so it is sufficient to deal with the triples (4.12) with i; > i, > i3, which is
done in (4.4), taking into account that, by (4.10) and (4.11), we have

T(ai,)T(a;,)T(a;) = T(ay,ai,)T(a;,) = T(ai,ai,)T(ai,),
T(ai,)T(a;)T(ay,) =T(a;,)T(as,ai,) = T(ai,)T(ai,ai,),
T(a;i)T(ay,)T(ai,) = T(asai,ai,) = T(ai,ai,ai,),

Caiai, = laiyai>  Cayaiya, = (lag,,a, ©1d) o (idoig, a; )
Casyray = lag,an>  Caiyanay = (1d0ia; a. ) © (ia,,q; ©id).

For each f = a --- adm, weletdeg(f) = dy +---+d,,. Forevery g = a --- abm, we say

that f >geglex gif deg f > deg gorifdeg f = deggand (di,...,dm) >1ex (b1>--->bm)s
where > is defined by

(d],...,dm) >lex (b],. . .,bm) <~ i V] <i (dj = b]) and (d, > bl)

We further extend this order to the set {(f,g,h) | f,g h € G} by specifying that
(f>8h) >deglex (f'-g',h") if deg f + deg g + degh > deg f' + deg g’ + degh’ or if

deg f +degg +degh=degf +degg +degh’ and (f,g. h)>ex (f.¢ . h").

This can be viewed as a degree-lexicographical well-ordering on N*™. The general
case will be shown by induction on the triples (f, g, 1) well ordered by >gegiex. The
base case, in which (f, g, h) = (a;,ai,,a;, ), has been done above. Moreover, note
that, if f = e, or g = e, or h = e, then the statement is a tautology. Let us show (3.1)
for a triple (f, g, h) with f # e. Let = a; f’, where f’ does not have ay,...,a;_; init.
Then, by (4.10), T(a;)T(f") = T(a;f"), and therefore,

T(f)T(g)T(h) = T(a:)T(f)T(g)T(h).
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If f* # e, then by the inductive hypothesis, all squares in the diagram below are com-
mutative:

, idocys ,oid , Cay,f7g01d ,
T(a))T(f")T(Q)T(h) —— T(a:)T(f'¢)T(h) “=—= T(a:f'g)T(h)
idoidocgy idocf/g,h lc“if'&hcfg'h

T(a) T(f)T(gh) — ™ T(a) T(fgh) —" Z({f}’}f:))

Cai)froid=idoid Cayf'gh

T(a;f")T(gh) Casren=cran s
ot — g ghy = T(fh).

And, by the diagram for the triple (a;, f', £), ¢a, frgo(id ocs ¢) = ca, f7,g0(Cay,proid) =
Ca,fr,g © (idoid) = ¢y 4, which shows (3.1) for (f, g, h) in the case f # a;.

We now continue with the case of triples of the form (a;, g, h) as above by repre-
senting ¢ = a;g" if g # e. So ¢y, =id. If g’ # e and i > j, then ¢, 4, = id, and the
commutativity (by the inductive hypothesis) of the square diagrams below.

a idocaj,groid
T( l)T(g)T(h) . T(ai)T(ajg')T(h) = T(ai)T(g)T(h)

=T(ai)T(a;)T(g")T(h)
c,,'.,al.oidoid cai,goid
decsod T(azasg)T(h) = T(arg) T(h)
T(a;)T(a;)T(¢)T(h) ——— J
(a) T(a) T(¢)T(H) Ty e
idoidocyr idocy, o
, docai)g/h ,
T(a;)T(a;)T(g'h) T(a;)T(aig'h)
caj,uiOid=idoid Caj,a,»g’h
T(ajar) T(g'h) S T(ajag'h) = T(aigh)
’ idoca,—g',h ,
T(a;)T(aig")T(h) ——— T(a;)T(aig'h)
Caj,aig’oid_idOidOidl \Lcnj’ﬂig,h

T(ajaig')T(h) L T(ajaig'h) = T(aigh),

cai,ajoid
T(a;)T(a;)T(g'h) —— T(a;a;)T(g'h)

ldoca"'g,hl Cuiai,g’hi

T(a:)T(a;g'h) ——* > T(a;gh),
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shows that
Cu,-g,h(ca,-,g oid) = Cuj,ufg’h(idocufg’,h)(ca;,g oid) = Cajui,g’h(cai,a,- ° Cg’,h)

= Caygh(idocy; gp)(idoidocy i) = cqp gn(idocg ) (id ocy;,gr 0 id)

= Cu,«,gh(id ng,h)-

This implies (3.1) in this case as well. If ¢’ # e and i < j, then the following square
diagrams are commutative by the inductive hypothesis:

idocu_,g/oid did: / _ a;
T(a;)T(a;)T(g')T(h) ——— T(aia;g')T(h) = T(aig)T(h)

=T(ai)T(a;g")T(h)
idoidocgr,h lid ocﬂjg/)h=idocg,h
idocaj,grh
T(ai)T(a;)T(g'h) T(ai)T(a;g'h)
Caja;0id=id 0 id Cajajg’h=Cajgh
Caja;g'h
T(a;a;)T(g'h) - T(ajajg'h) = T(aigh)

and

T(@)T()T(h)  Howw 0o
=T(a;)T(a;)T(g")T(h) T(aia;)T(g'h)

cui,goid=idoidl lcaiuj,g’h
Cajg.h

T(aig)T(h) ————— T(aigh)

with the latter following directly from the definition of the isomorphisms ¢ (4.11) and
from (4.5)ifi > n, j = i,g = a!""'¢”, and h contains a;. This implies (3.1) in this case,
too.

Therefore, it remains to treat the case of a triple of the form (a;,a;, h). As be-
fore, let h = a;h’, with h’ containing no a;» with I’ < I, and suppose that 4’ # e.
If I > max{4, j}, then (3.1) holds by the definition of the isomorphisms ¢ (4.11), and
additionally, if i = j = | > nand n; = 2, it follows from (4.5). If | < j < i, then, by
definition and the inductive hypothesis, we have the commutativity of the diagrams

id OCu-,aIOid

T(a) T(a)) T(a) T(H) — 2T () T(aray) T(H) —2 5 T(a)) T (a) T(a;) T( W)

cai’a}.oidi lid"‘“i'“;“’id
id

T(a)) T(a) T(a)) T( W) =" T(a) T(aa) T(H) —2""  T(araza)T(1')

:C"j'"l“i oid

lidocﬂl“ivh' lldocaiai’h/
doc,. p Caj,a;h

T(a)T(ar) T(h) — " T(a;)T(ah) —— T(aiazh)
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and

T(a))T(a:) T(h) ——% T(a;)T(a;h)

idl icaj,a,.h

T(aja;)T(h) —2"~ T(aa;h),

idoc,

T(a))T(a;)T(a;) T(h') —2= T(a))T(a;)T(a;h")

1doc,,i,,,joldl lldoc“i’ajhl
id OCq.a. 1/

Jr

T(a;)T(aja;)T(h') ———— T(aiajh),
which show that
Caiuj,h(ca;,ui ° ld) = Caj,u,»h(idocai,h)(cai,aj ° ld)
= (idocg;q;,m) (id 0Cq;,a; 0 id) (Cay,a, © id) (id 0Cy 4, © id)
= (idocg;,a;n) (id ocq 1) (€aya, ©1d) (id 0Cq),q, © id)
= (idocg;,a;n) (Cayra, @ 1d) (id oy, 1) (id 0Cq;,q, © id)
= Ca,-,ajh(id OCa}.’h).

Hence, we have shown (3.1) in this case. If j < I < i, then, by definition, the following
diagram is commutative

T(a;)(a;)T(a)T(h') et T(a;a;h)

Ca,-,njl \Lidocui’hr
idocg;,q 0id

T(a;a;)T(a;)T(h'") ——— T(aja;a;)T(h'),

Cajn =1id,and ¢g 0,0 = id ocy, = id 0cy, 0, 0id = id oc,,, ;i Hence, we have shown (3.1)
in this case as well. Finally, if i < j, the, by definition,

T(a) T(a) T(h) 2 T(a) T(ah)

ld:cu"'ajl icui,ajh

T(aia))T(h) —"— T(a;a;h)

is commutative, showing (3.1) in this case, too. Therefore, we have reduced show-
ing (3.1) to the case of a triple (a;, aj, a;), which is the base of the induction. This
completes our induction, showing (3.1) for all triples (f, g, h).

Forall Tj, T, € Ob(C4) and m € Morc, (T, T>), we define E(m) := {my | g € G},
where Mg qim = m;’fl‘ 0---0 m‘;i"‘. By (4.6) and (4.11), for all f, g € G, diagram (3.2)
is commutative.

By construction (4.8) and (4.9), Ro E = idc,. It remains to show that Eo R = idc,.

Indeed, let T1, T, € Ob ( CG) , m € Morc,(T1, T»), and g € G. Then the diagram of
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morphisms of functors

(EoR)(T1)(g) —2= Ti(g)

(EOR)(M)gi J{mg

Ir,,
(EoR)(T2)(g) — Ta(g)
is commutative, where, for each T € Ob ( Cg) , the isomorphism of functors

Irg: (EoR)(T)(g) = T(8)
is defined by successively composing isomorphisms of functors of the form

dm >

d;
i+ g4

Ca d
1480

which completes the proof. ]
4.3 Examples
Example 4.3 If one does not require that (4.4) hold, one can obtain a non-associa-
tive semigroup action. Indeed, let C = Vectg, G = N°, and A = {a;, a,, a3 }. Define
T(a;)(V)=Q@aV, T(a;)(¢) =idg®¢p, V,W € Ob(C), ¢ e Hom(V, W),
for i =1,2,3. Forall M € GL,(Q) and 1 < i, j < 3, ¢y @ id defines an isomorphism
T(a,») o T(aj) - T(tl]) o T(a,-),
where ¢5r: Q? — Q? is multiplication by M. Then for all M;, M,, M3 € GL,(Q) such

(5 D)6 )5 3)elo ) (5 26 )

diagram (4.4) is not commutative if we set iy, 0, = ¢, @ id, ig,.0, = ¢, ® id, and
igy,a, = $m; @ id. For instance, we can take

1 1 1 1 -1 1
Ml—(o _1), Mz—(o _1), and M3—(0 1)

Example 4.4  Let C = Vectg ), n > 2, and a be a primitive n-th root of unity. Then

0:Q(t) - Q(t), t = at, defines a field automorphism of Q(t) of order n. Define an
action T of Z/nZ on C by

T(1):V e V=V ey, Q(t), fvel=veo(f), veV, feQ(t),
as in Section 2.3.2. Note that for every b € Q(t) and the isomorphisms
LT(H)"(V)->V,v®1®---®1~bv, VeOb(C),veV,

the diagram (4.5) is commutative (and the action, therefore, satisfies (3.1)) if and only
if 6(b) = b. For example, for b = ¢, 6(b) # b. This shows that, in general, one cannot
avoid the requirement (4.5).

We will now see how the classical contiguity relations for the hypergeometric func-
tions are reflected in our Tannakian approach.
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Example 4.5 LetK =C(a,b,c,z), and consider it as a N*-field, with the action of
the generators 01, 03, and o3 defined as 1(a) = a+1, 02(b) =b+1,and g5(c) = c + L.
Let M be the differential module corresponding to the hypergeometric differential
equation

(4.13) z(1-z)y"+(c-(a+b+1)z)y —aby=0,
whose companion matrix is

0 1
A= (a+b+l)z—c |-
z(1-z) z(1-z)

By a computation in MAPLE using the dsolve procedure, the field K(f1, f2, f3, f1),
where

fi=2F(a,b;c;z),  fo=0.(2Fi(a, bsc;z2)),
fi=2"F(a-c+1L,b-c+12-¢z),
fa=2"0.(cF(a-c+Lb-c+L2-¢z)),

is a Picard—Vessiot field containing a complete set of solutions of (4.13). Its transcen-
dence degree over K is 4, because its differential Galois group over K is GL,, whose di-
mension is 4. The classical contiguity relations for , F;, that is, linear in K expressions
of g(,F), g € N?, via ,F; and 9,(,F,), can be seen in Tannakian terms by observing
that the differential module M is isomorphic to the differential modules T(o;)(M)
over K via the gauge transformations Ci_lACi - C;19,(C;),1<i <3, where

c—zb-a-1  z(z-1) c—za-b-1 z(z-1)
Cy = a @ , Cyi= b b >
b z-1 a z-1

C z
Gy = ab  z(a+b-c) |>

1-z 1-z

respectively, which can be found, for instance, using the dsolve procedure of MAPLE.

More generally, (non-linear) relations between solutions of parameterized differ-
ential and difference equations and their orbits under the action of a monoid G can
be exhibited in the Tannakian terms by comparing the tensor categories generated by
T(g)(M), g € G. Developing general algorithms to attack this problem, including
efficient termination criteria, is left for future research (cf. [17, §3.2.1 and Proposi-
tion 3.2] for the case of differential parameters). See also [22, Examples 2.2 and 3.2] for
the g-difference analogue of the hypergeometric functions, where its isomonodromy
properties are explicitly computed.

4.4 Corollaries for Tensor and Tannakian Categories

In this section, we will explain how semigroup actions on tensor and Tannakian cate-
gories can be defined using finitely many data for semigroups of the type considered
above.

Proposition 4.6 Let G = N" x Z|mZ x --- x Z[n,Z, nj > 1, 1 < j < 1, with a
selected set {ay, ..., an}, m = n +r, of generators corresponding to the decomposition.

https://doi.org/10.4153/CJM-2016-011-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-011-0

Tannakian Categories With Semigroup Actions 717

Then defining a G-® category structure on an abelian tensor category C is equivalent to
defining:

(i) tensor functors T(a;):C—> C,1<i<m,

(ii) isomorphisms of tensor functors

ia;a;: T(ai) o T(aj) = T(aj)oT(a;), 1<i,j<m,
that satisfy the hexagon axiom (4.4),

(iii) isomorphisms of tensor functors Ij: T(an.;)°" — idc, 1< j < r, that satisfy (4.5).

Proof This follows from Theorem 4.2 and the discussion that directly precedes it.
|

Corollary 4.7  Moreover, we have the following.

(i) Ifm=n=1,thatisG 2N, then a defining G-® category structure on an abelian
tensor category C is equivalent to defining a tensor functor T(a;): C — C.

(ii) If m = 2, then the hexagon axiom (4.4) is not needed, because it becomes non-
trivial only for m > 3.

Proposition 4.8 Let G 2 N" xZ[mZx---xL[n,Z, nj >1, 1< j < r, with a selected
set{ay,...,am}, m = n+r, of generators corresponding to the decomposition. Then the
set o can be replaced with its finite subset

{aa:FoTc(a;) > Tp(a;) o F:C>D|1<i<m},

and the former of the sets of commutative diagrams in (3.6) can be replaced with the
following finite set of commutative diagrams, forall i > j, 1<i,j<m:

ag.oid
FoTc(aj) o Tc(a;) —— Tp(aj) o Fo Tc(a;)

id"iCa,-,aj idoayg;
FOTc(ai)OTc(aj) TD(aj)OTD(ai)OF
g, 0id iDai,u]-Oid

idoa,,
Tp(ai) o Fo Tc(aj) — Tp(ai) o Tp(aj) o F
and for all i, n < i < m,

FoTc(a;)"idol;c ——F

nj
aail

Tp(a;)" o Fl;p oid ——F.

Proof This can be proved as in Proposition 4.6. ]

https://doi.org/10.4153/CJM-2016-011-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-011-0

718 A. Ovchinnikov and M. Wibmer

Lemma 4.9 Let G be a semigroup with a selected set S of generators. Let (F,a),
(F',a"):C — D be G-®-functors. Then a morphism of ®-functors : F — F' is a mor-
phism of G-®-functors if and only if

(4.14) B(T(s)(X)) 22 p(1(5)(X))
T(s)(Bx) S

T(s)(F(X)) — T(s)(F'(X))

commutes for every object X of C and s € S.

Proof Letg e Gandsi,...,s, € S besuch that g = s;-+-s,,. Forall X € Ob(C),
since f3 is a morphism of functors F — F’ and by (4.14), the following diagram is
commutative:

F(T(g)(X)) 2% F(T(51) 0+ 0 T(sm) (X)) =2 T(51) 0+ 0 T(sm) F(X)

Brioyx Br(spyoot(sm) () iT(ﬂ)O---OT(sm)(ﬁx)
F o
F/(T(g)(X)) 2% F'T(s1) 0+++0 T(s) (X)) — T(51) 00 T(s)F'(X)
where c is the appropriate isomorphism of functors T(g) — T(s;) o --- o T(s,,) ob-
tained as a composition of various c_ ; similarly for ax and af. Commutativity of
(4.14) now follows from an iterative application of (3.6). ]

Remark 410 LetG =N"xZ/mZx---x L[n,Z, nj >1,1 < j < r, with a selected
set{aj,...,am}, m=n+r, of generators corresponding to the decomposition. Then
Theorem 3.17 remains verbatim valid if we replace the definition of G-®-tensor cat-
egory as in Proposition 4.6, the definition of G-®-functor as in Proposition 4.8 and
the definition of morphism of G-®-functors as in Lemma 4.9.
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