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Abstract

We give a transcendence measure of special values of functions satisfying certain functional
equations. This improves an earlier result of Galochkin, and gives a better upper bound of
the type for such a number as an S-number in the classification of transcendental numbers by
Mabhler.

1991 Mathematics subject classification (Amer. Math. Soc.) 11 J 82.

1. Introduction

Let K be an algebraic number field of finite degree. Let f(z) be a function
which is transcendental over C(z) and holomorphic in some neighborhood
U of the origin, and satisfies the functional equation

i -4

where A,(z,y) = a;(z)y +a,(z) € K[z, y](i = 1, 2). Suppose that the
coefficients of f(z) in its Taylor series expansion at the origin all lie in the

,Tz=zZ(reN,r>2),

field K.
Let a € U be an algebraic number with 0 < |a| < 1 satisfying
k
(1.2) det(aij(T a))i’j=l,2 #0
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forany k (k=0, 1, 2, ...). This condition allows us that Az(Tka, f(Tka))
#0 forany k(k=0,1,2,...).

In the notation as above, Mahler proved in [4] that the number f(a) is
transcendental. In {2], Galochkin considered a quantitative version of this
result and gave the following transcendence measure of f(a):

THEOREM (Galochkin [2]). In the notation as above, further, let P(x) €
Z[z] be any nonzero polynomial whose degree is at most d and whose height
is at most H. Put

b=yx;"logL(a), c =logla|™" and x, = [K(a): Ql,
where x, is the degree of o and L(a) is the length of o.. Then we have

2y ~1.2
[P(f(a)| > H™ e 0l

Jor all sufficiently large H .

Our main purpose is to sharpen this estimate. To state our results, we recall
usual notation and the definition of Mahler’s S-numbers (cf. Schneider [6]).
For any algebraic number a with minimal defining polynomial Q(x) =
ay(x —a)(x —a')--- (x — a* V) € Z[x)(a, > 0), we denote by den(a) the
denominator of a, that is, the least positive integer d such that da is an
algebraic integer, by W the house of «, that is, the maximum of the absolute
values of the roots of Q(x), and by M(a) the Mahler measure of o, that
is the number which is defined by
x—1
M(a) = ay [] Max(1, [o""]), o = a.
i=0
For any polynomial P (in any number of variables) whose coefficients
are algebraic numbers, we denote by deg P the degree of P in the variable
x, by H(P) the height of P, that is, the maximum of the houses of the
coefficients of P, and by L(P) the length of P, thatis, the sum of the houses
of the coefficients of P . For any algebraic number o with minimal defining
polynomial Q, we put dega =degQ, H(a) = H(Q) and L(a) = L(Q).
Now we recall the definition of Mahler’s S-numbers. Let @ be any com-
plex number. Then we define a function w,(w, h) by

w,(w, h) = Min{|P(®)|; P(x) € Z[x], deg P < d,
H(P) < h and P(w) # 0}.
Further, we define w,(w) and w(w) by

—logw,(w, h) w,(w)

wy(w) = li;rls::p Tog and w(w) = li‘riris;;p P
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Then a number @ is transcendental if and only if w(w) is positive. Then,
according to the classification of Mabhler, a transcendental number  is called
an S-number if w(w) is finite (that is, w,(w)/d is bounded as a function of
d). For any S-number w, we define the type of @ by the supremum of the
sequence {w,(w)/d},cy- In this terminology, Galochkin’s theorem states
that the number f(a) is an S-number of type at most (2r + 1)2 be™! xg .

In the present paper, we shall prove the following theorems.

THEOREM 1. Let K be an algebraic number field of finite degree. Let
f(z) be a function which is transcendental over C(z) and holomorphic in
some neighborhood U of the origin, and satisfies the functional equation (1.1)
with a, ;(2) € K[z]. Suppose that the coefficients of f(z) in its Taylor series
expansion at the origin all lie in the field K. Let o € U be an algebraic
number with 0 < |a| < 1 such that (1.2) holds for any k(k =0,1,2,...).
Put

(1.3) b=y logM(a), c =logla|”" and x, = [K(a) : Q],

where x, is the degree of a and M(a) is the Mahler measure of o. Then,
for any positive integer d , we have

(1.4) w,(f(@)) < {r(1+ 1/v7)be ' xg + 1}d - 1.
In particular, the number f(a) is an S-number of type at most

r(1+ 1/ be™ g2 + 1.

COROLLARY. In the above theorem, suppose K = Q and a = 1/a (a €
Z, |a| > 2). Then, for any positive integer d, we have
w,(f(e)) < {r(l+ 1/} +1}d — 1.

In particular, the number f(«) is an S-number of type at most r(1+1/ \/?)2 +
1.

By specializing our situation, we can also give good lower bounds of the
values w,(f(a)) for small d. Namely,we can prove the following theorem.

THEOREM 2. Let F,(z) be the function defined by
F(z)=2" (rez,rz2),
=0

and a be an integer with |a| > 2. Put
{ (r—2)/2ifriseven,
0 —

(1.5) (r—1)/2ifris odd.
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Then we have

(1.6) wy(F(l/a))=r—1ford=1,...,d,,

(1.7) r—lswd(F,(l/a))srr_ddford=do+1,...,r—1,
and

(1.8) w(F,(1/@) < {r(l+ 1/vP)’ + 1}d ~ 1 ford > r.

In particular, the number F (1/a) is an S-number of type at least r — 1 and
at most r(1+1/vVr)?+1.

REMARK. In the above theorem, we have the equality w, (F,(1/a)) =r-1
for any r > 3. But according to a theorem of Shallit [7], the number F,(1/a)
has the continued fraction expansion with bounded partial quotients, and
hence we have also the equality w,(F,(1/a)) = 1. We note that the above
mentioned equality w,(F (1/a)) =r—1 forany r > 3 is also deduced from
a theorem of Shallit [7].

The author would like to express his thanks to Professor Y. Morita for his
encouragement. He is also indebted to the referee for his valuable comments.

2. Preliminaries

In this section, we give two estimates for w,(w) (Lemmas 2 and 3 be-
low). The following lemma is Lemma 5 of Galochkin [2] (cf. also Giiting [3,
Theorem 6]).

LEMMA 1. Let a,, ..., a, be algebraic numbers of degrees x,, ..., X,
Let K be an algebraic number field, and I be its integer ring. Put x, =
[K(a,...,a):Q]. Let A(x,, ..., x,) € I[x,, ..., x] bea polynomial of
degx‘_A <d, foreach i. If A(a,, ..., a;) #0, then we have

s
1—- - d.
Aey , ..., a))| 2 L(A) 7% [] M(a,) ™%/

i=1

REMARK. Checking the proof of Theorem 6 of Giiting [3], it is found that
we may use M(a;) in the above inequality instead of L(a;) which is used by
Galochkin [2, Lemma 5] (and also used by Giiting [3, Theorem 6]). Note that
we have the inequality M(a;) < L(a;) because of an inequality of Mahler
[5].

The following lemma follows from the arguments of Galochkin [2].
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LEMMA 2. Let @ be a complex number, and o be an algebraic number of
dega = x, with 0 < |a| < 1. Let p(k) be a function on N such that, for
sufficintly large k € N, ¢(k) is a strictly increasing positive valued function

tending to infinity, and such that there exists a positive number & satisfying
. plk+1)

2.1 limsup ———~ =4 < ©.

@D D)

Let K be an algebraic number field, and denote by I its integer ring. Put
Xo = [K(a): Q]. Let d be a positive integer, and E > 1 be a real number
satisfying

(2.2) logE > by,d (b=, logM()).

Suppose that there exists a sequence of polynomials {R,(z, y)},cn Such that
R (z,y) € Ixlz,y] and deg, R, < m for any k with a certain positive
integer m, and such that R,(z,y) satisfies

(2.3) log L(R,) = o(p(k)), deg,(R,) < o(k)(1+0o(1)),
IRk(a w)l — E_¢(k)(1+0(1))
as k — oo. Then we have

omy,logE
4
(2.4) w,(w) < og(E /M (@)%

ProoOF. It is convenient for our purpose to work with Koksma’s func-
tion w; instead of Mahler’s function w,. Here we recall the definition (cf.
Schneider [6]). For a complex number @, we define a function w(w, h)
by

wy(w, h) =Min{lw - B|; B €Q, deg B <d, H(B) < h and w # B},
where Q is the field of all algebraic numbers. Then we define w;(w) by
* . ~log(hw(w, h))
=1 .
Wa(®) ‘,’fiﬁ,‘ip log ~
In what follows, we shall prove

. log E
(2.5) wy(w) < omxylog ITRG
log(E /M (a)%?/%)

where w is a complex number which satisfies all the conditions in the lemma.

Since we have w,(w) < w)(w)+d —1 (cf. Schneider [6, Hilfssatz 19]), this
proves the lemma.

Let B be any algebraic number with degff < d and H(B) < h. Put
A = |w— f|. We must give a good lower bound for A which leads to (2.5).
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We may assume A < 1 without loss of generality. Let & be any (small)
positive number. Put

R= El—ZeM(a)—(xod/xl)(l+a) )

We may assume that R > 1 because of (2.2). Choose a positive integer &
such that

(2.6) R¢(k—1)/xom <h< R?(k)/xom.

By taking a sufficiently large 4 as an upper bound for H(f), we may assume
that k is also sufficiently large. We claim that

(2.7) A > P00+
Indeed, if (2.7) is false, then by (2.3), we have
IR (a, B)| 2 IR (o, @)| = |Ry (e, @) — Ry(a, B))
> E-*WM LR )m(lo| + 1)"A
> E—w(k)(lﬂ) _ E—w(k)(1+38/2) >0.
Then, by Lemma 1 and (2.3), we have
IR (a, @)| 2 |Ry(a, B)| — |R(ar, @) — Ri(a, B)]
> L(R,)\ ™50 M(a) ot/ meN144/2) pr gy=rom _ poth1+3/2)
> M(a)—(zod/xl)¢(k)(l+8)h—xom _ E—¢(k)(1+38/2) )
Comparing this lower bound with an upper bound
le(a, w)| < E—tp(k)(l-E),
we conclude
h> (El-26M(a)—(xod/xl)(1+€))¢(k)/xom _ R¢(k)/xom.
Since this inequality contradicts (2.6), our claim is proved.
Now, by (2.1) and (2.6), we have

(1 +e)dx,mlogh
log R )

pk) <d(1+e)pk—1) <

Hence, by (2.7), we obtain

A> h—(1+4e)610m(logE)/log(E“”M(a)‘“O‘/’l)““’)
Since we can take ¢ arbitrarily small, this leads (2.5). The lemma is proved.

We need the following lemma to prove Theorem 2.
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LEMMA 3. Let w be a real number, Q > 1 be a real number, and r > 2
be an integer. Put E = Q"l . Suppose that there exists a sequence of rational
numbers {p;/q;},cn Such that p, and g, > 0 are relatively prime integers,

and satisfy

k k

qk _ Qr (140(1)) and quw —'pkl — E—r (1+0(1))
as k — oo. Let d, be the number defined by (1.5) in Theorem 2. Then we
have
(2.8) wyw)=r-1ford=1,...,d,,
and
rd

(2.9) r-lgwd(w)sr_dford=d0+1,...,r—1.

This is a special case of Lemma 1 of Amou [1].

3. Proof of the theorems

PrOOF OF THEOREM 1. Put w = f(a). Note that we may assume without
loss of generality that A4,(z, y) € Iy [z, y](i=1, 2). Let m and n be any
positive integers. By the theory of homogeneous linear equations, we can
construct an auxiliary polynomial Ry (z, y) € I[z, y], Ry(z, y) # 0, such
that

(3.1) deg, Ry <n,deg, R, <m and ordRy(z, f(z)) > (m+ )n,

where ord R(z, f(z)) is the order of zeros of the function Ry(z, f(z)) at
z=10. Since f(z) is transcendental over C(z), we have Ry(z, f(z)) #0,
and hence we can write ord Ry(z, f(z)) = An(m+1) for some A > 1. Then,
because of the functional equation (1.1) for f(z), for any positive integer
k , we can construct R,(z, y) € I [z, y] inductively by taking

R (z, f(2)) = 4y(z, f(2))"R,_,(Tz, f(Tz)).
We can easily show that

(3.2) deg, R, < e(k) := [nr*(1 +e(m, n)] and deg, R, < m,

where £(m, n) is a positive valued function of m, n € N satisfying e¢(m, n)
— 0 as m/n — 0. Further, by Lemma 3 of Galochkin [2], we have

K
(33) L(Rk) < (ZL)MkL(RO) and IRk(ay w)| — e—cln(m+1)r (14+0(1))

as k — oo, where L =Max{L(a,/(z));i,j=1,2} and c =logla|™".
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We fix the following notation. Let S(m, n) be the set of all polynomials
Ry(z,y) € Ix[z, y], Ry(z, y) # 0, satisfying (3.1). Put

1
Alm, n) = sup{mordRo(z, f(2)); Ry(z,y) € S(m, n)} .
Let A(m) be the number defined by

A(m) =limsupA(m, n).

This number plays an essential role in our proof.
Put
= [bc” 2,d(1 + D)1, T=1/Vr,
where b, ¢ and yx, are the numbers defined by (1.3). In the following argu-
ment, we consider two cases.

Casel. A(m)>r=r1 ~!. Let ¢ be any (small) positive number. In this
case, there are infinitely many #n satisfying A(m, n) > 77!, We take and fix
such an n with 1+e(m, n) < {‘t(t~1 —a)}_1 , where &(m, n) is the quantity
in (3.2). Then we have a sequence of polynomials R,(z, y) € I [z, y] for
k € N satisfying (3.1), (3.2) and (3.3) with 1> 7', Put

-1
E=e" 79" and k) = Az - &) 'nr*

for k € N. Because of our choice of m, we may assume that logE > bx,d
by taking ¢ small enough. Then, all of the conditions in Lemma 2 are
satisfied. Put y = be™! Xo- Since we can take ¢ arbitrarily small, applying
Lemma 2 to this situation and letting ¢ — 0, we obtain from (2.4) and from
our choice of m that

-1
rmy,ct (m+1) r(l + )yx,d
—d+1< 0 < 0
Wa(®) Sl mt D) ~brd) 01— i

T (m+1)
r(il+t d
1—(—2;{0—=r(1+1)2yxod_r l/f bc Xo

t"yd(1+r)

Case II. A(m) < t™'. Let ¢ be any (small) positive number. We shall
construct a finite sequence of positive integers {n;},;., which satisfies suit-
able conditions. First we take a positive integer n, with n, > t/¢ such that,
forany n € N with n > n,, we have

1+em,n)<(1—¢) " and A(m, n) <t ' (1+2¢)/(1 +¢).
Next we take the least positive integer satisfying A(m, n,)n,(1+¢) < n,.

Then we have A
1+e< (m, ny)n, <

-1
_W_T (1+ 3¢).
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Further we can take positive integers n,, n,, ... such that n, , is the least
positive integer satisfying A(m, n,)n;(1+¢) <n, (i=2,3,...). Thus we
obtain a sequence of positive integers {n;}, .y satisfying

Am,n, )n, 1
N < > i+l i+1 <
14 8—__—1(m,ni)n. <t (l1+3¢)

1)
for any i € N. Let ¢ be the least positive integer satisfying

Alm, n)nr

-1
A(m, nyn, < (1+3e¢).

Note that the left-hand side of the above inequality is greater than 1. We
now have a finite sequence {n},; <t which can be used below to define a
sequence of polynomials R, (z, y) € I[z, y] (k € N) and a function g(k)

of keN.
Forany i € N with 1 <i <1, we take a polynomial R; ((z, y) € Ix[z, y]
such that
deg, Rl oSy, degyRi,o <m
and

ordR; (z, f(2))=A(m, n)n(m+1).

Then, for any positive integer j, we can construct R, j(z, y) € I[z, y]
inductively by taking

R, [z, f(2) = 4z, f(D)"R, ,_(Tz, f(Tz)).

Let us write any kK € N as k = j(k)t + i(k) where i(k), j(k) are integers
with 0 < i(k) < t. In this notation, for any k € N, we define R, (z, y) and

p(k) by
R (z,y)= { Ry, joy (25 9) %f 1:(k) #0,
Rt,j(k)-](za y) ifi(k)=0
and by
(k) = { Ao "i(h)”g’(k)’j(k)(l —e)”' ifi(k) #£0,
am, m)n O 1o i ik) =
Put E = ™+DU-)  Aqin Case I, we may assume that logE > by,d by

taking ¢ small enough. Then R, (z,y)(k € N), (k) and E satisfy the
conditions (2.1) with J§ < 1_1(1 +3¢), (2.2) and (2.3) in Lemma 2. Since we
can take ¢ arbitrarily small, applying Lemma 2 to this situation and letting
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¢ — 0, we obtain from (2.4) and from our choice of m that

-1 -1
B T mycm+1) v (1+1)yx,d
Wa(@) d+1sc(m+1)—bx0ds 1

m+1
-1
T (1+7)yx,d

- R
1 1+7

= 1_2(1 + t)zyxod =r(l+ l/ﬁ)zbc_lxgd.

In any case, we obtain w,(w) < {r(l + l/ﬁ)zbc_lxg + 1}d — 1. This is
(1.4), and we have proved the theorem.

If K=Q and a=1/a(a€Z, |a| >2), then we have b=c and %, =1,
and hence the corollary follows.

REMARK. We can easily show as a corollary of the above proof that, for
any ¢ > 0, the inequality

w,(f(a)) < {(8+ e)Vrbe ™' xg +1}d — 1
holds for infinitely many d .
PrROOF oF THEOREM 2. Since the function f(z) satisfies the functional
equation fr(z') = f.(z) — z, by the corollary of Theorem 1, we have (1.8).

Now, we show (1.6) and (1.7). Put w = f,(1/a). For any k € N, we define
a rational number p,/q, by

k v k
ﬁ=2a_r ,qk=a' .
qk v=0
Then p, and g, > 0 are relatively prime integers, and satisfy

k
14,0 - py| = g~ =Dt (o)

as k > co. Put Q =a and E = a"~'. Then, by applying Lemma 3, we
deduce (1.6) and (1.7) from (2.8) and (2.9) of Lemma 3 respectively. This
completes the proof of the theorem.

About the number F,(1/a), we conjecture that
wy(F,(1/a))=r-1ford=1,...,r-1,

and
wy(F,(l1/a))=d ford > r.
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