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Abstract

Let 7: [0,1] - [0,1] be a map which is given piecewise as a linear fractional map such that
TO=T1=0 and T'0 << 1. Then T is ergodic and admits an invariant measure which can be
calculated explicitly.
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1. Introduction

Recent years have seen some interest in the study of maps 7: [0, 1] — [0, 1] with
the following property: There is a number a, 0 < a < 1 such that
WI0=0,Ta=1,T1 =0
(it) T 1s increasing on [0, a]
(i) 7"is decreasing on [a, 1].
In this paper we consider the case where T is given piecewise as a linear
fractional map. One sees easily that in this case 7 is given by
Tx =Tyx = X for0<x<a,
ap + (a—p)x
7y 40 —a) =gl —a)x
! g—qga—a+ (1 —q+ qga)x

Tx fora<x<1

l

where p > 0 and g > 0 are real numbers. If p > 1 the point x = 0 is an attractive
fixed point. Therefore we restrict our attention to 0 < p < 1. We will show that T
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is ergodic with respect to Lebesgue measure and an invariant measure is given
explicitly by the following

THEOREM. Let

Syx = 2P ox
ap
Slx:l—q+qa—q(l—a)x

g—qga—a+g(l —a)x’

Let B. v, 8 be defined by the equations Sy6 = 8, S|y = 8, S;B = y then S\ = y and
a density of an invariant measure with respect to T is given as follows:
Case (a): If y # & then

I 1
S ey S VLS

Case (b): If B=+v =8 # 0 then
f(x) =

1
(x+1/8)"
Case (c): If B =y = 6 = O then

f(x)=1.

REMARK. If 8§ = 0 then the formula for f reduces to

1
f(x):m-

If § = co then fis given by
1 1

x+l/y_x‘

flx) =

In this case the measure defined by f is o-finite.

2. Proof of the theorem

The equation S8 = & gives
a—p
6= —-"=.
alp—1)
This shows that § = 0 corresponds to a = p, that is, T, is a straight line. The
special case § = 0 corresponds to p = 1. In this case x = 0 is a fixed point of
slope 1 for T,,.
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Solving next S|y = 8 we obtain
_a(l+pg)—gp
pq(1 — @)
The solution of §;8 = y and S, B = vy gives the same value

_a(l+g+agp)+a(=29p—q) +pg
B= — .
qo(1 — @)
We assume first that y << 3. We denote by V,: [0, 1] — [0, a], V;: [0, 1] — [a, 1] the
inverse branches of T. The map S: [y, 8] — [y, 6] defined as Sx = Syx on [f, 5]
and Sx = S,x on [y, 8] has the inverse branches Uy: [v, 6] - [8, 6], U;: [v. 8] -
[v. Bl

We note that S is the dual algorithm to T in the sense of Schweiger [3] (see also
Tanaka-Ito [6] and Nakada [2] for a similar approach to some continued fraction
like algorithms). Next we define

f(x) =ff

dy
(1+xy)*
The essential property of the kernel (1 + xy)™? now is
vl |yl
(4 (F)y) (L x(U())

Therefore

| Vox|dy +f8 |Vix|dy
L+ (Hox)y) 5 (14 (1x)y)
:fs | Us yldy +/8 \Utyldy

Y (1 +X(U0)’))2 Y (1 +X(U1J’))2

s dz B dz .
—‘/ (1+xz)’ +'/y (1 + xz)’ = /).

2

f(VOX)IVéXI+f(V1X)|V{XI=f8(

Y

This shows that f is an invariant density. A similar discussion applies to § <'y.
Now let 8 = y = 8. Then one calculates that this is equivalent to

a—1\2 1—p
« P

-1
a2(1+p——)—2a+1:0 resp. (
pPq

pq

If B # 0 a heuristic argument shows that

o 1 1
f(x)_,l,‘i%ﬁ(x+1/ﬂ+n—x+1/ﬁ)
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should give an invariant density. Now let
1

Ay

Then a calculation gives

P 1
7t 2 2°
(x+1/8)"  q(1+B)(x+1/B)

But the condition pg(1 + 8)* + 1 = ¢g(1 + B)? can be seen as equivalent to the
condition mentioned before if one inserts
~atapg—pq
B= .
pq(1 — «)
If 8=0 then « =p and ¢(1 — a) = 1. In this case T is piecewise linear.
Therefore Lebesgue measure is invariant.

fVox)|Vox| + f(Vix)|Vix| =

3. T is ergodic

We define
w(gl’ 82,...,8") :‘(V;I [} I/E" o --» O V")/

13

for any sequencee; = 0,1 and 1 < < n. Then

A"
€S x) = — -
(B, + C,x)

w(e, €, ..

The numbers A4,, B, C, can be calculated by recursion relations. For our purpose

it is sufficient to note that
C C .
Bn—ﬂ = U:(Fn) ife, ., =1
n+1

n

Let us consider first the case p < 1. Then § is an attractive fixed point for U,. We
note that § > —1. The function U, has a fixed point 4 > —1. One finds

—2g +2qa+ a + \/az + 4q(a — 1)°
m 2¢(1 — a)

Therefore
1
|U,’(n)] =<1,
q(1 +n)’
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Hence 7 is also attractive. Since the starting values for C, /B, are given by

C -
Y k. ife, =0,
a

B,

G _1-g+gqa
B, q(1 — a)
the sequence C,/B, is bounded by a constant M, say. Therefore

>—1 ifg =1

B

w(e,....6,; x) _ (
n

w(e,....€,5y)
Hence Rényi’s condition (C) applies (see Schweiger [4], Fischer [1]) and T is
ergodic. Actually, T is an exact endomorphism. If p = 1 then 6 = oo also is
attractive. But since

C 2
1+—”) <(1+M).

lim Ul( x) = ;q_i_.qit_a

X+ 00 q(1 — a)
one sees again that the sequence C, /B, is bounded if the last digit satisfies e, = 1.
Since lim,_,Vy'x = 0 the jump transformation can be applied (see Schweiger
[5]). Therefore T is ergodic. It should be pointed out that we only have used
| T’0|= 1 but | T"x | < 1 may occur for some x > 0.
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