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Abstract

Weak local linear approximations have played a prominent role in the construction
of effective inference methods and numerical integrators for stochastic differential
equations. In this note two weak local linear approximations for stochastic differential
equations with jumps are introduced as a generalization of previous ones. Their respective
order of convergence is obtained as well.
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1. Introduction

In a number of problems in mathematical physics, biology, economics, finance, and other
fields the estimation of functionals of jump diffusion processes plays a prominent role; see
[4], [5], [15], and [23]. In particular, the jump diffusion processes defined through stochastic
differential equations (SDEs) have become an important mathematical tool for describing the
dynamics of several phenomena, for example, the dynamic of assets prices in the market, the
firing of neurons, and so on. Since exact representation for functionals of these processes
is only possible in a few cases, approximate representations are required. Different types
of such weak approximations have already been proposed in [2], [6], [11], [12], [13], and
[19], which are essentially based on It6—Taylor expansions of the jump diffusion process. The
weak convergence properties of the approximations based on these expansions as well as their
numerical instability for a number of nonlinear SDEs have also been studied; see [3] and [14].

The main aim of this paper is to investigate another kind of weak approximation for SDEs
with jumps: the weak local linear (WLL) approximation. In the framework of ordinary SDEs
(without jumps), the WLL approximations have recently been proposed as stable alternatives
to the abovementioned conventional approximations based on It6—Taylor expansions (see [3],
[14], [16], and [21]), and they have been key in the derivation of effective inference methods
for SDEs (see [20], [21], and [22]) and for continuous—discrete space-state models (see [7], [8],
and [17]). Therefore, the present study is well motivated.

Specifically, in this note the WLL approximations for SDEs are extended to the more general
case of equations with jumps, and their rate of weak convergence is studied.
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2. WLL approximations

Let (2, ¥, P) be the underlying complete probability space, and let {¥;, t > fy} be an
increasing right-continuous family of complete sub-o-algebras of . Consider a d-dimensional
jump diffusion process x defined by the following SDE:

P
dx(t) = f(t,x@) dr + GO dw(r) + Y hi(t, x)dg'®), 1 €lto, T1, T < oo,
i=1
X (to) = xo.
Here, w is an m-dimensional ¥;-adapted standard Wiener.process and each‘q" ,i=1,...,p,
could be either an ¥;-adapted Poisson counting process rn' with intensity p' or an ¥;-adapted
compensated Poisson processes {r'(t) — u't:t > to}. Also, f,h;: R x R? — R4 and
G:R — R? x R” are functions satisfying linear growth restriction, and uniform Lipschitz
and smoothness conditions that ensure the existence and uniqueness of a solution to (1). Itis
also assumed that w and ¢/ are all independent with zero probability of simultaneous jumps.

Let (t)s = {to <t <--- <t, <--- < oo} be a time partition defined as a sequence of
F:,-measurable stopping times #,, n = 0, 1, ..., that satisfy

sup(8,) <8 < 1 with probability 1,
n

where 8, = t,4+1 — t,,, and define
n;:=max{n =0,1,2,...:1, <t} < oo.
2.1. WLL discretizations for SDEs

Let us consider the d-dimensional diffusion process z defined by the SDE

dz(r) = f(t,z(t))dr + G(t) dw(t) fort € [a, b],
z(a) = zo,

@)

where 7 is a differentiable function, w and G are defined asin (1), andfo <a <b <T.

Definition 1. (/3].) For a given time discretization (¢);, the order-(8 = 1, 2) WLL discretiza-
tion of the diffusion process z is defined by the recurrent relation

Yiur1 = Y, +Opn, Yo, i1 — tn) + 0, Yi,5 a1 — In), (3)
where y;, = zo,
Pp(t,y:8) = /08 eXp(%;y)(S - S))(?(l, ¥) +bp(t, y)s)ds, “
by(t, y) = @ +% Xd:(G(t)GT(I))kJ%’ 52,

k,I=1
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forall (¢, y) € Rx R? and § > 0, and n(t, y; 8) is a zero-mean Gaussian process with variance
matrix

$ - v T
)J(t,y;cS):/ exp(M@—s))G(t—l—s)GT(H-s)exp((m) (8—s)> ds. (5)
0 ay ay

On the basis of this discretization, various weak numerical integrators and inference methods
for SDEs have been proposed (see [3] and [9] for an updated review), which differ in the way
that they compute the integrals in (4) and (5).

Definition 2. (/3].) For a given time discretization (¢)s, the stochastic process yg = { yg (1),
t € [to, T} is called the order-(8 = 1, 2) WLL approximation of the diffusion process z if

Yp(0) = yi,, + D tn,s i,y i1 — tn) + Ntny Y, 51— I, (6)
where {y; }, n =0, 1, ..., is the WLL discretization (3).

Note that the WLL approximation (6) is a continuous-time stochastic process that coincides
with the WLL discretization (3) at each discretization time ¢, € (¢)s.

It is also convenient to remark that the WLL approximation (6) coincides with the weak
solution to the piecewise SDE

dy(t) :ﬁﬂ(t’ _V(t); tn» _Y(tn)) dS + G(t)dw(t)a t e [tl’la tn+l]7 n = 07 15 sy AT — 17

@)
y(t) = 1,

where the function pg is defined as

Pals, virw) = F(ru) + %(v —u) + b (r.u)(s — 1)

forallv,u e R% and s, r € R,_s > r, which, for § = 1 and 8 = 2, is just the first-order Taylor
and It6-Taylor expansions of f, respectively; see [3].

2.2. WLL discretizations for SDEs with jumps

Consider the sequence of jump times {‘7};4" ={oin:n=0,1,2,...}associated to qi, which
is defined as an increasing sequence of random variables such that ; , 11 — 0; , is exponentially
distributed with parameter ' for all n and i. Without loss of generality, we can assume that
{O’}Mi C (t)s C [to, T]foralli = 1,..., p. In addition, let us assume that only the first r
Poisson processes g’ are compensated.

It is well known that (see [18]) the solution to (1) is given by

p
x(t) = x(t=)+ Y _ hi(t,x(1-))Anj,

i=1

where Ani is the increment of the process n' at the time instant ¢ and x (r—) denotes the solution
to the SDE (2) with

-
Fe.20) = ft.200) = Y hit. 2O)e', ®)
i=1
and initial condition z(0; ) = x(0;,) for all  between two consecutive jump times o; , and
Gjym.
The above leads to the following two definitions.
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Definition 3. For a given time discretization (¢)s, the order-(8 = 1, 2) WLL discretization of
the jump diffusion process x is recursively defined by

P
ytn+l = ytn+1_ + Z hi (tn“‘l’ ytn+1_)An;n+1 4 (9)

i=1
where
Ytugi— = Y1, + ¢,B(tna Y5 In+1 — tn) + Ny, Y5 a1 — tn)
denotes the WLL discretization of (2) with 7 defined as in (8).

Definition 4. For a given time discretization (¢)s, the stochastic process yg = { yg ), 1t €
[0, T']} is called the order-(8 = 1, 2) WLL approximation of the jump diffusion process x if

P
Yo = ¥3t—) + D hi(t, y3(t—) Ani, (10)

i=1

where
y?j(t_) = J’zn, + ¢/3(tnta ytn[; r— tn,) + n(tl’l;v y,n[; r— tn;)

denotes the WLL approximation of (2) with 7 defined as in (8).

3. Convergence of WLL approximations

Let M be the set of multi-indices & = (ji,..., jiw), ji € {0,1,...,m}, and i =
1,...,l(a), where /(o) denotes the length of the multi-index «. Denote by —« and a—
the multi-indices in M that are obtained by deleting the first and the last component of «,
respectively. The multi-index of length O will be denoted by v. LetI'g C M, B = 1, 2, be the
hierarchical set

Ip={aeM: i@ < p).

and let 8 (I'g) be the remainder set of I'g,
B(Tp) ={ae M: l(a) =5+ 1}.

Denote by #,, #(0), and #(1 the sets of the adapted right-continuous process h = {h(t), t >
0} on (€2, ¥, P) with left-hand limits that satisfy

t t
|h(t)| < o0, / |h(s)|ds < oo, and / |h(s)|2ds < 00, with probability 1,
0 0

respectively. In addition, define #(;y = #q) for j = 2,...,m and m > 2. Then, for
a = (ji,---, Ji), (o) = 2, recursively define the set #, as the totality of adapted right-
continuous processes /4 with left-hand limits such that {I,_[h(-)]p,, t = 0} € H i) where,
for h € Fy, the multiple It6 integral I, [h(-)], ; is recursively defined by
h(z), l(a) =0,
Iy[h(H]p,r = 4 ;
TN s anl i@ =1,
P
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Let

be the diffusion operator of the SDE (2), and define

d

. .9

J — k,j -

L —E G ok j=1,...,m.
k=1

Then, for the hierarchical set I'g and any two stopping times o and 7 satisfying0 < p <17 < T,
the expression

p
x(r) =x(r=)+ Y hi(r,x(x=)Ani,

i=1
with

x@)=x(P)+ Y ITalha(o, x(0lpr+ D Talka(,x(Dlpr,

aelg\{v} aeB(lp)

provides the weak Ito—Taylor expansion of the jump diffusion process solution x of the SDE
(1), where
B L ...L.il(a)—]?’ Ji@ =0,

R P
LI Li@-1Gi@, i) #0,

(11)
denotes the Itd coefficient function for each o, and G/ is the jth column vector of G.
Furthermore, denote by GIJO (R4, R) the space of [ time-continuously differentiable functions
g: RY — R for which g and all its partial derivatives up to order / have polynomial growth.
Forl =1,2,...,define P, = {p € {l, ...,d}l} and, for each p = (p1, ..., p1) € P, define

the function Fp: RY — R as
I

Fp(x) =] [x".

i=1
The following lemma provides general conditions to assure that a discrete-time approxima-
tion u® converges weakly to x.

Lemma 1. ([1, Theorem 10.7.1].) Let u® be a discrete-time approximation of the process x
(the solution to (1)) corresponding to a time discretization (t)s, and assume that

E(lxol') <o fori=1,2,...,
|E(g(x0)) — E(g@d))| < Cos”

2(B+1)

» (R4, R), where Cy is a positive constant. Suppose that

forany g € C
£5. G5 nf e PV ([0, T1 x R R) (12)

forallk =1,...,d, j =1,...,m,andl = 1, ..., p, and suppose that the Ito coefficient
Sfunctions Ay satisfy linear growth bounds for all a € T'g. In addition, suppose that, for each
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q=1,2,..., there exist constants K < oo andr € N*, which do not depend on §, such that
B( max |u) [ | 7,) = K(+ ), (13)
0<n=<nrp n
E(luy,,_ —up [ | F1,) < K(1+ ) [ ) (tg1 — 1)? (14)
utn_H— uln h) = Olllkai(n u[k n+1 nl)
and
‘E(Fp(uf,m_ —up) — F,,( > Ikt u?,l)],,,,,,,ﬂ) }7)‘
aelg\{v}
= K(1+ max jul ) (s — 18", (15)
0<k<n

foralln =0,1,....,nr =1L, 1=1,...,28+1, pe P, andt,, t,+1(t)s. Then we obtain
[E(g(x7)) — E(g(7))] < Cgd”

for some positive constant Cy.

The main result of this section is stated in the next theorem. It establishes the weak
convergence of the WLL approximation (10) to the jump diffusion process x. Its proof will be
based on demonstrating that the WLL approximation yg satisfies the conditions of Lemma 1.

Theorem 1. Suppose that
E(lxo)/) <00 forj=1,2,...,

[E(g(x0)) — E(g(yg(t0))] < Cod”

for some Coy > OQand all g € G;(ﬂH)(Rd, R). Also assume that condition (12) holds, and let
K be a positive constant such that

If(t, X)) +1G@)] < KA + |x)),

Aft,x)| |df@, )| |2f(t, )| =
K
‘ ot +‘ ox + ax2 |=0
lhi(t,x)| < K(1+|x]), i=1,...,p, (16)

forallt € [ty, T] and x € R?. Then there exists a positive constant Cq such that the WLL
approximation yg satisfies

[E(g(x(T)) — E(e(ys(T))| < C,8”.

In order to prove Theorem 1, the following two lemmas will be needed. Lemma 2, below,
presents known results on WLL approximations for ordinary SDEs, while Lemma 3, below,
extends these results to the WLL approximations for ordinary SDEs with jumps.

Lemma 2. ([3, Lemmas 6 and 7].) Let yg be the WLL approximation (6) to the solution of the
ordinary SDE (2). Then, under the assumptions of Theorem 1, we have

E(sup 1y§0P7 | 7)) = Ki(l + 1yh(@),

a<t<b
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where K is a positive constant for eachq = 1,2, .... Moreover, if

20 =y, + > LalAaln,. Yt Yo i at Y TalAaC Yty Y, )i (17)
aclg\{v} aeB(lp)

denotes the Ito—Taylor expansion of the solution to (7) with Ito coefficient function

o Liew-1g : i) =
Ao(s,v5r,u) = {ij] ...ijl(a)—ll();il((j;,v’ e j;izz # ?)’
then
Yp =73
and
Io[Ao (ty,, Yty s Ings ,Vt,l,)]t,l,,z = Iy[Ao(ty,, ytnt)]tnt,t (18)

hold for all oo € T'g \ (v} andt € [a, b], where Ly is the 1t0 coefficient function defined in (11).

Lemma 3. Let yg be the WLL approximation (10) to the solution of the SDE with jumps (1),
and let z‘sﬁ = {z‘sﬂ (t), t € [to, T1} be the stochastic process defined as

P
Zh() = Zh(1=) + Y hi(t, Zh(1=) Anj,
i=1

where z%(t—) denotes the Ito-Taylor expansion (17). Then, under the assumptions of
Theorem 1, we find that

E( sup_ Iyh0P | F,) = Kol + 30l (19

to<t<T

and
yh =1} (20)
hold, where K> is a positive constant.

Proof. Let Ny = Zle n'(T) denote the total number of jumps up to time 7', and let

{tiny = {tj: j = 0,..., Nr} denote a sequence of time instants such that {r}y, C (7)s,
tj € {ro U {o}pU---Ufa}lur},and t; <1jiy, forall j =0,..., Ny — 1. Furthermore, let
Zy={n'(tj): tj <s,tj € {t}n;,i =1,..., p}fors > 19. By defining

ej =E( sup |yp ()l ‘ J’-‘m;Zt,-)

10<s<t;

with ¢; € {t}n;, we find that

ejr1 <ej+ Aejyy,
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where Aejy = E(sup,jqftj+1 |yg (s)lzq | Fo3 th+1). From (10) and (16), we obtain

Aej+l§(l7+1)2q_1<E( sup |y (s—)

1j<§=<tj41

3:;0; th+1>

P
+ZE< sup (s, yj(s—)) Anj|*
i=1

1j<$=lj+1

?}0; th+1))

s(p+1>2q‘<<1+2zﬂp1?2q>1~:( sup  |yp(s—)* &70;2,,.“)

1j<S=<tjt1

+ 22q—1pfzq>.

By definition, for all s € [¢,tj11], yg (s—) is the WLL approximation to the solution of an
ordinary SDE (without jumps). Therefore, by using Lemma 2 in that time interval, it follows
that

B( s IypP | Fyi 2y ) =E(B( swp 13pe0 | F)) | i 2,

thSStj+| ljfsflj+]
< Ky (L +E(yjap1™ | Fii Ziy,)
SK1(1+E( sup |35 (6/)% j‘?,o;z,j)).
tofsflj
Thus,

Aejy1 < Crej + Cy,

where C; = (p + 1)221(1 + 224—1pE2q)K1 and C, = C1 + 22‘7_1p1?24. In this way we
obtain

ejir1 < (1+Cpej + Co,
which implies that

. C .
i1 < (1+C)itey + C—2<(1 +C/ -1
1

. C
(1 +cl>f+‘<eo + 2)

IA

Cy

IA

C )
Z2(1+C)F A+ e).
Ci
By using the above inequality and taking j = N7, we have
Gy
E( sup 195)1 | Fiyi Zuy, ) < oo (L4+ DMV (1 + 350,
to<s<T 1

By taking into account the fact that

p
E("") = E(exp(Nr In(x))) = exp((x — (T —19)) u")

i=1

https://doi.org/10.1239/jap/1208358962 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1208358962

Weak local linear discretizations 209

for any constant k > 1, it follows that

E( sup 19j)1 | 5, ) =E(E( sup 1) | Fii 2oy, ) | Fa)

to<s<T to<s<T
p
G _ i 8 ()24
< C_1(1 + Cl)exp<C1(T o) E % )(1 + 1yg(10)1™),
i=1

which completes the proof of (19). Finally, (20) can be straightforwardly obtained from the
definition of the process zg and its corresponding identity in Lemma 2.

Proof of Theorem 1. Identity (19) directly implies that

E( max 1y, | %,) = K201 + 30/,
T

0<n<n

which is just condition (13) of Lemma 1.
From (20), it is easy to check that the WLL approximation y? (r—) is a solution to (7) for all
t € [ty, th+1]. Thus, a straighforward application of [10, Theorem 4.5.4] to (7) yields

By — 3P 15 = Ki (14 max 1y, ) (s = 1)
0<k<n

with K1 > O for all #,,, t,41 € (¢)s, i.e. the condition (14) in Lemma 1.
Conversely, since (20) holds, a direct application of [10, Lemma 5.11.7] to the It6—Taylor
expansion (17) yields

‘E(Fp(ytn+1— - ytn) - Fp( Z

aclg\{v}
< K1+ 1y, ") (tag1 — 12)8P

Io[Aa(tn, Yo, ths ytn)][n,[n+1> ‘ 371,,)‘

for all t,,,#,41 € (t)s and p € P;, with K > O and r € {1, 2, ...}. Moreover, since (18) also
holds, we have

‘E<Fp()’tn+1 - Yi,) — Fp( Z Iy [Ao(tn, ytn)]t,,,t,,H) ‘ fit,,)’

aelg\{v}
< K+ |y, ") (tag1 — 12)8”

< K(l 4+ max Iytk|2r>(tn+1 - tn)(sﬁa
0<k=<n

whichis just (15). Finally, the proof concludes by applying Lemma 1 to the WLL approximation
8
Yg-

Theorem 1 can also be used for obtaining the global order of weak convergence of numerical
schemes derived from the WLL discretization (9). That is, by providing suitable weak approx-
imations of desired order of convergence to the integrals (4) and (5). In this way, this result
is also valuable for studying the statistical properties of inference methods that could also be
derived from such WLL discretization.
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