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Abstract. We study Higgs bundles over an elliptic curve with complex reductive
structure group, describing the (normalisation of) its moduli spaces and the associated
Hitchin fibration. The case of trivial degree is covered by the work of Thaddeus
in 2001. Our arguments are different from those of Thaddeus and cover arbitrary
degree.
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1. Introduction. An elliptic curve is a pair (X, xo), where X is a smooth complex
projective curve of genus 1 and Xy is a distinguished point on it. By abuse of notation,
we usually refer to an elliptic curve simply as X. Let G be a connected complex reductive
Lie group. A G-Higgs bundle over X is a pair (E, ®), where E is a principal G-bundle
over X and &, called the Higgs field, is a section of the adjoint bundle twisted by
the canonical bundle of the curve. The canonical bundle of an elliptic curve is trivial,
Qﬁ( = Oy, so ® € H(X, E(g)). These objects were defined by Hitchin [19] over a
smooth projective curve of any genus and the existence of their moduli spaces M(G),
(here d € 71(G) is a topological invariant known as the degree) follows from Simpson
[31, 32] (the existence of M(SL(2, C)) was first given in [19] and the case of GL(n, C)
was also given by Nitsure [26]).

A major result of the theory of G-Higgs bundles is the non-abelian Hodge
correspondence which was proved by Hitchin [19], Donaldson [10], Simpson [30, 31, 32]
and Corlette [7]. It is a generalisation of the Narasimhan—Seshadri-Ramanathan
Theorem [25, 27] to the non-unitary case and states the existence of a chain of
homeomorphisms between the moduli space of G-Higgs bundles, the moduli space
of G-bundles with projectively flat connections C(G); and the moduli space of
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representations R(G), of the curve

omeo om

h homeo
MGy =E C(Gy = R(G),.

The Hitchin fibration was defined by Hitchin [20] using a basis py, ..., p¢ of the
invariant polynomials of the Lie algebra g

M(G)a —> Bg = @ H(X, (@)= 42)
(E, D) —> P1(®). ... pe(®)).

A more canonical definition of the Hitchin fibration was provided by Donagi [8]
redefining the Hitchin base B as the space of cameral covers H(X, (g ® %)/ G).
Another ground-breaking result of the theory of Higgs bundles says that, under this
fibration, the space of G-Higgs bundles is an algebraically completely integrable system
[20, 11, 8].

In 1957, Atiyah [1] studied vector bundles over an elliptic curve X leading to
an identification of the moduli space of vector bundles M(GL(n, C)); with Sym” X,
where / is the greatest common divisor of n and d. Some 40 years later, Laszlo [22]
and Friedman, Morgan and Witten [14, 16], gave a description of the moduli space of
G-bundles M (G), ([22] only deals with M(G)o) as the quotient

MGy = (X ®2 86.a) [ Wy, (1)

where Ag 4 1s a certain lattice, Wg 4 1s a finite group acting on Ag 4 and X ®z Agq 1s
the tensor product over Z (recall that X is an abelian variety and therefore has a natural
Z-module structure). When G is simply connected (and therefore d = 0), Ago = A is
the coroot lattice and Wgo = W is the Weyl group of G. In this case, by a result
of Looijenga [24] (see also [3]), M(G)y is isomorphic to a weighted projective space.
This isomorphism was obtained directly by Friedman and Morgan [15] working with
deformations of unstable G-bundles (see also [18]).

The construction of the isomorphism (1) relies on two facts. The first one is the des-
cription of the moduli space of unitary representations R(G), achieved by Schweigert
[29] and more generally by Borel, Friedman and Morgan [5]. By the Narasimhan—
Seshadri-Ramanathan theorem, R(G), is homeomorphic to M(G),. This shows that
an appropriate morphism from (X ®z Ag.q4)/ We.a to M(G), is bijective. The other
key result is the fact that M(G), is a normal projective variety, which allows us to
apply Zariski’s main theorem, proving that the previous bijective morphism is indeed
an isomorphism.

In this paper, we describe M(G),; for any complex reductive group G, thus,
generalising [13], where the authors studied these objects when G is a classical group.

The results of this paper are structured as follows. After reviewing in Section 2,
the theory of unitary representations and G-bundles over an elliptic curve, we prove in
Section 3 that a G-Higgs bundle is (semi)stable if and only if the underlying G-bundle
is (semi)stable [Propositions 3.1 and 3.3]. This fact shows the existence of a projection
[Corollary 3.2]

M(G)g — M(G)a 2

and, combined with the results of [5], implies that every polystable G-Higgs bundle of
degree d reduces to a unique (up to conjugation) Jordan—Holder Levi subgroup Lg 4
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[Proposition 3.7]. This allows us to give a complete description of the polystable G-
Higgs bundles [Corollaries 3.8 and 3.9]. Using this description, we construct a family
‘Hg.q of polystable G-Higgs bundles of degree d parametrised by 7*X ®z Ag.4. Every
polystable G-Higgs bundle can be constructed starting from a Higgs bundle for an
abelian group [Remark 3.11], which shows that the non-abelian Hodge correspondence
is not entirely non-abelian in the elliptic case. Next, we show that the morphism
associated to the family Hg 4 factors through a bijective morphism and, using Zariski’s
main theorem, this gives us a description of the normalisation of the moduli space
[Theorem 3.14]

MG, = (T"X @2 M) [ wg,. 3)

Itis not known whether M(G), is a normal quasiprojective variety (see [13, Section
3.4] for a detailed discussion), so we can not apply the method used to prove (1) since
the hypothesis of Zariski’s main theorem requires the normality of the target. By means
of this bijection and the quotient (2), we define a natural orbifold structure on M(G),
and the projection (2) corresponds with the projection of the associated cotangent
orbifold bundle [Remark 3.18].

In Section 4, we study the Hitchin fibration and we obtain that it corresponds to
the projection [Proposition 4.1]

(T*"X ®z AG,d)/ Wea — (C®z AG.d)/ We.a»

induced by the obvious projection from T*X = X x C to C. This gives us an explicit
description of (the normalisation of) all the fibres of the Hitchin fibration and, more
concretely, the generic ones [Corollary 4.2].

In Section 5, we use the non-abelian Hodge correspondence and our description
of G-Higgs bundles to extend the results of [S] about unitary representations of surface
groups of an elliptic curve to reductive representations of this surface group [Corollaries
5.1and 5.2]. This allows us to construct a bijective morphism to the moduli space R(G),
of representations and then the normalisation of the moduli space is [Corollary 5.4]

R(G), = (€ xC)®z A6a [ wy,. “)

In Section 6, we study the moduli space C(G),; of G-bundles with projectively
flat connections. Using only the Narasimhan—Seshadri-Ramanathan theorem and the
fact that the underlying G-bundle of a polystable G-Higgs bundle is also polystable, we
observe a splitting of the Hitchin equations [Proposition 6.1] that simplifies the proof
of the Hitchin—Kobayashi correspondence over elliptic curves [Corollary 6.2, Remark
6.3]. We obtain that the normalisation of the moduli space is [Theorem 6.8]

C(G), = (X’ ®z M) [ Wy, %)

where we recall that X* is the moduli space of rank 1 local systems on X.
In the trivial degree case, (3)—(5) become

MGy = (T"X @z M) [y,

R(G)y = (T xTY®zA) [
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and
CGy= Xz N/,

where W is the Weyl group of G and A is the lattice given by the kernel of the
exponential restricted to the Cartan subalgebra (i.e., the fundamental group of the
Cartan subgroup). This was obtained by Thaddeus [33] in 2001. Our arguments are
different from those of Thaddeus and work for arbitrary d.

When G = GL(n, C) or SL(n, C) (for any n, not only for n <4 as stated in
[13]) one actually obtains an isomorphism since the target is normal. In these
cases,

R(G) = Hom(Z & Z,G) /g c tx.yeg:[x)]=0} /g

is normal due to [21, Section 0.2] (although the hypothesis of [21] requires G to be
semisimple, the proof can be extended to GL(n, C) asin [23, Corollary 7.4]). Normality
of M(G)p and C(G), follow from the Isosingularity theorem [32, Theorem 10.6] and
normality of R(G)o. The corresponding results for R(G)y for general reductive G
constitute a long-standing open problem and the case of R(G), is still more uncertain.
Indeed, it is not even clear whether the moduli spaces are reduced.

We work in the category of algebraic schemes over C. Unless, otherwise stated, all
the bundles considered are algebraic bundles.

2. Review on G-bundles and unitary representations over elliptic curves.

2.1. Review on the abelian case. If X is an elliptic curve, the Abel-Jacobi map
gives an isomorphism X = Pic!(X). Fixing a point xo € X and tensoring by O(x;)™"
one obtains ¢jo: X — Pic’(X), which induces an abelian group structure on X.
There is a unique Poincaré bundle P — X x Pic’(X) such that its restriction to the
slice {xo} x Pic’(X) is the trivial line bundle.

Let S be a compact connected abelian group and let S© be its complexification.
The universal cover of S (resp. S) is its Lie algebra s (resp. s©) and the covering map is
the exponential exp : s — S (resp. s — ST). By construction, the kernels of the two
maps coincide and we write

Ag = Age := kerexp,

whichisalatticeins C sC. Note that the fundamental groups 71 (S) and 771 (ST) coincide
since both are identified with the kernel of the exponential map.

Every element y € Ag defines a cocharacter 6 : C* — SC that restricts to 6 :
U() — S.Let B=1{y1,..., y:} beabasis of Agand let {6y, ..., 6;} be the associated
cocharacters. These give isomorphisms

s : C*®zAg i) SC

Ul ®z As — S (6)
YK @7y — X, 6(L)),
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where £; € C* (resp. U(1)), and

dOgs C®z As — sC

R®sAs — s (7
Zf:l(ki ®z Vi) — 2?21 Ai Vi,

where A; € C (resp. R).
Using (6) and fibre products of the Poincaré bundle (id x¢j,0)*P — X x X, one
can construct a family of S®-bundles with trivial degree

Ps — X x (X ®z Ay), ®)

whose restriction to the slice {xo} x (X ®z As)is the trivial SC-bundle over (X ®z As).
Among other references, the following result is contained in [32, Theorem 9.6]
(recall that for an elliptic curve X = Pic’(X)).

THEOREM 2.1. Let S© be an abelian, connected complex Lie group. Then, the moduli
space of topologically trivial S©-bundles over the elliptic curve X is

M(S%) = X ®7 As.

2.2. Notation and some results on Lie groups. We refer to [12] for an expanded
version of this section. Let G denote a compact (resp. complex reductive) connected
Lie group. We set some notations, which are as follows:

e 7, denotes the connected component of the identity of the centre Z;(G) of the
group,
p: D — [G, G] denotes the universal covering of the semisimple group [G, G],
= ZyNI[G, G,
= p~'(F) C Zp(D),
: C — Zj denotes the homomorphism given by the inclusion F — Zj.
:=G/F,
= Zy/F,
:= D/ C or equivalently [G, G]/F,
H C G denotes a maximal torus (resp. Cartan subgroup) with Lie algebra b,
H’ C D denotes a maximal torus (resp. Cartan subgroup) with Lie algebra ' =
[, bl,
W = Ng(H)/Zs(H) = Np(H')/Zp(H') denotes the Weyl group.
Note that we have natural isomorphisms

SINIQIY O™

G=Zyx. D 9)
and

G

12

Z x D. (10)
The finite covering G — G induces an injection

m(G) — m(Z) x (D)
d +— (u, o).

(11)
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Since D is simply connected and C finite, we have
T 1(5) = C.

Let us suppose for simplicity that D is a simple compact Lie group (resp. simple
complex Lie group). Take an alcove A C §’ containing the origin. For ¢ € Zp(D), we
know (see, for instance, [6]) that there is a vertex a. of the alcove 4 such that ¢ = exp(a,).
We see that 4 — a. is another alcove containing the origin. Hence, there is a unique
element w. € W such that

A—a, = w(A).

In the trivial case, we obviously have wy = id.
We denote the connected component of the fixed point set of the action of w,. on
H by

S¢ = (H™)o. (12)
Let us take its normaliser Ng(S,) and define the quotient
We = N6(Sd) [ 745 = Ne(0™) | z.5>). (13)

When c is the identity, one recovers the usual Weyl group W.
We define

L. = Zs(S.). (14)

Since L. is the centraliser of a torus, we know that it is connected. One can easily check
that Ng(S.) = Ng(L.) and therefore W, = No(Lo) / [ .

By [5, Lemma 2.1.1] and [5, Proposition 3.4.4], D, = [L,, L] is simply connected.
Define F, = S. N D, and note that S, is the centre of L.. By (9), wehave L, = S, xf, D,.
Note, by (11), that m;(L.) injects into 7;(S.) x m(D./F.), where

S.:=S./F.. (15)
The inclusion L. < G induces a morphism 7{(L.) — 71(G).

LEMMA 2.2. Let d = (u, ¢) € m(G) and let L. be associated to c. Then, there is a
unique £y € m1(L.) that maps to d and furthermore £; = (u, p(c)).

Proof. By construction, we have that p(c) € D. = [L., L.]Jand p(c) € S,, thus, p(c) €
F. CZp.(D.). If € € m(L.) is given by (v, f) € s x Zp (D.) and it maps to d, then
S/ =p(c) and v = u, since v € exp~!(p(c)) C exp~!(F) C 34(g). The choice of d fixes
(v, f), so its preimage ¢ € m;(L.) is unique. O

Recall that W, = Ng(s.)/Zg(s.), where s, = h®« is the Lie algebra of S., and note
that W, preserves As, C s.. This gives us an action of W, on U(1) ®z As, (resp. on
C* ®z As,) and this action commutes with the isomorphism ©g, defined in (6).

In (15), we have defined S, as S./F.. We can check that W, preserves F,, so the
action of W, on S, gives a well-defined action of W, on S,. Note that As = exp§l (F),
so W, also preserves Ay , inducing an action on U(1) ®z Az, (resp. on C* ®z Az, ). We
can check that the action of W, commutes with @3 too.
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2.3. Representations and c-pairs. In this section, we present some results from
[5] (see also [12]). We say that two elements of a Lie group G almost commute if their
commutator lies in the centre of the Lie group. Let ¢ be an element of C C Zp(D).
Suppose a and b are two almost commuting elements of the form a = [(z;, §;)], and
b =[(z2, 82)]., where z1, z; € Zy and 81, 8, € D. We say that (a, b) is a c-pair if [§1, §3] =
¢. Let C(G), denote the subset of G x G of c-pairs.

The fundamental group of an elliptic curve is 7(X) = («, B : [a, B] = id) = Z>.
Take the universal central extension I' = («, 8, 6 : [«, B] = 8, [, 8] = id, [B, 8] = id)
and define 'g as I' x7 R. A representation p : 'r — G is central if p(R) is contained
in Z(G); since p(R) is connected and contains the unit element, it is contained in
Zy = Z3(G)y. From a central representation p : 'r — G, one obtains a pair (v, u),
where v : T' — G is such that v = p|r and u € 34(g) is given by u = dp(1) and, thanks
to the exponential map, u can be viewed as an element of the fundamental group
of Z. Conversely, (v, 1) determines uniquely a central representation p : ' — G. We
observe that u € 34(g) is an invariant of the conjugacy class of the representation p. We
denote by Hom‘(I'g, G)4, the set of central representations with topological invariant
d and we define the moduli space of such representations as the GIT quotient by the
conjugation action of the group

R(G); := Hom (Tw, G)a J/ G .

Every central representation v : I' — G is completely determined by two elements
of G, a = v(a) and b = v(B). Since v is central, v(8) = [a, b] is contained in Z; and
therefore in F = Zy,N[G, G]. Take a = [(z1, 81)]. and b = [(z2, 82)]., and write ¢ =
[81, 82], where v(§) = t(c). Then, (a, b) completely determines the representation v :
I' - G and is a ¢-pair. Furthermore, ¢ € C C Zp(D) is an invariant of the conjugacy
class of the representation v.

REMARK 2.3. Every central representation p : ' — G is determined by a c-pair
(a, b) € C(G). and an element u of 34(g) that satisfies 7(c) = exp(u). The pair d =
(u, ¢) € 34(g) x Zp(D) is an invariant of the conjugacy class of p. Indeed, d is an
element of 7;(G) as indicated by (11).

For any g € G, the representation gpg~' is determined by (gag~', ghg~"', u), where

(gag™', gbg™") is a c-pair.

By Remark 2.3, we see that Hom“(I'g, G)(,,) can be identified with C(G).. As
a consequence, the moduli space of representations of I'g for an elliptic curve with
invariant d € m;(G) determined by (u, ¢) € 34(g) x Zp(D) coincides with the moduli
space of c-pairs

R(G)y = CO) [/ G .

Suppose now that G is a connected complex reductive algebraic group and let K
be its maximal compact subgroup. A representation p is reductive if and only if the
Zariski closure of im p is a reductive group. It is proved in [28] that the orbit [p]g is
closed if and only if p is a reductive representation. Denote by Hom(T'g, G)}, the set
of central reductive representations, and by C(G)7, the set of reductive c-pairs (those
associated to reductive representations). Then,

R(G)q = Hom(Tr. G)j / g = C(O)f / . (16)
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Note that, for G compact, every representation of I'g is reductive. So, the moduli space
of unitary representations is a categorical quotient

R(G)y == R(K)g = C(K): [ k.

A representation p is irreducible if the centraliser of its image, Zs(p), is equal to
Z;(G). Analogously, we say that a c-pair (a, b) is irreducible if the centraliser of its
elements, Z;(a, b), is equal to Zs(G).

2.4. Review on unitary representations over elliptic curves. Following [5], in this
section, we study the moduli space of central representations of I'g into a compact Lie
group K. Let C = p~!(F) = m;(D) as defined at the beginning of Section 2.2 and set
ceC.

PROPOSITION 2.4. (IS, Proposition 4.1.1]). Let K be a simply connected compact
semisimple Lie group. Let (a, b) be an irreducible c-pair in K. Then,

(1) the group K is a product of simple factors K;, where each K; is isomorphic to SU(n;)
for some n; > 2;

(2) ¢ =(cy,...,cr), where each c; generates the centre of K;;

(3) conversely, if K is as in (1) and ¢ as in (2), then there is an irreducible c-pair in K
and all c-pairs in K are conjugate.

Recall that L, = S, x, D., where S, L. are defined in (12), (14) and D, = [L,, L.].

PROPOSITION 2.5. (|5, Proposition 4.2.1]). Let K be a compact Lie group. Let (a, b)
be any c-pair. Any maximal torus of Zg(a, b) is conjugate in K to S, , so (a, b) is contained
in L. after conjugation and, as a c-pair in L., is irreducible.

Now, we have the ingredients to describe the moduli space of unitary
representations. Fix d € m1(G) determined by (u, ¢) € m1(Z) x m1(D) as described in
(11). Let us take (81, 8,) to be one representative of the unique conjugation class of the
irreducible ¢-pair in D.. Consider the following continuous map:

(Se x Sp) — R(K)a

(5152) > (51, 81l [52. 8. an

Using Proposition 2.5, one can check that (17) is surjective.

REMARK 2.6. By Proposition 2.4, we have D, = SU(n;) x - - - x SU(ng). Let 8;;
and §,; be the projections of §; and &, to SU(n;). The conjugation of the c-pair
([s1, 81, [52, 82]z,) by [id, 81 i, gives us ([s1, 81, , [s2, ¢i82];,) and similarly, conjugating
by [id, 8, ;] gives ([s1, c;la 1]z, [$2, 82]z.). By Proposition 2.4(2), the ¢; generate Zp (D),
so it is obvious that (17) factors through

S. xS, — R(K)g. (18)

https://doi.org/10.1017/50017089518000228 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000228

HIGGS BUNDLES OVER ELLIPTIC CURVES 305

One can further prove that (18) factors through the quotient by the finite group
W,, defined in (13).

THEOREM 2.7. (I5, Corollary 4.2.2]). Let K be a compact connected Lie group. There
is a homeomorphism

(Sc x50 / w, "™ R(K),.

REMARK 2.8. Since (6) gives us the isomorphism Og : U(1) ®z Ag, = S, and
the action of W, commutes with @5 , we have a natural homeomorphism

(U) x U(1) ®z As,) / w, "8 R(K),.

2.5. Review on G-bundles over an elliptic curve. Let G be a connected complex
reductive Lie group with maximal compact K. The notions of stability, semistability,
polystability and S-equivalence for G-bundles are well known (see, for example, [27]).

Given a unitary representation p : 'g — K C G, after [2], we can construct the G-
bundle E” as follows (see also [27] for a similar construction). Consider the line bundle
O(xo) associated with the divisor given by the fixed point xp of X and let Q| — X
be the fixed U(1)-bundle obtained from reduction of structure group of O(xo). The
universal covering X — X is a 1 (X)-bundle. Consider the fibre product X x y @ and
denote by Q,, its lifting to I'r. We set E” as the extension of structure group associated
to p of Qy,, i.e.,

E* = P+ Ox,- (19)

As shown in [2] (see also [27]),
the bundles E” are polystable,
two bundles E”' and E** are isomorphic if and only if p; and p, are conjugate,
every polystable G-bundle E is isomorphic to some E”, and
the bundle E” is stable if and only if the representation p is irreducible.
We can interpret as follows the results of [5] given in Section 2.4.

__PROPOSITION 2.9. Let G be a connected, complex semisimple Lie group and denote
by G its universal cover. Let E* be a stable G-bundle of degree d € m\(G) C Zg(G). Then,

(1) the group Gisa product of simple factors G;, where each G; is isomorphic to SL(n;, C)
for some n; > 2;

2) d=(d,...,d), where each d; generates m\(G;) = Z,,;

(3) conversely, if Gisasin (1) andd asin (2), then there is a stable G-bundle of degree
d and all G-bundles of degree d are isomorphic, i.e.,

M(G)a = M"(G)a = {pt}.

Proof- Since, by Remark 2.3, a representation p is determined by a c-pair, and the c-
pair is irreducible if and only if the representation is irreducible, the proof follows from
Proposition 2.4 ([5, Proposition 4.1.1]) and the existence of a bijective correspondence
between irreducible representations and stable G-bundles. |

REMARK 2.10. Note that Proposition 2.9 implies that, for G simple, the only stable
bundles occur when G = PGL(n, C) and d generating Z, (i.e., n and d coprime).
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Let G be a complex reductive Lie group, and let F be as defined at the beginning
of Section 2.2. Since F C Zs(G), the extension of structure group given by the
multiplication map u : F x G — G is well defined. Given an F-bundle J and a G-
bundle E, we denote by J ® E the G-bundle u.(J xx E).

COROLLARY 2.11. Let E be a stable G-bundle of topological class d and let J be any
element of H'(X, F). Then,

EZJQRE,

so J @ E has the same topological invariant as E.
Proof. This follows from Remark 2.6. 0

By [27, Proposition 7.1], a G-bundle is stable if and only if the induced (G/Zy)-
bundle is stable. Let Z and D be as defined at the beginning of Section 2.2.

THEOREM 2.12. Let G be a connected complex reductive Lie group and let d € m1(G).
Then,

MG =9,

unless G/Zy decomposes into PGL(n, C)x ... x PGL(n,, C) and d € 71(G;) projects
to(d,...,dy) e m(PGL(n, C)) x 7 (PGL(ny, C)), where gcd(n;, d;) = 1. In that case,
there is a natural isomorphism

M (G)g = M(G)y = X @z Az.

Proof. The first statement follows from Proposition 2.9.
The extension of structure group associated to G — G = Z x D (see (10)) induces
a morphism

M (G)g —> M*(G)ue) = M*(Z)y x M*(D),. (20)
This morphism is injective by Corollary 2.11. For any stable G-bundle E, the morphism

MNZ), — M*(Z),
J +>J:=(J®E)/D=J/F

is surjective, as J is the extension of structure group of J associated to Z — Z. Then,
the morphism (20) is bijective, and, therefore, it is an isomorphism. By Proposition
2.9, M*'(D),. = {pt}, so the second statement follows from Theorem 2.1. O

REMARK 2.13. Note that the point xy € X defines an origin in M*/(Z),,. For G and
d of the form given in Theorem 2.12, we write E;, for the stable G-bundle of degree d
associated to this point of M*/(Z),. Let Z, be the connected component of the centre
of G and consider the universal family of Zy-bundles P, parametrised by X ®z Az,
which is defined in (8). We define the family (£')6.s = Pz, ® Eg; of G-Higgs bundles
with degree d. By Corollary 2.11, this family descends to a family parametrised by the
quotient of X ®7 A, by the image of H'(X, F). Recalling thatexp™!(F) = Az C Az,
one can check that this quotient is isomorphic to X ®z A-. Then, we have a family
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E6.a = X x (X ®z A7) such that

X ®z Az i) M”(G)d
t — [E6,alxxin)z

PROPOSITION 2.14. Every polystable G-bundle of topological type d = (u, ¢) admits
a reduction of structure group to L., giving a stable L.-bundle of topological class €, =

(u, p(c)).

Proof. Every polystable G-bundle is isomorphic to some E”. By Remark 2.3, p
is determined by u and a c-pair (a, b) € K x K. By Proposition 2.5 ([S, Proposition
4.2.1]), (a, b) is contained (after conjugation) in the maximal compact subgroup of L.
and is irreducible as a c-pair in that group. Then, im p C L. and p is irreducible in L.,
so E” reduces to a stable L.-bundle. O

By Proposition 2.14, it makes sense to define the following family parametrising
all polystable G-bundles of degree d,

gG,d = i*(gL(.,fd)’ (21)

where i : L. < G is the natural inclusion. Note that this family is parametrised by
X ®z Ag,, where S, is the centre of L.. This family induces a morphism to the moduli
space

X ®z As, — M(G)a, (22)

which is surjective by Proposition 2.14.

THEOREM 2.15. Let G be a connected complex reductive Lie group and let d € m1(G).
Then,

MGy = (X®zAs) [ w,.
Proof. 1t is clear that (22) descends to a surjective morphism
(a: X ®zA3) [ w. — M(G)a.

Injectivity follows from Corollary 2.11 and the fact that the reduction of structure
group to L. is unique up to conjugation. Now ¢¢ 4 is an isomorphism by Zariski’s
main theorem. O

COROLLARY 2.16. Let E| and E, be two polystable G-bundles of topological class d
parametrised by Eg 4 at the points ty and t; € X ®z Ag . Then, E\ and E, are isomorphic
G-bundles if and only if there exists w € W, such that t; = w - ;.

3. G-Higgs bundles over an elliptic curve. Let G be a connected complex reductive
Lie group. Recall that a G-Higgs bundle over an elliptic curve X is a pair (£, ®), where
E is an algebraic G-bundle over X and ® € H(X, E(g)). We say that (E, ®) is stable
(resp. semistable) if, for every proper parabolic subgroup P with Lie algebra p, any
non-trivial antidominant character x : P — C*, and any reduction of structure group
o to the parabolic subgroup P giving the P-bundle E, such that ® € H(X, E,(p)), we
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have
deg x.E; >0 (resp. > 0).

Let (£}, ®;) and (E,, @) be two semistable G-Higgs bundles and suppose that
there exists a family H parametrised by C such that H|y«;y = (Ey, @) if A # 0 and
Hlxxo; = (E2, $2). We say that these two G-Higgs bundles are S-equivalent and we
call the induced equivalence relation S-equivalence, writing (E, ®;) ~g (E», ®2). Two
families of semistable G-Higgs bundles parametrised by Y are S-equivalent, Hi ~s Ha,
if for every point y € Y, one has Hilxx(y; ~s Halxxp)-

We denote by M(G), the moduli space of S-equivalence classes of semistable G-
Higgs bundles of degree d and by M*(G),, the corresponding moduli space for stable
G-Higgs bundles.

The G-Higgs bundle E is polystable if it is semistable and, when there exists
a parabolic subgroup P C G, a strictly antidominant character x : P — C* and a
reduction of structure group o giving the P bundle E, such that

® e H'(X, E;(p))
and
deg x.E, =0,

there exists a reduction ¢ of the structure group of E, to the Levi subgroup L C P
such that ® € H(X, E.(I)), where E, denotes the principal L-bundle obtained from
the reduction of structure group ¢ and [ is the Lie algebra of L. There is a unique
(up to isomorphism) polystable G-Higgs bundle in each S-equivalence class. Let us
recall that every polystable G-Higgs bundle has a reduction of structure group to some
Levi subgroup L C G giving a stable L-Higgs bundle. Such a reduction is called a
Jordan—Holder reduction and is unique in a certain sense (see, for example, [17]).

The triviality of the canonical bundle 2} in the case of an elliptic curve leads us
to the following well-known results.

PROPOSITION 3.1. Let (E, ®) be a semistable G-Higgs bundle. Then, E is a semistable
G-bundle.

Proof. If E is unstable, then £ reduces to the Harder—Narasimhan parabolic
subgroup P, giving E,;, and there exists a character x : P — C*such thatdeg x*E, < 0.
Moreover, H(X, E(g)) = H(X, E,(p)). So, ® € H(X, E,(p)) and hence the Higgs
bundle (£, @) is unstable. d

We have the following consequence.

COROLLARY 3.2. The moduli space of G-Higgs bundles projects onto the moduli space
of G-bundles

M(G)y — M(G)g
[(E, )]s —> [E]s.

PROPOSITION 3.3. Let (E, @) be a stable G-Higgs bundle. Then, E is stable.
Proof. We first note that ® € H(X, E(g)) is contained in aut(E, ®).
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If (E, ®)is stable, then, by [17, Proposition 2.14], aut(E, ®) C H(X, E(34(9))) and
it follows easily that (£, 0) is stable too.

COROLLARY 3.4. Let (E, ®) be a polystable G-Higgs bundle. Then, E is a polystable
G-bundle.

Proof. The polystable G-Higgs bundle (E, ®) reduces to the Jordan-Holder Levi
subgroup L giving the stable L-Higgs bundle (£., ®1). By Proposition 3.3, Ey is a
stable L-bundle and therefore E is a polystable G-bundle. O

With the results above, we are able to describe stable and polystable G-Higgs
bundles. Recall the bundle E” defined in (19).

PROPOSITION 3.5. A4 stable G-Higgs bundle (E, ®) is isomorphic to (E*,z® 1)
where p : Tr — K is some representation such that 34(p) = 34(9), 1o is the constant
section of the trivial bundle O equal to 1 and z € 34(g).

Proof. By Proposition 3.3, E is stable and therefore polystable. Then, £ = E* for
some p. By [27, Proposition 3.2], we have H(X, E(g)) = 39(9), 50 ® =z ® 1 for some
z € 34(g). Note that 34(p) € H(X, E(g)), and then 34(p) is contained in 34(g) so they
are equal. O

We recall the isomorphism (7) and note that T*X = X x C. With all this in mind,
we provide a result for G-Higgs bundles analogous to Theorem 2.1.

THEOREM 3.6. Let SC be an abelian, connected complex Lie group. Then, the moduli
space of topologically trivial S©-Higgs bundles over the elliptic curve X is

M(SC)() =TX ®z As.

Proof. The description follows from the construction of a family of SC-Higgs
bundles using Ps defined in (8) and dOg from (7). a

Recall the definition of L. given in (14).

PROPOSITION 3.7. Every polystable G-Higgs bundle of topological type d = (u, c)
admits a reduction of structure group to L. giving a stable L.-Higgs bundle of topological
class L4 = (u, p(c)).

Proof. Take a polystable G-Higgs bundle (E, ®) of type d = (u, ¢), and suppose
that L is a Jordan—Holder Levi subgroup of (E, ®). Since (E, ®) reduces to L giving a
stable L-Higgs bundle, it follows from Proposition 3.5 that there exists (p, z) such that
(E, ®) = (E”,z2® 1p). Here, z € 34(p), which is a reductive Lie algebra since

Z(p) = Zola, b) = Zx(a, b)°

and Zg(a, b) is a compact subgroup. Then, we can conjugate z € 34(p) to the Cartan
subalgebra h C [.. As a consequence of the above and Proposition 2.14, (E*,z ® 1p)
reduces to a stable L.-Higgs bundle and so does (E, ®). O

Recall that h*- is the centre of [.. Propositions 3.5 and 3.7 imply the following.

COROLLARY 3.8. Let Ky, be a maximal compact subgroup of L.. A polystable G-
Higgs bundle (E, ®) of type d € w1(G) is isomorphic to (EP,z® 1p), where p : ' —
K;, C L. is some representation, 1o is the constant section of the trivial bundle O equal
to 1 and z € h*-.

https://doi.org/10.1017/50017089518000228 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000228

310 EMILIO FRANCO, OSCAR GARCIA-PRADA AND P. E. NEWSTEAD

Recall that E/* = E* if and only if p; and p, are conjugate. This fact, together
with Corollary 3.8, implies the following.

COROLLARY 3.9. In the notation of Corollary 3.8, two pairs (p, z) and (p’,z)
determine isomorphic polystable G-Higgs bundles if and only if there exists an element
k € K such that (p', 2') = (kpk™', adi(z)).

The automorphism group of the polystable G-Higgs bundle (E°,z ® 10) is Zg(p, z)
and its Lie algebra is 34(p, 2).

Recall the family of polystable G-bundles €4 — X x (X ®z Ag, ) defined in
Remark 2.13 and in (21). Recalling the isomorphism

d@g[ :C®z Ag[ — 5, = b,

defined in (7), as well as the discussion immediately before Theorem 3.6, we define a
family of G-Higgs bundles Hg 4 parametrised by 7*X ®z Ag , setting, for each point
(t,5) e T"X ®7 As,,

He.alxxiwsy = (Ec.alxxiy» dO5.() ® 10)
where 1 is the section of the trivial bundle O equal to 1.

REMARK 3.10. By Corollary 3.8, every polystable G-Higgs bundle of degree d is
parametrised by Hg 4.

REMARK 3.11. The family H¢ 4 can be constructed starting from Hs, o ® (Ez“ 0 0),

quotienting by H'(X, F) as described in Corollary 2.11 and taking the extension of
structure group associated to L, < G. This shows that all polystable G-Higgs bundles
are described by Higgs bundles for the abelian group S..

THEOREM 3.12. Let G be a connected complex reductive Lie group and let d € m1(G).
Then,

MY (G)a =0,

unless G/Zy decomposes into PGL(n1, C)x ... x PGL(n,, C) and d € m\(G) projects
to(dy, ..., ds) € my(PGL(n, C)) x 71 (PGL(n,, C)), where ged(n;, d;) = 1. In that case,
there is a natural isomorphism

M”(G)d =M(G) ETX Q7 Ay.

Proof. The first statement is a consequence of Propositions 3.3 and 3.5 and
Theorem 2.12.

As in Theorem 2.12, the extension of structure group associated to G — G
Z x D induces a morphism

~

MGy —> M (G)w0) = MY(Z)y x M (D)., (23)

which, as in the case of G-bundles, can be proved to be bijective. By Proposition 3.5,
Corollary 3.9 and Theorem 2.12, M* (D). = {pt}. Noting also that M*(Z), is smooth
as Z is abelian, we have that M*(G); = M*(Z), and the second statement follows
from Theorem 3.6. O
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Recall W, defined in (13). Note that W, acts on S. and therefore it acts on
T*X ®7 As,.

PROPOSITION 3.13. Let (E|, ©1) and (E,, ©,) be two polystable G-Higgs bundles of
topological class d parametrised by Hg. 4 at the points (t1, s1) and (12, 52) € T*X ®z Ag,.
Then, (Ey, ®1) and (Ey, ®;) are isomorphic G-Higgs bundles if and only if there exists
o' € W, such that (15, s5) = o' - (11, 51).

Proof. 1t is clear that, if (13, 52) = o - (1, 51), then (Ej, ®1) = (E,, ®2). Suppose
conversely that (Ej, @) = (E;, ®;) and that (E;, ®1) and (E;, ®;) are associated to
(p1, z1) and (o2, z;) in the sense of Corollary 3.8. Then, by Corollary 3.9, there exists
k € K such that (ps, 25) is equal to (kp k™!, ady 2).

By Corollary 2.16, there exists w € W, = Nk(S.)/Zk(S.) such that t, = w - #.
Then, there exists n € Ng(L.) = Nk(S.) projecting to w and such that p, = npn~".

Let us set 2/ = ad,-1(2>) in s, = h** and note that

(p2,22) = (npin”", ady(2)) .

Then, (p1,2) = ((n"'k)pi1(n~'k)~!, ad, 1, z1), so n~'k belongs to Z(p;) and
conjugates z; to z/, both elements of 5, = h-.

Let T be the maximal torus of Zk(p1,z’) such that its complexification is S..
Note that 7" = n~'kT(n"'k)~! is another maximal torus of Zg(p1, ). Since Zx(p1, Z')
is compact there exists an element /' that conjugates 7" to 7’. Then, there exists
h=n"'kl' € Zg(p1) N Ng(S.) with 2’ = ad;(z). Setting n’ = nh = kI, we obtain an
element of Ng(S.) such that

(p2.22) = (W' p1(W) ™" ady(21)) -
Finally, let o’ € W, be given by the projection of #’. It is clear that it sends (¢, s1)
to (12, 52). O

THEOREM 3.14. There exists a bijective morphism
(T*X ®z As) | w, —> M(G)a. (24)

Hence, the normalisation M(G), of M(G) is isomorphic to (T*X ®z AE)/ w..

Proof. By moduli theory, the family Hgs — X x (T*X ®z Ag) induces a
morphism

T"X @7 As — MG
(t,9) > [He.dlxxi@9))s-

As we have seen in Remark 3.10, this morphism is surjective. It descends to a
surjective morphism (24). By Proposition 3.13, (24) is also injective.

The quasiprojective variety (7*X ®z As,) / p_ is normal since it is the quotient
of a smooth (and therefore normal) variety by a finite (and therefore reductive)
group. Zariski’s main theorem and (24) give us the description of the normalisation

of M(G)q. O

REMARK 3.15. This is proved in [33] for the trivial degree case. For G = GL(n, C)
or SL(n, C) and d = 0, (24) is indeed an isomorphism since the target is normal (see
the discussion at the end of Section 1).
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The irreducibility of the quotient (7*X ®z Ag,) / W, implies the following.
COROLLARY 3.16. The moduli space of G-Higgs bundles M(G)y is irreducible.

A G-Higgs bundle is infinitesimally regular if the dimension of aut(E, @) is the
minimal possible one.

PROPOSITION 3.17. The Zariski open subset of points represented by polystable G-
Higgs bundles which are infinitesimally regular lies in the smooth locus of M(G)g.

Proof. Consider the infinitesimal deformation space T of (£, ®). By [4], one has

the exact sequence
0 e(®) 0 1 el(®) 1
H(X,E(9)) — H(X, E(g)) — T — H (X, E(g)) — H (X, E(9)),

where ¢;,(®)(¢¥) = [y, @] and (D) is the Serre dual of ey(P) (recall that the canonical
bundle is trivial in our case). Hence, codim(im eo(®)) = dim(ker e;(®)), so dim(7) =
2 dim(ker e; (D)).

Suppose that (E, ®) = (E”, z ® 1p). Recall that dx is a generator of H'(X, O), so

HY(X, E(g)) = {Z ® dx : 2’ € 34(p)}. We observe that the kernel of e;(®) corresponds
to 34(p, z) and therefore

dim(T) = 2 dim(4(p. 2)) = 2 dim(aut(E, ®)),

where the last step in the equality follows from Corollary 3.9.

Suppose that p is associated to the c-pair (a, b) with (up to conjugation) a € H.
Recall that Proposition 2.5 implies that h*« is a Cartan subalgebra of 34(0) and therefore
a Cartan subalgebra of 34(p, z) since z € h*<. Then, for every polystable G-Higgs bundle
(E, @),

dim(M(G)) = 2dim(h*) < 2dim(34(p, z)) = 2 dim(aut(E, ®)).

Recalling [14, Corollary 5.18], we observe that, if a is a regular element of H, then
39(p, 2) = h*¢, so dim(7") = dim(M(G)y) is achieved in a Zariski open subset and the
statement follows. O

We define the projection

poa - T"X®zA5) [ w, — X ®z45) /W,
[(2, )]w. — [w..

Recalling the projection of Corollary 3.2, we have the commutative diagram

(T"X®zAs) | w, — = (X®zA5) [ W,
1:1J{ lw
M(G)d M(G)d-

REMARK 3.18. We can give an interpretation of the projection pg 4 in terms of a
certain orbifold bundle. Given an orbifold defined as a global quotient Z/ ", one can
define its cotangent orbifold bundle as the orbifold given by 7*Z/ I, where the action
of " on T*Z is the action induced by the action of I" on Z. Denote by M(G); and M(G),
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the orbifolds given, respectively, by the quotients of (X ®z Ag ) and (T*X ®z As,) by
the finite group W.. Since T*(X ®z Az, ) is (T*X ®z Ag ), we have that M(G)g4 is the
cotangent orbifold bundle of M(G),, i.e.,

M(G)y = T*M(G)q.

4. The Hitchin fibration. We describe the Hitchin map in the spirit of [9]. Consider
the adjoint action of the group G on the Lie algebra g and take the quotient map

g:9— 9//G.

Let E be any holomorphic G-bundle. Since the adjoint action of G on g/ G is
obviously trivial, we note that the fibre bundle induced by F is trivial

E(g/6) =0 (g/G).

The projection ¢ induces a surjective morphism of fibre bundles

qe : E(g) — E(g/G),

and ¢g induces a morphism on the set of holomorphic global sections

(qp)« : H'(X, E(g)) — H(X, 0 ®(g/G))
d — d/G ’

If (E}, ©)) and (E, ®;) are two S-equivalent semistable G-Higgs bundles, one can
check that (¢z,)«®1 = (9£,)«P>. Hence, we can define the Hitchin map

be : M(G) — H'X,0®(g/G))

[(E, D)]s — (qE)+®. (25)

When the base variety is a Riemann surface of genus greater than or equal to 2, the
restriction of bg to every component M(G), is surjective. This is not the case for genus
g = | and, to preserve the fact that the Hitchin map is a fibration, we set

B(G, d) := bg(M(G),),

and we denote by bg 4 the restriction of (25) to M(G),.
If H is a Cartan subgroup with Cartan subalgebra  and Weyl group W, Chevalley’s
theorem says that

g/G=h/W.
So, H'X,0®(g)G)=HX,0OQhK/W) and, since X is a compact

holomorphic variety, we have H(X,O ®@ b/ W) =bh/ W = C ®z Ay/ W. There is a
natural isomorphism

Bao: (C®zAn) | w = B(G,0).
Now we take d € m;(G) non-trivial associated to (u,c) € m(Z) x m;(D). By

Corollary 3.8, we see that every polystable G-Higgs bundle of topological class d
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is isomorphic to (E”, z ® 1p), where z € h®. We can check that the quotient map ¢
induces a bijective morphism

Bsa: (C®z AE.)/ W, N B(G, d).

Let B(As,) = {y1. ..., e} be a basis of Ag . Recalling that 7*X = X x C, we see
that the projection 7 : 7*X — C induces

. :(T"X®z AE,,)/ W, — (C®z AE)/ w.

@ lw. — [slw. (26)

We use this morphism to better understand the Hitchin map.

PROPOSITION 4.1. Recall the bijective morphism (24). The following diagram is

commutative:
(T"X @z As.) [ w, Ll M(G)y
| &M
(C®zA5) ) W, — "~ BG.d).

The normalisation of the Hitchin fibre corresponding to s € C ®z As, is isomorphic
to

mor(slw) = X ®zA35) [ 7, (s). 27)

Proof. Take (1, 5) € (T*X ®z Az, ), and consider
b6(He.dlxxr.s)) = [sle-
Clearly, this equality is W, -invariant. On the other hand, note that

Bc.a o w6, ([(1, Hlw.) = Be.a([slw,.) = [sle

and the first statement follows.
Next, consider the following projection

JNT‘G’C T X ®7 Ag(' — C®y Ag{\.
‘We observe that
_ N ~—1
75 051w) = Usew, Too@-9) [ ..

Since, forw - s # ' - s the sets 7, l,(a) -s)and 7 i,(a)/ - s) are disjoint, it follows that

76 Islw) = T6.e®) [ 7, (5)

and therefore we obtain the isomorphism (27). Finally, we observe that the bijection (24)
sends 7 IL,([S] w,) to the Hitchin fibre corresponding with the Higgs field ® =z ® 1p.
Hence, by Zariski’s main theorem, it describes an isomorphism with the normalisation
of this subset. O
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We denote by Ug,. the subset of C ®7 Ag, /W, given by the points [s]y, such that
there exists a non-trivial w € W, with s = w - 5. Since the only element of W, that
acts trivially on C ®7 Az is the identity, Ug, is a finite union of closed subsets of
codimension at least equal to 1. By construction, for any s ¢ Ug ., we have Zy, (s) =
{id}.

The generic Hitchin fibre is the fibre over any element of the complement of Ug, ..

COROLLARY 4.2. The normalisation of the generic Hitchin fibre is isomorphic to the
abelian variety X @z Ag,.

5. The moduli space of representations R(G);. From the non-abelian Hodge
correspondence on a compact Riemann surface [19, 32, 10, 7], it follows that a
polystable G-Higgs bundle is associated to a reductive representation p : I'g —> G
and two representations are conjugate if and only if they are associated to isomorphic
polystable G-Higgs bundles. Furthermore, irreducible representations correspond to
stable G-Higgs bundles.

Using this correspondence and Remark 2.3, we can use the results on G-Higgs
bundles obtained in Section 3, to generalise the description given in Section 2.3 of
c-pairs on compact groups, to complex reductive Lie groups.

PROPOSITION 5.1. Let G be a simply connected complex semisimple Lie group. Let
C = p~'(F) = (D) as defined at the begining of Section 2.2 and set ¢ € C. Let (a, b)
be an irreducible c-pair in G. Then,

(1) the group G is a product of simple factors G;, where each G; is isomorphic to SL(n;, C)
for some n; > 2;

2) ¢c=(cy,...,cr), where each c; generates the centre of G;;

(3) conversely, if Gis asin (1) and c as in (2), then there is an irreducible c-pair in G
and all c-pairs in G are conjugate.

Proof. This follows from Theorem 3.12 and the fact that the universal cover of
PGL(n, C) is SL(n, C). O

PROPOSITION 5.2. Let G be a connected complex reductive Lie group. Let (a, b) be a
reductive c-pair; then (a, b) is contained in L. after conjugation and, as a c-pair in L., is
irreducible.

Proof. This follows from Proposition 3.7. O
Recall the notation introduced in Section 2.2.

THEOREM 5.3. Let G be a connected complex reductive Lie group and let d € m1(G),
corresponding under the injection (11) to (u, ¢) € m1(Z) x m1(D). Then, there is a bijective
morphism

$G.d - (E X S_c)/ W, i> R(G)y.

Proof. Take a representative (81, ;) of the unique conjugation class of c-pairs in
D,. Recall that C(G)} denotes the space of reductive c-pairs in G and consider the
following morphisms:
(Se x Se) — C(G)f — R(G)a
(51,52) > (51, 81]z.. [52, 8a2]r) —> [([s1. 8ule,. [s2, 21 ] -
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By an argument analogous to that of Remark 2.6, the composition morphism
factors through

S. x S, — R(G),.

By (16) and Proposition 5.2, it is clear that this morphism is surjective. The group
W, acts on S. x S. via conjugation by Ng(S.). Since the points of R(G); are the
conjugation classes of c-pairs, the morphism factors through this quotient, giving the
morphism ¢g 4 of the statement. We only need to prove that it is injective.

Take two reductive c-pairs of the form ([s1, 81]x,, [s2, 82]r.) and ([s}, 81]x., [55, 82]z.)-
Write Z' = Zg([s}, 81ls., [55, 82].) which is a complex reductive group since the c-pair
is reductive. Suppose that there is g¢ € G such that

([s1, 811z, [52, 821c.) = g([s}, 81lr,. [h, 82]c)g ™"

Then, S, and gS.g~! are Cartan subgroups of Z’, so there is an element /1 € Z’
such that 1S.h~' = gS,.g~! and then g’ = h~'g is contained in Ng(S,). We have

¢([id, 1], [id, 821 )(€) ™" = ([id, 8}, [id, &],),

where (81, 85) is an irreducible c-pair in D, and therefore, by Proposition 5.1, there
exists 8 € D, such that §(8], 8,)8~! = (81, 8). Noting that [id, 8], conmutes with S,
since S. is the centre of Z(S,), it follows that g’ = [id, 8],, - g € Ng(S.) and

(51, 81le.» [52, 821) = ("5, 7", 81l [€755(€") 7" 8ale)-
Thus, (s1, 52) and (s}, s5) define the same point of (S, x S.)/ W.. O

COROLLARY 5.4. There is a bijective morphism
(€ xC)Y®zA5) ) w, 25 R@G)a. (28)
and R(G),; = ((C* x C*) ®z ASF) / W, is the normalisation of R(G)g.

Proof. Due to the isomorphism O : S, = Cr®y Az, defined in (6) and knowing
that the action of W. commutes with it, the first statement follows from Theorem 5.3.
The second statement follows from (28) and Zariski’s main theorem. O

REMARK 5.5. This is proved in [33] for the case d = 0. When the degree is trivial
and G = GL(n, C) or SL(n, C), one obtains an isomorphism due to the normality of
the target (see the discussion at the end of Section 1).

6. Hitchin equation and projectively flat bundles. Fix a maximal compact
subgroup K of G and denote its Lie algebra by €. Take 7 : g — g to be the Cartan
involution associated to the compact real form ¢ C g. Then, 7(k) = k and t(ik) = —ik
forevery k € £.

Let (E, @) be a G-Higgs bundle and let 4 be a metric on E, i.e., a C* reduction of £
to the maximal compact subgroup K giving the K-bundle Ej,. We define the involution
on the adjoint bundle 7, : Ej(g) — Ej(g) using t fibrewise.
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Let 3£ denote the Dolbeault operator of E and set 4, := 3z + 1,4(3 ), which is the
unique K-connection on E;, compatible with 3, also known as the Chern connection.
We denote by Fj, the curvature of Aj,.

Take the C*® (1, 0)-form dx € A"°(X, O) and dx € A%'(X, O). Given a G-Higgs
bundle (£, ®), Hitchin introduced in [19], the following equation for a metric /4 on E:

Fp+[®dx, ih(®)dX] = u Q@ w, (29)

where u € 34(g) and w € A2(X) is the volume form of the curve normalised to 27i.
Recall that u is determined by d € 71(G).
In the elliptic case, we have a splitting of the Hitchin equation.

PROPOSITION 6.1. If the G-Higgs bundle (E, ®) is polystable, then there exists a
metric h on E that satisfies

Fr=u®uw and [®dx, t;,(P) dxX] = 0.

Proof. By Corollary 3.4, if the G-Higgs bundle (E, @) is polystable, then E is
polystable and by the Narasimhan—Seshadri-Ramanathan theorem there exists a
metric for which Fj, = u ® w.

By Corollary 3.8, (E, ®) is isomorphic to (E?, z ® idg) where z € h*<. Then,

[@dx, 7y(P) dX] = [z, T1(2)] ® idg ®(dx A dx) =0,

since both z and 7(z) belong to the abelian subalgebra b. O

One can easily show that a G-Higgs bundle (£, ®) admitting a metric that satisfies
(29) is always polystable. Thus, we see that Proposition 6.1 completes the proof of the
Hitchin—Kobayashi correspondence in the elliptic case.

COROLLARY 6.2. A G-Higgs bundle (E, @) is polystable if and only if it admits a
metric h that satisfies the Hitchin equation (29).

REMARK 6.3. Note that to prove the Hitchin—Kobayashi correspondence in the
elliptic case we only make use of the Narasimhan—Seshadri-Ramanathan theorem, the
Jordan—Holder reduction and Propositions 3.1 and 3.3.

Let Eg 4 be the (unique up to isomorphism) differentiable G-bundle of degree
d € m1(G) over the elliptic curve X. A G-connection 4 on Eg 4 is flat if the curvature
vanishes, F4 = 0 (note that this forces d = 0). A G-connection 4 on Eg 4 is projectively
flat or equivalently A4 has constant central curvature if Fq4 = a ® w for some a € 34(g).
Due to topological considerations a = u, where u € 34(g) is determined by d € m1(G).
Let us denote by C(G), the moduli space of projectively flat connections on E¢ 4 and
consequently, C(G), is the moduli space of flat connections on Eg .

We denote by X* the moduli space of line bundles with flat connections
over the elliptic curve X. Recalling that 7*X = Pic’(X) x H(X, Q}(), we have a
homeomorpshism

Xt ey, (30)

given by Hodge theory.
Let S be a connected complex reductive abelian group. Recalling the isomorphism
®g given in (6), one can give a description of the moduli space of flat S-connections,

https://doi.org/10.1017/50017089518000228 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000228

318 EMILIO FRANCO, OSCAR GARCIA-PRADA AND P. E. NEWSTEAD

denoted by C(S). Write Eg for the differentiable S-bundle with trivial topological
class and recall that it is unique up to isomorphism.

Recall the isomorphism (6). For instance, the following result is contained in [32,
Theorem 9.10].

THEOREM 6.4. Let S® be an abelian, connected complex Lie group. Then, the
moduli space of flat SC-connections over the elliptic curve X is

C(S) = X* ®7 As.

Let L C G be a reductive subgroup. We say that the G-connection A4 reduces to the
L-connection A’ when A4 is gauge equivalent to the extension of structure group of A4’
given by the natural injection i : L — G.

Recall from (11) that d € m1(G) is determined by (u, ¢) € 71(Z) x (D), where
m1(Z) C 34(g) and 7 (D) = C as described in Section 2.2. Take L. as defined in (14)
and denote by K. its maximal compact subgroup.

PROPOSITION 6.5. Every projectively flat connection A on Eg 4 reduces to a
projectively flat L.-connection. Furthermore, A is gauge equivalent to

A=A, +zdx + 1(2)dXx,

where A, is the Chern connection of Ef given by p : T'r — K. and z € h®.
The projectively flat connections A, -y and Ay -y are gauge equivalent if and only if
there exists g € K such that (o', z') = (gog™", ad, 2).

Proof. From a polystable G-Higgs bundle (E, ®), we can construct a G-connection
on E¢ 4 as follows:

A=A, + ©dx+ 1;,(P) dx.

Two isomorphic polystable G-Higgs bundles give rise to gauge equivalent flat G-
connections. By Corollary 6.2, the above G-connection is projectively flat if and only
if (E, @) is polystable. The description of polystable G-Higgs bundles in Corollary 3.8
implies the proposition. O

Denote by Er,_,, the differentiable bundle underlying Ez‘j 0 the L.-bundle with
degree ¢, defined in Remark 2.13, and let 4;° , be its Chern connection. Setting
p:X x(X*® As,) — X, we define the family

(Fp 0 (A1) = (Pso®p*Er e, As,0 @ p A}, ),

noting that S, is the centre of L.. This family is parametrised by X* ®7 As,.
Recall F. and S, as defined in (15). Let J € H'(X, F,) be a F.-bundle and A; its
Chern connection. By Corollary 2.11, one has the following.

PROPOSITION 6.6. Let A be any L.-connection on Ep_,,, then A;j® A is gauge
equivalent to A.

As a consequence of Proposition 6.6, it follows that (F}_, , (A')r,.¢,) induces a fa-
mily of L.-connections parametrised by the quotient of A, by the subgroup associated
to H'(X, F.). This quotient is As,, and therefore we obtain a family parametrised by
X* ®z Ay, that we denote by (F,_¢,. AL,.c,)-
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Using the natural injection i : L. < G, we construct, by extension of structure
group,

Fg.a, Ag.a) = ix(Fr e, AL, 00),

a family of projectively flat G-connections, which is also parametrised by X* ®7 Ag .

REMARK 6.7. The flat G-connection parametrised by (Fg 4, Ag.4) at the point
feX®;z Ay is of the form A4, .). It is therefore associated to the polystable G-Higgs
bundle (E”, z ® 1p) parametrised by Hg 4 at the point (¢, s) € T*X ®z Ag, , where (2, 5)
is the image of / under the homeomorphism (30). Therefore, by Proposition 3.13, two
points f1, /> € X* ®z Ag, parametrise gauge equivalent connections if f, = w - f; for
some w € W,.

THEOREM 6.8. There exists a bijective morphism
(X @z A3) [/ w, 5 C(G) (31)

and C(G),; = (X* ®z As,) / W, is the normalisation of C(G),.

Proof. The family (Fg.4, Ag.4) induces a morphism from the parametrising space
to the moduli space

X' ®z Ag, —> C(G)a,

which is surjective by Proposition 6.5. By Remark 6.7, this surjection factors through
(31) giving an injection.
The second statement follows from (31) and Zariski’s main theorem. O

REMARK 6.9. This is proved in [33] for the trivial degree case. In the case of
G = GL(n, C)or SL(n, C)and d = 0, (31) is an isomorphism since the target is normal.
Normality of C(G), follows from the isosingularity theorem [32, Theorem 10.6] and
normality of R(G)jy.

Acknowledgements This article is a modified version of the third part of the PhD
thesis of the first author [12], prepared under the supervision of the second and third
authors at ICMAT (Madrid). The first author wishes to thank the second and third
authors for their teaching, help and encouragement.

The three authors thank the anonymous referees of a previous version of the paper
for valuable suggestions. In particular, the referees drew our attention to the reference
[33] and also to [21] and [23].

REFERENCES

1. M. F. Atiyah, Vector bundles over elliptic curves, Proc. Lond. Math. Soc. 3-7 (1957),
414-452.

2. M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Phil.
Trans. Roy. Soc. Lond. A 308 (1982), 523-615.

3. N. Bernstein and O. V. Shvartzman, Chevalley’s theorem form complex crystallographic
Coxeter groups, Funct. Anal. Appl. 12 (1978), 308-310.

4. I. Biswas and S. Ramanan, An infinitesimal study of the moduli of Hitchin pairs, J.
Lond. Math. Soc. 49(2) (1994), 219-231.

https://doi.org/10.1017/50017089518000228 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000228

320 EMILIO FRANCO, OSCAR GARCIA-PRADA AND P. E. NEWSTEAD

5. A. Borel, R. Friedman and J. Morgan, Almost commuting elements in compact Lie
groups, Memoirs Am. Math Soc. 157 (747) (2002).

6. T. Brocker and T. tom Dieck, Representations of compact lie groups, GTM 98 (Springer—
Verlag, New York, 1985).

7. K. Corlette, Flat G-bundles with canonical metrics, J. Diff. Geom. 28(3) (1988), 361-382.

8. R. Donagi, Decomposition of spectral covers, Journeés de Geometrie Algebrique
D Orsay, Astérisque 218 (1993), 145-175.

9. R. Donagi and T. Pantev, Langlands duality for Hitchin systems, Inv. Math. 189 (3)
(2011), 653-735.

10. S. Donaldson, Twisted harmonic maps and the self-duality equations, Proc. Lond. Math.
Soc. 3-55(1) (1987), 127-131.

11. G. Faltings, Stable G-bundles and projective connections, J. Algebraic Geom. 2 (1993),
507-568.

12. E. Franco, Higgs bundles over elliptic curves, PhD Thesis. Available at
https://www.icmat.es/Thesis/EFrancoGomez.pdf.

13. E. Franco, O. Garcia-Prada and P. E. Newstead, Higgs bundles over elliptic curves,
Hllinois J. Math. 56(1) (2014), 43-96.

14. R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves I.
arXiv:math/9811130 [math.AG].

15. R. Friedman and J. Morgan, Holomorphic principal bundles over elliptic curves II, J.
Diff. Geom. 56 (2000), 301-379.

16. R. Friedman, J. Morgan and E. Witten, Principal G-bundles over elliptic curves, Res.
Lett. 5(1998), 97-118.

17. O. Garcia-Prada, P. Gothen and I. Mundet i Riera, The Hitchin—Kobayashi
correspondence, Higgs pairs and surface group representations, (2012). arXiv:0909.4487v3
[math.DG].

18. S. Helmke and P. Slodowy, On unstable principal bundles over elliptic curves, Publ.
RIMS, Kyoto Univ. 37 (2001), 349-395.

19. N. J. Hitchin, The self-duality equations on a Riemann surface, Proc. Lond. Math. Soc.
3-55(1) (1987), 59-126.

20. N. J. Hitchin, Stable bundles and integrable systems, Duke Math. J. 54(1) (1987),91-114.

21. A. Joseph, On a Harish-Chandra homomorphism, C. R. Acad. Sci. Paris 324 (1997),
759-764.

22. Y. Laszlo, About G-bundles over elliptic curves, Ann. Inst. Fourier, Grenoble 48(2) (1998),
413-424.

23. T. Levasseur, Differential operators on a reductive Lie algebra, Lectures given at
the University of Washington, Seattle (1995). Available at http://lmba.math.univ-
brest.fr/perso/thierry.levasseur/.

24. E. Looijenga, Root systems and elliptic curves, Inv. Math. 38 (1976), 17-32.

25. M. S. Narasimhan and C. Seshadri, Stable and unitary vector bundles on a compact
Riemann surface, Ann. Math. 82(2) (1965), 540-567.

26. N. Nitsure, Moduli space of semistable pairs on a curve, Proc. London Math. Soc. 3-62
(1991), 275-300.

27. A. Ramanathan, Stable principal bundles on a compact Riemann surface, Math. Ann.
213 (1975), 129-152.

28. R. W. Richardson, Conjugacy classes of n-tuples in Lie algebras and algebraic groups,
Duke Math. J. 57 (1988), 1-35.

29. C. Schweigert, On moduli spaces of flat connections with non-simply connected
structure group, Nucl. Phys. B 492 (1997), 743-755.

30. C. T. Simpson, Higgs bundles and local systems, Inst. Hautes Etudes Sci. Publ. Math.
75 (1992), 5-95.

31. C. T. Simpson, Moduli of representations of the fundamental group of a smooth
projective variety I, Publ. Math., Inst. Hautes Etud. Sci. 79 (1994), 47-129.

32. C. T. Simpson, Moduli of representations of the fundamental group of a smooth
projective variety 11, Publ. Math., Inst. Hautes Etud. Sci. 80 (1995), 5-79.

33. M. Thaddeus, Mirror symmetry, Langlands duality and commuting elements of Lie
groups, Int. Math. Res. Not. 22 (2001), 1169-1193.

https://doi.org/10.1017/50017089518000228 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000228

