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ABSTRACT

An ergodic probability measure preserving (p.m.p.) equivalence relation R is said to be
stable if R &2 R x Rg where Ry is the unique hyperfinite ergodic type II; equivalence
relation. We prove that a direct product R x S of two ergodic p.m.p. equivalence
relations is stable if and only if one of the two components R or § is stable. This result
is deduced from a new local characterization of stable equivalence relations. The similar
question on McDuff II; factors is also discussed and some partial results are given.

1. Introduction

An ergodic type II; equivalence relation R is stable if R = R x Ry where R is the unique
hyperfinite ergodic type II; equivalence relation. This notion was introduced and studied in
[JS87], by analogy with its von Neumann algebraic counterpart [McD70]. In particular, the
following characterization of stability was obtained (for the notation, see the end of this section):
an ergodic type II; equivalence R is stable if and only if, for every finite set K C [[R]] and every
e > 0, there exists v € [[R]] such that v? = 0, vo* + v*v = 1 and

Vu e K, ||lvu —uvljs <e.

Our first theorem strengthens this characterization by showing that the condition vv* +v*v =1
can be removed, thus allowing v to be arbitrarily small.

THEOREM A. An ergodic type 111 equivalence relation R is stable if and only if, for every finite
set K C [[R]] and every € > 0, there exists v € [[R]] such that v? = 0 and

Vue K, |vu—wv|z < el|v||2.
As an application of Theorem A, we obtain the following rigidity result.

THEOREM B. Let R and § be two ergodic type I1; equivalence relations. Then the product
equivalence relation R x § is stable if and only if R is stable or S is stable.

As we said before, the study of stable equivalence relations was inspired by its von Neumann
algebraic counterpart: the so-called McDuff property. Recall that a I1; factor M is called McDuff
if M 2 M ® R where R is the hyperfinite II; factor. In [McD70] it is shown that a II; factor M
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is McDuff if and only if, for every finite set K C M and every € > 0, there exists v € M such
that v2 = 0, vo* +v*v = 1 and

Va € K, |va—avl|2 <e.

Similarly to the equivalence relation case, we can strengthen this characterization by removing
the condition vv* + v*v = 1, and we obtain the following analog of Theorem A.

THEOREM C. A type Il factor M is McDuff if and only if, for every finite set K C M and every
e > 0, there exists x € M such that 2> = 0 and,

Vae K, |za—az|2 < elx]s.

With regard to this result and the similarity between the theory of stable equivalence relations
and the theory of McDuff factors, we strongly believe that the following analog of Theorem B
should be true.

CONJECTURE D. Let M and N be type II; factors. Then M ® N is McDuff if and only if M is
McDuff or N is McDuff.

Even though the proof of Theorem B does not admit a straightforward generalization to
the von Neumann algebraic case, we can still provide some partial solutions to Conjecture D by
using a different approach. We fix w, a free ultrafilter on N. Given a II; factor M, we denote by
MY its ultrapower and by M, = M' N MY its asymptotic centralizer (see [McD70]). Recall from
[McD70] that M is McDuff if and only if M, is non-commutative.

Our first partial result strengthens [WY14, Theorem 2.1].

THEOREM E. Let M be a non-McDuff I1; factor and suppose that there exists an abelian
subalgebra A C M such that M, C A¥. Then, for every Iy factor N, we have that M ® N
is McDuff if and only if N is McDuff.

As far as the author knows, all concrete examples of non-McDuff factors in the literature do
satisfy the assumption of Theorem E (in fact, this is how we show that they are not McDuff).
Deciding whether or not this property holds for all non-McDuff factors is an interesting open
question.

The second result solves Conjecture D under the additional assumption that (M ® N), is a
factor.

THEOREM F. Let M and N be type 11; factors and suppose that (M ® N),, is a factor. Then
both M, and N, are factors. If M ® N is McDuff, then M is McDuff or N is McDuff.

Examples of factors with factorial asymptotic centralizers are obtained by taking infinite
tensor products of non-Gamma II; factors (see Proposition 5.4). These factors were studied in
[Pop10]. By combining [Pop10, Theorem 4.1] and Theorem F, we obtain the following corollary
which is not related to Conjecture D. It provides the first example of a McDuff II; factor that
does not admit any McDuff decomposition in the sense of [HMV16].

COROLLARY G. Let M = @nENM” be an infinite tensor product of non-Gamma type I1; factors
M,, n € N. Let N be a type I1; factor such that M 2 N ® R. Then M = N.
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Before we conclude this introduction, let us say a few words about the methods used to
obtain these results. The proof of Theorem A (and Theorem C) is based on a so-called mazimality
argument. This technique involves patching ‘microscopic’ elements satisfying a given property
in order to obtain a ‘macroscopic’ element satisfying this same property. The term ‘maximality’
is a reference to Zorn’s lemma which is used in the patching procedure. Maximality arguments
in the theory of von Neumann algebras were initiated in [MvN43]. Since then, they have been
used fruitfully in many of the deepest results of the theory, reaching higher and higher levels
of sophistication in [Con76, CS76, Con85, Haa86, Pop86] and culminating in the incremental
patching method of [Pop87, Pop95, Popl4]. See also [Marl6, HMV17, Marl18] for other recent
applications of maximality arguments. On the other hand, the proofs of Theorems E and F are
based on a completely different technique which appears in [IV15] and which is inspired by an
averaging trick of Haagerup [Haa85]. By using this technique, one can reduce some problems
on arbitrary tensor products M ® N to the much easier case where one of the two algebras is
abelian. This very elementary transfer principle is surprisingly powerful and Theorems E and F
are two applications among many others.

Notation

For simplicity, in this paper, all probability spaces are standard and all von Neumann algebras
have separable predual (except ultraproducts). We fix some non-principal ultrafilter w € SN\N
once and for all. We denote by L(R) the von Neumann algebra of a probability measure preserving
(p.m.p.) equivalence relation R (see [FM77]). We denote by [R] (respectively, [[R]]) its full group
(respectively, full pseudo-group) and we will identify them with the corresponding unitaries
(respectively, partial isometries) in the von Neumann algebra L(R). In particular, if v, w € [[R]],
then ||v — w||2 refers to the 2-norm of L(R).

2. A local characterization of stable equivalence relations

In this section we establish the following more precise version of Theorem A. The proof is inspired
by [Con76, Theorem 2.1] and [Con85, Theorem 2].

THEOREM 2.1. Let R be an ergodic p.m.p. equivalence relation on a probability space (X, ).
Then the following statements are equivalent.

(i) R is stable.
(ii) For every finite set K C [[R]] and every € > 0, there exists v € [[R]] such that

v? =0,
w* +v*v =1,
Vue K, |[vu—wuv|z <e.

(iii) For every finite set K C [[R]] and every € > 0, there exists v € [[R]] such that

1)2:0,

Vu e K, |[vu—uv|2 < ellv]a.
(iv) For every finite set K C [[R]] and every € > 0, there exists v € [[R]] such that

Vue K, |lvu— w2 < ellvv™ —v*vla.
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Proof. The equivalence (i) < (ii) is proved in [JS87]. The implications (ii) = (iii) = (iv) are
clear.

First, we show that (iv) = (iii). Let K = K* C [[R]] be a finite symmetric set and ¢ > 0.
Choose v € [[R]] such that

Vu e K, |jlvu —uv|z < gllvv* —v*vl|s.
Let w = v(1 — vv*) € [[R]]. Then w? = 0. Moreover, a simple computation shows that
Vu e K, [Jwu—uwl2 < 3e|lvv* —v*vl|2
and we have |[vv* — v*v||s = |[ww* — w*w|2 = V2||w||2. Hence we obtain
Vue K, |lwu—uw|s < 32wl

Next, we prove that if R satisfies condition (iii) then every corner of R also satisfies it. Let
Y C X be a non-zero subset and p = 1y. Suppose that the corner Ry does not satisfy (iii). Then
we can find a finite set K C p[[R]]p and a constant x > 0 such that, for all v € p[[R]]p with
v? =0, we have

loll3 < & ) llow —uvl3.

ueK

Since R is ergodic, we can find a finite set S C [[R]] such that >, .qw*w = p* and ww* < p
for all w € S. Then, for every v € [[R]], we have

w13 = llpoll3 + > llwol3
weS

and, for all w € S, we have
lwol3 < 2([lwv — vwl3 + [lvw][3) < 2(llwe = vw|3 + [[opll3).

Hence, we obtain

lvl13 < 21S|(llvpll3 + llpvl3) + 2 llwv — vw|3.
wesS

Moreover, we have
lpoll3 + llvpll3 = lpo — vpll5 + 2lIpvpl3,

hence

lv]13 < 21Slllpv — vpll3 + 4IS[Ipopll3 + 2 Jlwv — vuwlf3.
weS

Now fix v € [[R]] such that v? = 0. Since (pvp)? = 0, we know, by assumption, that

lpopll3 < 5> l(pop)u — ulpep) |3 < kD ou — wvl3.
ueK ueK

Therefore, we finally obtain

[v]13 < 21Sllpv — vpll3 +4IS|K Y llvu — wwll5 +2Y  lwv — vw|3.
ueK weS

This shows that R does not satisfy (iii).
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Finally, we use a maximality argument to show that (iii) = (ii). Let uq,...,u, € [[R]] be a
finite family and let ¢ > 0 and § = 8¢. Consider the set A of all (v,Uy,...,U,) € [[R]]**! such
that

— 0?2 =0,
— [Ug,vv* +v*v]=0forall k =1,...,n,
— [[vUk — Ugvll2 < gfjv]|2 for all k =1,... n,

= Uk — uglly < dlfv]s.

On A put the order relation given by
(v,U1,...,U,) < (W, U;,...,U)

if and only if v < v" and ||U] — Ug|l1 < 6(||v'||1 —||v]|1) for all k =1,...,n. Then A is an inductive
set (because [[R]] is inductive and is also complete for the distance given by || - ||1). By Zorn’s
lemma, let v € A be a maximal element. Suppose that ¢ = vv* + v*v # 1. Since, by the previous
step, all corners of R also satisfy (iii), we can apply it to K = {Upq* |k =1,...,n} C ¢*[[R]]¢*
in order to find a non-zero element w € ¢*-[[R]]¢", with w? = 0 such that
lwUk = Ugwll2 < eljwll2,
lwUy = Ugwllz < el|wll2,
forallk=1,...,n.
Now let
- p:=ww* + ww,
= U}, = pUrp + p* Upp™,
- v i=v+w,
- ¢ =)+ (V) =q+p.
Note that (v/)> = 0 and [U}, ¢'] = 0 for all k. We also have
WUy = U 13 < 10Uk = Upol3 + [[wUy, — Ugw||3 < €2[[oll3 + 2[|w]|3 = &2[|v']]3-

Moreover, by the Cauchy—Schwarz inequality, we have

10k = Uklly < lpUxp™ (1 + lp"Ukpllx
< pll2(lpUkp™ |12 + [ Urpll2)
< V2|pla||[Uk, pll2
< 2V2|pll2 (| [Uk, w]ll2 + | [Uk, w*]l2)
< V2| pl2]wl2
= 8ellwlf3
= 6wl

Since |[v'||1 = ||v||1 + ||w]1, this implies that
0% = Uklls < 0([["[l = [Joll)
and

1T = wklly < U = Ukl + 10Uk — wkll1 < 6l[0"]|1.
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Therefore v € A and v < v’. This contradicts the maximality of v. Hence we must have v*v +
vv* = q¢ = 1. Moreover, since

lvur, — ugvll2 < [|oUg — Ukvl|2 + 2||Ux — ugl|2,
|loU — Ugvlla < €

and
Uk — w3 < 2||Ux — ugll1 < 26 = 16¢,

we conclude that
loug, — ugv||2 < e+ 8v/e.

Since such a v exists for every € > 0, we have proved (ii). O

3. Proof of Theorem B

In this section we prove Theorem B. We need to introduce some notation which will be useful
in order to decompose elements of the full pseudo-group [[R x S]] as functions from R to [[S]].

Let R be a p.m.p. equivalence relation on a probability space (X, u). We denote by [ the
canonical o-finite measure on R induced by p. Then L?(R) := L?(R, i) can be identified with
the canonical L2-space of L(R). For every x € L(R), we denote by 7 the corresponding vector in
L2(R). If v € [[R]], then © is just the indicator function of the graph of v. We denote by B(X)
the set of projections of L (X, u). For every p € B(X), we can view p as an indicator function
in L2(X), where L2(X) is embedded into L2(R) via the diagonal inclusion.

If S is a second p.m.p. equivalence relation on (Y, v), then for any v € [[R x S]], there exists
a unique function vs € LY(R,[[S]]) which satisfies

Oz, 2", y,y") = vs(z, ') (y,y)

for almost every (a.e.) (x,2',y,y) € R X S.

If p € P(X x Y), then there exists a unique function py € LO(X,9(Y)) such that

Pz, y) = py (z)(y)
for a.e. (z,y) € X x Y.
All this heavy notation is needed for the following key lemma which allows us to decompose
a commutator in [[R x S]] into two parts which we will be able to control independently. The
proof is just an easy computation.

LEMMA 3.1. Let R and S be two p.m.p. equivalence relations on (X, u) and (Y, v), respectively.
Let R x S be the product p.m.p. equivalence relation on (X x Y, u® v). Let v € [[R x S]] and
p € P(X xY). Let vy := vg € LS, [[R]]) and vy := vs € L°(R,][[S]]) be the two functions
defined by v. Let p; := px € LO(Y,B(X)) and ps := py € LO(X,B(Y)) be the two functions
defined by p.

Define & € L2(S,L%(R)) by

—

&(y,y") =iy, v),pi(y)] for ae. (y,9) €S,
and & € L2(R,L2(S)) by
Ea(z,7') = [va(z, '), pa(a’)]  for ace. (z,2') € R.

—

Then, after identifying L?(S,L?(R)) = L2(R,L3(S)) 2 L?(R x S), we have [v,p] = &1 + &.
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Proof. For a.e. (z,2',y,y') € R x S, we compute

&1y, y)(@,2") = 02,2, y,9/) (B(z, y) — D(2',y)),
(52(5["’ ‘T/))(ya y/) = 6(1‘7 .’E/, Y,y /)(1/)\(1‘,’ y) p(.’El, y/)),
)7

~,

v, pl(z, 2", y,y") = 0(z, 2, y,9) (B(z, y) — P(z
hence the required equality. O
Proof of Theorem B. Clearly, if R or § is stable then R x S is also stable. Now suppose that

R and S are not stable. Then, by Theorem 2.1, we can find a constant «; > 0 and a finite set
K, C [[R]] such that, for all v € [[R]], we have

|vv* — v*v||3 < K1 Z |lvw — uvl|3.
ue Ky

Similarly, we can find a constant ko > 0 and a finite set Ko C [[S]] such that, for all v € [[S]],
we have

|vv* — v*v||3 < Ko Z |lvw — uvl|3.
ueKo

In order to prove that R x S is not stable, we will show that, for all v € [[R x S]] with v? = 0,

we have
vll3 <k flow—uolf3,

ueK

where kK = 2(k1 + k2) and K = (K1 ® 1) U (1 ® K3).
Indeed, let v € [[R x S]] with v? = 0 and let p = v*v. Using the notation of Lemma 3.1, we

can write v = [v,p] = & + & and we have the formulas

60l = [ 11029100 = ma (o)) B ot ),
€213 = /R [va(, 2" )pa(a") — pa(a)va(a, 2") |13 dpse(a, 2').
Since pv = 0, then for a.e. (y,y’) € S we have that p1(y)vi(y,y’) = 0, hence
vy, y)p1(y) — pi@)oi(y,y') = vily, y) (01 (y,y) 01y, ) — o1y, v )or (y, ) )1 (v)-
This shows that

o1 (y, y') o1 (y, y’)—vl(y,y’)vl(y, v)* 3

<
<k Y oy, y)u —wor(y, y)|3-
u€ K1

o1 (y, ¥ )p1(y) — pL(W)v1(y, 913

After integrating over S and using the formula
Vu € Kla ”U(u ® 1) - (’LL ® 1)””% = /S ||Ul(y7y,)u - UUl(l/ay/)H% dyf(yay,)v
we obtain

lenll3 < w1 Y lo(u® 1) — (u@ Loll3.

ue Ky
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Similarly, since vp = v, we have vo(x, 2" )p2(2') = vo(x,2’) for a.e (z,2’) € R, hence

va(x, 2" )pa(a”) — pa(a)oa (@, ') = pa(2)* (va(z, 2" Yva(z, 2)" — va(w, @) “va (@, ') Jva (2, 2').

Then, proceeding as before, we show that

€13 < r2 D llo(l @u) — (1 @u)v]3.
ue Ko

Finally, since v = @ = &1 + &, we conclude that

lvl13 < 2([1€l13 + 12013) < %Y llvu — uvl3
ueK

as required. O

4. A local characterization of McDuff factors

In this section, we establish Theorem C. The proof is more involved than the proof of Theorem A.
We will need the following lemma (for a proof see [Con76, Lemma 1.2.6], [CS76, Proposition 1]
and [CS76, Theorem 2)).

LEMMA 4.1. Let (M, T) be a tracial von Neumann algebra. For every x € M and every t > 0, let

uy(z) = U1[t,+oo)(|x‘)a
where x = u|z| is the polar decomposition of x.

(i) For all x € M, we have
[ee]
A|mmwﬁﬁ=Wﬁ.

(i) For all z,y € M, we have
o0
o=yl < [ lupsa(@) = vasa) 1 .
(iii) For all z € M and all a € M, we have
oo
/0 w2 (x)a — augye(x)||3 dt < 4)|za — azl|z||za + ax|)s.

Now we can prove the following more precise version of Theorem C. Note that even if one is
only interested in item (iii), one still needs first to prove that it is equivalent to (iv)’.

THEOREM 4.2. Let M be a factor of type 1I; with separable predual. Then the following
statements are equivalent.

(i) M is McDuff.
(ii) For every finite set F' C M and every € > 0, there exists a partial isometry v € M such that

vt vt =1,
Va € F, |va—av|s<e.
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(iii) For every finite set F' C M and every € > 0, there exists a partial isometry v € M such that
v = 0,
Va e F, |va—av|z <elv]a.
(iii)’ For every finite set F C M and every € > 0, there exists © € M such that
z? = 0,
Vae F, |xa—az|2 <elx]s.
(iv) For every finite set ' C M and every € > 0, there exists a partial isometry v € M such that

Va e F, |va—av|2 < elvv” —v*v|s.

(iv)" For every finite set F' C M and every € > 0, there exists x € M such that

Va € F, |lzll2- llza — azl2 < e[l - a"|3-

Proof. The equivalence (i) < (ii) is already known [McD70]. First, we show that (iii) < (iii) <
(iv) < (iv). For this, we will prove the implications (iii) = (iv)’ = (iv) = (iii)’ = (iii).
(iii) = (iv). If v satisfies (iii) then z := v also satisfies (iv)’ since |||z| — |z*|||2 = V2||z||2.
(iv)" = (iv). Suppose, by contradiction, that there exist a finite set F* C M and a constant
k > 0 such that, for all partial isometries v € M, we have

w* — |2 <k va — av||3.
2 2
a€eF

We can assume that ' C M*. Let € M. Then the above inequality applied to v := uy(z) yields

lue(ja*]) — w3 < &Y llue(x)a — aue(2)|I3

aceF

for all ¢ > 0. Therefore, by Lemma 4.1, we obtain
> 2
"l = al13 < |~ hurae]) = o)
IiZ/ ”Utl/z aut1/2<l‘)H%dt.

acl
<k Y A|za— axsz|za + ax|l;
aclF
< 85 (max|alloo ) o2 llza — azll;
acF

[

and this contradicts (iv)'.
(iv) = (iii)’. Let FF = F* C M be a finite self-adjoint set and £ > 0. Pick v € M, a partial
isometry such that
Vae F, |va—av|2 < elvv” —v*v]s.

Let 71 = (1 —v*v)v and x5 = v(1 — vv*). Note that 2 = 22 = 0. Let x := x if ||21]| > ||22|| and
x := xo otherwise. Then

lov* — v ol3 = [|lz1][3 + |22l < 2[l]3-
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Moreover,
Va e F, |za—azx|2 < 2|va—av|2+ [[v*a — av*||2 = 2||jva — avl2 + ||a*v — va*||2.
Therefore, since F' is self-adjoint, we obtain
Va € F, |za—az|s < 3e|lvv* — v*vll2 < 3v2e||z]|2.

(iii)" = (iii). Suppose, by contradiction, that there exist a finite set F C M and a constant
% > 0 such that, for all partial isometries v € M with v? = 0, we have

o]l < &Y llva —avl3,
a€eF

We can assume that F C M*. Let + € M such that 22 = 0. Then, for every ¢t > 0, we have
ug(7)? = 0. Hence, by Lemma 4.1, we have

o
ol = [ huge @) < Y

00
/0 Hutuz(ac)a—aut1/2(93)||§dt.
a€F

Since, for every a € F', we have
oo
/ lugse(2)a — augya (@) |3 dt < 4|za — azlla[lza + az)l2 < 8llallsollz]2]za — x|,
0

we obtain

lz|l2 < 8<max ||a||oo)/<c E |lxa — axl|2
acF
ackF

and this contradicts (iii)’.

This finishes the proof of the equivalences (iii) < (iii) < (iv) < (iv)’. Next, we will prove
that if M satisfies (iii) then pMp also satisfies (iii) for every non-zero projection p € M. Suppose,
by contradiction, pMp does not satisfy (iii). Then pMp does not satisfy (iv)’. Hence we can find
a constant k > 0 and a finite set F' C pMp such that

Vo € pMp, || = |2*[[13 < £llz]2 Y [laz — walls.
acF

Take S C M a finite set of partial isometries such that ) _qw*w = pt and ww* < p for all
w € S. Now take a partial isometry v € M with v?> = 0 and let = := pvp. Then we have

w13 = llpolls + > llwol3
weS

and, for all w € S,
lwol3 < 2([lwv = vw|]3 + lvw][3) < 2(|lwe — vw|3 + [[vpll3).

Hence, we obtain

lvl13 < 21S|(lvpll3 + llpol3) + 2 llwo — vw|3.
weS

Moreover, we have
lpvll3 + llvpll3 = 2[lz (13 + [lpv — vpll3,
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hence

[vl13 < 41Sllz]13 + 21Sllpv — vpll3 +2 D llwv — vwlf3.
weS

Now, by assumption, we have

2l = 2" 1113 < &llz]l2 Y llaz — zall2.

a€F
Moreover, we have
llz] = lpvlllz < |z — pvll2 < llop — poll2
and
2" = |vplllz < [l* = vpll2 < [lvp — pvll2.

Hence, by using the fact that v = 0, we get

lzll2 < llpvllz < l[lpo] = loplllz < lll2] = |2*/ll2 + 2[lvp — poll2

which implies that

(13 < 262 D llaz — wall2 + 8||pv — vpll3,
acF

Therefore, we obtain

[vl13 < 8Slkllzll2 Y lax — wallz + 34|S|lpo — vpll3 + 2> [Jwv — vwlf3.
acF weS

Finally, using the fact that

Izl ) llaz — zall2 < [[vll2 Y llav = vallz,

acF acF
lpv —vpl3 < 2[|vll2[lpv — vpll2

and
lwo — vw||5 < 2[[v]l2]lwv — vwl|s,

we can conclude that

loll2 < &) llav — vallz,

a€F'!

for some £’ > 0, some finite set F' C M and all partial isometries v € M with v? = 0. This shows
that M does not satisfy (iii), as required.

Finally, one can prove (iii) = (ii) by using exactly the same maximality argument that we
used in the proof of Theorem 2.1. O

5. Another approach to Question D

The following lemma is extracted from [IV15] and is inspired by a trick used in [Haa85].
Recall that if M is a von Neumann algebra, then L*(M%) is in general much smaller than
the ultraproduct Hilbert space L2(M)¥ (see [Con76, Proposition 1.3.1]).
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LEMMA 5.1. Let M and N be finite von Neumann algebras. Fix a tracial state 7 on M and pick
an orthonormal basis (e,)nen of (M, 7). Let A = L®°(TN) = L>(T) ® N and, for each n € N,
let u,, € U(A) be the canonical generator of the nth copy of L°(T). Let V : L2(M) — L2(A) be
the unique (non-surjective) isometry which sends e, to w, for every n € N.

Then the naturally defined ultraproduct isometry

(Ve1)¥ : L2 (M ® N)¥ > L2(A® N)¥
sends L2((M ® N)¥) into L?((A ® N)¥).

Lemma 5.1 is useful because it allows us to reduce many problems on sequences in tensor
products M ® N to the case where M is abelian. We now present two applications of this
principle.

The first one slightly generalizes [IV15, Corollary]. We will need it for Theorem E.

PROPOSITION 5.2. Let M and N be finite von Neumann algebras. For any von Neumann
subalgebras Q, P C N such that Q' N N¥ C P“, we have

1®Q)N(M®N)*C (M@ P)“.

Proof. First, we deal with the case where M is abelian, that is, M = L°°(T,u) for some
probability space (T,u). Take (x,)“ in the unit ball of (1 ® Q) N (M ® N)“ and write
Tp = (t = zy(t)) € M @ N = L>(T,u, N) for every n € N. Let € > 0 and choose a finite
set F' C @ and d > 0 such that, for every z in the unit ball of N, we have

(Va € F, [|[z, allla < 6) = |z — Ep(z)]2 <e.
Since (z,,)Y € (1 ® Q) N (M ® N)“, we have
lim p({t € T [Va € F, |[[zn(t), alll2 < 6}) = 1.

Hence, we have
Tim p({t € T | [l2n(t) = Bp(an(®)lls < }) = 1.

This means that
lim ||z, — Ey 5 p(on)|2 <e,

n—w

and since this holds for every € > 0, we conclude that (z,)* € (M ® P)“.

We now extend to the general case where M is not necessarily abelian. Let £ € L2((M ® N)¥)
be a Q-central vector. We want to show that ¢ € L2((M ® P)%). By Lemma 5.1, we know that
n=(V&I1)“QE ecL*((A® N)¥). Since (V ® 1)¥ is N-bimodular, we know that 71 is Q-central.
Hence, by the abelian case, we obtain that n € L2((A ® P)¥). But this clearly implies that
£ 12(M @ P)). 0

Proof of Theorem E. Suppose that M ® N is McDuff, that is, (M ® N),, is non-commutative.

By Proposition 5.2, we know that (M ® N), C (A ® N),, so that (A ® N), is also non-

commutative. Therefore, we can find z = (z,)* and y = (y,)* in (A® N), with ||z, c,

|Ynlloo < 1 for all n, such that ||[x,y]||2 = > 0. Let A =L>(T, u) with (T, i) a probability space.

Write z,, = (t = x,(t)) € A ® N = L*®(T, u, N) with [|2,,(¢)|lcc < 1 for all n and ¢. Similarly,

let yp, = (t = yn(t)). Fix F' C N a finite subset and € > 0. Since z,y € (A ® N),, we know that
lim u({t € T| Va € F, an(t), a2 < c}) = 1

n—-w

2016

https://doi.org/10.1112/50010437X18007388 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007388

STABILITY OF PRODUCTS OF EQUIVALENCE RELATIONS

and
lim p({t € T | Va € F,||[yn(t),a]|l2 < e}) = 1.

n—-w

Moreover, since ||[x,y]||2 = d > 0, we have

Tim p({t € T | [fan(t). ya (D)2 > 5/2}) >

Hence, for n large enough, the intersection of these three sets is non-empty, that is, there exists
t such that
Va € F, ||[zn(t),a]ll2
VaeF, |lya(t),a]l2
Izn (), yn(B)]ll2 = 5/2
Hence, by iterating this procedure, we can extract a sequence ay = @y, (t;), k € N, and by, =

Yn, (te), k € N, such that a = (ax)“ and b = (by)* are in N, and ||[a, b]||2 > §/2. Thus N,, is not
commutative, that is, N is McDuff as we wanted. O

ﬂ\ A\

The second application is the following lemma which we will need in the proof of Theorem F.

LEMMA 5.3. Let M and N be finite von Neumann algebras. Then we have
1® Z(N,) C Z(N'n(M ® N)¥).
Proof. First, we treat the case where M is abelian, that is, M = L>°(T, u) for some probability
space (T, p). Let (ax)gen be a || - ||2-dense sequence in (N); and let
Ni i=A{z € (N)1 | Vr <k, |l[z,ar]ll2 < 1/k}.

Let y = (yn)¥ € Z(Ny) with |[yn|lec < 1 for all n. By [McD70, Lemma 10], there exists a
sequence of sets U € w, k € N, such that

VkEN,VxGNk,VnE Uka H[yna ]HQ 1/k

Let x = (z,)* € 1@ N) N(M ® N)* with ||z, |lec <1 for all n € N. We want to show that
z(l®y) = (1@y)z. Write 2, = (t = z,(t)) € M ® N =L>®(T, u, N) with ||z, (t)]|c < 1 for all
t and all n € N. Since z € (1@ N)' N (M ® N)¥, there exists a sequence of sets Vj, € w such that

p({t € T | xp(t) € Np}) =1 —1/k?

for all n € V.
Therefore, for all n € U, NV}, we have

p{t € T | llyn, wn(®]ll2 < 1/k}) > 1 - 1/k2,
which implies that
111 yn, 2a]ll3 = /T yns zn ()13 dult) < 5/k.

Since U NV}, € w for all k € N, we conclude that lim,,_, ||[1 ® yn,xs]|l2 = 0 as required.
Finally, we extend to the general case where M is not necessarily abelian. Let & €
L2((M ® N)“) be an N-central vector. We want to show that & is Z(N,,)-central. By Lemma 5.1,
we know that n = (V ® 1)¥(¢) € L2((A ® N)¥). Since (V ® 1)¥ is N-bimodular, we know that
n is N-central. Hence, by the abelian case, we obtain that n is Z(N,,)-central. Since (V ® 1)¥
N¥-bimodular, we conclude that ¢ is also Z(N,,)-central. O
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Proof of Theorem F. By Lemma 5.3, we know that 1 ® Z(N,) is contained in the center of
(I®N)'N(M ® N)“, hence it is also contained in the center of (M & N),. Since (M ® N),, is
a factor, this implies that NV, is also a factor, and the same argument shows that M, is a factor.

Now suppose that M ® N is McDuff. Then (M ® N), is non-trivial. Thus M, or N, is
also non-trivial (use [Con76, Corollary 2.2] or Proposition 5.2). This means that M, or N, is a
non-trivial factor. In particular, M or N is McDulff. |

The following fact is well known to experts, but we provide a proof for the reader’s
convenience.

PROPOSITION 5.4. Let M = @nENM” be an infinite tensor product of non-Gamma type Iy
factors M,,, n € N. Then M, is a factor.

Proof. For every n € N, we let
Qrn=My@M ® - M, ®1R®1®--- C M.

Suppose that (zx)ren is a non-trivial central sequence in M with ||zg|l2 = 1 and 7(x;) = 0
for all k& € N. Then, since @, is non-Gamma, we know by [Con76, Theorem 2.1] that
limg, [|zx — Eqrnar(zk)|l2 = 0. Hence we can find a sequence (ng)ren with ng — oo such that
HEQ;LkmM(xk”b > 1 for all k € N. Let y;, = EQ%kmM(:L“k). Since @, N M is a finite factor, we
know that 0 = 7(x) = 7(yk) is in the weakly closed convex hull of

fugi® | w € U@}, 1 M)},
Hence, there must exist some unitary ug € U(Q;,, N M) such that

luryru — yell2 = 3llyellz = §

which yields |/[ug, zk][|2 > ;. But, by construction, (uj)gen is a central sequence in M. This
shows that (z)ren is not in the center of M,,. Therefore M, is a factor. O

Proof of Corollary G. By Proposition 5.4, we know that M, is a factor. By Theorem F, we then
know that N, is also a factor. Since N has property Gamma thanks to [Pop10, Theorem 4.1], we
conclude that N, is non-commutative or equivalently that N is McDuff. Thus N2 N @ R= M
as required. O
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