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ABSTRACT. A complex nilmanifold X is isomorphic to a product X — 
Cp x N/T, where N is a simply connected nilpotent complex Lie group and 
r is a discrete subgroup of N not contained in a proper connected complex 
subgroup of N. The pair (N, T) is uniquely determined up to holomorphic 
group isomorphisms. 

A complex manifold X is called a nilmanifold if a complex nilpotent Lie group G is 
acting holomorphically and transitively on X, i.e. X = G/H, where H is a closed 
complex subgroup of G. We may always assume that G is simply connected and that 
the G-action on X is almost effective. In this paper we analyse the structure of nil-
manifolds extending the results of [3] and [2]. 

It was shown in [3] that for a generalized Iwasawa manifold X — G/H, i.e. G is a 
complex Heisenberg group and H C G a complex subgroup, such that €(X) = C, the 
pair (G,//) is uniquely determined in the following sense: Let X = G/H be another 
generalized Iwasawa manifold biholomorphic to X, then there is a holomorphic Lie 
group isomorphism cp:G —» G, which maps H onto H. It turns out that the condition 
on the holomorphic functions on X is very strong and makes the proof of the result 
above very easy (see [1]). However, an analogous theorem in the real category ([5], 
Thm. 2.11) indicates how to weaken the condition on G/H to a certain maximality 
assumption on H (see Lemma). A subgroup H C G is called maximal if it is not 
contained in a proper connected complex subgroup of G. (Note that €(G/H) = C 
implies the maximality of/ / .) This yields the following decomposition theorem for 
nilmanifolds: 

THEOREM. A complex nilmanifoldX = G/H is biholomorphic to Cp x N/T, where 
T is a discrete maximal subgroup of the simply connected complex Lie group N. The 
decomposition X = Cp x N/T is unique in the following sense: Let Cp' X N'/T' be 
another decomposition with the above properties. Then p = p' and there exists a 
complex Lie group isomorphism p:N —» N' such that p(T) — Tf. 

For the proof we need the following 
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LEMMA. Let N,M denote simply connected nilpotent complex Lie groups and T a 
discrete maximal subgroup of N. Let cp : N —» M be a holomorphic map such that for 
all n E N, 7 E T\q>(n"y) — <P(AÎ) • cp('y). Then there is a unique holomorphic homo-
morphism cp:N —> M with cp | T = cp | T. 

PROOF. The uniqueness follows from Malcev's theorem ([5]), Prop 2.5 and the 
maximality of I\ 

Existence of <p. Let J be the complex subgroup of N defined by J = {n E N \f(n) 
= f(e), V / E 6(A0'}, e = identity element of N. The restriction of cp to J is a 
holomorphic homomorphism, because for a fixed n E N the holomorphic map J —» M, 
jt—» <p(ifx)(p(x)~l(p(n)~] is T-invariant (This function was considered by Ahiezer [1].), 
hence constant. Denote by N0 the minimal connected (real) subgroup of N containing 
T. By [5], Thm. 2.11 there is a unique (real) Lie group homomorphism cp' from N0 

to M such that cp' | T = cp | T. Let NQ be the "complexification" of N0 in N. Since T is 
maximal we have that N0 = N. Assume that 9' is holomorphic on the maximal 
connected complex subgroup C in N0. Then cp' extends uniquely to a holomorphic 
homomorphism cp :N-* M(N0 = N\). Therefore it is enough to prove the holomorphy 
of cp' on C. The compactness of N0/T implies that C is contained in the identity 
component J° of J. Moreover, the group J°*T is closed in N and as a consequence 
J° H NQ/J° Pi r is compact. In concluding the proof we note that cp and cp' coincide 
on7° Pi N, hence on C. • 

PROOF OF THE THEOREM. 

Existence. LetX = G/H, G simply connected (without loss of generality). Denote 
by V the smallest connected complex Lie group in G containing H. Since the normalizer 
NG(H°) of//0 in G is connected the identity component H° of H is normal in V and G/V 
= C" ([4]). Hence, by Grauert's Oka principle, X = C" x (V/H°/H/H°) = C" x N/T. 
By construction T is maximal in N. 

Uniqueness. Assume thatX = C/? x N' /T', where N' is simply connected and F 
is maximal in N'. Let M = Cp' x JV'. By passing to the universal covering, we define 
a map cp from iV to M as in the lemma. Then cp is a complex isomorphism from TV 
to AT. 
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