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For subsets in the standard symplectic space (R2“, wp) whose closures are
intersecting with coisotropic subspace R™* we construct relative versions of the
Ekeland-Hofer capacities of the subsets with respect to R™* establish
representation formulas for such capacities of bounded convex domains intersecting
with R™*. We also prove a product formula and a fact that the value of this
capacity on a hypersurface S of restricted contact type containing the origin is equal
to the action of a generalized leafwise chord on S.
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1. Introduction

1.1. Coisotropic capacity

Recently, Lisi and Rieser [29] introduced the notion of a coisotropic capacity
(i.e. a symplectic capacity relative to a coisotropic submanifold of a symplec-
tic manifold), and discussed their motivations and backgrounds. Let (M,w) be
a symplectic manifold and N C M a coisotropic submanifold. (In this paper all
manifolds are assumed to be connected without special statements!) An equiva-
lence relation ~ on N was called a coisotropic equivalence relation if x and y
are on the same leaf then z ~y (cf. [29, definition 1.4]). Special examples are
the trivial relation defined by x ~ y for every pair x,y € N and the so-called leaf
relation defined by = ~ y if and only if x and y are on the same leaf. For two
tuples (Mg, No,wo, ~o) and (M7, N1,w1,~1) as above, a relative symplectic embed-
ding from (Mg, No,wp) to (M, N1,w;) is a symplectic embedding ¢ : (Mp,wp) —
(M7, w) satisfying 1y~ 1(N1) = Ny [29, definition 1.5]. Such an embedding ) is said
to respect the pair of coisotropic equivalence relations (~q, ~1) if for every z,y € Ny,

Y(E) M Yly) = z~oy.
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The standard symplectic space (R?",wg) has coisotropic linear subspaces

Rn,k) = {xGRQn‘x: (QI7-"7qnap1a"'apk707"'70)}

for k =0,...,n, where we understand R™" = {z € R*" |z = (q1,...,¢n,0,...,0)}.
Denote by ~ the leaf relation on R™*, and by

ViR ={z e R* 2 =(0,...,0, k11, qn,0,...,0)}, (1.1)
Vi = {z e R |z = (q1,- q&, 0, ..., 0,1, ...,k 0,...,0)}. (1.2)

Hereafter it is understood that Vg% = {z € R** |z = (q1,...,¢n,0,...,0)} = R™,
Vo™ = {0} and V" = {0}, V" = R?". Then Lj := V""" is a Lagrangian sub-
space, and two points z,y € R™* satisfy  ~ y if and only if their difference 2 —y
sits in Von’k. Observe that R?" has the orthogonal decomposition R?" = JgnVO"’k @
RvF = J,, R™F @ Von’k with respect to the standard inner product, where Js,
denotes the standard complex structure on R?" given by (q1,...,qn,D1,---,Dn) —
(plu sy Py 41y —Qn)

For a € R we write a := (0,...,0,a) € R?". Denote by B?"(a,r) and B?"(r) the
open balls of radius r centred at a and the origin in R?” respectively, and by

W2"(R) := {(xl, Ty YLy Yn) ERP 22+ 2 < R%Pory, < O} , (1.3)
W™F(R) := W*(R)NR™* and B™*(r) := B> (r) NR™*. (1.4)

(W?2"(R) was written as W(R) in [29, definition 1.1]).

According to [29, definition 1.7], a coisotropic capacity is a functor ¢, which
assigns to every tuple (M, N,w,~) as above a non-negative (possibly infinite)
number ¢(M, N,w, ~), such that the following conditions hold:

(i) Monotonicity. If there exists a relative symplectic embedding
from (Mo, No,wo,~0) to (My,Ni,wi,~1) respecting the coisotropic
equivalence relations where dim My = dim M;, then ¢(My, No,wo, ~0) <
c(My, Ny,wi,~1).

(ii) Conformality. ¢(M, N, aw, ~) = |aje(M, N,w,~), ¥V a € R\{0}.

(iii) Non-triviality. With the leaf relation ~ it holds that for k =0,...,n — 1,
(B (1), B (1), w0, ~) = & = oW (1), W) w0, ). (15)

As remarked in [29, remark 1.9], any symplectic capacity cannot serve as a
coisotropic capacity because of the non-triviality (iii).

From now on, we abbreviate ¢(M, N,w, ~) as ¢(M, N,w) if ~ is the leaf relation
on N. In particular, for domains D C R?" we also abbreviate ¢(D, D NR™* wy) as
c(D, D NR™*) for simplicity.
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Given a (n + k)-dimensional coisotropic submanifold N in a symplectic manifold
(M,w) of dimension 2n we defined in [26, definition 1.3]

3 a relative symplectic embedding
wa(N; M,w) := sup { 7r? (B2"(r), B™*(r)) — (M, N) respecting
the leaf relations on B™*(r) and N

the relative Gromov width of (M, N,w). Here we always assume k € {0,1...,n — 1}.
(If K = n then wg(N; M, w) is equal to the Gromov width wg (N, w|y) of (N, w|x).)

When k£ = 0, N is a Lagrangian submanifold and this relative Gromov width was
introduced by Barraud, Biran and Cornea [6-9]. It is easily seen that wg satisfies
monotonicity, conformality and

wg (B2 (r) NR™k: B2 (1), wo) = 72, ¥V r > 0.

In fact wg(N;M,w)/2 is the smallest coisotropic capacity by the nonsqueezing
theorem in [29]. Rizell [33] observed that the Lagrangian submanifolds of C3
constructed by Ekholm, Eliashberg, Murphy and Smith [15] have infinite relative
Gromov width.

Similar to the construction of the Hofer-Zehnder capacity, Lisi and Rieser [29]
constructed an analogue relative to a coisotropic submanifold, called the coisotropic
Hofer—Zehnder capacity, and denoted by cpr in this paper. By properties of this
coisotropic capacity, they also studied symplectic embeddings relative to coisotropic
constraints and got some corresponding dynamical results. The coisotropic capacity
cpr also played a key role in the proof of Humiliére-Leclercq—Seyfaddini’s important
rigidity result that symplectic homeomorphisms preserve coisotropic submanifolds
and their characteristic foliations [21].

For the coisotropic capacity cpr(D, D NR™*) of a bounded convex domain
D C R?", we [26] proved a representation formula, some interesting corollaries and
corresponding versions of a Brunn—-Minkowski type inequality by Artstein—Avidan
and Ostrover and a theorem by Evgeni Neduv.

1.2. A relative version of the Ekeland—Hofer capacity with respect to a
coisotropic submanifold R™*

Prompted by Gromov’s work [17], Ekeland and Hofer [13, 14] constructed a
sequence of symplectic invariants for subsets in the standard symplectic space
(R?",wy), the so-called Ekeland and Hofer symplectic capacities. (In this paper,
the Ekeland and Hofer symplectic capacity always means the first Ekeland and
Hofer symplectic capacity without special statements.) We introduced the gener-
alized Ekeland—Hofer and the symmetric Ekeland—Hofer symplectic capacities and
developed corresponding results [24, 25]. The aim of this paper is to construct a
coisotropic analogue of the Ekeland—Hofer capacity for subsets in (R?",wy) relative
to a coisotropic submanifold R™* . the coisotropic Ekeland-Hofer capacity.

Fix an integer 0 < k < n. For each subset B C R?"® whose closure B has
nonempty intersection with R™* we define a number ¢™*(B), called coisotropic
FEkeland—Hofer capacity of B (though it does not satisfy the stronger monotonicity
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as in (i) above (1.5)), which is equal to the Ekeland-Hofer capacity of B if k = n.
The coisotropic capacity ¢™* satisfies ¢™*(B) = ¢™*(B) and the following:

PROPOSITION 1.1. Let A > 0 and B C A C R?*" satisfy BNR™* £ (. Then
(i) (Monotonicity) ¢™*(B) < c¢™k(A).
(ii) (Conformality) ¢™*(AB) = A\2¢™*(B).
(

(i) (Exterior regularity) ¢™*(B) = inf{c"*(Uc(B))|e >0} and so ¢"*(B) =
c"*(B), where U.(B) is the e-neighbourhood of B.

(iv) (Translation invariance) ¢™*(B + w) = ¢™*(B) for all w € R™*, where B +
w={z4+w|z € B}.

The group Sp(2n) = Sp(2n, R) of symplectic matrices in R?" is a connected Lie
group. Kun Shi shows in Appendix A that its subgroup

Sp(2n,k) :={A € Sp(2n) | Az = 2 V z € R™F} (1.6)
is also connected.

THEOREM 1.2 (Symplectic invariance). Let B C R?" satisfy B N R™F = (. Suppose
that ¢ € Symp(R>",wy) satisfies for some wy € R™F,

(w) =

w—wy YweR™ and dp(wo) € Sp(2n, k).
Then cF(¢(B)) = c*(B).

<

COROLLARY 1.3. For a subset A C R?" satisfying ANR™F £ 0, suppose that there
exists a star-shaped open neighbourhood U of A with respect to some point wy € R™*
and a symplectic embedding ¢ from U to R%" such that

ow)=w—wy YweR"NU and de(wy) € Sp(2n, k). (1.7)

Then ¢™F(p(A)) = cF(A). In particular, for a subset A C R®"™ satisfying AN
R™* £ (), if it is star-shaped with respect to some point wy € R’i’“ and there exists
a symplectic embedding @ from some open neighbourhood U of A to R?™ such that

(1.7) holds, then c™*(p(A)) = c™*(A).

There exists a natural class of symplectic mappings satisfying the conditions in
corollary 1.3. For € > 0 small, let R™* = {(q1,...,qn,P1,---,Dn) |piq + 405 <
€2}, that is, the tubular open neighbourhood of R™* of radius e. Let U be as in
corollary 1.3, and let H : [0,1] x R?® — R be any smooth Hamiltonian that van-
ishes in [0,1] x (R™* N U). Suppose that Xz can determine a 1-parameter family
of symplectic mappings ¢t; for ¢t € [0,1] as usual (e.g. this can be satisfied if H
has compact support). Then ¢ := (b, o ¢k )|y satisfies the conditions in corollary
1.3, where v, € Symp(IR?",wy) is the translation defined by 1., (w) = w — wy for
w € R?",

For a bounded convex domain D in (R?",wy) with boundary S, recall that a
nonconstant absolutely continuous curve z : [0,7] — R*" (for some T > 0) is said
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to be a generalized characteristic on S if z([0,T]) C S and 2(t) € J2,Ns(2(t)) a.e.,
where Ns(z) = {y € R*" | (u — z,y) < 0V u € D} is the normal cone to D at € S
[24, definition 1.1]. When D NR™* (), such a generalized characteristic z :
[0,T7] — S is called a generalized leafwise chord (abbreviated GLC) on S for
R™k if 2(0), 2(T) € R™* and 2(0) — 2(T) € Vb”’k. (Generalized characteristics and
generalized leafwise chords on & become characteristics and leafwise chords on
S respectively if S is of class C'.) The action of a GLC z:[0,7] — S is
defined by

1

T
Az) = 5/0 (= Jon2, 2) dt,

where (-, -) denotes the Euclid norm on R?". As generalizations of representation
formulas for the Ekeland—Hofer capacities of bounded convex domains we have:

THEOREM 1.4. Let D C R?™ be a bounded convex domain with CY' boundary S =
OD. If DNR™F #£ () (and so dD contains at least two points of R™F), then there
exists a leafwise chord x* on 0D for R™* such that

A(z*) = min{A(x) > 0|z is a leafwise chord on D for R™*}
= c"*(D) (1.8)
="k (D). (1.9)

Moreover, if D C R?" is only a bounded convex domain such that D NR™F #£ (),
then the above conclusions are still true after all words ‘leafwise chord’ are replaced
by ‘generalized leafwise chord’.

This theorem may be false if the domain is not convex. Consider the following
domain

AQ”(rl,rg) ={ze€ R2" | Tf <z < r%} = BQ"(rg) \ B2"(rq),

where 0 < 71 < 79 < 00. Then by monotonicity of coisotropic Ekeland—Hofer capac-
ity and theorem 1.4,

¢"MOB* " (r)) < (A2 (r1,12)) < N(BP(r2)) = M (OB (r2))

and
T2
—ry, k<n,
CH (A (14, 3) = (A () = 4 2
i, k=n
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However, since 9A?"(ry,ro) = B>~ 1(r;) UOB* L(ry),

min{A(z) > 0|z is a leafwise chord on dA*"(ry,ry) for R™*}
= min{min{A(z) > 0|z is a leafwise chord on dB**~1(r;) for R™*},
min{A(z) > 0|z is a leafwise chord on 9B*"~!(ry) for R™*}}
= min{c”’k(aB%*l(rl)), c”’k((?BQ"*l(rg))}

T
_ {27’%, k<mn,

nri,  k=n.

Hence theorem 1.4 is false for A%"(rq,73).

Theorem 1.4 and [26, theorem 1.5] show that ¢™*(D) = ¢ r(D, D NR™F) for
a bounded convex domain D C R?" as in theorem 1.4. It follows from (3.18) and
interior regularity of cpg that

(D) = cLr(D, D NR™) (1.10)

for any convex domain D C R?" such that D NR™" £ (). Hence theorems 1.6, 1.12
and corollaries 1.7-1.10 in [26] are still true if cp g is replaced by suitable ¢™*.

Moser [32] first studied Hamiltonian leafwise chords for understanding pertur-
bations of Hamiltonian dynamical systems, his framework has been extended in
many directions, which promotes the research of symplectic topology, see [3, 4,
12, 16, 18, 19, 27, 29, 38, 39] etc. Given two autonomous C!' Hamiltonians
H,G :R?" — R and a regular energy surface G~(c¢’), one may ask the following
natural mechanics problem: Is there a point on G~!(¢/) from which two particles
start, move respectively along Hamiltonian trajectories of Xy and X and after
some finite time return to an intersection point of these two trajectories?

Suppose for some ¢ € R that Dy := {z € R*" | H(z) < ¢} is a bounded convex
domain whose intersection with G~1(¢/) is a nonempty relative open subset in a
(2n — 1)-dimensional coisotropic subspace V in R?". Then theorem 1.4 implies an
affirmative answer to the problem. In fact, since there exists a linear symplectic
transformation ¥ : (R?", wg) — (R?",wq) such that ¥ (V) = R™"~! we can replace
H and G by Ho ¥~! and G o U1, respectively, and therefore reduce the question
to the case V = R™"~!. The desired conclusion follows from theorem 1.4.

Theorem 1.4 is also closely related to the famous Arnold’s chord conjecture in
[5, § 8]. Many cases for this problem have been proved to be true, see [1, 2, 10, 11,
22, 23, 30, 31, 33-35, 40| etc. When k = 0, the intersection S NR™? is a closed
O Legendrian submanifold of dimension n — 1 in the contact manifold S with
the standard contact form, which is diffeomorphic to the sphere S”~!, and theorem
1.4 affirms the conjecture in this case though for the smooth S it was proved by
Mohnke [31] with a different method. Clearly, our result also gives the action of
this chord.

As the Ekeland Hofer capacity, ¢™* satisfies the following product formulas,
which play key roles for computations of ¢p,r and the proof of [26, theorem 1.12].
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THEOREM 1.5. For convex domains D; C R*™ containing the origin, i =
1,...,m>2, and integers 0 <lp <n:=mni+-- - +ny, |; =max{lj_1 —n;,0},
j=1,...,m—1, it holds that

™ (Dy x -+ x Dyy,) = min ¢"minnilicih (D), (1.11)
K3
Moreover, if all these domains D; are also bounded then

C”Jo (aDl Y 8Dm) _ mincni,min{nt,li—l}(Di). (112)
i

Hereafter R2" x R2"2 x ... x R?"m is identified with R2(m1++nm) yig

R x R - x R 3 (¢, p™M), . (¢, p™))
= (q(l)’ A 7q(m)’p(1)’ R ’p(m)) e RQn'
If o = n then [; = Zj>i n; and thus min{n;,l,_1} =n, for i =1,..., m. It follows
that theorem 1.5 becomes theorem in [37, § 6.6]. We pointed out in [26, remark
1.11] that theorems 1.4, 1.5 and [26, theorem 1.5] can be combined together to

improve some results therein.

COROLLARY 1.6. Let S'(r;) be boundaries of discs B2(0,r;) CR%,i=1,...,n > 2,
and integers 0 < lop < n, l; = max{l;_1 — 1,0}, j=1,...,n— 1. Then

¢t (SM(ry) x -+ x S (ry)) = min L (B2(0, 7).

Here ¢V (B2%(0,7;)) = 7r? and ¢-°(B?(0,r;)) = 712 /2. Precisely,

c”’O(Sl(rl) X o X Sl(rn)) = min{wr%/?, .. »7”"127,/2}7

(ST (ry) x -+ x SY(ryp)) = min{min7r? min7r?/2}, 0<k <n,
i<k i>k
™(SH(ry) x -+ x St(ry)) = min{wr?, ... w2},

Note that corollary 1.6 becomes [37, corollary 6.6] for Iy = n.
Define U%(1) = {(gn,pn) € R*|¢2 +p2 < lor —1 < g, < landp,, < 0} and

U?(1) =R* 2 x U%(1) and U™F(1)=U?"(1)NR™". (1.13)
By (1.10) and [26, corollary 1.9] we obtain for £k =0,1,...,n — 1,
R(U(1)) = e (UML), U2 (1) NR™F) = g (1.14)

The proof of theorem 1.5 relies partially on the representation of coisotropic
Ekeland—Hofer capacity of convex domains given by theorem 1.4. It is possible
that theorem 1.5 is still true for some product of non-convex domains. For integers
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0<lp <n:=ny+ng and Iy = max{ly — n1,0}, as the arguments below theorem
1.5 we can get

Cn,lo (B2n1 (7,,2) % B2n2 (TS)) _ cn,lg(aBin—l(rz) % aBQnQ—l(TS))
< Mo (A2 (7 1) x B22(r3))

< "0 (B2 (15) x B2 (r3))

and therefore

(AP (1, 9) x B2 (r3)) = ¢l (A2n1 (11, ra) x B2n2(r3))

= ™ (B2 (ry) x B22(r3))
_ min{cnl,min{nl,lo}(32n1 (1"2)), Cng,min{ng,ll}(B%w (7,3))}
T 2 T 2
_ m1n{27'2,2r3}, lop < ni,
min{mr3, "> (B2 (r))}, lg = 0.
On the other hand
min{cnl,min{nl,lo}(A2n1 (711’ ,],.2))’ Cng,min{nz,ll}(Ban (7,3))}

2 2
min{zrr?, crz:lo=r (B2 (r3))}, 1y = ny.

(T, T
mln{frg,frg}, lp < nq,

Hence (1.11) is also true for the produce of A% (ry,ry) and B2"2(r3).

Recall that a vector field X defined on an open set U C R?" is called a Liouville
vector field if Lxwy = wo. A hypersurface S C R?™ is said to be of restricted contact
type if there exists a Liouville vector field X globally defined on R?" which is
transversal to S. Corresponding to the representation of the Ekeland—Hofer capacity
of a bounded domain in R?" with boundary of restricted contact type we have:

THEOREM 1.7. Let U C (R?",wy) be a bounded domain with C*"*2 boundary S of
restricted contact type. Suppose that U contains the origin and that there exists a
globally defined C?*"*+2 Liowville vector field X transversal to S whose flow ¢' maps
R™F to R™* and preserves the leaf relation of R™*. Then

Ys:={A(z) > 0|z is a leafwise chord on S for R™*}. (1.15)
has empty interior and contains c™*(U) = c™k(S).

In order to show that ¢™ is a coisotropic capacity (with the weaker monotonic-
ity), we need to prove that ¢™* satisfies the non-triviality as in (1.5). By theorem
1.4 we immediately obtain

ARBT(1) ==, k=0,....,n—1. (1.16)

e

Proposition 1.1(i) and (1.14) also lead to c™k(W?2"(1)) = c»F(U?"(1)) = n/2
directly. Using the extension monotonicity of ¢y g in [29, lemma 2.4], Lisi and Rieser
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proved that
CLR (W2n(1), Wn’k(l)) = CLR (UQn(l), Un’k(l))

above [29, proposition 3.1]. However, our proposition 1.1 and theorem 1.2 cannot
yield such strong extension monotonicity for ¢™*. Instead, we may use theorems
1.5 and 1.7 (though the latter does not hold for ¢rr in general), to derive:

THEOREM 1.8. For k =0,...,n — 1, it holds that

W (1) = 3.

By this theorem, corollary 1.6 and theorem 1.2 we deduce:

COROLLARY 1.9. If min{2min;<k r?, min;~, 77} >1 for some 0 <k <n, then
there is no ¢ € Symp(R?*" wy) which satisfies ¢p(w) =w —wy ¥ w € R™* and
dé(wo) € Sp(2n, k)o for some wy € R™F, such that ¢ maps S*(r1) x -+ x SY(r,) =
{1, Ty Y1y oy yn) ER?V |22 +y2 =712, i =1,...,n} into W?"(1).

Under the assumptions of corollary 1.9 it is easy to see that there always exists
a ¢ € Symp(R?™, wp) such that ¢(St(ry) x --- x St(r,)) € W2 (1).

Let 79 € L(R?") be the canonical involution on R?" given by 7o(z,y) = (z, —y).
For a subset B C R*" such that 70B = B and BN LY # 0, let cgu, -, (B) be the
To-symmetrical Ekeland—Hofer capacity constructed in [25]. We shall prove in § 8:

THEOREM 1.10. The 1o-symmetrical Ekeland-Hofer capacity cgu,-,(B) of each
subset B C R?*" satisfying 7oB = B and BN LY # () is greater than or equal to
c9(B).

Structure of the paper. In § 2 we provide necessary variational preparations on the
basis of [26, 29]. In § 3 we give the definition of the coisotropic Ekeland—Hofer
capacity and proofs of proposition 1.1, theorem 1.2 and corollary 1.3. In § 4 we
prove theorem 1.4. In § 5 we prove a product formula, theorem 1.5. In § 6 we
prove theorem 1.7 about the representation of the coisotropic capacity ¢™* of a
bounded domain in R?" with boundary of restricted contact type. In § 7 we prove
theorem 1.8.

2. Variational preparations

We follow [26, 29] to present necessary variational materials. Fix an integer 0 <
k < n. Consider the Hilbert space defined in [29, definition 3.6]

2
L%,k _ {.T c L2([O, 1]7R2n) T é Z emfrt.]gnam + Z e?’mTrthnbm

meZ MEZL
am € VIP, b € VIR " (Jam[? + [bn]?) < oo} (2.1)
meZ

with L?-inner product. We proved in [26, proposition 2.3] that the Hilbert space
L2 . is exactly L?([0,1], R*"). (If k = n this is clear as usual because V5" = {0}
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and V{"" = R?*".) For any real s > 0 we follow [29, definition 3.6] to define

L2
T = E emﬂ'thnam + § eQmTrthnbm

meZ meZ

k= {x € L*([0,1],R®")

am € VP, b € VRS T mlP (|am]? + (b ) < oo} . (22

mEeEZ

LEMMA 2.1 [29, lemmas 3.8, 3.9]. For each s > 0, H; . is a Hilbert space with the
inner product

<¢’¢>S7n,k = (ao, a6> + <b0)b6> +7 Z (|m|28<ama a{m> + ‘2m|28<bm7 b;n>)
m#0
Furthermore, if s > t, then the inclusion j: H;, , — H} , and its Hilbert adjoint

g HY . — HS, are compact.

Let || - |ls,n.x denote the norm induced by (-, -)sni. For m €N or r =00 let
O, 1.([0,1], R*") denote the space of C" maps z : [0, 1] — R*" such that z(i) Rk,
i =0,1,and (1) ~ x(0), where ~ is the leaf relation on R™*. (Note: H} ,, is exactly
the space H® on p. 83 of [20]; C", (0,1],R?") is C"(R/Z,R?").)

n,n

LEMMA 2.2 [29, lemma 3.10]. If z € H,, ; for s >1/2+r where r is an integer,
then x € C, .([0,1], R*").

LEMMA 2.3 [29, lemma 3.11]. 5*(L?) C H}lk and |7 Wl ne < llyllz2-

Let
1/2
E=H and | |z:="lh/znr (2.3)

It has an orthogonal decomposition F = E~ @ E° @ ET, where

_ 1/2|  L?
E~ = {x € Hn{k T = M tlang 4 E e2mmtlony } ,

m<0 m<0
E° = {z = 2o € R™},

L2
ET = {x € H:L/; r = Z eMmtong, 4 Z e2mmtlony } .

m>0 m>0

Let PT, PY and P~ be the orthogonal projections to E*, E° and E~ respectively.
For z € E we write

zt =Pz, 2°=P% and 2~ =Pz
Define a functional a : £ — R by

a(@) = ([l 1% — 27 [1%)-
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Then there holds

1 1
a(z) = 5/0 (—Jond,x)dt, Ve Ch,([0,1],R™).

(See [29].) The functional a is differentiable with gradient Va(z) = 27 —2~.
From now on we assume that for some L > 0,

He C'(R*,R) and |VH(z)— VH(y)|gn < Lllz — yllgze ¥ 2,y € R?". (2.4)
Then there exist positive real numbers C;, i = 1,2, 3,4, such that
IVH(2)| < Cilz| + Co,  |H(2)] < Calz|* + Cu

for all z € R?”. Define functionals b,z : E — R by
1
b(z) = / H(z(t))dt and Py =a—b. (2.5)
0

LEMMA 2.4 [20, § 3.3, lemma 4]. The functional b is differentiable. Its gradient Vb
is compact and satisfies a global Lipschitz condition on E. In particular, b is C11.

LEMMA 2.5 [26, lemma 2.8]. x € E is a critical point of ®p if and only if x €
C’%’k([O, 1],R?") and solves

T = XH(,T) = JQnVH(,T)
Moreover, if H is of class C' (I > 2) then each critical point of @5 on E is C'.

Since V@ (z) = 27 — 2~ — Vb(x) satisfies the global Lipschitz condition, it has
a unique global flow R x E — E : (u,z) — ¢, (z).

LEMMA 2.6 [29, lemma 3.25]. ¢, (z) has the following form
pu(e) = e "z +a° +e"a + K(u, ),
where K : R x E — FE is continuous and maps bounded sets into precompact sets.

This may follow from the proof of lemma 7 in [20, § 3.3] directly.

3. The Ekeland—Hofer capacity relative to a coisotropic subspace

We closely follow Sikorav’s approach [37] to the Ekeland—Hofer capacity in [13]. Fix
an integer 0 < k < n. Let E = H:L/kz be as in (2.3) and ST = {z € ET||z|g = 1}

DEFINITION 3.1. A continuous map v : E — FE is called an admissible deformation
if there exists a homotopy (Vu)o<u<1 such that vo =1id, v1 = v and satisfies

(i) Vu € [0,1], vu(E\ (E~- ® E°)) C E\ (E~ ® E°), i.e. vu(z)" #0 for any z €
E such that ™ # 0.
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(i) yu(z) = a(z,w)z™ + bz, u)z° + c(x,u)x~ + K(x,u), where (a,b,c,K) is a
continuous map from E x [0, 1] to (0, +00)® x E and maps any closed bounded
sets to compact sets.

Let I',, 1. be the set of all admissible deformations on E. It is not hard to verify
that the composition yo 4 € I'y, , for any v,5 € T'y . (If & =n, I'), i is equal to T’
n [37].) Corresponding to [37, § 3, proposition 1] or [13, § II, proposition 1] we
can easily prove the following intersection property.

PROPOSITION 3.2. v(ST)N(E~- @ E°®Rye) #0 for any e € ET\ {0} and v €
|

DEFINITION 3.3. For H € C°(R?*",Rx), the R™F-coisotropic capacity of H is
defined by

n,k :
¢ (H):= su inf ®y(z 3.1
(H) heF?kth(S*) u(z) (3.1)

where Oy is as in (2.5).
By proposition 1 in [37, § 3.3], for any H € C°(R?",R>) there holds

"M(H) < seugzl (m]21]? — H(2)), (3.2)

where z; € C is the projection of z € C* =C x C*~! to C. Correspondingly, we
have

PROPOSITION 3.4. For any H € C°(R*",R+() there holds

R (H) < sup (g|z|2 - H(z)) . k=0,1,...,n—1. (3.3)
zeCn

Proof. Let e(t) = ™2t X, where X € V""" and | X| = 1. For any = = y + \e, where
y € E= @ E° and \ > 0, it holds that

1 ™
a(z) < §IIAeIIZE = §A2
and
1 1
/ (z(t),e™ 2t X) dt = / (Ne™lant X ™t Xy qt = A,
0 0

It follows that

a(z) < g (/01<x(t),e’”2”tX> dt)2 < ;/01 ()] dt.

This and proposition 3.2 lead to

inf ®py(z) < sup Dy (z) < sup {E|Z|Z—H(z)} Vel
zey(ST) 2€E-®E®R e 2eR2n L2

and hence (3.3) is proved. O

https://doi.org/10.1017/prm.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.59

1576 R. Jin and G. Lu

A function H € C°(R?",Rs) is called R™*-admissible if it satisfies:
(H1) Int(H~1(0)) # () and intersects with R™*,

(H2) there exists zgp € R™¥, real numbers a,b such that H(z) = a|z|? + (z,20) + b
outside a compact subset of R?", where a > 7 for k =n, and a > 7/2 for
0<k<n.

Moreover, a R™"-admissible H is said to be nonresonant if a in (H2) does not
belong to 7N; and a R™*-admissible H with k < n is called strong nonresonant if
a in (H2) does not sit in N /2.

Clearly, for any R™*-admissible H € C%(R?>",Rxq), VH : R?® — R?" satisfies a
global Lipschitz condition.

Note that ¢™*(H) < +o0 if H € C°(R?",Rs) satisfies

H(z)zalz+C, VzeR™ (3.4)

for some constant C, where a = 7 for k =n, and a = 7/2 for 0 < k < n. In par-
ticular, we have ¢™*(H) < +oc for any H € C°(R?", R+() satisfying (H2). In fact,
for k = n this can be derived from (3.2) (cf. [37]). For 0 < k < n, since there exist
constants a > 7/2,b such that H(z) > alz|> + (2, 20) + b for all z € R*", using the
inequality

1
(2, 20| < ell” + =20

for any 0 < e < a — 3, we deduce that

T 12 ™ 2 |ZO|2
- (= (a- ) 5 e
512l ()< (e—(a—5)) "+ 5 —b< =2

Then proposition 3.4 leads to ¢™*(H) < +oc.
It is easy proved that c™*(H) satisfies:

PROPOSITION 3.5. Let H,K € C°(R*,R() satisfy (H1) and (H2). Then the
following holds:

(i) (Monotonicity) If H < K then ¢™F(H) > ¢™*(K).
(ii) (Continuity) |c™*(H) — ¢™*(K)| < sup,egen |H(2) — K(2)|.
(iii) (Homogeneity) c™*(AN2H(-/)\)) = \2c™F(H) for X\ # 0.
By proposition 2 in [37, § 3.3] the following proposition holds for k = n.
PROPOSITION 3.6. Suppose that H € C°(R*",R) satisfies
H(zo+2) < Cilz]*? and H(zo+2) < Colz> ¥V z€R™ (3.5)

for some zy € R™* and for constants C1 > 0 and Cy > 0. Then ¢™*(H) > 0. In
particular, ¢c*(H) > 0 for any R™*-admissible H € C?(R?",Rx).
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Proof. We assume k < n. For a constant £ > 0 define 7. € 'y, by ve(x) = 20 +
ex V x € E. We claim that

inf & >0 3.6
L u(y) (3.6)
for sufficiently small . Since
1 1
<I>H(zo+x):§||zH2E—/ H(z+2)dt VazeE* (3.7)
0

it suffices to prove that

1
lim M =0 (3.8)
lele—0  Jzl%

Otherwise, suppose there exists a sequence (z;) C E and d > 0 satisfying

i) dt
|zl — 0 and 5 >d>0 Vj. (3.9)

Let y; = z;/||z;||p and hence ||y;||g = 1. Then lemma 2.1 implies that (y;) has a
convergent subsequence in L2. By a standard result in LP theory, we have w € L?
and a subsequence of (y;), still denoted by (y;), such that y;(t) — y(t) a.e. on (0,1)
and that |y; ()] < w(t) a.e. on (0, 1) for each j. It follows from (3.5) that

H (t (1)]2
H(zg + x;(t z; ()] .
Got2i(0) 0, O _ o (0] 103 (0 < Gl (Ow(®)?,  ae. on (0,1), V.

1251 1%

The first claim in (3.9) implies that (x;) has a subsequence such that z;,(t) — 0,
a.e. in (0,1). Hence the Lebesgue dominated convergence theorem leads to

" H (20 + 7, (1))

dt — 0.
Iz, 1%

This contradicts the second claim in (3.9).

For any fixed R™F-admissible H € C?(R?" Rs), pick some 25 € R™* N
Int(H~1(0)). Since (H1) implies that H vanishes near zp, by (H2) and the Tay-
lor expansion of H at zy € R?", we have constants C; > 0 and C5 > 0 such that H
satisfies (3.5). O

By (3.2) and propositions 3.4 and 3.6 we see that ¢™*(H) is a finite positive

number for each R™*-admissible H. The following is a generalization of lemma 3
in [37, § 3.4].
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LEMMA 3.7. Let H € C°(R*",Rx¢) satisfy (3.4) and (3.5). Then

cF(H) = sup inf ®y(z),
FEF,  *€F

where
-/Tn,k = {’Y(S+) | S Fn,k and inf((I)HH(S-f-)) > 0}. (3.10)

Moreover, if H is also of class C? and has bounded derivatives of second order, then
Fo ke 18 positive invariant under the flow ¢, of V®y (which must exist as pointed
out above in lemma 2.6).

Proof. Since ¢™*(H) is a finite positive number by proposition 3.6, the first claim
follows from the arguments above proposition 3.5.

When H has bounded derivatives of second order, (2.4) is satisfied naturally.
Then V@ satisfies the global Lipschitz condition, and thus has a unique global
flow Rx E — E : (u,z) — @, (x) satisfying lemma 2.6, that is, ¢, (z) = e "z~ +
29+ etat + IN((u, x), where K :R x E — E is continuous and maps bounded sets
into precompact sets. For a set F =~(S1) € F,, with v €', 5, we have o :=
inf(® gy (s+)) > 0 by the definition of 7, . Let p : R — [0, 1] be a smooth function
such that p(s) =0 for s <0 and p(s) =1 for s > «. Define a vector field V on E
by

V(r)=a" —a= — p(®y(x))Vb(x).

Clearly V is locally Lipschitz and has linear growth. These imply that V has a
unique global flow, denoted by Y,. Moreover, it is obvious that T, has the same
property as ¢, described in lemma 2.6. For x € E~ @ E°, we have ®x(r) <0
and hence V(z) = —z~, which implies that T,(E~ & E°) = E~ & E? and T, (E \
E-® E% =E\ E- ® E° since T, is a homeomorphism for each u € R. Therefore,
T, el forall uecR.

Note that V|q>;11([ = V& (x). For each u > 0 we have Y, () = ¢, () for any

a,00]) T

z € &5 (J, 00]), and especially T, (F) = ¢, (F), that is, (Y, 07)(ST) = ¢u(F).
Since I',, i, is closed for the composition operation and

inf(q)H|(Tuo'y)(S+)> = inf((I)HLpu(F)) > inf(<I>H|p) > 0,

we obtain ¢, (F') € F, x, that is, F,, j is positively invariant under the flow ¢,, of
Voy. O

Clearly, a R™F-admissible H € C?*(R?",Rs() satisfies the conditions of
lemma 3.7.

THEOREM 3.8. If an R™*-admissible H € C?(R*",R+() is nonresonant for k = n,
and strong nonresonant for k < n, then ¢™*(H) is a positive critical value of @ .

The case of k =n was proved in [13, § II, proposition 2] (see also [37, § 3.4,
proposition 1]). It remains to prove the case k < n. By lemma 2.4, the functional
@y is CV! and its gradient V@ satisfies a global Lipschitz condition on E. By a
standard minimax argument, theorem 3.8 follows from lemma 3.7 and the following
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LEMMA 3.9. If an R™F-admissible H € C*(R?", R> 0) is strong nonresonant, then
each sequence (v;) C E with V®g(x;) — 0 has a convergent subsequence. In
particular, @ satisfies the (PS) condition.

Proof. The functional b is differentiable. Its gradient Vb is compact and satisfies a
global Lipschitz condition on E. Since V@ g (z) = 2T — 2~ — Vb(x) for any z € F,
we have

af —a; —Vb(z;) — 0. (3.11)

Case 1. (x;) is bounded in E. Then (z ) is a bounded sequence in the space R™* of
finite dimension. Hence (z ) has a convergent subsequence. Moreover, since Vb is
compact, (Vb(z;)) has a convergent subsequence, and so both (z ) and (z;) have
convergent subsequences in E. It follows that (z;) has a convergent subsequence.

Case 2. (xj) is unbounded in E. Without loss of generality, we may assume
lim;— o0 ||| E = +00. For zg € R™* defined as in (H2), let

.Tj 1

Y; = 20-

lzjle  2a
Then [y9] < [ly;llz < 1+ |z0/2al, and (3.11) implies
_ VH(x))
oy - =) . 3.12
- = (e 12
Also by (H2) there exist constants C; and Cs such that
2 SGQH.’I?]‘H%Q +C4

< Cz
L2 el

HVH ;)

51l =

that is, (VH (z;)/||z;||£) is bounded in L?. Hence the sequence 3*(VH (z;)/||zi| r)
is compact. (3.12) implies that (y;) has a convergent subsequence in E. Without
loss of generality, we may assume that y; — y in E. Since (H2) implies that H(z) =
Q(2) := alz|? + (z,20) + b for |z| sufficiently large, there exists a constant C' > 0
such that [VH(z) — VQ(z)| < C for all z € R*". Tt follows that as j — oo,

VH x VH x
]‘ ) " D) vow)| 1vew) - vowl,.
T B b
VH(z;) — VQ(x,
<H @)~ V)| ol gay, — yls
llz;ll = llz;ll =
C Z
<O Bl oy, — il — 0
Tl Tz

This implies that y*(VH (xr)/||zk|| ) tends to 7*(VQ(y)) in E, and thus we arrive
at

yt =y = (VQ(y) =0 and Hy - %HE -
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Then y is smooth and satisfies

§=JonVQ(y) and y(1) ~y(0), y(0), y(1) € R™F.

Clearly y(t) is given by

1 1
t i — 2aJont 0 o .
y(t) + 5 20 =e y(0) + 520
Since |ly + (1/2a)z0l|g = 1 implies that y 4+ (1/2a)zy is nonconstant, using the
boundary condition satisfied by y and the assumption that zg € R™*, we deduce
that 2a € mN7w. This gives rise to a contradiction because H is strong non-
resonant. g

Corresponding to [37, § 3.5, lemmal] we have

LEMMA 3.10. Suppose that H : R*™ — R is of class C*"*? and that VH : R?" —
R2™ satisfies a global Lipschitz condition. Then the set of critical values of ® g has
empty interior in R.

Proof. The method is similar to that of [26, lemma 3.5]. For clearness we give it in
details. By lemma 2.4, ® is C''!. Lemma 2.5 implies that all critical points of ®
sit in C’iflk”([(), 1], R?"™). Thus the restriction of ® 5 to C’}hk([(), 1], R?"), denoted by
$p, and ®p have the same critical value sets. As in the proof of [24, claim 4.4] we
can deduce that o is of clags C?n 1.

Let Py and P; be the orthogonal projections of R%" to the spaces Vg"* and V2
in (1.1) and (1.2), respectively. Take a smooth g : [0,1] — [0, 1] such that g equals
1 (resp. 0) near 0 (resp. 1). Denote by ¢! the flow of Xg. Since X is C*"*+1 we
have a C?"*+! map

[0, X R™F =R, (t,2) = g()¢'(2) + (1= g(1)¢" " (Pod' (2) + Pr2).
For any z € R™F since 1(0,2) = ¢°(2) = z and (1, 2) = Py¢'(2) + P12, we have
¥(1,2), ¥(0,2) € R™F and (1, 2) ~ (0, z).

These and [24, corollary B.2] show that v gives rise to a C?" map
Q:RY - C’}L,k([O, 1],R?™), 2z (-, 2).

Hence ®5 0 Q: R™* — R is of class C?". By Sard’s theorem we deduce that the
critical value sets of @ o () is nowhere dense (since dim R™* < 2n).

Let z € R™* be such that ¢'(z) € R™* and ¢'(z) ~ z. Then Py¢'(z) — Pyz =
@' (2) — z and therefore Pyp!(2) + P12z = ¢!(2), which implies 9 (¢, 2) = ¢! (2)V t €
[0, 1].

For a critical point y of ®p, that is, y € C’Z?Q([O, 1],R?") and solves ¢ =
JonVH(y) = Xu(y), with z, :=y(0) € R™* we have y(t) = ¢'(z,) V t€[0,1],
which implies that ¢!(z,) € R™*, ¢!(z,) ~ 2z, and therefore y = ¥ (-, z,) = Q(z,).
Hence z, is a critical point of &5 0 Q and @y 0 Q(z,) = Py(y). Thus the critical
value set of @y is contained in that of @y o 2. The desired claim is obtained. [
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Having this lemma we can prove the following proposition, which corresponds to
proposition 3 in [13, § II].

PROPOSITION 3.11. Let H € C*"*2(R?" Rs) be R™*-admissible with k < n and
strong nonresonant. Suppose that [0,1] 3 s+ 15 is a smooth homotopy of the
identity in Symp(R?",wq) satisfying

Y (R™F) = R™ py(w + VIF) = ¢y (w) + VIF ¥ w e R (3.13)
and
Ys(2) = 2z +ws Y zeR™\ B*™(0,R),

where R >0 and [0,1] 3 s +— wy is a smooth path in R™*. Then s — c™F(H o 1)y)
1s constant. Moreover, the same conclusion holds true if all s are replaced by
translations R?™ 3 z +— z + wy, where [0,1] 3 s +— w, is a smooth path in R™*. In
particular, ¢*(H (- +w)) = c™F(H) for any w € R™F,

Proof. By the assumptions each H o1, is also R™*-admissible and strong nonreso-
nant. Hence ¢(H o v,) is a positive critical value for each s. Let = € E be a critical
point of @ oy, with critical value ¢(H o v,). Then z € C’i?,jz([o, 1], R?") and solves

& = JonV(H 01s)(2) = XHoy, (x). Let ys =1psox. Then y, € 07212:-2([0’ 1], R*")
and satisfies
Ys(t) = (ds(2()@(t) = (deps(2(8)) Xrroy, (2()) = Xu (s (2(t)) = J2n VH (ys(t))
since dis(2) X (2) = X (¥s(2)) for any z € R*™ by [20, p. 9]. Therefore y; is a
critical point of @y on E. We claim that

1 (ys) = Proy, (2)- (3.14)

Clearly, it suffices to prove the following equality:

Alys) = %/0 (= Jontje, ye) dt = %/0 (o, z) dt = A(z).  (3.15)

Extend x into a piecewise C?"2-smooth loop z* : [0,2] — R?" by setting x*(t) =
(2 —t)z(1) + (t — 1)z(0) for any 1 < t < 2. We get a piecewise C*"?-smooth loop
extending of y,, y* = 1s(z*). Clearly, we can extend z* into a piecewise C?"12-

smooth u : D? — R?", where D? is a closed disc bounded by dD? = [0,2]/{0, 2}.
Then v ou: D? — R?™ is piecewise C?""2-smooth and 1, o u|gp2 = y*. Stokes

theorem yields
1 2
5/ <—J2nx'*,:r*>dt:/ u*wo,
0 D?

1 2 .k * * *
5/ (—Jonys.ys)dt Z/ (s ou) wo =/ U’ wp.
0 D2 D2

Moreover, for any ¢ € [1,2] we have i*(t) = 2(0) — z(1) € Vy"* and z*(t) € R™F,
and therefore (—.Ja,2*(t), 2*(t)) = 0 because R?" has the orthogonal decomposition
R2" = J,, V2"F @ R™*. Then (3.15) follows from these.

https://doi.org/10.1017/prm.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.59

1582 R. Jin and G. Lu

Since s +— ¢™*(H o1),) is continuous by proposition 3.5, and a critical point x of
D 10, With critical value c(H o 1) yields a critical point y, of @5 on E satisfying
(3.14), we deduce that each c¢(H o 1)) is also a critical value of ® . Lemma 3.10
shows that s +— ¢™*(H o,) must be constant.

Finally, let 1s(z) = z + ws. It is clear that H o), is R™*-admissible and strong
nonresonant. Thus ¢(H o 1)) is a positive critical value. If z € E is a critical point
of ® g0y, with critical value ¢(H o 1)), then ys := 1), oz is a critical point of ®g
on E and (3.14) holds. Hence s + c¢™*(H(- +wy)) is constant. O

Let &, 1 (R*") = {H € C°(R*",R>0) | H satisfies (H2)}. For each bounded subset
B C R?" such that B NR™* #£ (), we define

Fnx(R*", B) = {H € F,, ,(R*") | H vanishes near B}. (3.16)
DEFINITION 3.12. For each bounded subset B C R*" such that B N R™F #£ (),
F(B) := inf{c"*(H)| H € F,,1,(R*", B)} € [0, +00) (3.17)

is called the coisotropic Ekeland-Hofer capacity of B (relative to R™*). For any
unbounded subset B C R?*™ such that B NR™* £ (), its coisotropic Ekeland-Hofer
capacity is defined by

¢k (B) = sup{c™*(A)| A C B, A is bounded and ANR™* #£ (}. (3.18)

REMARK 3.13. When k=mn in the above definition, ¢™"(B) is the (first)
Ekeland—Hofer capacity of B.

For each bounded B C R?" such that B NR™F #£ ), we write

&,k (R*™ B) = {H € 7, ,(R*", B) | H is strong nonresonant} if k < n,
Enn(R?™ B) = {H € F,, ,(R*", B) | H is nonresonant}.

Clearly, each H € &, ,(R?", B) satisfies (H1), and &,, ,(R?", B) is a cofinal family of
Fn.k(R?", B), that is, for any H € F,, ,(R?", B) there exists G € &, ,(R?", B) such
that G > H. Moreover, for each | € NU {oo} the smaller subset &, (R?*", B)N
C!(R?" Rs() is also a cofinal family of F, ;(R?>", B). By the definition, we
immediately get:

ProrosiTiON 3.14.
(i) ¢*(B) = c"*(B).
(i) Fnx(R?*™, B) in (3.17) can be replaced by any cofinal subset of it.

(ili) Suppose that B C B**(R). For each | € NU{oo} let &, , (R*", B) consist of
H € 9, 1(R?", B) N CY(R?",Rx) for which there exists zg € R™*, real num-
bers a,b such that H(z) = a|z|* + (2, 20) + b outside the closed ball B2"(R),
where a > 7 and a ¢ 7N fork =n, anda > 7/2 and a ¢ 7N/2 for 0 < k < n.
Then each &l (R®", B) is a cofinal subset of F, x(R*", B).

https://doi.org/10.1017/prm.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.59

Coisotropic Ekeland—Hofer capacities 1583

Proof. We only prove (iii). By (ii) it suffices to prove that for each given H €
En.k(R?", B) there exists G € &, | (R?", B) such that G > H. We may assume that

H(z2) = a|z|? + (z, z0) + b outside a larger closed ball B2"(R;), where a > 7 and
a ¢ N for k=n, and a >7/2 and a ¢ 7N/2 for 0 < k <n. Let U.(B) be the
e-neighbourhood of B. We can also assume that H vanishes in Uy (B). Since
B?"(R;) is compact, we may find numbers a’ > a, b’ such that o’ ¢ 7N for k = n,
a' ¢ TN/2 for 0 < k <n, and da'|z|? + (2, 20) + 0 > H(z) for all z € R?". Take a
smooth function f:R?™ — Rs( such that it equals to zero in U.(B) and 1 out-
side Uae(B). Define G(2) := f(2)(a’|2|? + (2, 20) + ') for z € R?". Then G > H and
G € €2, (R™", B). O

REMARK 3.15. Let 3, 1 (R?", B) consist of H € C*°(R?*", R) which vanishes near
B and for which there exists zyp € R™* and a real number a such that H(z) = a|z|?
outside a compact subset, where a > 7 and a ¢ 7N for kK =n, and a > 7/2 and
a ¢ 7N/2 for 0 < k < n. As in the proof of proposition 1.1 it is not hard to prove
that H,, x(R?", B) is a cofinal subset of F,, x(R?*", B). When k = n this shows that
Sikorav’s approach [37] to the Ekeland—Hofer capacity in [13] defines the same
capacity.

Proof of proposition 1.1. Proposition 3.5(1)—(iii) lead to the first three claims.
Let us prove (iv). We may assume that B is bounded. By (3.17) we have a
sequence (H;) C F, ,(R?*", B) such that ¢c™*(H;) — ¢™*(B). Note that H;(- — w) €
Fn.k(R?" B + w) for each j. Hence

(B +w) < inf R (H,(-—w)) = inf F(Hj) = ¢"F(B)
J J

by the final claim in proposition 3.11. The same reasoning leads to ¢™*(B) =
F (B +w+ (—w)) < F(B +w) and so ¢*(B + w) = c*(B). O

PROPOSITION 3.16 (Relative monotonicity). Let subsets A, B C R?" satisfy AN
R™k £ 0 and BNR™* £ (0. If there exists a smooth homotopy of the identity
in Symp(R?", wg) as in proposition 3.11, [0,1] > s+ s, such that ¢1(A) C B,
then ¢™*(A) = cF(1hs(A)) for all s € [0,1], and in particular c*(A) < c*(B)
by proposition 1.1(i).

Proof. Note that
En k(R A) N C(R*, Rx0) — En i (R¥,1h5(A))NC™(R*",Rx), H—Hoy,!
is a one-to-one correspondence. Then
™ (hs(A)) = inf{c™H(G) |G € &,k (R¥",15(A)) N C™=(R*, Rz0)}
=inf{c"*(H oy ') | H € &, 1(R*", A) N C=(R*",R>)}
=inf{c™*(H) | H € &, x(R*™, A) N C°(R*",Rx¢)} = ™F(A).

Here the third equality comes from proposition 3.11. 0
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Proof of theorem 1.2. We may assume that B is bounded, and complete the proof
in two steps.

Step 1. Prove ¢™*(®(B)) = ¢™*(B) for every ® € Sp(2n,k). Take a smooth path
[0,1] 3 t — @, € Sp(2n, k) such that &g = I, and &1 = . We have a smooth func-
tion [0,1] x R?" 3 (t,2) — G¢(z) € R?" such that the path ®, is generated by Xg,
and that G¢(z) =0V z € R™" (see step 2 below). Since Usejo,1]P¢(B) is compact,
it can be contained in a ball B?*(0, R) for some R > 0. Take a smooth cut func-
tion p: R?" — [0, 1] such that p =1 on B?*(0,2R) and p = 0 outside B>"(0,3R).
Define a smooth function G : [0,1] x R2" — R by G(t, z) = p(2)Gy(2) for (t,2) €
[0,1] x R?". Denote by 1 the Hamiltonian path generated by G in Ham®(R", wy).
Then ;(z) = ®4(2) for all (,z) € [0,1] x B*"(0, R). Moreover each v restricts to
the identity on R™* because G(t,z) = p(2)Gy(z) = 0 for all (t,z) € [0,1] x R™*,
Hence we obtain ¢*(®(B)) = ¢™*(®,(B)) = ¢™*(B) by proposition 3.16.

Step 2. Prove c¢™*(¢(B))=c"*(B) in case wy=0. Let ® = (d¢(0))~L. Since
R (@ o ¢p(B)) = ¢™F(p(B)) by step 1, and ® o ¢(w) = w ¥ w € R™¥ replacing ® o
¢ by ¢, we may assume d¢(0) = idgen. Define a continuous path in Symp(R?*", wy),

z if t <0,
pe(z) = %Wz) T (3.19)

which is smooth except possibly at ¢ =0. As in [36, proposition A.l] we can
smoothen it with a smooth function 7 : R — R defined by

0 if t <0,
00 ={% o 150 (320)

where e is the Euler number. Namely, defining ¢;(2) := ¢,1)(z) for z € R*" and
t € R, we get a smooth path R >t — ¢; € Symp(R?",wq) such that

bo =idgen, ¢1 =6, o(2)=2 VzeR™ VieR. (3.21)

Define X, (z) = ((d/dt)é;)(¢; ' (2)) and
Hy(z)= [ ix,wo, 3.22
+(2) /O ix,Wo (3.22)

where the integral is along any piecewise smooth curve from 0 to z in R?”. Then R x
R2" 3 (t,2) + Hy(z) € Ris smooth and X; = Xp,. By the final condition in (3.21),
for each (t,z) € R x R™* we have X;(z) = 0 and therefore H;(z) = 0. As in step 1,
we can assume that Uyejo,1)@¢ (B) is contained a ball B2"(0, R). Take a smooth cut

function p : R*® — [0, 1] as above, and define a smooth function H : [0,1] x R*" —
R by H(t,z) = p(2)H(z) for (t,z) € [0,1] x R?". Then the Hamiltonian path
generated by H in Ham®(R?"”, wy) satisfies

Pi(2) = ¢e(2), Y (t,2) €[0,1] x B™(0,R) and :(z) =z, V (t,2)€[0,1] x R™*.

It follows from proposition 3.16 that c¢™*(¢(B)) = ¢™*(¢1(B)) = c™*(B) as above.

Step 3. Prove c™*(¢(B)) = c™*(B) in case wg # 0. Define p(w) = ¢(w + wy) for
w € R?"™. Then dp(0) = d¢(wp) € Sp(2n, k) and p(w) = ¢(w + wp) = w¥ w € R™F.
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By step 2 we arrive at ¢ (p(B — wg)) = ¢™*(B — wy). The desired equality follows
because ¢(B) = ¢(B — wp) and ¢*(B — wy) = ¢™*(B) by proposition 1.1. O

Proof of corollary 1.3. As discussed above the proof is reduced to the case wy = 0.
Moreover we can assume that both sets A and U are bounded and that U is also
star-shaped with respect to the origin 0 € R?".

Next the proof can be completed following [36, proposition A.1]. Now [0,1] 3
t— ¢¢(-) == @y () given by (3.19) and (3.20) is a smooth path of symplectic
embeddings from U to R?" with properties

po=idy, ¢1=¢, ¢(z)=2 VzeR*"WNU VteR. (3.23)

Thus X;(z) := ((d/dt)d¢)(¢; *(2)) is a symplectic vector field defined on ¢ (U),
and (3.22) (where the integral is along any piecewise smooth curve from 0 to z in
¢¢(U)) defines a smooth function H; on ¢¢(U) in the present case. Observe that
H : Ugepo)({t} x ¢¢(U)) — R defined by H(t,z) = H;(z) is smooth and generates
the path ¢;. Since K = U¢gjo,1){t} X #:(A) is a compact subset in [0,1] x R?" we
can choose a bounded and relative open neighbourhood W of K in [0, 1] x R?" such
that W C Ugepo,1)({t} X ¢+(U)). Take a smooth cut function x : [0,1] x R*" — R
such that x|x =1 and y vanishes outside W. Define H: [0,1] x R?® - R by

H(t,z) = x(t,z)H(t,z). Tt generates a smooth homotopy v; (t € [0,1]) of the
identity in Ham®(R?*",wp) such that v;(z) = ¢.(z) for all (¢,2) € [0,1] x A. More-
over, the final condition in (3.21) implies that R"* N U C ¢¢(U) and X;(z) =0
for any ¢ € [0,1] and z € R®»* NU. Hence for any (t,z) € [0,1] x R™* we have
H(t,z) = x(t,z)H(t,z) =0 and so v;(z) =z Then proposition 3.16 leads to

cMF(A) = ek (1(A)) = ¢ F(p1(A)) = ¢F(p(A)). O
4. Proof of theorem 1.4

The case of k=n was proved in [13, 14, 37]. We assume k <n below. By
proposition 1.1(iv), ¢™*(D) = ¢*(D + w) for any w € R™*. Moreover, for each
z € C} (0,1]) there holds

e e
A(z) = 5/ (—Jant, x)dt = 5/ (—Jopi,z +w)dt = A(x +w), VweR™ .
0 0
Recalling that D NR™F # (), we may assume that D contains the origin 0 below.
Let jp be the Minkowski functional associated to D, H := j% and H* be the
Legendre transform of H. Then 9D = H~!(1), and there exists a constant R > 1
such that
2 2
R
% < H(z) < R|z)* and so % < H(2) < Z|z|2
for all z € R?". Moreover H is C''! with uniformly Lipschitz constant.
By [26, theorem 1.5]

(4.1)

Zgg := {A(z) > 0|z is a leafwise chord on dD for R™"*}

contains a minimum number p, that is, there exists a leafwise chord z* on 9D for
R™* such that A(z*) = min Egﬁ = 0. Actually, the arguments therein shows that
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there exists w € C,, ([0, 1]) such that

Aw)=1 and I(w):= /o H* (—Japw)dt = A(x™) = p. (4.2)

Let us prove (1.8) and (1.9) by the following two steps. As done in [24, 25]
(see also step 4 below), by approximating arguments we can assume that 9D is
smooth and strictly convex. In this case Zg’g has no interior points in R because of
[26, lemma 3.5], and we give a complete proof though the ideas which are similar
to those of the proof of [37] (and [25, theorem 1.11] and [24, theorem 1.17]).

Step 1. Prove that ¢™*(D) > p. By the monotonicity of ¢™* it suffices to prove
¢*(9D) > p. For a given € > 0, consider a cofinal family of 7, (R*",dD),

EMF(R?*™ OD) (4.3)
consisting of H = f o H, where f € C*®(R,Rx) satisfies

f(s) =0 for s nearl € R,
fls)<0Vs<l, [fl(s)=20Vs=>1, (4.4)
f’(s):aeR\Egﬁ if f(s)ze s>1

and where « is required to satisfy for some constant C' > 0

aH(z) > g|z|2 — C  for |z sufficiently large (4.5)

because of (4.1) and Int(Egg) = 0.

Then each H € £™*(R?" 9D) satisfies all conditions in lemma 3.7. Indeed, it
belongs to C*°(R?",Rx), restricts to zero near 9D and thus satisfies (H1). Note
that f(s) = as+ € — asg for s > sg, where so = inf{s > 1| f(s) > €}. (4.5) implies
that H(z) > (7/2)|2]? = C'" V 2z € R*™ for some constant C’ > 0, and therefore
¢"*(H) < +o0 by the arguments above proposition 3.5. Moreover, it is clear that
R™* N Int(H "(0)) # 0 and |H,.(z)| is bounded on R?"™. Then (3.5) is satisfied with
any zo € R™* N Int(H ' (0)) by the arguments at the end of proof of proposition
3.6. Hence c™*(H) > 0.

By combining proofs of lemma 3.9 and [26, lemma 3.7] we can obtain the first
claim of the following.

LEMMA 4.1. For every H € EMF(R?",0D), Oy satisfies the (PS) condition and
hence ¢™*(H) is a positive critical value of @

LEMMA 4.2. For every H € EMF(R?",0D), any positive critical value ¢ of D7 s
greater than min Egg — e. In particular, c*(H) > min Zg’g — €.
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Proof. For a critical point z of ® with positive critical values there holds
—Joni(t) = VH(z(t)) = f/(H(x(t)))VH(x(t), z(1)~z(0), =z(1),z(0) € R™*

and H(x(t)) = ¢o (a positive constant). Since

1 1

_ ! 1<x(t)f(co)VH ) dt — f
2 Jo

= f'(co)co — f(co),
we deduce 3 := f’(cp) > 0, and so ¢y > 1. Define y(t) = (1/\/co)x(t/B3) for 0 <t <
3. Then
H(y(t) =1, —Jng =VH(y(1), y(B)~y(0), y(B)y(0)eR™

and therefore f'(co) = 8 = A(y) € Egg. By the definition of f this implies f(cp) < €
and so
Py(x) = f'(co)co — feo) > f'(co) — € > min Zgﬁ — € O

Since for any € > 0 and G € F,, x(R?",dD), there exists H € £€™*(R?" dD) such
that H > G, we deduce that ¢c™*(G) > ¢™*(H) > min Egg — €. Hence ¢™*(0D) >
min Egﬁ = p.

Step 2. Prove that ¢ (D) < . Denote by w* the projections of w in (4.2) onto E*
(according to the decomposition E = E'/2 = E* @ E~ @ E°), x =0, —, +. Then
wT # 0. (Otherwise, a contradiction occurs because 1= A(w) = A(w’ @ w™) =
—2|lw™||%.) Define y := w/,/0. Then y € C, ([0, 1]) satisfies I(y) =1 and A(y) =
1/p. It follows from the definition of H* that for any A € R and = € E,

X = I(y) = / H* (~Aani(2) / (), ~ A3 () — H(ax(t)} dt

and so
/ H(x(t)) dt > / (1), ~Mon(1)) dt — X2 = A / (2(t), —Ton (1)) dt — N2.
0 0 0

In particular, taking A = 1 f01<m(t), —Jon(t))dt we arrive at
2

/01 H(z(t)) dt > (; /01<x(f)7 —Jon3(t)) dt> , Vzek. (4.6)

Since yT =w"/\/0#0 and E- @ E° + R,y =FE~ ® E' ®R;y", by proposi-
tion 3.2(ii),

YSHN(E- G E*+Ryy) #0, V€T
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Fixing v € T x and z € y(ST)N(E~ @ EY + Ryy), write x =270+ sy =270 +
sy~ % + syt where 27° € E~ @ E°, and consider the polynomial

P(t)=a(x +ty) = a(z) + t/01<x, —Jony) dt + a(y)t? = a(z™0 + (t + s)y).

Since a|g-gro < 0 implies P(—s) < 0, and a(y)

1/0 > 0 implies P(t) — 400 as
|t| — 400, there exists to € R such that P(to) t

0. It follows that

2

</01<$, —Jony) dt) > 4a(y)a(z).

This and (4.6) lead to

o(o) < (a0~ (3 [ 0t dt) o[ HG 47)

In order to prove that that k(D) < o, it suffices to prove that for any e >0
there exists H € F,, 1 (R?", D) such that ¢™*(H) < o + £, which is reduced to prove:
for any given v € T',, j; there exists z € h(S™) such that

Q4H(z) <o+e. (4.8)

Now for 7 > 0 there exists H, € mek(]RQ", D) such that

H.>7 (H (1 + 2@)) (4.9)

For v € T, &, choose x € h(S™) satisfying (4.7). We shall prove that for 7 > 0 large
enough H = H. satisfies the requirements.

o If fo (t))dt < (1+ %), then by H; >0 and (4.7), we have

B, (2) <alo) <o | Hla(0)dt < p(1+2) <ote

o If fo (t))dt > (1 +¢/0), then (4.9) implies

" e[ i)
i (o) e o

because
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()00 - 00) [0+ (5]
-5(+3)

Choose 7 > 0 so large that the right side of the last equality is more than . Then

and

/ H,(x(t)) dt > g/ H(z(t)) dt
0 0

by (4.10), and hence (4.7) leads to

By (z) = a(z) — /0 Ho(2(1) dt < a(2) — o /O H(x(t)) dt < 0.

In summary, in the above two cases we have @ (x) < o+ €. (4.8) is proved.
Step 3. Prove the final claim. By [26, theorem 1.5] we have

ctr(D, D NR™*) = min{A(z) > 0|z is a leafwise chord on 9D for R™*}.

Using proposition 1.12 and corollary 2.41 in [28] we can choose two sequences of

C strictly convex domains with boundaries, (D;r) and (D] ), such that
(i) Dy € Dy €+ C D and U,D; = D,
(i) Df 2 D7 22 Dand N2, D = D,

(iii) for any small neighbourhood O of 9D there exists an integer N > 0 such that
oD}y UdD, COV k= N.

Now step 1-step 2 and [26, theorem 1.5] give rise to cLR(D;f, DNR™F) = c"’k(Dj*)
and cLr (D, D NR™F) = c"’k(D;) for each j =1,2,.... We have also that the
sequence cLR(Dj, D NR™*) converges decreasingly to cpr (D, D NR™*) as j — oo
and that the sequence cir(D;, D NR™F) converges increasingly to cpr(D, D N
R™*) as j — oo. Moreover for each j there holds c”’k(Dj_) < cF(D) < c”k(Dj')
by the monotonicity of ¢™*. These lead to ¢™*(D) = cLr(D, D N R™¥).

5. Proof of theorem 1.5

Clearly, the proof of theorem 1.5 can be reduced to the case that m =2 and all
D, are also bounded. Moreover, by an approximation argument in step 3 of § 4 we
only need to prove the following:

THEOREM 5.1. For bounded strictly convex domains D; C R?>™ with C?-smooth
boundary and containing the origin, i = 1,2, and any integer 0 < k < n :=nj + no
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it holds that

(D) x dDy) = ¢™F (D1 x Dy)

— min{cnl,min{nl kY (1)1)7 cng,max{k—nl,O} <D2)}

We first prove two lemmas. For convenience we write £ = H Tll/ k2 as I, 1, and B
as By, %=+, —,0. As a generalization of lemma 2 in [37, § 6.6] we have:

LEMMA 5.2. Let D C R*" be a bounded strictly convexr domain with C?-smooth
boundary and containing 0. Then for any given integer 0 < k < n, function H €
Fnk(R?" . 0D) and any € > 0 there exists v € Iy, ), such that

Crly gt \ept,) > k(D) —¢ and ®rl, g ) =0, (5.1)

where B:k 1s the closed unit ball in E::k

Proof. The case k = n was proved in lemma 2 of [37, § 6.6]. We assume k& < n below.
Let S;k = 8B:;k and 8?/2“ (R2".OD) be as in (4.3). Replacing H by a greater func-

n7

tion we may assume H € 86/5 (R?",9D). Since H = 0 near D, by the arguments
at the end of proof of proposition 3.6, the condition (3.5) may be satisfied with any
20 € R™* NInt(H~1(0)). Fix such a zg € R™* NInt(H~1(0)). It follows that there
exists a > 0 such that

inf@H‘(Zo+aS:Yk)>O and ‘I)H|(zo+aBik)>0’ (52)

(see (3.6)-(3.8) in the proof of proposition 3.6). Define 7. : E,  — E,, 1 by 7:(2) =
2o + az. It is easily seen that v, € I', ;. The first inequality in (5.2) shows that
7-(SF,) belongs to the set F, j = {W(S:;k) |v €Ty, and inf(©H|7(S’+k)) >0} in

n,k

(3.10). Lemma 3.7 shows that

cF(H) = sup inf ®y(z),
FEF, , ©EF

and F, j is positively invariant under the flow ¢, of V@ . Define S, = ¢, (20 +
aS:’k) and d(H) = sup,,>( inf(®xls, ). It follows from these and (5.2) that

0 <inf®pyls, <d(H) < sup inf ®y(z) = c™*(H) < oco. O
FEF zeF

Since @y satisfies the (PS) condition by lemma 4.1, d(H) is a positive critical value
of 5, and d(H) > ¢*(D) — ¢/2 by lemma 4.2. Moreover, by the definition of

https://doi.org/10.1017/prm.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.59

Coisotropic Ekeland—Hofer capacities 1591
d(H) there exists r > 0 such that ®y|s,. > d(H) — €/2 and thus

Ddyls, = "F(D) —e. (5.3)
Because @5 is nondecreasing along the flow ,,, we arrive at
(I)H‘Su >(I)H|So 2inf(<I>H\SO)>O, Yu>0. (54)

Define v : Ey i — En g by y(a +2° +27) =75(2*) +2° + 27, where
~ 1
F(x) =20 + 2(afe)x ifx € E:k and|z|| g, , < 56

~ : 1
A/(x) = @r(QHzHEn,k—e)/e(ZO + ax/H"T”Enk) ifz € E;k and 56 < ||x||E'nk <6
V(@) = ¢r(z0 + o z/lalp,,) ifzeB, and|z]g,, >«

The first and second lines imply 7((6/2)3:;16) = (20 + OéBIk) and ')/(B;,C \

(6/2)Bik) = Uo<uscr Su, respectively, and so

VB =(0+aB},) | Su

o<ugsr

the third line implies fy(Bj;k \eB:’k) =S,. It follows from these, (5.2) and
(5.3)—(5.4) that v satisfies (5.1).
Finally, we can also know that v € I';, ;, by considering the homotopy

1
Yo(z) =2(a/e)z™ + 2%+ a7, 7y (z) = ;(7(“93) —20)+20, 0<u<l.

LEMMA 5.3. Let integers ni,no > 1, 0 < k < n:=nq1 + ne. For a bounded strictly
conver domain D C R2™ with C? smooth boundary S and containing 0, it holds
that

cn,k(D % Ran) _ cnl,min{nl,k}(D). (55>

Moreover, if Q C R?"2 is a bounded strictly convex domain with C? smooth boundary
and containing 0, then

S ) R ()]
Proof. Let H(z) = (jp(z))? for z € R™ and define
Er=1{(z,7) e R®™ x R*"2| H(2) + (|#/|/R)? < 1}.
By the definition and the monotonicity of ¢™* we have

F(D x R*™2) = sup ¢™*(EpR).
R

Since the function R?™ x R?"2 3 (2, 2') — G(z,2') := H(z) + (|#'|/R)? € R is con-
vex and of class C™', Ep is convex and Sgp = OFER is of class C*'!. By theorem 1.4
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we arrive at
¢ (ER) = min Zg:
Let A be a positive number and u = (z,z’) : [0, \] — Sg satisfy
= Xe(u) and  u(\),u(0) € R™*  wu(\) ~ u(0). (5.6)

Namely, u is a leafwise chord on Sg for R™* with action \. Let k; = min{ny, k} and
ko = max{k — nq1,0}. Clearly, k; + ko = k, and (5.6) is equivalent to the following

i=Xpy(z) and x(\),z(0) € R™F 2()\) ~ 2(0), (5.7)
i’ = 2Jop,2’' /R? and 2'(N),2/(0) € R™F 2 /() ~ 2/(0) (5.8)

because R™* = (R™:F1 x {0}272) + ({0}2" x R"2:F2). Note that nonzero constant
vectors cannot be solutions of (5.7) and (5.8) and that H(z) and (]2’|/R)? take
constant values along solutions of (5.7) and (5.8), respectively. There exist three
possibilities for solutions of (5.7) and (5.8):

e =0, |2'| = R and so 2\/R? € 7N if k < nj + ng, and 2\/R? € 27N if k =
ny + ng by (58)

e 12/=0,H(z)=1andso ) € Zgl’min{"l’k} by (5.7).
e H(z)=6%€(0,1) and |2'|> = R*(1 —4?%), where §>0. Then y(t):=
(1/6)x(t) and /() := a'(t/J) satisfy respectively the following two lines:
y=Xu(y) and y(N),y(0) eR™™M, y(N) ~y(0), H(y) =1,
§' =220,y /R and ' (V)5 (0) €R™™ 0 y'(N) ~ 4/ (0), |y =R.

Hence we have also A € Egl’min{n“k} by the first line, and

R27T . 2 .
)\ETN if k<ni+ns, AeETRNIif k=mny+no

by the second line.
In summary, we always have

ni,min{n R2 .
sk o sgomint 1’k}UT7TN if k< ny + ng, (5.9)
Sl c B R2AN if k=g + no. (5.10)

A solution z of (5.7) siting on S gives a solution u = (z,0) of (5.6) on Sgr. It follows
that

min &% = min promin{nak}
Sn S

for R sufficiently large. (5.5) is proved.
The second claim can be proved in the similar way. O
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Proof of theorem 5.1. Since Dy x Dy C D1 x R2™? and Dy x Dy C R?™ x Dy, we
get

st k(Dl ~ Dg) mln{cnl,min{nl kY (1)1)7 cng,max{k—nl,o} (Dg)}
by lemma 5.3. In order to prove the inverse direction inequality it suffices to prove
"k(ODy x 9Dy) = min{c™ Mok (Dy), enemaxtkTna 03 (D, )y (5.11)

because ¢™*(Dy x Dy) = ¢™*(0D; x dD5) by the monotonicity.
We assume n; < k. (The case ny > k is similar!) Then (5.11) becomes

c™ k(aDl X (9D2) mlH{CEH(Dl) n2.k—m (D2)} (512)

because """ (D) = cgn (D) by definition. Note that for each H € F,, x(R*",0D; x
dD3) we may choose Hy € F,, n, (R?™,0D;) and Hy € Fp, j—n, (R?"2,0D3) such
that

H(z):= Hy(z1) + Hy(z) = H(z), VY =z
Let k1 = ny and ks = n — k1. By lemma 5.2, for any
0 < e < min{c"" (Dy), " "1 (Dy), 1/4}
and each i € {1, 2} there exists ; € Iy, , such that
ni ki
(Dﬁi"Yi(Bjiyki\EBziyki) >c (D;) —e and (DI/:I’L"H(B;,:,I%) > 0. (5.13)

Put v =1 X 72, which is in T',, . Since for any x = (x1,22) € SLk C BF
B+ 1, there exists some j € {1,2} such that

Tllklx

zJEBn kj \4” lB+ kj C By ok \eB} ko
it follows from this and (5.13) that
®g(v(2) = @, (m(21)) + g, (2(x2)) = min{c™ ™ (D), "> (D)} — € > 0
and hence

cF(H) = ™ (H) = sup inf @5 (y) > min{c™ " (Dy), ™" (Dy)} — e
hEl,  yeR(S] )

This leads to (5.12) because ¢+ (D1) = cgu(D1). O

6. Proof of theorem 1.7

6.1. The interior of ¥ s is empty

Let A :=1xwq, and A\ := %(qdp — pdq), where (g,p) is the standard coordinate
on R?",
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CLAIM 6.1. For every leafwise chord on S for R™*, 2 : [0,T] — S, there holds

= [20= [ (6.1)

Proof. Since S is of class C?*"*2, 5o is x. Define y : [0,T] — R™F by y(t) = tz(0) +
(1 —t)x(T). As below (3.15) we can take a piecewise C*"T2-smooth map u from a
suitable closed disc D? to R?" such that u|@D? is equal to the loop x U (—y). Now
it is easily checked that fy Ao = 0 and hence

/,\0:/ ,\O:/ d>\0=/ wo- (6.2)
T zU(—y) u(D?) u(D?)

On the other hand, since the flow of X maps R™* to R™* X is tangent to R™*
and therefore wo(X y) =0, i.e. y*A = 0. It follows that

S Lo Lo L
zU(—y) (D?) Dz)

This and (6.2) lead to (6.1). O

Choosing & > 0 so small that R*" \ Uy (_. 9" (S) has two components, we obtain
a very special parameterized family of C?"*2 hypersurfaces modelled on S, given
by

Y (—e,8) x 83 (s,2) — Y(s,2) = ¢°(2) € R*"
which is C?"*2 because both S and X are C?"*2. Define U := Use(_. )¢ (S) and
Ky:U—-R, w—r

if w=1(7,2) € U where z € S. This is C?""2. Denote by Xk, the Hamiltonian
vector field of Ky defined by wo(, Xk, ) = dKy. Then it is not hard to prove

XKq, ('@[1(772)) =e 7 d(b‘r(z)[XKw (z)] v (7‘, Z) € (_575) x 8,
and for w = ¢"(z) = ¢(7, z) € U there holds

Aw(Xke,) = (wo)uw (X (w), Xie, (w)) = 4 Ky(9®(w)) = 1. (6.3)

ds|,_g
Let S, := ({7} x S). Since ¢! preserves the leaf of R™* y:[0,7] — S, satisfies
§(t) = Xk, (y(1),  9(0),y(T) € R™* and y(T) ~ y(0)
if and only if y(t) = ¢" (x(e~7t)), where z : [0,e”7T] — S satisfies
i(t) = Xk, (2(t)), (0),z(e”"T) €R™ and a(e”"T) ~ z(0).
In addition, y(t) = ¢ (z(e”7¢t)) implies [, A =e” [ A. By (6.1) and (6.3) we deduce

Ay):/y/\o:/yA:/OT)\(y)dt:/OT)\w(XKw)dt:T and  A(z) = e~"T.

Fix 0 < § <e. Let As and By denote the unbounded and bounded components
of R?" \ Ute(—6,6)0"(S), respectively. Then ({7} x S) C B; for —e < 7 < —4. Let
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Frn.k(R?") be given by (3.10). We call H € F,, ,(R?") adapted to 1 if

Co=20 ifze By,
_ f(T) if v = w(Ta y)? Y S Sa TE [757 5}7
H@) =01 50 if 2 e Ay B0, R), (6-4)
h(lz|?) if z € As \ B>(0, R),
where f:(—1,1) - R and & : [0,00) — R are smooth functions satisfying
flici,—5) = Co,  flis1) = Ch, (6.5)
sh'(s) —h(s) <0 Vs. (6.6)

Clearly, H defined by (6.4) is C?"*2 and its gradient VH : R?" — R2" satisfies a
global Lipschitz condition.

LEMMA 6.2.

(i) If x is a nonconstant critical point of @y on E such that z(0) € Y ({7} x S)
for some T € (=6,0) satisfying f'(7) > 0, then

e Tf(1)eXs and Py(x)=f(r)— f(1).

(ii) If some T € (—0,6) satisfies f'(t) >0 and e 7 f'(1) € Xs, then there is a
nonconstant critical point x of @y on E such that x(0) € p({7} x S) and

u(@) = /() — f(r).
Proof. (i) By lemma 2.5 z is C*"*? and satisfies & = X (x) = f'(1) Xk, (z), 2(j) €
R™* j=0,1, and (1) ~ 2(0). Moreover z(0) € ¥({7} x S) implies H(z(1)) =
H(z(0)) = f(7) and therefore z(1) € ¥({r} x S) by the construction of H above.
These show that z is a leafwise chord on ¥ ({7} x S) for R™*. By the arguments

below (6.3), [0,1] > ¢ — y(t) :== ¢~ "(y(t)) is a leafwise chord on S for R™*. Tt follows
from (6.3) and (6.1) that

1
/ F (A Xk,) dt:/ )\(XH)dt:/ :c*)\:/ y*(¢7)*A
0 [0,1] [0,1]

These show that e~ f/(7) = A(y) € Xs. By (6.1) we have

By /H ))dt = /Mm /H (@) dt = f'(r) — f(r).

(ii) By the assumption there exists y : [0,1] — S satisfying

g(t) = e (1) Xk, (y(t), y(0),y(1) € R™* and y(1) ~ y(0).
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Hence z(t) = ¢(7,y(t)) = ¢7 (y(¢)) satisfies
(t) = dg™ (y(1)) ()] = 77 f'(7) Ao (y (1)) [ X, ()]

= f'(1)Xk, (6" (y(1) = (1) Xk, (2(t) = Xu(x(t)),

z(0,z(1) e R™* j=0,1, x(1) ~ z(0) € ¢"(S).
By lemma 2.5, z is a critical point of ®gy. Moreover ®py(z) = f'(7) — f(7)
as in (i). O
PROPOSITION 6.3. Let S be as in theorem 1.7. Then the interior of Xs in R is
empty.

Proof. Otherwise, suppose that T' € Xg is an interior point of ¥s. Then for some
small 0 < €; < the open neighbourhood O := {e™"T'|T € (—€1,¢€1)} of T is con-
tained in Xg. Let us choose the function f in (6.4) such that f(u) =Tu+C >
0V u € [—ey, €] (by shrinking 0 < €; < 0 if necessary). By lemma 6.2(ii) we deduce
(—e1,61) C{T € (—€1,e1)|e T € ES} c{r € (—e,e)|T
—f(7) is a critical value of @}

It follows that the critical value set of @y has nonempty interior. This is a
contradiction by lemma 3.10. Hence s has empty interior. g

6.2. c*(U) = c™*(S) belongs to s

This can be obtained by slightly modifying the proof of [37, theorem 7.5]
(or [25, theorem 1.18] or [24, theorem 1.17]). For completeness we give it in detail.
For C' > 0 large enough and § > 27 > 0 small enough, define H = H¢,, € F, 1 (R*")
adapted to v as follows:

C>0 if z € By,

) feq(r) ifx=9Y(ry), yeS8, 7e[-40],
Henlz) =930 it 2 € Ay N B2(0, R), (6.7)
W(|z?) if z € Ag\ B2(0, R)

where B*"(0, R) D ¢((—¢,e) x S) (the closure of ¥((—¢,¢) x S)), fo, : (—e,&) —
R and h : [0,00) — R are smooth functions satisfying

fC,Y]‘[—nJ]] = 07 fC,Y](S) =Cif |S| P 2777
fon(s)s >0 if n <|s| < 2n,
f’Cn(s) — fon(s) > c”’k(S) +1 ifs>0andn < fo,(s) <C—n,
™
ag ¢ §N,

hoy(s) =ags+b for s >0 large enough, ay = C/R? > g,
she ) (s) = how(s) <OV s >0,

We can choose such a family He,, (C' — +00, 1 — 0) to be cofinal in F*(R*", S)
defined by (3.16) and also to have the property that

C<C' =Hoy<Hey n<n =Hecy>Heoy. (6.8)
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It follows that

n,k _ : n,k
c"H(8) = Mm " (Hop).

By proposition 3.5(i) and (6.8), n < n’ implies that ¢™*(H¢,,) < ¢c™*(Hc,y), and
hence

Y(C) := lim c"*(He,y) (6.9)

n—

exists, and

T(C) = lim c"*(He,) > lim " (Her ) = Y(C),
n— n—
i.e. C'+— Y(C) is non-increasing. We claim

R (S) = Slim T(C). (6.10)

In fact, for any € >0 there exists 79 >0 and Cp > 0 such that |c™*(Hc,) —
c*(8)| < efor all n < g and C > Cjp. Letting n — 0 leads to |Y(C) — c*(S)| < e
for all C' > Cy. (6.10) holds.
CLAIM 6.4. Let X5 be the closure of Xs. Then 5 C X5 U {0}.
Proof. In fact, let ¢’ denote the flow of X . It is not hard to prove
Ys = {T > 0|3z € SNR™*such that ¢’ (z) € SNR™* & T (2) ~ 2}.

Suppose that (Ty) C Xs satisfy Ty — Top > 0. Then there exists a sequence
(z1) C SNR™* such that ¢T*(z;) € SNR™* and pTk(z;) ~ 2z for k=1,2,....
Define 7 (t) = ¢+ (z;,) for t € [0,1] and k € N. Then 4 (t) = Tp Xk, (7(t)). By
the Arzeld-Ascoli theorem (7;) has a subsequence converging to some 7y in
C*([0,1],8), which satisfies the following relations

’yo(t) = T()XK#) (Vo(t)) for all t € [07 1]7

Y(0) = klim Y(0) = klim 2 € SNR™E,

Y0(1) = lim (1) = lim ¢’ (z) € SNR™,

k—o0 k—o0

70(1) = 70(0) = lim (3(1) = 1(0)) € V5", ieq0(1) ~ %0(0).

Hence 7o (t) = ¢T0!(29) and Ty € Xs if Ty > 0. It follows that ¥s € ¥s U {0}. O
Note that so far we do not use the assumption ay ¢ N7 /2.

CLAIM 6.5. If ay ¢ Nr/2 then either T(C) € I or

Y(C)+C € Xs. (6.11)
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Proof. Since ay ¢ N7/2, by theorem 3.8 we get that ¢™*(H¢ ,) is a positive critical
value of g and the associated critical point x € E gives rise to a nonconstant
leafwise chord sitting in the interior of U. Then lemma 6.2(i) yields

¢"M(Hey) = Prc, () = fn(T) = fon(T),

where f, (7) € €"¥s and n < |7| < 2n. Choose C' > 0 so large that vk (He,) <
¢™*(8) + 1. By the choice of f below (6.7) we get either fo, (1) <n or fo,(T) >
C — 7. Moreover ¢™*(Hc ) > 0 implies f6.,(7) > fou(1) =2 0 and so 7 > 0.

Take a sequence of positive numbers 7,, — 0. By the arguments above, passing
to a subsequence we have the following two cases.

Case 1. For each n € N, ¢™*(Hc,, ) = fem, () = fon, (Ta) = €™an = fom, (T),
where a,, € s, 0 < fo, (Tn) <1y and 0, <7, < 21,.
Case 2. For each n € N, c”’k(Hcmn) = fé?,nn (Tn) = fon, (Th) = €™an — fou, (Th) =
e™a, —C — (fon, (tn) — C), where a, € Xs, C —ny, < fon, (1) < C and n, <
Tn < 20n.

In case 1, since ¢™*(Hc,, ) — T(C) by (6.9), the sequence a, = e~ (c™F
(Hen,) + fon, (Tn)) is bounded. Passing to a subsequence we may assume a,, —

ac € Xs. Then

ac = nh_)ngo Ap = nlLIr;o (e_Tn (Cn7k(HC’77n) + men (Tn))) = T(C)
because e~ — 1 and fc,y, (7,) — 0. o
Similarly, we can prove Y(C) 4+ C = a¢ € Xs in case 2. O

Step 1. Prove ¢™*(S) € ¥s. Suppose that there exists an increasing sequence C,,
tending to +oo such that C,,/R? ¢ Nt /2 and Y(C,,) € s for each n. Since (T(C,,))
is non-increasing we conclude

cF(8) = lim Y(C,) € Is. (6.12)
Otherwise, we have
there exists C' > 0 such that (6.11) holds (6.13)
for each C € (C, +00) satisfying C'/R? ¢ Nr /2. ’

CLAIM 6.6. Let C' > 0 be as in (6.13). Then for any C' < C’ in (C, +0c) there holds
Y(C)+C=71(C)+C".

Its proof is carried out later. Since = := {C > C'| C satisfying C/R? ¢ Nrr/2} is
dense in (C, +00), it follows from claim 6.6 that Y(C") +C' < Y(C) +C if C' > C
are in E. Fix a C* € E. Then Y(C")+ C' < Y (C*)+ C* forall " € {C € E|C >
C*}. Taking a sequence (C}) C {C € Z|C > C*} such that C], — 400, we deduce
that YT(C!) — —oc. This contradicts the fact that Y(C/) — ¢™*(S) > 0. Hence
(6.13) does not hold! (6.12) is proved.
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Proof of claim 6.6. By contradiction we assume that for some ¢’ > C > C,
T(C)+C <Y+ C". (6.14)

Let us prove that (6.14) implies:

6.15
there exists Cy € (C,C") such that T(Cy) + Cp = d. (6.15)

for any given d € (Y(C) + C, Y (C’) + ") }
Clearly, this contradicts the facts that Int(Xs) = ) and (6.11) holds for all large C
satisfying C/R? ¢ N /2.

It remains to prove (6.15). Put Ay ={C"” € (C,C")|C" + Y(C") > d}. Since
T(C')+C'">d and YT(C') < YT(C") <Y(C) for any C” € (C,C") we obtain
T(C")+C" >d if C" e (C,C") is sufficiently close to C’. Hence Ay # 0. Set
Cy = inf Ay. Then Cy € [C O/)

Let (CJ) C Ay satisfy CJ/ | Cy. Since Y(CJ) < Y(Cp), we have d < CJ +
T(Cl) < Y(Co) + CJ for each n € N, and thus d < YT(Cp) + Cy by letting n — oo.

We conclude d = T(Cp) + Cp, and so (6.15) is proved. By contradiction suppose
that

d< T(Co) + Cy. (616)

Since d > C' + Y(C), this implies C'# Cp and so Cy > C. For C e (C,0C), as
Y(C) > T(Co) we derive from (6.16) that Y(C) + C' > d if C is close to Cp. Hence
such C belongs to Ay, which contradicts Cy = inf Ay. O

Step 2. Prove ¢™*(U) = ¢™*(S). Note that ¢™*(U) = inf, 0 cs0 ¢"*(He.,), where

0 if = € By,
5 _JJon(r) ifa=1¢(ry), yeS, T[54,
Hen(z) =4 ¢ if z € As N B2"(0, R),

h(|z)?) if z € As\ B*>"(0,R)

where B2"(0,R) 2 ¢((—¢,e) X S), fon:(—e,e) =R and h:[0,00) — R are
smooth functions satisfying the following conditions

feuli—oom =0, fen(s)=C its>2m,

f’c’n(s)s >0 ifn<s<2y,

f’cw(s) — fcm(s) >cF(S)+1 ifs>0 and 7 < fcm(s) < C —n,

ﬁcm(s) —ags+b for s> 0 large enough, ay = C/R? > g, ag ¢ gN,

ship,,(s) — hey(s) <O Vs> 0.

For He, in (6.7), choose an associated f[c,,,, where fc,n 0,00) = fonl[0,00)
and iLcm = he,y. Consider Hy = sHe oy 4 (1 — 8)He,p, 0 < s < 1, and put &4 (z) :=
Oy (z) for z € E.
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It suffices to prove ¢™*(Hy) = ¢™*(Hy). If 2 is a critical point of ® with ®,(z) >
0, as in lemma 6.2, we have z([0,1]) € S, = ({7} x S) for some 7 € (1,2n). The
choice of He,, shows H,(z(t)) = Hep(2(t)) for t € [0,1]. This implies that each
®, has the same positive critical value as @y . By the continuity in proposition
3.5(ii), s — ¢™*(H,) is continuous and takes values in the set of positive critical
value of @y, (which has measure zero by Sard’s theorem). Hence s +— ¢™*(H,) is
constant. We get 0"7’“([:10’77) = c"F(Hy) = cgy (H1) = c™*(He,y).

Summarizing the above arguments we have proved that ¢"*(S) = ¢"*(U) € 3.
Noting that ¢™*(U) > 0, we deduce ¢"*(S) = c*(U) € Ls by claim 6.4.

7. Proof of theorem 1.8

For W27 (1) in (1.3), note that W?2"(1) = R?"=2 x W2(1) D R?"~2 x U?%(1) via the
identification under (1.12). For each integer 0 < k < n, (1.14) and (1.11) yield

Cn,k:(W2n(1)) > min{cnfl,k(R2n72)7 Cl,O(UQ(l))} _

o3

We only need to prove the inverse direction of the inequality.

Fix a number 0 < e < ﬁ. For N > 2 define

W2(1,N) = {(zn,yn) € W?(1) | |za| <N, |ya| < N}.

Let us smoothen W2(1) and W?2(1, N) in the following way. Choose positive num-
bers d1,02 < 1 and a smooth even function ¢g:R — R satisfying the following
conditions:

(i) gt) =v1—t2for 0 <t <1 -4y,
(ii) g(t) =0 for t = 1+ da,
(iii) g is strictly monotone decreasing, and g(t) > 1 —t2 for 1 —§; <t < 1.
Denote by

W2 (1) = {(zn,yn) € R* | yn < g(zn)},

and by WgZ(l, N) the open subset in R?(z,,,y,) surrounded by curves y,, = g(x,),
Yn = —N, z, = N and 2, = —N (see figure 2). Then W7 (1, N') contains W?(1, N),
and we can require d7, 02 so small that

0 < Area(W2(1, N)) — Area(W?(1, N)) < g (7.1)

Take another smooth function h : [0, 00) — R satisfying the following conditions:
(iv) h(0) =¢/2 and h(t) =0 for t > £/2,
(v) B/(t) <0and h”(t) > 0 for any ¢ € (0,/2),

(vi) the curve {(t,h(t))|0 < t < &/2} is symmetric with respect to line s =1t in
R2(s, ).
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YV

el2

Figure 1. Domains A;, i = 1,2, 3, 4.
Let /A1 be the closed domain in R?(z,,y,) surrounded by curves y, = h(x,,),
yn = 0 and x,, = 0 (see figure 1). Denote by
N = {(Tn,yn) € R*| (=2, yn) € D1}, Az =0y, Dy=—No.
Let p1 = (N,0), p2 = (=N,0), p3 = (=N,—N), py = (N,—N). Define
WZ.(1,N) =WZ(1,N)\ ((p1 + Ds) U (p2 + Ds) U (ps + A1) U (pa + Da)).
Then W7 _(1, N) has smooth boundary (see figure 2) and

e 2
0 < Area(W2(1, N)) — Area(W2_(1, N)) = 4Area(A;) < 4 (5) —e2<

DO ™

For n > 1 and N > 2 we define

W (1) = {(z,y) € R*™ [ (zn,ya) € WF(1)} = R* 72 x W(1),
W2 (1,N) = {(z,y) € W?"(1)||zn| < N, |ya| < N} = R*" 72 x W?(1,N),
war (1 N) {(z, ) € R¥ | (zp,yn) € WZ(1,N)} =R**™2 x WZ(1, N),
Wo2(1,N) == {(z,y) € R¥ | (zn,yn) € W, (1, N)} = R*"72 x W7 _(1,N).

Clearly, W27(1,N) € W72(1, M) for any M > N > 2, and each bounded subset of
W2 (1) can be contamed in W22(1, N) for some large N > 2. It follows that

WMD) = sup (e H WL N = Jim SHWELLN). (7

N—-+4o00

Let us estimate ¢™"(W72(1, N)) with theorem 1.7. Regrettably, W2 _(1,N) is
not star-shaped with respect to the origin. Fortunately, it can be approximated
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) n = g"’?!)

| N
r -1-6, J-1+5 O 1-5, 1  1+4, \ X

A J

-N

Figure 2. Domain Wg%s(l, N).
arbitrarily by star-shaped domains with respect to the origin and with smooth
boundary. Indeed, for a very small 0 < 7 < € the set
2 — W2 2
Wg,e(l’ N’ 77) T Wg,E(LN) U (Wg,s(L N) + (0’ 77))

is the desired one.
Define jy n.c, : R2 — R by

. . z
-]97N75a?7(zn) = lnf{ N € W;a(lva 77) } ’ v Zn = (x'myn) € RQ'

Then jy e, is positively homogeneous, and smooth in R? \ {0}. For (z,y) € R?"
we write (z,y) = (%, z,,) and define
ks

WgER( N’?)3 {R2 +]gNe77,(Zn)<1} vV R>0.

Then we have W2" , (1, N,n) C W22 , (1,N,n) for Ry < R, and

g,6,R1 g,€,R2

W5,2(17N777) = U WgeR(17N777)7

R>0
which implies by (3.18) that
HWEL N ) = lim e HWE o (1L N.). (r3)

Observe that for arbitrary N > 2 and R > 0 we can shrink 0 <7 < ¢ so that
there holds

Wit g(1,N,n) € W22(1,N,n) C U*"(N),

9,
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where for r > 0,
U™ (r) := {(x,y) € R*" |22 + 42 < r’} U {(x,y) € R*"||z,| < r and y,, < 0}.
We obtain

WL p(LNm) < EWILL N ) < PHUP(N)) = INZ (74)

Note that WgQ’gR(l, N,n) is a star-shaped domain with respect to the origin and
with smooth boundary Sy ¢,¢,r., transversal to the globally defined Liouville vector
field X (z) = 2. Since the flow ¢* of X, ¢*(2) = ez, maps R™* to R™* and preserves
the leaf relation of R™* by theorem 1.7 we obtain

Cn’k(W;Z,R(la Nv 77)) € ESN,Q‘E,RJ)
where

Y8, ey = {A(x) > 0|2 is a leafwise chord on Sy g« g, for R™"}.

Arguing as in the proof of (5.9) we get that

TR?
ESQ«NJvRﬂl - ZBW;E(LNW) U 2 N
Hence for R > N, by (7.4) we have
MFWEE R(1,N,n)) € Lowz (1,N,n)- (7.5)

Let us compute ZBWQQE(LN,n)' Note that the part of BW;E(I,N) over the line

Yn = —5 and between lines 2, = —N and z,, = N is {(zy,, f(25)) € R?| |z,| < N},
where

h(zn +N) i —Ngxng—N+%,
g

. 9
Flzn) = g(xn) if —N+§<xn<N—§,
(= + N) ifN—§<xn<N.

Let to € (0,£/2) be the unique number satisfying h(ty) = n. Then there only exist
two leafwise chords on GWgz’s(l, N,n) for RM9. One is the curve in R?(x,,,y,),

= {(@n, 1+ f(wn) €R? [t = N <2 <N —to},

and the other is v := W7 _(1, N,n) \ 71. Then A(v1) is equal to the area of the
domain in R?(x,,,y,) surrounded by curves v; and x,-axis, that is,

N—tg
A(m) = /t (n+ f(zn)) dz,

o—N

=2(N — to)n + Area(W;(1,N)) — 2N? — 2 /5/2 h(t) dt, (7.6)

to
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and

to
A(ys) = 2N? — 2Area(A;) — 2/ h(t)dt
0

> 2N? — 4Area(/\)
>2N? —¢. (7.7)

Hence Zowz (1,n,) = {A(m), A(72)}. Let us choose N > 2 so large that (7/2)N? <
2N?% — ¢. Then (7.4), (7.5) and (7.7) lead to

P WL R(L N, ) = A(m). (7.8)
Note that 2N? — 4Area(A;) > 2N? — ¢ and that (7.1) implies

Area(W7(1,N)) — 2N? < Area(W?*(1,N)) + S _oN2=

5 +

R
TR

It follows from this, (7.6) and (7.8) that

e/2
™ 3
R (L Nm) = Aln) < 5+ 52Nt —2 [ Aoyt
to

For fixed N and € we may choose 0 < 7 < € so small that 2(N — t)n < £/2. Then

T
cn,k<W92’7;R(1,N, n)) < 5 +e.

From this and (7.2)—(7.3) we derive
WA (1) < EWE (1) < 5 e
and hence ¢"*(W?"(1)) < 7/2 by letting ¢ — 0+.

8. Comparison to symmetrical Ekeland—Hofer capacities

For each i = 1,...,n, let e; be the vector in R?" with 1 in the sth position and 0s
elsewhere. Then {e;}?_; is an orthonormal basis for L{ := VO”’O ={zeR™|z=
(q1y--+1qn,0,...,0)} = R0, It was proved in [26, corollary 2.2] that L?([0, 1], R*")
has an orthogonal basis

mmrtJs
{e nei}léién, meZs

and every x € L?*([0,1],R*") can be uniquely expanded as form xz=
>omez €20z, where xy, € Li for all m € Z and satisfies Y, |zm|* < oc.
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Noting that ;" = {0}, the spaces in (2.1) and (2.2) become, respectively,

L2
z = E emteng € LY, E lam|? < oo}

Lyo= {x e L*([0, 1), R*")
mezZ mezZ

= L*([0,1],R*")

and

HTSL,O = {‘T € LZ([(), 1]3R2n)

2
r = Z emTrtJ%am’ am € Lga Z |7n|2s|am|2 < OO}

meZ meZ

for any real s > 0. It follows that the space E in [25, § 1.2] is a subspace of E' = H:L/OQ
in (2.3). Denote by I the set of the admissible deformations on E (see [25, § 1.2])
and St the unit sphere in E. Then I',, o|g C T and S+ C S’;O. Note that each
function H € C°(R?",R5) satisfying the conditions (H1), (H2) and (H3) below
[25, definition 1.4] is naturally R™-admissible. Then

c(H)= sup inf ®p(x)
YET 0 TEY(S ()

< sup  inf Py(x)
’YEFnyanE’Y(S-F)

<sup inf  Dpy(x) = cgu,., (H).
’yef zey(ST)

It follows that ¢™°(B) < cgn,r, (B) for each B C R?" intersecting with R™°.
Appendix A. Connectedness of the subgroup Sp(2n,k) C Sp(2n)
(by Kun Shil)

Let eq,...,e2, be the standard symplectic basis in the standard symplectic
Euclidean space (R?",wp). Then wy(e;, e;j) = wo(enti,entj) =0 and wo(e;, enyj) =
05 for all 1 < 4,7 < n.

CrLamm A.1. A € Sp(2n) belongs to Sp(2n, k) if and only if

Okx (n—k)
A= In+k B(nfkr)x(nfk) (Al)
Okx (n—k)
O(n—k) X (n+k) I, g

for some B(,_p)x(n—k) = (B(n,k)x(n,k))t e R(»=F)x(n=k) = Consequently, tAg +
(1 —-1t)A; € Sp(2n,k) for any 0<t<1 and A; € Sp(2n,k), i =0,1. Specially,
Sp(2n, k) is a connected subgroup of Sp(2n).

1School of Mathematical Sciences, Beijing Normal University, Beijing 100875, People’s Republic
of China, shikun@mail.bnu.edu.cn
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The following proof of this claim is presented by Kun Shi.

Let A € Sp(2n,k). Then Ae; =e¢; for i =1,...,n+ k. For k < j < n, suppose
Aeptj = Z? 1 Gs(n+j)€s, where ag € R. For 1 j<k and k<l<mn, we may
obtain

0=uwo (6n+l7 6n+j) = Wo (Aen—Ha Aen—i—j) = WO(Aen+l7 €n+j)

2n 2n
= Z as(n+l)w0(esa en+j) = Z CLs(n—l—l)ésj = Qj(n+l) (AQ)
s=1 s=1

by a straightforward computation. Similarly, for 1 < 7 < n and k <[ < n, we have

2n
—0j1 = wo(en+i,€5) = wo(Aentr, Aej) = wo(Aenyi,e5) = Zas(n+l)w0(657 e;)
s=1
2n
Z as(ntiywoles, e5) Za(n—ﬂ)(n—i—l) —04i) = —Q(n45)(n+l)-
s=n-+1

It follows from this and (A.2) that Ae,i; =eny+ Z?:,H_l @it €j- By
substituting this and Aenis = epts + Z;.L:,Hl Uj(n+s)€j NtO Wol€ni,ents) =
wo(Aenii, Aenys) we obtain a4y = y(n4y) for all k < j, 1 < n.

Conversely, suppose that A € Sp(2n) has form (A.1), that is, A satisfies: Ae; =
e; fori=1,...,n+k, and Ae,y; =eyy; + Z?:,H_l ajmyej for k <1< n, where
@j(n+1) = Gintj) € R for k < 7,1 < n. Then it is easy to check that A € Sp(2n, k).
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