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Abstract

A spread-out lattice animal is a finite connected set of edges in {{x, y} C Z?: 0 < ||x — y|| < L}. A lattice tree
is a lattice animal with no loops. The best estimate on the critical point p, so far was achieved by Penrose
(J. Stat. Phys. 77, 3-15, 1994) : p.=1/e+ O(L™>""log L) for both models for all d > 1. In this paper,
we show that p. =1/e+ CL™ + O(L~") for all d > 8, where the model-dependent constant C has the
random-walk representation

00 0

n—+1 1
Cir= Z 2e U™ (o), Cia=Cir — E U™ (o),
n=3

n=2

where U™ is the n-fold convolution of the uniform distribution on the d-dimensional ball {x € R?:
[lx]l < 1}. The proof is based on a novel use of the lace expansion for the 2-point function and detailed
analysis of the 1-point function at a certain value of p that is designed to make the analysis extremely
simple.
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1. Introduction and the main result

Given an L € N, we consider spread-out lattice animals A = (Vy4, E4), where the vertex set Vy is
a finite subset of Z? and any pair of vertices in V4 are connected by a path of spread-out edges
Ea C{{x,y}:0<|lx—yll <L}; || - || is an arbitrary fixed norm on RY. A lattice tree is a lattice

animal with no loops. Both models are statistical-mechanical models for branched polymers.
To investigate their statistical properties, we consider the following generating functions. Let
1
A={xeZ?:0<|x| <L}, D(x) = = Lisea, (1.1)

where 1 is the indicator function of E, being 1 or 0 depending on whether or not E is true. The
function D will be used as a transition probability of the underlying random walk. Then, we define
the weight function for a tree T as

p |ET
wy(D =[] pD(x—y)=(—) , (1.2)

A
{x.y}eEr Al
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Figure 1. A sample T of 7,. Removal of all edges {o, y;} € Er leaves disjoint subtrees R; rooted at y;: Vr \ {0} = Uj- Vg, and
Er\Ulto,yi}} =U; Eg;-

Ry

Rs

Figure 2. A sample tree in 75 . Removal of the backbone edges (in blue) yields disjoint subtrees {R;}, called ribs. In this
example, R1, R3 and Rg are single-vertex trees.

and similarly for a lattice animal A as W,(A). For a finite set X C 74, we denote by Tx (resp.,
Ax) the set of lattice trees T with X C V1 (resp., lattice animals A with X C V); if X consists of a
vertex or two, we simply write, e.g., T, (for X = {o}; see Fig. 1) or 7T, (for X = {0, x}; see Fig. 2).
The generating functions we want to investigate are the 1-point and 2-point functions, defined
respectively as

&= Wy), ) =Y WyT), (1.3)

TeT, T€777,x

for lattice trees, and similarly defined for lattice animals. The susceptibility y, is the sum of the
2-point function, defined as

Xp= D 5= > Luevy Wp(T)= Y V| Wp(T), (1.4)

xeZ4 xeZd TeT, TeT,

for lattice trees, and similarly for lattice animals. It has been known (see [18] and references
therein) that there is a model-dependent critical point p. such that ,, is finite if and only if p < p
and diverges as p 1 pc. The goal of this paper is to reveal the asymptotics of p. as L 1 oo for both
models.

The best estimate so far on p. for the spread-out model was achieved by Penrose [23]. He
investigated the growth constant, which is defined by the n 4 co limit of the nth root of the
number t, = % ZTE’/; 1{| V| = n} of n-vertex unrooted lattice trees. Since {t,},eN is a super-

multiplicative sequence, i.e., ty4m > ty tm (see, e.g., [16]), lim,poo t,i/ " exists and is asymptotically
e|Al + O(|A]P!7 log|Al) as |A| 4 oo [23]. Since |Er|=|Vy|—1 for each lattice tree, we can
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rewrite x, as

n=1

o] 00 n—1
:4 Z Z Lyvel=n) WP(T) = Z T’Iz(';\;') t,. (1.5)
TeT, n=1

Therefore, for large |A|,

n? 1/n IA|
lm t O(A|727 log | A 1.6
= <|A|" 1 ) = AT OUAF g ] =& T OUA T leglal. (19
which is true for all dimensions d > 1. Penrose also claimed in [23, Section 3.1] that p. for lattice
animals obeys the same bound, due to the result of Klarner [15].
A weaker estimate, p. = 1/e + o(1) as L 4 oo for all d bigger than the critical dimension d. = 8,
was obtained by Miranda and Slade [20]. In fact, their main concern was to obtain 1/d expansions
of p. for the nearest-neighbor models. In [19, 21], they showed that,

115
— A2+ o(|A7?) [lattice trees],
1 3
=-+ AT+ 1.7
ST U5 LY A2 4 0(1A[?) [lattice animals] "
— — 5 ] attice animals|,
24e  2¢?

as |A| =2d 1 oo. The proof is based on the lace expansion for the 2-point function 7,(x) and
an expansion for the 1-point function g, based on inclusion-exclusion. Notice that the model-
dependence appears only from the O(|A|~2) term. This is due to unit squares that are in g, for
lattice animals, but not in g, for lattice trees. The lace expansion has been successful in showing
mean-field critical behaviour in high dimensions for various models, including lattice trees and
lattice animals for d > 8 (e.g., [6, 8, 10]). The other models are self-avoiding walk for d > 4 (e.g.,
[2, 6, 9]), percolation for d > 6 (e.g., [6, 7]), oriented percolation and the contact process for the
spatial dimension d > 4 (e.g., [22, 24]), and the Ising and ¢* models for d > 4 (e.g., [1,25-27]).

For the nearest-neighbor lattice trees and lattice animals, in particular, Hara and Slade [6, 8,
10] show mean-field behaviour for both models in dimensions higher than an unspecified num-
ber bigger than 8. In contrast, Fitzner and van der Hofstad [5] prove that d > 16 is enough for
lattice trees, and d > 17 for lattice animals to exhibit mean-field behaviour. The proof is based on
the so-called non-backtracking lace expansion (NoBLE) that is different from the standard lace
expansion by Hara and Slade.

In [12], van der Hofstad and the second-named author of the current paper applied the lace
expansion to the spread-out models [defined by D in equation (1.1)] of self-avoiding walk, per-
colation, oriented percolation and the contact process, and showed that, for all d bigger than the
respective critical dimension d.,

pe=1+CL™ 4+ 0oL, (1.8)

as L 1 oo, where 1 is the mean-field value, and the model-dependent constant C has the following
random-walk representation:

Z U*"(o) [self-avoiding walk, the contact process],
1 o0

C=1- Z U*Z"(o) [oriented percolation], (1.9)
U*%(0) + Z U*"(o [percolation],
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where U*" is the n-fold convolution in R of the uniform probability distribution U on {x €

R : ||x|| <1}. For example, if ||x|| = [|x|oo := max; |xj|, then, foralln € N,
1 <
U(x) = % U+ (x) = / U*(y) Ux — y) dy. (1.10)
R4

These quantities are the spread-out limit of the underlying random walk generated by D [12,
Section 4]. For example, for d > 4,

o0 o0

n+1 * —d n+1 * —d—1
Ez TD "o)=L Ez TU "(0) + O(L ), (1.11)
n—= n—=

where we have used the same notation * to represent convolutions on Z¢ as well. The error term
O(L~%1) is due to Riemann-sum approximation.

We want to achieve a similar result for lattice trees and lattice animals, i.e., a random-walk
representation for the difference between p. and its mean-field value 1/e, and see how the model-
dependence arises in it. In the rest of the paper, we will show the following:

Theorem 1.1. For both lattice trees and lattice animals with d > 8 and L 1 oo,

1
pe=~+CL™+ 0@, (1.12)
where the model-dependent constant C has the following random-walk representation:
o] oo
n+1
Crr= U*(o), Cia=Crr— == ) U™ (o), 1.13
LT HZ:; P (0) 1a=Cr— 55 L (0) (1.13)

The difference in p. already shows up in the first error term of order L~ for the spread-out
models, while it appears in (1.7) from the second error term of order d 2 for the nearest-neighbor
models, as mentioned earlier. This is due to closed loops of length bigger than 2 in g, for lattice
animals. The smallest among such loops for the spread-out model is of length 3 and of order L™,
while that for the nearest-neighbor model is of length 4 and of order d~2 (see Lemma 4.1 below).
Identifying coefficients of the higher-order terms for the spread-out models may need more work
since they are absorbed in the error term O(L~91) in (1.12), which is inherent in Riemann-sum
approximation, just as mentioned below (1.11).

The proof of the above theorem is based on the lace expansion for the 2-point function and
detailed analysis of the 1-point function, similarly to the previous work by Miranda and Slade [21].
The key to our analysis is to introduce a new base point p; defined in (2.1) below, as p1g,, = 1. It
is to estimate various generating functions in terms of massless random walks. For the spread-out
models of self-avoiding walk, percolation, oriented percolation and the contact process, van der
Hofstad and Sakai [12] use the base point p; = 1, because of the unity of the 1-point function for
those models. Since the analysis in terms of the underlying random walks is very simple, we do
not have to know in detail the lace expansion; the exception is in Lemma 2.1 below, where we
investigate the first lace-expansion coefficient 7%;) to prove p. — p1 = O(L~2%). However, the basic
facts (summarized in Proposition 2.2 below) and a minimum definition about the lace-expansion
coefficients should be enough to read the proof, which we hope makes this paper more accessible
to wider audience.

Our method can be applied to the nearest-neighbor models as well to identify the coefficient
of (2d)™1, as we can use the same method (i.e., Lemma 2.1 below) to conclude p. — p1 = od?),
but this limits the accuracy our method can achieve. Therefore, to identify the higher-order coeffi-
cients, we may need investigate the lace-expansion coefficients at p. more carefully as in Miranda
and Slade [21].
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The rest of the paper is organized as follows. In Section 2, we show that p. is close (up to order
L~2) to p; that satisfies the identity p, 8p; = 1, which is heavily used in the analysis in Sections 3
and 4. Section 3 is devoted to evaluating g,, for lattice trees. The 1-point function is split into two
parts, G and H, which are investigated in Sections 3.1 and 3.2, respectively. Finally, in Section 4,
we demonstrate how to evaluate the difference between lattice trees and lattice animals.

2. Results due to the lace expansion
In this section, we approximate p. by p; that is defined for both models by the identity
pigp =1 (2.1)
From now on, we frequently use
g=L"1 (2.2)
Lemma 2.1. For both lattice trees and lattice animals with d > 8 and L 1 oo,
0 <pc—p1=0(8%). (2.3)

The key to the proof is the following collection of the lace-expansion results [6, 17], in which
we use

0 [lattice trees],

(1—16ox) Z T{oe=x} Wp(A) [lattice animals],
AeA,

hp(x) = (2.4)

where 0 <= x means that (0 = x or) there is at least one pair of edge-disjoint paths from o to x in
an animal A. Let h, denote the sum of h,(x) over x € 74

hy="Y " hy(x). (2.5)
xeZ4

Proposition 2.2 ([6, 17]). For both lattice trees and lattice animals with d > 8, there is a model-
dependent Ly < oo such that, for all L > Ly, the following holds for all p < p:

1. The 1-point function is bounded away from zero and infinity. In fact,

1<g, <4 (2.6)
2. There are nonnegative lace-expansion coefficients nlg")(x), n e N, such that
KL_6 K n—1
IK <00, VxeZi 7" < (—ﬁ), (2.7)
P (llxl v L)2d=6
and that, by defining m,(x) =), N (—1)”711(,")(96), the recursion equation
Tp(x) = gpSox + hp(x) + mp(x)
+ 3 (8pBout + hp(a) + 7)) DIy — 1) 76— ) 23)
u,v
holds for all x € 7.
Consequently, there is a K < 0o such that
K/L—Z
Vx#o, Ty (x)< X % (pc —p)~ V2, (2.9)

(llxll v L)4=2’
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where the latter means x,/(pc — p)~'/? is bounded away from 0 and oo as p 1 pc, and
1
pe=—F— = <gpc + Y hp(x)+ Z T (x) ) . (2.10)
8pc + hPc + Tpc x#o

The above results for lattice trees are proven in [17] by following the same line of proof as in [6]
and using the convolution bounds in [4, Lemma 3.2] instead of the weaker ones in [6, Proposition
1.7]. The same strategy applies to lattice animals, and we refrain from showing details.

Consequently, for any p < pc,

=Y w0 L Ky 1( DL LM D sz 6) op. (@1

xeZd x:[lxl| <L x:[|x]|>L

Moreover, by subadditivity (i.e., forgetting edge-disjointness among paths from o to x),

b= Ym0 2 (KL 2>2< o ey ||x||2<2—d>)=0<ﬁ>. (2.12)

x#o x:||x||I<L x:||x||>L

The identity (2.10) is obtained by summing (2.8) over x € Z, solving the resulting equation for
Xp and then using the fact that x, diverges as p 1 p.. Substituting (2.11)-(2.12) to (2.10) yields1

~ -1 ~

1 h . — (1) 1 ﬁ,(l) —h y

pe=— (1 + T o )) =— (1 + ”—") +0(8),  (214)
ng ch ch ch

which is the starting point of the analysis.

Proof of Lemma 2.1. First we show p; < p.. Since pg, is increasing in p with p1g,, =1, it suf-

fices to show p.gy. > 1. By (2.6) and (2.14), it then suffices to show that frl(,? - ;lpc is bounded
from below by B times a positive constant for large L. Here, and only here, we use the actual
definition of the lace-expansion coefficient 7 p ) (see, e. g., [8]). We can easily check that A7
for both models is larger than the sum of triangles consisting only of three distinct edges:
np” > |A|(|A] — 1)(p/ |A])3, which is enough for lattice trees because hp = 0. For lattice animals,
we show below hp 1 A(l + O(B?) for p <pc in high dimensions d > 8. The aforementioned
sufficient condition for pcgpc > 1 is now verified.

Next we show p. — p1 = O(B?) for lattice animals by induction. The same induction also works

for lattice trees with A = T and h,,. = 0. Let {£,,} ,en be the following increasing sequence bounded

above by 2:
z.
6=1 =1+ [jeN] (2.15)
Since p. = O(1) (see, e.g., (1.6) or [6, Proposition 2.2]) and p1gp, = pc(gp. + }Alpc +7p) =1, we
have
hy + 7 - hy. + 7
0<1— Py 8t lpe T 8 =& lpet Tpe (2.16)
Dc gP1 gPl gPl
———
>0

which is bounded above by —7,_/g,, = O(B) [due to (2.11)], confirming p. — p; = o(pM).

In [17], Liang investigated 7r1(,1) in (2.14) for lattice trees and showed that, for all d > 8, p.gj,. rather than p. exhibits

B (n+ 1\ n
pcgpc:1+;;<”2 )U (0)+O(B/L)  asL1 oo. (2.13)

This may be a bit of surprise, as the coefficient of B is much larger than that in (1.12)-(1.13).
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Now we suppose p. — p1 = O(8%). Notice that 8p. — &p, can be rewritten as

. — 8 = Z (1 _ <%>EA|>W1:C(A (1 B _) Z lAZl:I (&) W (A)

AcA, AeA, n=0
=:F
(2.16) <_gpc —8& hp+ 7. )F. (2.17)
gPl gPl
Solving this for g, — g5, yields
hp. + 7y
- =———"—F, 2.18
8 — 8p1 o+ F (2.18)

which is bounded above by —,. = O(B) [due to (2.11)] for both models. By substituting (2.18)
to (2.16), we obtain

1 by + 75 By A+ By, + 7y
pc—p1=p5<—p pF_ £ p):_Pu

c
gPl gPl +F gPl gPl +F

Recall the definition of F in (2.17). Since (p1/pc)" W) (A) = (pc/pl)|EA|_”Wp1 (A), which is also
true for lattice trees, we have
|Eal

F= Z Z(pc) Wy, (A pl Z IEAIWpl(A)WA‘SZZ‘EAl%. (2.20)

AecA, n=1 AeA,
By (2.19) and (2.20), we can estimate p. — p; as

Tp. — -1 2
- P _Pep-lio 0] 0]
PP =pe e TF T OB = 0By + O(B?)
1
= O0(B)(pc — p1)2 + O(F*), (2.21)
where, for the last inequality, we use Xp1 = (pc — p1)~Y/? for both models in dimensions d > 8.
Applying the inductive hypothesis p. — O(,BZJ) to (2.21), we obtam pec — O(B%+1), which
completes the induction. Since limj; oo EJ =2, this proves p. — p1 = O(82), as requlred U

Proof of hp 1 T 1) + O(p?) for lattice animals. First we recall that

[Eal
=33 ( ) Ljoex)- (2.22)

x#0 Ac A,

We split the sum into two depending on whether or not there are distinct vertices y, z € V4 such
that o V¥ X, 0 z,z x and y <— z occur in A edge-disjointly, i.e., those con-
nections occur in distinct sets of E4. (We note that, if y = o, for example, then we should interpret
this as 0 <— x, 0 <= z and z <— x occurring edge-disjointly.) Intuitively,

< ; : 2.23
yszVA ( )

(y#z)
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7

AT R
Nl G 6 e
-~ o N

Figure 3. Schematic representations of the three terms in (2.25). The black line segments are pivotal for 0 < x in A.
Removal of those edges results in the animals {A,'}f:1 or {Aj}]‘.‘=1 that are mutually avoiding, as indicated by the red arrows.
The vertices in A are ordered in an arbitrary way (counter-clockwise in the above 2-dimensional figures).

Using submultiplicativity and the x-space bound in (2.9), we can show that the contribution
from this case is O(82). On the other hand, if there are no such vertices y, z € Vg, i.e.,

OQ“T @ (2.24)
Y,2€V 4 '

(y#2)

then there are exactly two edge-disjoint connections between o0 and x, with two pivotal edges from
0, say {o, u}, {0, u'}, and two from x, say {v, x}, {/, x}, one of which may coincide with either {o, u}
or {o, '}, for the double connection 0 <= x in A. Suppose that there is order among vertices
in A. If u € A is earlier than ' € A in this order, we write u < /. Let A(x) ={ve V:v—x € A}.

Then, the contribution to }Azp from (2.24) is bounded above by (see Fig. 3)

0> WA Wp(Az>(ﬂ{xeA}| A > ( ) D WylAs)

x#‘)Aler ueA veA(x) A3€Au,v
Are A, (x=<u) (v#£o0)
e B T Y () X wia
ueA veA(x) Aze Ay,

(u<x) (v#o0)

+ Z Z <|A|> Z Wy(A3) Wp(A4)> l_[]l{VAiﬂvAjzg}' (2.25)

' eA vy eA(x) AseAuy i#j
(u=u') (v#Y) A4€Au/,v/

Since A is symmetric with respect to the underlying lattice symmetry, the first and second terms
are the same. Due to the same reason, the third term remains unchanged when the restriction

u < u' is replaced by 1’ < u. Therefore, (2.25) equals

Z Z Wp AI)WP(AZ)(H{xeA} Z Z ( |) Z W, (A3)

x#0 A1eA, ueA veA(x) AszeA,,
Are Ay (u#x) (v£0)
4
+ = Z Z ( ) > Wp4s) WP(A4>) [T rwanvs=2r- (2.26)
u,u eA v,V eA(x) As€Auy i#j

(k) (v AeA
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By By
oL N— T — ==z
w1 w2 Wil
Figure 4. Schematic representation of n,‘,l)(x). The sequence of edges w1, . . ., || joined by the animals By, . .., B|y| form

the backbone from o to x in A. The terminal animals Bo and B),, share a vertex [due to 1g,np,, 2 in (2.27)], otherwise those
animals are mutually avoiding [due to the product of indicators in (2.27)]. Each animal B; contains a double connection
between wj and w; ;.

Now we compare (2.26) with 7%1(,1) for lattice animals, which is defined as (see Fig. 4)

lw| |l
A1) _ p N .
W= X (&) T X w® e
X

o={(@;@))”) =0 Bi€ Az,
(lo]>1)
X 1{BynBy, £2) ]_[ 1(B,nB=2)> (2.27)

0<k<I<|w|

(kD #(0,|w]))

where we have abused the notation @y = 0 and @, ;; = x. This can be bounded below by restrict-
ing the sum over w to those satisfying w; = 0 and || = x (so that Agy,0, = Ao and Ag,. 0., =
Ay) and then by restricting the sum over By € A, to By = {0} (so that 1g)np, e} = L{oeB,}) OF
restricting the sum over B, € Ay to Bj,| = {x} (so that 1{BonBy, 22} = LixeBy)):

U

€T o Xz

— e e’ S e S w—

wh W wM %]} (9% QJM

1 Bl By

(2.28)

Those two terms are basically the same. Splitting the sum over w into two depending on
whether |w|=1 (so that @ = {w;}, where w; =(0,x)) or |w|>2 and then, for the latter, by
summing over the animals By, . . ., Bjy|—1 (to form an animal A3 € Aal)em ), we obtain

N p
Al z2y Y Wp(3)<1{(o,x)¢Es}1{xeA}m

x7#0 BEAopx
2
p
P25 () 5 mwea) e
uel VEA(X) A3€-Au,v

(u#x) (v#o0)

We further bound this below by restricting the sum over Be A,, to smaller animals
B = (Vp, Eg) with either

(i) Vp=Va, UVy,, Eg=E4 U{(0,x)} UEy,, for some A; € A,, Az € Ay (as in the left and
middle figures of Fig. 3), or

(ii) Vp=Va, UVy,UVy,, Eg=Ea, U{(o, ')} U E4s, U {(V,x)}U Ey, forsome A1 € Ay, Ay €
Aot e A,vV e Alx), Ay € Au/ J (as in the right figure of Fig. 3).
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The contribution from (i) to the right-hand side of (2.29) is

ZZ Z Wy(A1) Wp(A2)]l{xeA} Z Z ( ) Z Wp(A_v,)l_[]l{VAivaj:g},

x#0 A1eA, ueA veA(x) AszeA,, i#j
Are Ay (Wéx) (v#£o0)
(2.30)
while the contribution from (ii) is
2
2 Wy Wt ( et T (£) T we
x#0 A1eA, ueA veA(x) AzeA,,
Are Ay (u;&x) (v#0)
4
+ Z Z ( |> > Wp4s) WP(A4)) [Ttwanvs=2)- (231)
uu eA R eA(x) AzeAuy i#j

(k) () Aed

Notice that the sum of (2.30) and (2.31) is four times as large as (2.26). This completes the proof
of hy < 173" + O(B?). O

3. Detailed analysis of the 1-point function for lattice trees

To complete the proof of Theorem 1.1, it remains to investigate p; =1/gp, (due to (2.1) and
Lemma 2.1). In this section, we concentrate our attention to lattice trees and show the following:

Lemma 3.1. For lattice trees with d > 8 and L 1 00,

S n+1
& = e(l -> ”;L D*”(o)) +0(8%). (3.1)
n=2
Consequently,
1
pr=-+ 3 Do) + 0. (3.2)
n=2

To prove Lemma 3.1, we first rewrite g5, by identifying the connected neighbours Y of the
origin as

TeT,
|ET|
_ p1
-1 Y ¥ (&)
(v T
>
1B |
S X (2) T (2)7 M twneer 69
YCA y€Y RyeT\T, u,veY
(Y1=1) (usv)

where, and from now on, )y, is the sum over sets Y of distinct vertices of A (we recall that o is
not included in A) and
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Cad a x

w_ v

Figure 5. Intuitive explanation of (3.5). The double-headed arrows on the left (= g;,) represents mutual avoidance among
subtrees. In the first term on the right (= G), those subtrees are independently summed over 7, \ 75,y € Y, where Y is the set
of connected neighbours of the origin. In the second term on the right (= H), there is at least one pair of subtrees that share
vertices.

[T 3 @uan™'= > @uiap™:' 3 pap™ G

yeY RyeT\Ts Ry €Ty \To Ry, €Ty \To
for Y ={y1,...,yn}. By convention, [, L{vg,nvg,=o} is regarded as 1 when |Y| = 1. Let (see
Fig. 5)
& =G—H, (3.5)
where

bt Z <|A|> [T 2 <|A|>|ERy|, (36)

YR .
(|Y|>1) €Y R,eT\To

Pl |ERy |
= ()T () ) o
YCA Y€Y R,eT)\ T, u,veY
(1Y1=2) (u#v)

We investigate those G and H in Sections 3.1 and 3.2, respectively (cf., Lemmas 3.2 and 3.4
below).

3.1 Detailed analysis of G
From now on, we frequently use

o]
So1(x) =Y  D*(x), (3.8)
n=t
where D*(x) = 8, by convention. The following is what we are going to show in this section:

Lemma 3.2. For lattice trees with d > 8 and L 1 oo,

G= e(l — %D*z(o) — S>2(0)) + 0(B3). (3.9)
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Proof. Since p1g,, = 1, we can rewrite G as

61+ ¥ ( )Yll_[< > (|A|)|Ry -2 (|A|)|ERyl>

R y€Y \RyeT, RyeToy
8p1 T ()
vl 7, ()
=1+ ) ( ) ]_[(1——). (3.10)
YCA yey &1
(1Y]=1)

If we replace ner (1 —7p,(y)/gp,) by 1, then we obtain

Y| LA
+YCZA <|A|> (”m) : (3.11)

(1Y1=1)
Since klog (14+1/k)=1—-1/(2k) + O(k=?) as k 1 0o, and since |A|~! = D*?(0), we obtain
1 1
Go=e|ll——)+0O(A|?)=¢[1—-=-D* 0(B?). 3.12
0 e( 2|A|>+ (A7) e( 5 (0)>+ (B (3.12)

Next we consider the remainder, which is

oo 2 ()|

YCA
(Y[=1)

= (%)ly > e (3.13)

ZCY yeZ &
(1Y|=1) (IZ\>1)

H(l—%)—l)

yeY

Changing the order of sums yields

20w 2 )

ZCA yeZ &1 ZCYCA
(IZ\>1)

fl(y)D(y) 1\
- 207 ()

ZCA yeZ
(1Z|=1)

=G; + Gy, (3.14)

where

ZH —n

ZCA yeZ &pi
(1z|=1)

[A\Z]  _
( 1 ) _ (7p, * D)(0) Go (3.15)

& (1+1/IA])

Tpl()’)D(}’) 1\
Z ]_[ ( m) . (3.16)

ZCA yeZ
(121=2)

We have made use of reflection symmetry in (3.14)-(3.16), such as 7,(—y) = 75(y) and D(—y) =
D(y); we will frequently the symmetry without mentioning each time. To estimate G; and G,, we
use the following lemma, which will be proven after the proof of Lemma 3.2 is completed. 0
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Lemma 3.3. For any d > 2 and x # o, the lattice tree 2-point function satisfies

Tp, (%)
0<821(0) — 2= < ) S5z — ) S200) S21(z — y) Sz0(x — 2). (3.17)
gPl d
y.z€l
0#2)

Remark. The right-hand side of (3.17) is diagrammatically represented by

Z S Y) S20(y) S>1(2 — ) Sxo(r — 2) = o—A—I’ (3.18)

y,2€Z%
(y#2)

where an unslashed (resp., slashed) line represents Ssq (resp., S=1) and an unlabelled vertex is
summed over 7. Due to translation invariance, we can change the order of terms in (3.17) for
a given x # o. Then (3.18) is also equal to

> S5 ) SH(x —y) Sealx —y) = O_AI' (3.19)

yezd
(y#2)
These diagrammatic representations will be used in the proof of Lemma 3.4 below. O

First we estimate G,. By the first inequality in (3.17) and the heat-kernel bound (see, e.g.,
3, (1.6)]):

ID*"|loc = O(B)n~4*  [neN], (3.20)
we can show
2 DXO) _p 21— up sy o) < Z 1Dl "% O(p). (3.21)
gPl xeA gPl xeA =1
Therefore,
[A] 00
Gl<G Y 3 [P fpl(y) PO _ 6,3 ((fpl *D) (")) 08,  (322)
n=2 ZCA yeZ 8 n=2 &p1

(1Z|=n)
Next we estimate Gj in (3.15). By using (3.17), we have

0 < S22(0) — (Tpl *D)o) _ =Y D (s>1 _ (x)>

xeZ4 &
(3. 17)
< Y D) Y SE(z—y)S20(y) S21(z — ) Sxo(x — 2)
xeZ4 y,2€Z4
(y#2)
< Y SE(z =) S20() S21(z — ) S21(2)
y,zeZd
(y#2)
< sup $*%(w) (S=0 % 8% )(o) (3.23)
w#o
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By the heat-kernel bound (3.20), we can estimate each term as

s2w =Y D) "3 (n+ D) B 0(p), (3.29)
5,t=0 n=1
(S20085)0 =30 3 0 40)= 3 (Z)D*”(a) = o(p), (3.25)

so that
(tp, * D)(0)
gPl

0<S52(0) — =0(B%). (3.26)

Therefore, by (3.12),

Gi = (—S>2(0) + O(ﬁz))(e - gD*z(o) + O(ﬂ2)>
N —— <
o(B) (330)0(/3)

= —eS>,(0) + O(B?). (3.27)
Summarizing (3.12), (3.14), (3.22) and (3.27), we complete the proof of Lemma 3.2.

(3 21)

Proof of Lemma 3.3. First we recall

|Ex|
n® 1 3 (P_l) _ (3.28)
gp1 gp1 Te’7f,,x |A|

Since a tree T € T can be divided into a unique path w = (wp, @1, . .., w|e|) from wy =0 to
|| = %, called a backbone, and disjoint subtrees R; € 7;)1., called ribs (see Fig. 2), we can rewrite
the above expression as

o] lol [Eg|
pH_L 5 ( ) 1_[ 2 <|A|> [Ttove=er 629

&1 &1 w:0—>Xx =0 R; ’7' s<t

If we replace the indicator [ |

s<t

D ( )lwlﬁ 2 <|A|> J (21)w2x<|1\|) LSl (330)

gp1w0—>x j=0 R; T

L{vy,nVe, =2} by L, then we obtain

8p1

Next we consider the remainder. Since 1 — []'_

g < ;’zl(l—aj) as long as 0 <a; <1 for
all j, we can bound the remainder as

lw| |l

o502 5 (B LT (3) (T

& & w:0—>Xx j=0 R; ET s<t

fi > < )leﬁ > < >ER > Lvgnve £2)- (3.31)

gpl w:0—>X j= ORJET s<t
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If Vg, N Vg, # @, then there must be a w € Z¢ that is shared by those two ribs. Therefore, the
remainder is further bounded above as

$210) - ﬂ <= ¥ (& ) ZHZ( )

801 o x s<t ];éstR]ET

|o]—1
&1

2 2 (IM)lERSl 2 (III)\II>|ERt

weZd Rs€7:us,w RtEE,,w

Tp, (W—ay) Tp, (0r—w)
1
=2 Z (A) Z Z Tp (W — w5) Tp, (0 — W)
gPl W:0—>X | | s<t
-y HE oy (L)
d gPI W:0—>y—>z—> |Al
yzel! 10— y—>Z—>X
(#2)
iz —y)
= Y B 5200 S21(2 = ) S=0(x — 2). (3.32)
y,zeZ4 gp1
(r#2)

The proof of (3.17) is completed by applying (3.29)-(3.30) to (ty,/gp,)** in the above
bound. 0

3.2 Detailed analysis of H
To complete the proof of Lemma 3.1, it suffices to show the following:

Lemma 3.4. For lattice trees with d > 8 and L 1 oo,

= eZ D*"(o )+ O(B2). (3.33)

Proof. Recall the definition (3.7) of H:

2 () TLE () i) o

YCA yeY RyeT)\To u,veY
(1Y1=2) (uv)
First we split the indicator 1 — [, L{vg,nvg,=o)} in (3.7) by introducing order among pairs of
distinct vertices in A, called bonds. If a bond b is earlier than another bond ¥’ in that order, we
denote it by b < b'. Then we have
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1- l_[ Livg,nvr,=2)

{uvicy
= Z IL{VRuﬂVRV;ég} l_[ ]l{VR/nVR/:g}
{uyicy {u/,v/}CY ’ '
(VY <(uwh)
= D Lygnvizei— ) ﬂ{vavRﬂéra}(l— [ ﬂ{vR,va,zg}>, (3.35)
{(uv}CY {uvicy W' ey c

(W) <{uw))

where the second sum on the right is zero when |Y| = 2. Let H; be the contribution from the first
sum on the right:

p1 1Y Pl |ERy |
Hy = Z <m> 1_[ Z (m) Z L, nVg, £2}- (3.36)
A

Y o VICY
&5 y€Y RyeT\To {uv}C

We will later show [after the derivation of (3.33); see (3.54)] that
H,:= H, — H=0(B?). (3.37)

Next we investigate H;. Let H] be the contribution from the case of |Y| =2:

i 2 n |ERy, |+1ER,, |
m= Y (8) L (&) Liva, Wi #2) (339

{uv}CA RueT\To
RyeT\To

By subadditivity, we already know that Hi = O(B) for d > 4. By changing the order of sums, we
can rewrite H; — Hj as

1Yl |ER, |
e 5 (8) TS (B 2 e
y\o

YCA {uv}Ccy
(1Y]=3)

|Ery |+ |Er, |
) L, NV, #2)

2
s (P_l) ) (P_l
{uv}CcA Al R.€Tu\To Al
Rv€7$\7'o

H,

Y'| |Eg , |
T T e
Y cA\{u,v} yey Ry/e7;/\7;
(Y'1z1)

&=, 0)

Similarly to the proof of Lemma 3.2, we can show that the last line is estimated as
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1 Y| T ()/)
> () M(O-22)
A

Y/CA\{u,v} | | y/eY/ &
(1Y'1=1)

() e 2 ()0

Y/CA\{u,v} ye

(1Y'|=1)
=e— 14+ 0(B).

Therefore,

Hy — Hi = Hi(e — 1+ O(B)),

or equivalently

H, = eHj + O(8?).

Y

(%

Tp) o) ) 1)

(3.40)
(3.41)

(3.42)

Next we investigate Hy. To do so, we first rewrite 1{v, nv, 2@} in (3.38) by introducing order

among vertices in Z%. For a vertex set V and an element x € V, we denote by V<* the set of
vertices in V that are earlier than x in that order. By identifying the earliest element x among Vg,
that is also in Vg, (so that VEM" N VR, = @), we can rewrite 1{v, nvy, £o) as

L{vg,nVg,#£2) = Z Lixeve,} Livgrnve,=2)

x€VR,
=Y lievinva) — . (1 - ﬂ{v;;mVRFz})- (3.43)
xeZ4 x€VR,NVR,

Let H]’ be the contribution from the first sum in the last line:

e E (BT T (m)

{uv}CA 74 Ru€Tux\To
R 67'”\7'

{u,v}CA

> (%)2 2 (rpl(u—x)— 50 (0, “’x)> (Tpl(v—x) T, (0, "’x))
xeZA4

3
(o v)

@1 1)° (=% 7 (0wx)\ (1 —x
? 3 (w) Z( I

{uv}CA xe7d & 8n

where 1:1(,3)(0, u, x) is a 3-point function, defined as

w0, x)= Y Wp(T).

T€Toux
We will later show that

Hy := H," — H = O(8?).
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Finally we investigate Hi’. The dominant contribution to Hj’ comes from the product of
2-point functions:

- 1\? T, (U —x) 75, (v — %)
m= 3 () e

{uvicA wezd M &
1\t (u—v 1\? Tp, (U —X) Tp, (Vv — X
= 3 () Pet ¥ () D o)
{uv}CA 1Al & {uviCA Al x#uv & &

where we have used the identity 7,(0) = g,. We will later show that the other contribution to Hy’
which involves 3-point functions is estimated as

HY':= Hi’ — H{" = O(8%). (3.48)
By Lemma 3.3, the first term in (3.47) is estimated as

2 () ™5

{u,v}CA
o Z ( ) S>1 )+ Z <1>2 (Tpl(u_v) S>1(uv)>

u,vEA |A| u,vEA |A| Ip1 -

(uzv) 1 (“4571)1 , ( ) (349)
= S> — 7S> + e M - S> - >

u,vEA
02 for d>2  (4#V)

(3.17)—(3.18) <D
S Oe

where a gap next to the origin in the last diagram represents 1/|A|. By translation invariance and
(3.24)-(3.25), the last term is bounded above by

<][> <D ~ < ][><||S 0o (S22 % Ss1)(0) = O().
s

vrto (3.50)
<1541 2l
Similarly, the second term in (3.47) is estimated as
2
> (i) > Bl ne
{u, ”}CA |A‘ I;éuv gp1 gPl
*2
2( ) 2|A|S>l( )
—_——
0(B?) for d>4 (351)
Tpy (U — ) 7, (U — ) >
) —Ssi(u—2)S51(v—2x
U;A <|A|> m;y ( I 9o >1(u = 1)521(v — x)
uFv
<2 ’ /\ ’ n ) /V\
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By Lemma 3.3, (3.19) and the translation invariance, the last term of (3.51) is bounded above by

(D sl bis O Y
0 yezd — y,2€724 \—- 2

l/

y#o —~— Yp2£0 N~ —r
N5 lleo <NSEH*SE3 Moo
1 (3.52)
< [ 10e(S25 * S21)(0) 435 155 * SZilloo (S5 * S1)(0)?
O(B2) for d>6 O(B3) for d>8
= 0(6%).

Therefore,

HY = 525(0) + 35%(0) + OB = 3 D™(0) 45 3 Do) 4 0(%)

n=>3 n,m=2

= Z D*”(o) + O(B?). (3.53)

Summarizing all the above estimates, we arrive at

HOZ Hy + 087 P2 et + 0(8%) "2 eHi’ + 0(8%) "2V eH{” + 0(8?)
(3.53) > n—1
= ——D* %), 54
e) —D"(0)+0( (3.54)
n=3
as required. It remains to show (3.37), (3.46) and (3.48). O
Proof of (3.37): bounding H;. First we recall that H is the contribution from the second sum on
the right of (3.35):
P [ERy |
e ()15 () 5 e
YCA €Y RyeT\To {uv}CcY
(1Y[=3)
X <1 - 1_[ Livg ,nvi ,:z}>, (3.55)
{u/,vl}CY ‘ !
(' V) <fuv))
which is nonnegative. Since we get an upper bound
1- 1_[ ]l{VR ,NVR , =2} = Z ]l{VR ,NVR , #} (356)
{u/,v/}CY ! ! {u/,vl}CY ! !
(' V) <{uv)) (' V) <{uw))
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Figure 6. Schematic representation of H 4.

in a same manner as (3.35), we can bound H; as

|Eg, |
H; = Z( |) [T X ( ) ' > v, nvi, #2) Live Ve, %2

YCA y€Y RyeT)\ T, {uvicy
(I1Y]=3) W Vicy

(TRARTRY)

[ER, |
S (VTR ()8 v £t e

YCA €Y RyeT\To {uvicy
(1Y[=3) ’ Wiy
((TRAEATRY)

(3.57)

Since {u, v} # {¢/, v/}, the union {u, v} U {1/, v} consists of either three or four distinct vertices.
We denote the contribution from the former by H, 3, and that from the latter by H; 4 and then we
obtain

1
H, < 5(H2,3 + Hy4). (3.58)

First we investigate H; 4, which is bounded as (see Fig. 6)

|ERy |
P Y
Hyu= ) <—|A|> [1 > (IAI) > Lve,nve, 2} Live ,(Va ,£0)

YCA €Y RyeT\To ’y
(1Y1=4) u(léltsln:lcet)y
P 4 I |ERy |+|ER, |+|ERu/ \+|ERV, | ) )
Z m Z m {VR,NVR, #2} {Vr ,NVR , #2}
u,v,u/,v/eA Ry €Tu\To " Y
(distinct) R,eT\T,
R /ET/\'E
R /ET/\7—0
|ERy |
1 4
3 <1 Py (|1’A—|) ny (&) ) (359
chA\{u,v,u/,v/} er/ RyET\'n
Y|>1
(1Y'|=1) o110, )
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Figure 7. Schematic representation of Hy 3.

By (2.1) (i.e., p1gp, = 1), the last line is equal to

1 hd 1\ A4
TS (W) :(l—i—m) — e+ 0B). (3.60)

Y/CA\{u,v,u/,v/}
(Y=

Then, by ignoring the constraint that {u, v} and {«/,v'} are disjoint pairs and using the trivial

inequality 1 (v, nvg,#2) < D_x LixeVy,NVz,} as well as the relation 7, \ To C Tyx» Hag is further
bounded above as

o\ pr \ 1R 2
Hyy < (6 + O(ﬁ))( Z (m) Z (m) ﬂ{VRuﬂVRﬂEQ})

{u,v}CA R,eT\To
RVGT/\%
2 |Er, | +Eg, | \ 2
p1 p1 u v
serom( X (B2 X (B)")
{u,v}C A x€Z4 Ry 67;4,)6
Rveﬁ,x
tp, (u—x) 7, (v—x)
5 2
1 1 Ty (U — x) Tp, (Vv — X)
Dierom) ¥ (i) T HL2me=2), s
{uv)CA vezd 1 &

Finally, by using 7, (4 — x)/gp, <S>1(u —x) for x # u [cf,, the first inequality in (3.17)] and
7p(0) = gp for x = u, we arrive at

2 2
2 (IALI) ngo(u—v)) <(e+0(8) $20* E'0(p).  (.62)

Hys < (e+O(B)) <

u,ve

Next we investigate H; 3, which is bounded in a similar way to (3.61) as (see Fig. 7)
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|ER, |
p1 4
o= 2 <|A|> I 2 <|A|> 2 e v 01

YCA €Y RyeT\ T,
(Y23) ’ ey
|ERy, |+|ERy |+1ER , |
<(e+ O !
<evom) ¥ (&) .z (&)
vy €A ! e7d Ry eT ’
(distinct) RVE'E ;
RV/ 67;/ X/
R 1\° Ty (1 %, %) Ty, (v — %) Ty, (V — X')
=(e+0B)g, D Al > 3 . o Y
u,v,v/EA x,x/EZd gpl P1 P1
(distinct)

Due to submultiplicativity, we can bound rps)(u x,x') as
3) / _ _ /
T, (u,x,x') < Z Tp(u—y) Tp(x — p) Tp(x’ — ). (3.64)
yezd

Then, by using 7, (4 — x)/gp, < S>1(u — x) for x # u and 7,(0) = g, for x = u, we can bound the
sum in (3.63) as

3 (L)3 3 Tp (U — ) Tp, (x = ¥) Tp, (X' — y) Tp, (v — %) Tp, (VV — X)

A
u,v,v/eA | | y,x,x/eZd gPl gPl gPl gpl gpl
(distinct)
1\3
< > Solx—p)S=0d =) Y (—) S=0(u = y) S=0(v — %) S=o(v — x)
; - [A]
yxx €74 uv,v €A
S21(7) S21(x) S21(x)
=Y (S20% 821 $21()
yezd
d>6
< IS0 * S>11loo (S>0 *S )(0) = O(B). (3.65)
This together with (3.58) and (3.62) implies
1
H, < E(Hz,s + Ha ) = O(B?), (3.66)
as required. d
Proof of (3.46): bounding H5'. First we recall that H5 is the contribution to H] from the second
sum on the right of (3.43):
P |ER,, |+|ERy, |
A — <X
- Y (B) L ¥ (b)) 0 wga) oo
{uv}CA xeZ4 Ry €Tux\To
Rveﬂx\%
Notice that
L= Livixnve,=o) = Z ﬂ{x/eVRuﬂVRv}' (3.68)

X eZ4\ {x)
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(0]
Figure 8. Schematic representation of the bound on H5’ due to (3.68).

By the inclusion relation 7,/ \ 7, C 7 s and using (3.64), (2.1) and (3.17), we can bound HY'
as (see Fig. 8)

Z i 2 Z Z P |ERy, |+|ER, |
we 3 () ()
{uv}CA |A| x,x/eZd Ru67;xx/ |A|

(x;éx/) RVET’;;/

rg) (u,x,x/) rg) (v,x,x/)

¢y (= %) T (0 = %) 1, () — %) 7, (Y — )

=g
b ' od gpl gPl gPl gPl
XX,y €L
(x#x)
Ly (L)zfm(“—y) % (=)
2 u,veA Al & &
g4
< % D S0y — %) S0 — ) S20(Y — %) S=0(y — &) S21() $=1(Y). (3.69)
x,x/,y,y/EZd
(xzx')

Shifting the variables by —x’ and changing the variables x — x’,y — x/,y/ — x’ to the new ones
w, z, 7/, respectively, we can rewrite the above sum as

Y Sz0(z— W) S20(2) Sz0(z = W) S20(2) ) Sz1(z+x) S21(2' + %), (3.70)
w2 €74 K ezd
(w#0)

S’gzl (z—z/)

which is bounded above by

00 2
152 1o Y S =115 ll00 Y (Z (n+ 1)D*”(w>>

w70 w#o  n=I1
00 t—1 s
<188 loe Y _D*(0) Y (n+ 1)t —n+1) = 0(B), (3.71)
t=2 n=1
o(3)
as required. U
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Proof of (3.48): bounding H5"'. First we recall that H5" is the contribution to H}’ which involves
3-point functions [cf., (3.44)]:

2 ©) ) _
Y — Z <|T1|> Z 75, (0, u,x)(rp1 (0, v, x) _erl(v x))' (3.72)

(uvlCA vezd  8m &n &p1

By (2.1), (3.64) and (3.17), we can readily conclude that

|H/”|<g’i Z L ? Z TPl(y) TPl(y_”) Tpl(y_x)
) |A] 8 8 8
u,veA xyezd P1 P1 P1
5 ( ) Z 7, (2) Tp (2 — V) Tp, (2 — X) +2tp1(v—x)>
P 2e7d 8p1 gPl gPl gp1
<&, 2 S=00)8=10)Sz0(y — %)
x,yeZd

2
X (g% Z SEO(Z) Szl(Z) SZO(Z - x) + Szl(x)>

zeZ4
2
§
—& Y $200) $2100) (% D 82002 821(2) SE(y = 2) + (Sz0 % S20)(y ))
yezd ze74
&
<&, (820 % S21)(0) <ﬂ(szo #821)(0) 11550000 + 11820 % S>1loo >
— 2 —— D S——
0(B) for d>4 o) ford>4  O(p)ford>4
_ O(ﬂz), (3.73)
as required. -

4. Difference between lattice trees and lattice animals

Finally we prove Theorem 1.1 for lattice animals. Recall that, by Lemma 2.1, it suffices to
investigate p; = 1/gp, [cf,, (2.1)]. The following is the key lemma:

Lemma 4.1. For lattice animals with d > 8 and L 1 0o,

1 1
o =e(1—Z;TD (0)) +ESZ3(0)+O(ﬁ2). (4.1)
Consequently,
_lysndln 1 ’
pr==-+) ——D"(0) = 55823(0) + O(F). (4.2)

Proof. As a first step, we want a similar decomposition to (3.3) for lattice animals. To do so, we
identify the connected neighbours Y of the origin, just as done in (3.3). Then, we introduce I'(Y),
which is the set of all partitions of Y. For example, if Y = {1, 2, 3}, then
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ry)= {{Y}, {{1,2}, 33}, {{1.3} {23}, (1), (2,33}, {{1). (2, {3}}}. (4.3)

For a partition y € I'(Y), we denote by |y| the number of sets in y, so that y = {yj}Jl-ill. We can
rewrite g, as

|ER;|

Y| Iyl
1+ X () S I (B) Mionmer o
YCA

A yel(Y) j=1 RieA,\A, i<j

The contribution from the maximum partition y = {{y}},cy (i.e., |y| =|Y]) is equal to (3.3) (with
T replaced by A) and can be decomposed into G and H as in (3.5) (with R, regarded as animals
instead of trees). Let I be the contribution from the remaining partitions y € I'(Y) with |y| < |Y],
which is zero for lattice trees:

I=g, —(G—H)

= Z (%)IYI Z 1'1[ Z (%)lERjIHH{vRivaj:g}. ws

YCA yel(Y) j=1 Ric A, \ A i<j
(1Y[>2) (yi<iyp’ 0T

To evaluate G, H and I for lattice animals, we cannot apply Lemma 3.3, which is a powerful
tool for lattice trees to identify the coefficients of B as well as to estimate the error terms of O(2).
For the latter purpose for lattice animals, we will use the infrared bound (2.9) (and monotonicity
inp, ie., 75 < Tpc); for the former purpose, we will use the following bounds that correspond to
(3.26), (3.49) and (3.51), respectively:

Lemma 4.2. For lattice animals with d > 8 and L 1 oo,

Z L TPI(”) _ 822(0) — O(ﬂz), (46)
ueA |A| 8
2 J—
2 (i) BED 2523(") =0(p?), (4.7)
{u,v}CA | | 8p1
LY T (Uu—x) 1 (x—v) 1 _, ‘ 2
1Al = 5523(0)| = 0(B7). 438
ht%A <|A|) xgv 8&p S 2 _2(0) (B (4.8)

We will prove Lemma 4.2 after the proof of Lemma 4.1 is completed.

Now we resume the proof of Lemma 4.1 assuming the bounds in Lemma 4.2. First we recall
G=Gp+ G + Gy [cf,, (3.14)], where Gy is independent of the models and estimated as (3.12);
G, is defined as (3.15) and here we use (4.6) to show (3.27); G, is defined as (3.16) and obeys
the same bound as (3.22). As a result, Lemma 3.2 also holds for lattice animals. Similarly, we can
show H = e(H{"" + H5"' — HY — Hy) + O(B?) [cf., (3.37), (3.42), (3.46) and (3.48)], where H{" is
defined in (3.47) and here we use (4.7)-(4.8) to show (3.53); H, is bounded by H; 3 + H» 4, and
H, 3 and H; 4 are further bounded as (3.59)-(3.61) and (3.63)-(3.65) (with T replaced by .A), and
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Figure 9. Schematic representation of the dominant contribution to /1.

here we use the infrared bound (2.9) and the convolution bound on power functions [4, Lemma
3.2(i)] to show H, = O(B2), such as

2
L Tp, (U — X) Tp, (v — x)
[A]

(wrcA rezd
LY o(L?) o(L?)

= {u%c:A (|A|) erZ:d (lu — x|| v L)4=2 (||v — x|| v L)4—2
1\2 oL o

= {L§A (W) (a—vv i ~OF) (4.9)

Similarly we can show that H5’ and Hj" are both O(82) by using the infrared bound and the
convolution bound, instead of bounding 7,, /gy, by S>¢ or S>1, just as done for lattice trees. As a
result, Lemma 3.4 also holds for lattice animals.

Next we investigate I, which is unique for lattice animals. Let I; be the contribution from y €
['(Y) with |[y| = Y| — 1, i.e,, consisting of a pair {u, v} and |Y| — 2 singletons {y},ey\{u}:

-x(f) 22 () s (R

(|§\CZA2) {u,v}CY Re Ay, )\ Ao ye¥\{uv} Rye A\ A,
X 1_[ Livenve,=2) l_[ Lve,nVz,=2)> (4.10)
yeY\{u,v} yzeY\{u,v}

(v#2)

where an empty product is regarded as 1. The dominant contribution to I;, denoted I';, comes
from when the last line is replaced by 1. By the tree-graph inequality (3.64), which is also true for
lattice animals due to subadditivity, and then using the infrared bound (2.9), it is estimated as (see
Fig. 9)
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+
v
¢ )
e+ 0(B)
Figure 10. Schematic representation of the bound on (4.12).
2 g
1 T,
I = Z (%) (rpl(u —v) — -51531)(0, u, v)) Z (m) l_[ (1 _'m 0’))
{uv}CA Y cA\{uy) ad &
e+0(B)
1\?2 Ty, (u—v) 11531)(0, U, v)
=pi(e+0(B) Y Al ¢ B
~—— 94 94
rop)  wren 1 1
1 \21 (u—v)
- ¥ (YR op
{u,v}CA &
7)1
252500+ 0(B). (#10)

On the other hand, by using 1 — ab < (1 — a) 4+ (1 — b) for any a, b € {0, 1}, we can bound the
difference I'y — I; (> 0) as

v x (), 2 (07 S )y (%)

vICA Re A, \A, Y Rye A)\A,
X (1 - 1_[ ]l{VRﬂVRyZQ} +1-— 1_[ H{VR),QVRZZ@}>
er’ y,zeY/
(v#2)
P\’ p1\"™* P )"
=3 1Al > 1A] ) m l_[ > N
{uv}C A Re A, \A, Y/CA\{M,V} y’ R EAy\.A
X (Z Livenve, 2o) + Z ﬂ{vRyvaz;éra})- (4.12)
er/ y,zeY/
(v#2)

This is O(B2), as the contribution from the former (resp., latter) sum in the last line can be
estimated in a similar way to showing H, 3 = O(8?) (resp., Hy 4 = O(82)); see Fig. 10.
As a result,

I = %szg,(o) +0(BY). (4.13)
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Finally we estimate the difference I — I;:

pi\! ly| o1\ B8
I—h=Y (W) NI (m) [tweovger @1

YCA yel(Y) j=1RicA,\A, i<j
(1Y[23) D

Since |y| <|Y| — 2, there are two possibilities: (i) there is a set in y which includes at least three

distinct neighbours of the origin, or (ii) there are at least two disjoint sets in y both of which
include exactly two distinct neighbours of the origin. Therefore,

I-n< ) (%)Yl > H > (%)IElel_[]l{VRiﬂVRjZQ}

oA yel(Y) j=1 RieAy\ A, i<j
X (l{aj, yi1=3) + Laiz, |yi\:|yj|=2})
=hL+1, (4.15)

where I3 and I are the contributions from 1(g;, lyj|>3) and 1yz;%;, lyil=lyjl=2}> respectively.

For I, we split the set Y of neighbours of the origin into U, V and Y/ =Y \ (U U V), where
UNV =@ and |U| =|V|=2. Partially ignoring the avoidance constraint among animals, we can
bound I, as

2 |ER| 2 |E /1
b= Z (IIZ)\I|> Z (I‘tl)\ll) Z (lltl)\ll) Z <|II)\1|> R
UCA Re Ay\A, VCA\U !
(|U\C:2) e Ap\ (\$|:\2) ReAy\A,

1 Y| lyl o1\
< X (f) X () Mo wo
Y ca\(uuv) yer(y') J=1 RieA,\ A, i<j

Notice that the second line is almost identical to gy ; the only difference is the domain of
summation over Y’, and therefore it is bounded above by g, . Since p1g,, = 1, we obtain

2 |Er| \ 2 2
Izsgpl( > (|PA—1|) 3 (%) ) (?MGS»(OHO(W)) —0(pY).  (417)
R

{uv}CA eAy,

Tpy (u—v)
For I3, we split the set Y into X and Y’ =Y \ X, where X includes at least 3 distinct vertices

X, »,z € A. Again, by partially ignoring the avoidance constraint among animals, we can bound
I5 as

=2z (f) 2 (R)

JWZJCA XCA R o
{xyz)C (Xaiy,z) eAx\A
hd [yl |Er |
1 1 J
() I X (B) e ww
Y’CA\X yeF(Y/) =1 RjE.ij\Ag i<j
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Notice again that the second line is bounded above by g5, . Using the relation Ax \ A, C Ay,,; and
splitting X into {x, y, z} and X' = X \ {x, y, z}, we obtain

o B (B S @) 2 @)

{xpzlCA ReAyy, X' cA\(xy.2)

77 (xp,2) < (14+p1/|ADIA]

By the tree-graph inequality (3.64), we can show that

3
J41
£ (8) 5o

{xy.z}CA
Z (L>3 Z Tp (X —w) Tp, (y — W) 7p, (2 — W)
{x [A] 8m 8n 8p1
$ZCA wezd
B Z (L)3< Z rpl(x—w)rpl(y—w)tpl(z—w)+irp1(x—z)rp1(y—z)>
{x 3.z} CA |A| WHEXY,Z gpl gpl gPl gpl gpl gpl
3 1\? Ty, (X — W) Tp, (¥ — W)
== (ID* 7 oo+ IDlc ) D (W) > = nt_ ", (4.20)
8p1 {(xy}CA WX,y & &p

O(B) (.(2.9))

O(p) (".(4.8))

hence I = O(B2). This completes the proof of I = %823(0) + O(B?), hence the proof of Lemma
4.1.

Proof of Lemma 4.2. First we prove (4.6). By the inverse Fourier transform, we have the rewrite

(k) df
y L (m i) (“)>(o)=/ by 2B Lk (4.21)
uel |A| gp1 gp1 [7ﬂ,ﬂ]d gp1 (27[)
Notice that the Fourier transform of the recursion equation (2.8) yields
hy(K) + 725 (k
tly = — SO R0 (4.22)
1 —(gp + hp(k) + 7, (k))pD(k)
We use this identity at p; = 1/gj, . Let
h
H(x) = M' (4.23)

&n

Thanks to the symmetry, the Fourier transform H(k) is real. Moreover, by (2.11)-(2.12), we can
show that, ford > 8 and L > 1, |H(k)| = O(B) uniformly in k. Then, we can rewrite 7,, (k)/gp, as

(k) 1+H®K
&n 1— (14 H(k)D(k)
1 H(k) 1
= — + ~ — — . (4.24)
1-D(k) 1—D(k) 1—(1+ H(k))D(k)

=F(k)
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Applying this to (4.21) yields the main term S>;(0) as

1 D) d¥k D(HK) .., . dk
Z_rpl(u) Zf (A) : +/ ( )A( )F(k) . (4.25)
Al g, (—z.x)d 1 — D(k) 2m) (—z,714 1 —D(k) (27)

$>1(0) (=S8>2(0))

ueh

It remains to show that the second term on the right is O(82). To do so, we want an effec-
tive bound on F(k). We will show at the end of the proof that, for d > 8 and L > 1, there is an
L-independent constant C < oo such that

A C

1 — D(k)

D) dfk _
(1-D(k))? (2m)4

uniformly in k. However, this results in a weaker bound than (4.6), because f
O(B'/?). Instead, we first rewrite F(k) as

1 D(k)H (k) »

(k)H (k) 3

F(k) = — + .
1-Dk) 1-D(k)

(k). (4.27)
Then, the second term on the right of (4.25) equals

/ DHK) d% / (D(k)ﬁ(k))% d?
~ + —— ) F(k .
[zt (1—D(k)? @m)  Ji—zzia \ 1 — D(k) (27)d

(D*SEZO*H)(O)

(4.28)

Notice that, due to the identity (4.27), we have D(k)? in the numerator of the second integrand
in (4.28). The first term is readily bounded by || D % S’;ZO I oH(0) = O(B?). For the second term, we

use |H(K)| = O(B) and (4.26) to obtain that

DWAHK)\ . d'k , bR %k 3
———— ) F(k)—— <O _ -0 ) .
f[—m]d ( 1 —D(k)> ) gy <O ot T DOy @) (8. (4.29)
(D*28%3)(0)

This completes the proof of (4.6).
We can also prove (4.7)-(4.8) in a similar manner by assuming (4.26). Hence we here prove
only (4.7). By the inverse Fourier transform, we can rewrite the sum in (4.7) as

1\ w—v) 1/ ., 1 1.,
P 3 B o

{uv}CA &n &

1 R £, (k) d? 1
- / Dy _dk _—-D"(0). (4.30)
2 Ji—wmd g (@m)e 2

Then, by the identity (4.24), we can extract the main term %Sz 3(0) as

1 / Dk)? d% 1 1 / f)(k)zﬁl(k)ﬁk dk

— Zp*? ~ . 3
5 (o) + Cemid 1-D0 2y (4.31)

[-7,7]d 1 — D(k) (Zﬂ)d 2 2

%333(0)
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Similarly to (4.29), the second term is bounded as

1 D)’ Hk) d9% | @ 26) D(k)? a9k ,

2 B | & 0 —o0(f?),

'Z/I—mﬂd LDk OVgmy| = (ﬁ)/ o) (1— D(k))? 2m)d B, (432)
(D*Z*S*O)(D)

hence the completion of the proof of (4.7).

Finally we prove the inequality (4.26), for ||k|| > % and || k|| < % separately. We begin with the
former case. It is known (cf,, e.g., [12]) that our D satisfies [14, Assumption D]; in particular, there
is an L-independent constant 1 € (0, 1) such that

vk . k=1
—14n <DKk) < 1-n. (4.33)

Since |H (k)| = O(B), we obtain that, for L > 1,

vk N ~ Ikl>1
—1+g < (L+AWR)DKH) < 1- g (4.34)
hence
1 vk, lkizz2vk2 2—p
<Fk) = - < -—= (4.35)
2—n/2 n n1—D(k)

It remains to show that F(k) is bounded above by a multiple of (1 — D(k))~! uniformly in
Ik < % We note that

F(o™' =1 - (14 H(0)) + (1 + H(0)) (1 — D(k)) + (H(0) — F(k)) D(k)

. . A(k)
=—H(0) + <1+H(0) % (k))( D(k)). (4.36)

Since —H(0) is bounded below by a positive multiple of 8 (as explained in the beginning of the
proof of Lemma 2.1), ignoring this term yields a lower bound on F(k)~!. Moreover, since |k - x| <
Ilk||llx]l < 1forx e A and ||k|| < L, and since 1 — cos t > —l‘2 for |¢| < 1, there is a ¢ > 0 such that

R 1—cos (k- x) (k - x)? 2||k||2 [l
1-Dl)=) ————>= Z === : (4.37)
xeA Al JT xeA Al dn xeA Al
———
>cl2

On the other hand, by 1 — cos t < %tz for any t and using the x-space bounds (2.7) and (2.12), we
have

N N k-
100) - 1601 = 0 E ey < 42 > IPIHG. (439)

X

O(L?B)

Therefore, by taking L sufﬁciently large, F(k)~! is bounded below by a positive multiple of
1 — D(k), uniformly in [[k]| < 1 L Combined with (4.35), this completes the proof of the 1nequa11ty
(4.26), hence the completion of the proof of Lemma 4.2.
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