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Pseudolocality for the Ricci Flow
and Applications

Albert Chau, Luen-Fai Tam, and Chengjie Yu

Abstract. Perelman established a differential Li—~Yau—Hamilton (LYH) type inequality for fundamental
solutions of the conjugate heat equation corresponding to the Ricci flow on compact manifolds. As
an application of the LYH inequality, Perelman proved a pseudolocality result for the Ricci flow on
compact manifolds. In this article we provide the details for the proofs of these results in the case
of a complete noncompact Riemannian manifold. Using these results we prove that under certain
conditions, a finite time singularity of the Ricci flow must form within a compact set. The conditions
are satisfied by asymptotically flat manifolds. We also prove a long time existence result for the Kihler—
Ricci flow on complete nonnegatively curved Kéhler manifolds.

1 Introduction

In this article we consider the Ricci flow

0
(1.1) 58 = —2R;;

on a complete noncompact Riemannian manifold (M, ¢) and the heat equation and
conjugate heat equation

ou
1.2 — —Aly=
(1.2) ER u=20
(1.3) %+Atu—Ru:0

where A’ denotes the Laplacian operator with respect to a solution g(#) to (), and
R(t) is the scalar curvature of g(¢). Notice that if g(¢) is defined on an interval [0, T']
and we let 7 = T — t, then (L3)) defines a strictly parabolic equation on M with
respect to 7 € [0, T].

The conjugate heat equation corresponding to the Ricci flow was considered in
[24], and there Perelman established a differential Li-Yau—Hamilton (LYH) type in-
equality for its fundamental solutions ([24, Corollary 9.3]) on compact manifolds.
The proof was sketched in [24], and a detailed proof was given by Ni in [21]. As
an application of the LYH inequality, Perelman proved a pseudolocality result for the
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Ricci flow on compact manifolds ([24, Theorem 10.1]), which basically states that re-
gions of large amounts of curvature cannot instantly affect almost Euclidean regions
under the Ricci flow. For more details of the proof, see [7, 14].

In this article we verify these results, including the LYH inequality and pseudolo-
cality, in the case of complete noncompact Riemannian manifolds. We basically fol-
low the original steps described in [24] as well as those in [7, 14, 21].

Our motivation to generalize Perelman’s results mentioned above is to study long
time existence of Ricci flow and Kahler—Ricci flow on complete noncompact mani-
fold. Using the result on pseudolocality, we obtain the following.

Theorem 1.1 Let (M",g) be a complete noncompact Riemannian manifold with in-
jectivity radius bounded away from zero such that |Rm|(x) — 0as x — oo. Let
(M, g(t)) be the corresponding maximal solution to the Ricci flow (9.d]) on M x [0, T).
Then either T = oo or there exists some compact S C M with the property that
|Rm(x, )| is bounded on (M \ S) x [0, T).

The conditions are satisfied if M is an asymptotically flat manifold for example.
As a corollary to Theorem [[.T]we also have the following.

Corollary 1.2 Suppose T < oo in Theorem[LI] Then Rm(x,T) — 0asx — oo in
the sense that, given any ¢ > 0, we may choose a compact set S such that [Rm(x,t)| < e
forall (x,1r) € (M \ S) x [0, T).

Combining Theorem [T with the results in [23], we have the following result on
the long time existence of Kdhler—Ricci on complete noncompact Kédhler manifolds
with nonnegative holomorphic bisectional curvature.

Theorem 1.3 Let (M", gy) be a complete noncompact Kahler manifold with nonneg-
ative holomorphic bisectional curvature with injectivity radius bounded away from zero
such that |Rm|(x) — 0 as x — oo. If the holomorphic bisectional curvature is positive
at some point, then the Kdihler—Ricci flow

0

(1.4) ag’]— = —R

ij
with initial data g has a long time solution g(t) on M x [0, 00).

The Kahler—Ricci flow is an important tool to study uniformization of complete
noncompact Kihler manifolds with nonnegative holomorphic bisectional curvature,
see [1,2,27] for example. In [27] (see also [23]), it was proved that if (M", g) is a
complete noncompact Kahler manifold with nonnegative and bounded holomorphic
bisectional curvature, and if the scalar curvature satisfies

1 C
<

1.5
( ) Vx(T) B.(r) — 1+ 1'9

for some C, 6 > 0 for all x and r, then (L.4)) has a long time solution. By the result in
[22], (L5 is true for @ = 1, at least for simply connected M or if the holomorphic
bisectional curvature is positive somewhere, for some constant C, which may depend
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on x. It is unclear whether (L.5) is true in general with C being independent of x
except for the case of maximal volume growth, see [20].

In order to prove the LYH type differential inequality for the fundamental solu-
tion of (I.2)), we need to obtain estimates for the fundamental solution together with
some gradient estimates for positive solutions of (I.2)) and (L3)). In case the manifold
is compact, results have been obtained by Zhang, Kuang—Zhang [15,29] and Ni [21].
Some estimates are also obtained for complete manifolds with nonnegative Ricci cur-
vature by Ni [19]. We consider the case that the manifold is complete, noncompact,
and has bounded curvature. The results may have independent interest.

The paper is organized as follows. In every section, our results are obtained on
a complete noncompact Riemannian manifold. In Sections 2—4 we establish some
basic estimates for positive solutions of the conjugate heat equation associated to a
general evolution (Z.I) of a Riemannian metric. In Sections 5 and 6 we establish es-
timates for fundamental solutions of this conjugate heat equation. In Section 7 we
apply our previous estimates to establish the LYH inequality for the fundamental so-
lution of the conjugate heat equation associated with the Ricci flow (LI). Our steps
in this section basically follow the steps in [21]. [ In Section 8 we establish pseu-
dolocality for the Ricci flow (L) on complete noncompact Riemannian manifolds.
In particular, we show that [24, Theorem 10.1] holds in the noncompact case. In
Section 9 we prove Theorems[[.Tland[T.3]

2 An Integral Estimate

Let {g(¢) | t € [0, T]} be a smooth family of complete Riemannian metrics on M"
such that g(t) satisfies:

0
(2.1) Egij(xy t) = 2h;;(x,t)

on M x [0, T, where h;;(x,t) is a smooth family of symmetric tensors.
Consider the equation

Ou

(2.2) >

A'u+qu=0,
where A’ denotes the Laplacian operator with respect to g(¢) and q is a smooth func-
tionon M x [0, T].
Let us make the following assumptions:
(A1) ||A|,||V*h]| are uniformly bound on spacetime, where the norm is taken with
respect to g(t).
(A2) The sectional curvatures of the metrics g(¢) are uniformly bounded on space-

time.
(A3) |g,]1V'ql|, and |A*qg| are uniformly bounded on spacetime.

Let H(t) be the trace of h;;(t) with respect to g(t).

'Our proof does not use the reduced distance L(y, 7) associated with the Ricci flow, introduced in [24].
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Definition 2.1 Let f be a positive function on (0, T]. f is said to be regular with
the constants y > 1 and A > 1, if

(i)  f isincreasing, and

(ii) f{s(/?/) < Af{t(/ti/) forany0 <s<r¢<T.

Lemma 2.2 Let ) be a relatively compact domain of M with smooth boundary and
let K be a compact set with K CC ). Let u be any solution to the problem

w—Au+qu=0,inQ x[0,T]

”|zmx[o,T] =0
supp u(-,0) C K.

Let f be a regular function with the constants vy and A. Suppose

1
2
/Q” Ve s f(t)

for any t > 0. Then there is a positive constant C depending only on ~, the uniform
upper bound for |q| and |H|, and a positive constant D depending only on T, ~ and the
uniform upper bound for ||h||, such that

72 X,. 4A
/ 1w (x, t)e(TK) av, < P
0 f&t/v)

for any t > 0, where r(x, K) denotes the distance between x and K with respect to the
initial metric.

Proof The proof is almost the same as the proof of Grigor’yan [10, Theorem 2.1].
Let C, > 0 be a constant such that |g| + 1/2|H| < C,, and let v = e='u. Then v
satisfies

(2.3) vi— A+ (Co+q)v =0,

and

1 1
vidv, = e_zczt/ wdv, < ———— 1= —,
/sz ' Q CT f(t)ec f(t)

where f (t) = f(t)e*“* is regular with constants y and A.
Now for any R > 0, define

~JR—1(x,K) xeK®
d(x)_{o x & KR,

where KR means the R-neighborhood of K with respect to the initial metric. Then
|V'd| < Cj uniformly on spacetime, where C; depends on T and the upper bound
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of ||h||. Then if we let £(x,s — ¢) = 2:22((25) fors > Tfixedand 0 <t < T < s, we

have

2 2 t |12
d 1 d*|V'd|| <,

o 1
2.4 — &+ |V = — -
24 IV = e tacie— e S

ot

which combines with (2.3]) and 2.1)) to give

d
— [ v*dv, <o.
Q
where we have used the fact that v = 0 on 99, 2C, + 29+ H > 0 and (2.4).

It now follows from STEP1 and STEP2 of the proof of Griyor’yan [10, Theo-
rem 2.1], that there exists a positive constant D > 0 depending on C; and v, such

that m
/vzer B av, < — )
Q ft/v)
Thus,
/uzerzgimdvt < 44 PO =58 []
Q ft/)

3 A Mean Value Inequality

In this section, we prove the following lemma, which will be used to estimate the
fundamental solution of (2.2)) in Section 5.

Lemma 3.1 Let u be a positive sub-solution of equation [2.2)) on Q2 x [0, T, where §2
is a domain in M. Moreover, suppose that there is a complete Riemannian metric § on
M with Ricci curvature bounded from below by —k with k > 0, such that

1
C—g < g(0) < Cog
0

in §) for some Co > 0. Let Q,(x,t) := B.(r) x (t — r*,t] whenever it is well defined,
where B, (r) means the ball of radius r with respect to §. Then for any (x,t) € 2x (0, T]
and r > 0 such that Q,(x,t) CC Q x [0, T,

CeAt+B\/Er B
sup U < ——=——— udvVds
Q1) rPVi(r) )Gy

where A depends only on the upper bounds for |q| and |H| on Q, B depends only on
n, and C depends only on Cy, n, T and the uniform upper bound for |h| on 2. The
notations V,(r) and dV denote the volumes with respect to §.

Proof Our proof follows the method of Zhang [29, §5]. For o in (1,2], let ¢ be a
smooth function on [0, c0), such that: (i) ¢ = 1 on [0,7], (ii) ¢ = 0 on [or, 00),
and (iii) fﬁ < ¢’ < 0. Let 7 be a smooth function on [0, 00), such that: (i)
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n=0o0n/[0,t—o*?],(ii)n = lon [t — 72, 00), and (iii) 0 < ' < m Then if
W(y,s) = ¢(7(x, y))n(s), where x is fixed and 7(x, y) means the distance function of
§, then supp (-, s) C B,(2r) C Q.

Now consider v = e~ ¢y, where C; is some positive constant to be determined.

Then v, — A'v + (C; + q)v < 0, and for any p > 1,

ovP .
E - A (Vp)+p(C1 +q)VP S 0.

We then multiply the above inequality by v#1)?, integrate, and proceed as in the
proof of [29, Theorem 5.1], to obtain the following, where w = vf and t’ is in
[t — 2 t]:

[/
/ / \Vs(z/;w)|2dvsds+l/ w2 dvy,
t—o?r2 J B(or) 2 M

L& [ 4v.d
- (0’ — 1)27‘2 2.2 B W VS s
t—o?r?2 J By(or)

where C, depends on Cy, T, and the uniform upper bound of |h| on 2, provided C;
is large enough, depending only on the upper bounds of |g| and |H| in €. So

t ~ _ C t N
/ / |V (Yw)|*dVds < 7322/ / w?dVds and
t—o?r2 J By(or) (0 - 1) r t—o2r2 J By(or)

_ C ' 5
max / W2,¢2dv S 7322/ / WdedS,
t=r<t'<t J3 (or) (=121 Ji_gp By(or)

where C; depends only on Cy, T and the uniform upper bound of |A|.

Now we can proceed as in the proof of 29, Theorem 5.1] with respect to the metric
g. Applying the Sobolev inequality in [25] with respect to g, the Moser iteration as in
[29], and the iteration technique of Li and Schoen [16], we get

C CS\/];’ 1 ~
sup v < ;e~ X —5 / vdV ds
Q1) Vi) logT v Ja

for any v € (1,2], where C4 depends only on Cy, T the upper bound for || and n,
and Cg depends only on n. Now letting v = 2, and using the definition of v, it is easy
to see that the lemma is true. [ |

4 A Li-Yau Type Gradient Estimate

In this section, we derive a Li—Yau type gradient estimate that will also be used in
Section 7. We basically follow the proofin [17]. Let g(t) be as in Section 2.

Lemma 4.1 Let u be a positive solution to equation 2.2). Then for any o > 1 and
€ > 0, there is a constant C > 0 depending on ., €, n, T, the uniform upper bounds
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for ||, VA, |Vql,|Aql, |R|, and the bound for the sectional curvature at t = 0, such
that , ,

|V1:‘ — o —aq§C+7(n+6)a .

u u 2t

Proof In the following V and A are understood to be time dependent. For any
smooth function f on M x [0, T), we have the following at a point with normal

coordinates with respect to the metric g(#):
(Af)e = Afi = 2hij fij = 2hii fic + Hi fi

where repeated indices mean summation.

Let f = logu. Then Af — f;, = q— |V f]*.

Fora > land e > 0,let F = t(|Vf|* — af; — aR). Then in normal coordinates
we compute as in [17] to obtain

AFt(zszjzahijf,-j> 72<VF,Vf>+th§
ij

—2t(ax — l)hijﬁfj — Oét(th,‘;k — Hz)fz + ZtRijﬁf} — OétAq —2t(a — l)qiﬁ'.
By [27] (see also [28]), there is a smooth function p such that

ep(x) < rx) < Ciplx)
[Vl <G
|v0v0p| <Cy,

where C, is a constant depending on # and the bound for |Rm| of g(0). Here ry(x) is
the distance with respect to g(0) from a fixed point 0 and V° is the covariant deriva-
tive with respect to g(0). By the assumption that |h| and | Vh| are uniformly bounded
on spacetime, we have

&) <rx) < Coplx)

‘VP| <G

\V2P| <Gy,

where C, depends on C,, T, and the uniformly upper bound for || and |Vh|. Here
r¢(x) is the distance with respect to g(¢) from o.

Letn € C*([0,00) besuchthat0 <7 < 1,np=1o0n([0,1] andn = 0 on [2, c0),
n > 0on [0,2),0 > 77'/77% > —Csand n”’ > —Cjs on [0, 00), where C; is some
positive absolute constant. For any R > 0, let ¢ = n(p/R). Suppose @F attains a
positive maximum at the point (xo, fy), where 0 < #; < T. Then at (x, ty), as in
[17], we have

0 > A(¢F)

2
n+e

> to6—— (VP — i — q)* — CeEGHR|V f]| - ¢£

— Cutgd|V f|* — Catop — C4F (R +R7?) .
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Here and below, C;’s are constants depending only on bounds for h, |Vh|, |[Rm| of
£(0), |Agl, @, €, n, and an upper bound on T.

Multiply both sides by to¢, and let A = ¢|V f|>, B = ¢(f; + q) so that ¢F =
to(A — aB). Then for any 6 > 0 and 7 > 0, as in [17], we have

(41) 0> ¢F [~Csto(1+6 1) (R +R7?) — 1]

213
n+e

+ [(A—B)* —0(A — aB)A — 7A’] = Cs(1 + 7 )5

Now for o > 0,
(A—B)* —6(A — aB)A — TA?
=(1-0)A—aB)?+(c—8§ —71)A%+[-20a+2(a—1) +6a]AB
+(ca?+1—a?)B?

First choose o such that 0o + 1 — a? = 0. Then 0 < ¢ < 1. Next choose § so that
—20a+2(a — 1) + da = 0. Finally, choose 7 = %(0’ — ). Then

(A—B)?—6(A—aB)A—TA> (1 —0)(A— aB)%.

Putting this into (£.]), we have

2

0> ¢F [~Csto(1+5~1) (R +R2) — 1] + nsze [(1 - 0)(A — aB)?]

—Cs(1+77Htg
— GF[~Coty(1 467 (R +R) 1] + ﬁwzwmz
—Cs5(1 +Tﬁl)t§
So nte ,

2
on M x [0, T]. Since ty < T, we see that if r(x) < %CZR, then

¢F < Csto (R>+R"+1) +

+
F(x,T) < CoT (R + R +1) + = al,
Since we can decrease T above without affecting the constants C;, the result will
follow by letting R — . ]

Corollary 4.2  Using the same assumptions as in the lemma, the following local version
of the gradient estimate is true:

2 2
(|Vu| —oz&—ozq) < (n+ e

su
b u? u 2t

B,(C2R/2)

+Cs (RT7+R7'+1),

where the constants C; are as in the proof of the lemma.
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Remark 4.3 Note that the constants in the local gradient estimates depend only on
local data and the local behavior of the function p.

As in [17], we have the following.

Corollary 4.4 Let u be a positive solution of equation 22). Then, for any o« > 1
and € > 0, there are C, > 0 depending on T and the upper bound for |h|, and C; > 0
depending on o, €, n, T, the upper bounds for |h|, |V*'h|, |q|, |V'q]|, |A'ql, |Rc'|, and the
curvature bound for the initial metric, such that

(o)
= Crar(xy, x2)
exp( ——

u(xy, 1) < M(&Jz)(%) +Cy(t — t1)>

h—1
forany x;,5, € Mand0 < t; <t, <T.
We also have the following.

Corollary 4.5 Let u be a positive solution of equation (2.2)). Then there is a positive
constant C depending only on n, T, the upper bounds for |h|, |V*'h|,|V'q|, |A'q]|, |R¢],
and the curvature bound of ¢(0), such that foranyx € Mand0 <s <t < T,

C t\ ntl
) < ﬁ(;) /Bx(\/ﬁ) u(y,t)dv(y).

Remark 4.6 Since g(t) is uniformly equivalent to g(0), by volume comparison, we
can see that in the corollary, the geodesic ball and its volume can be chosen with
respect to any g(t), perhaps with a different constant.

u(x,s

5 Upper and Lower Estimates of the Fundamental Solutions

In the following, we will apply the last three sections to get upper and lower estimates
for the fundamental solutions of equation ([2.2). We always assume (A1)—(A3) in
Section 2 are true.

Let Z(x,t; ,5), 0 < s < t < T be the fundamental solution of equation (2.2):

a t
au—Au+qu—0.

That is to say,

%Z(x, t;,8) — ALZ(x, 15, 5) + q(x)Z(x, t; ,5) = 0
lim,_s Z(x,t; y,5) = dy.

The fundamental solution exists and is positive, see for example [11].
Then Z(x, t; y, s) is also the fundamental solution of the conjugate equation. That
is,

— 82,1 y,5) — A3 2(x, 15 7,9) + (q(y) — H(y)Z(x, £ ,5) = 0
lim,—,; Z(x, t5 y,5) = 0y.

https://doi.org/10.4153/CJM-2010-076-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-076-2

64 A. Chau, L.-F. Tam, and C. Yu

The fundamental solution Z(x, t; y, s) can be obtained as follows.

Let Q; CC Q, CC --- CC M be an exhaustion of M by relatively compact
domains with smooth boundary in M. Let Zi(x,t; y,s) be the corresponding fun-
damental solution on € with zero Dirichlet boundary condition. Then Zj is an
increasing sequence by maximum principle and Z is the limit of Z; as k — co. More-
over, we have the following smooth convergences:

Z’k('v '5}’75) - Z’(7 ‘;}’75)
uniformly on any compact subset of M X (s, T'] and
Z’k(xat; ) ) - Z(x7t) ) )

uniformly on any compact subset of M x [0, t).

Lemma 5.1 There is a positive constant C depending only on T and the upper bounds
for |q| and |H|, such that

(5.1) / U, 15y, )V (x) < C
M

forany 0 < s <t < T. Moreover, if g = H, then

/ Z(x,t; y,5)dVi(x) = 1
M

forany0 <s<t<T.

Proof With the above notations, let

L) = / 2u(x, 15, )V ().
0

Then
d d .
—I(t) = — | Z(x,t;y,5)dVi(x) = [ (AZx —qZp)dV,(x) + | HZpdV,(x)
dt dt 0 Q Qe

oz
= [ (H=qZdV.(x) + a—fds,(x) < CiIk(t)
Ioh oy O

since Zy > 0 on Q X (s, T] and it is 0 on O x (s, T], where C; depends on the uni-

form upper bounds of |g| and |H|. Since I;(s) = 1, we have I;(t) < 179 < 4T,
By letting k — 00, we get the first inequality (5.1).
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Suppose g = H. Let ¢ = n(p/R) be the same as in the proof of Lemmal[4]l For
any t;,t, withs < #; < t; < T, we have

/ 62dV,, (x / 62dV, (x)| = / 2 / ¢(Zt+HZ)dV,(x)dt‘
t M
_ / 2 / D2V (x)d|
t M
_ / 2 / 2BV (x)d]|
t M

t —t
SM' max/Zthgg,
R 1<t<t, fyr R

where C,, C; are independent of R and (5.0)) has been used. Let R — o0; we get

/ 24V, (x) = / 24V, (x)
M M

foranys < t; < t; < T. Note that lim,_, fM ZdV,(x) = 1. The second conclusion
in the lemma follows. [ |

Corollary 5.2 There is a positive constant C depending on T and the upper bounds of
\q| and |H|, such that

/ 2, 5y, 9dVi(y) < C
M
foranys € [0,t).

Proof Since Z(x,t; y,s) is also the fundamental solution of the conjugate equation,
the proof is similar to the proof of Lemma[5.1} ]

Lemma 5.3 There is a positive constant C depending only on T, n, the lower bound
for the Ricci curvature of the initial metric and the upper bounds for |q| and |h|, such
that

2Z(x,t;,5) < and Z(x,t;9,5) < ———

C
Ve(\/t —5) v, (\/t—s)
Proof Applying the mean value inequality in Lemma[3]to
u(y,s) = Z(x, t; y,t — )

with r = % and using volume comparison we have
1S+Blr
Z(x,t;9,t —s) = : dv.d
(x,t;9 s) =u(y,s) < 2V()//u ids

C26A15+Bz s C3€A1T+B3 T
- Vy(Ws2) T V(W)
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Here C;, C;, C; depend only on 1, T, and the upper bounds for g and |k, A; depends
only the upper bounds for |g| and |H|, and B;’s depend only on n and the lower
bound for the Ricci curvature of g(0). So we get the second inequality in the lemma.

Applying a similar method to u(x,t) = Z(x,t + s y,s) with r = 75, we get the
first inequality. u

Lemma 5.4 There exist positive constants C and D with C depending only on T, n,
the lower bound for the Ricci curvature of the initial metric, and the upper bounds for
|q| and |h|, and D depending only on T and the upper bound for |h|, such that for
0<s<t<T,

/ 2% (x, t; y,s)eW $>th(x) =y (\/m) and

22(x, 13, = av
/ (x, ys)e (y)_V(\/:)
Proof We only prove the first inequality. The proof of the second one is similar. By
Lemmal[5.3]and the fact that Z; increasing to Z,

/ 2Zi(x, 85 ,5)dV(x) < ———— Zi(x, 15, 5)dVi(x)
Qe

4 (v s) Jo, V (\/ t—s)
for 0 < s <t < T, where Cy and C, depend on T, n, the lower bound for the Ricci
curvature of the initial metric, and the upper bounds for |g| and |h|. Now fixt > s
and consider the function u(x, 7) = Zi(x, 7+ 5 9,5),0 < 7 <t —s.

Let f(1) =V, (/7). Thenfor0 < 7y <7, < T,

[ VGA NGRS
Fo/® V(A2 - VilmD S T /)

where V(r) denotes the volume of the ball of radius r in the space form with Ricci
curvature —k (—k is the lower bound for the Ricci curvature of the initial metric) and

A= v ( f /2 . So f is regular with the constants A and v = 4. By Lemma[2.2}

2xy) C
Zi(x, 15y, 8)em—dV,(x) < ————,
/QA. ‘ VW)
where D depends on T and the uniformly upper bound for |h|, and C depends on
T, n, the lower bound for the Ricci curvature of the initial metric, and the uniformly
upper bounds for |q| and |h|.
Letting k — 00, we get the first inequality. ]

Theorem 5.5 There exist positive constants C and D with C depending only on T, n,
the lower bound for the Ricci curvature of the initial metric, and the upper bounds for
|q| and |h|, and D depending only on T and the upper bound for |h|, such that for
0<s<t<T,
C A,
Z(x,t;y,5) < — X 67%.

VIt — s)Vy%(\/t —5)
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Proof By the triangle inequality, we have
2 (x,
PO+ Py - " 5

Let D be as in Lemma5.4land let 7 = (s+¢)/2. Then by the semigroup property and
Lemmal[5.4]

Ut y.5) = / 2,156, T)ZC, 73y, AV ()
M

)

/Z(x ¢, 12, T3 y,s)ewf DS 2~ 4V, (O)

12
< o (/ 22(x, 15¢, TR av, ()
2 1/2
< ( / 22(¢, 7 3, 9P AV ()
M
C _ Ay
X e 4D(t—s) | |

S 1 1
Vit =9V (Vt—5)
Using volume comparison as in [17], we have the following.

Corollary 5.6 There exist positive constants C and D with C depending only T, n, the
lower bound for the Ricci curvature of the initial metric, and the upper bounds for |q|
and |h|, and D depending only on T and the upper bound for |h|, such that

BLLCS) C _ Aay
2, t59,5) < —————e 09 and  2(x,t,5) < ———e PO

Vs (\/t— ) “V,(Vt—5s)

forany0 <s <t <T.

Next we want to obtain lower estimates of the fundamental solution. We will
proceed as in [8].

Lemma 5.7 There is a positive constant ¢ depending only on T and the upper bounds
of |q| and |H|, such that

/ U, t37,9)dVi(x) > ¢ and / U, 137, )dV(y) = ¢
M M

forany0 <s <t <T.

Proof We only prove the first inequality. The proof of the second one is similar. Let
¢ = n(p/R) be the same function as in the proof of Lemma[dl As in the proof of
Lemma[5.d] forany ; < t < t, in (s, T),

d C,
- > 2L
dt/MgbZth e Cl/MczSZth
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where C; depends on the upper bounds for |g| and |H|, C, is independent of R, and
Lemma[5.Thas been used in the last inequality. So

/ QSZdV, > e—Cl(t—s){eCl(tl—s)/ gbZth . Cz(l — ecl(t—s))}
M N M 1 CiR

forany T >t > t; > s. Letting R — oo and t; — s*, we get
/ 2dV, > ¢ C1t=9) > =T
M

foranyt € (s, T). [ |

Lemma 5.8 Let ¢ be the constant in Lemma[5.7l Then, there is a constant A > 1
depending only on n, T, the lower bound for the Ricci curvature of the initial metric,
and the upper bounds for |q| and |h|, such that

(/ 2 ts . )dVi(x) > & and 2, sy, 9dVi(y) > &
B,(AVI=3) 2 BA(AVI=S) 2
forany0 <s <t <T.

Proof We only prove the first inequality; the proof of second one is similar. Let
A > 1. By the second inequality of Corollary[5.6}

C] _ Py
Z(x,t;,5)dVi(x) < ————= e pi—9 dV (x)
/M\By(A\/ﬁ) ' V,(Vt =) M\B,(Ay/i—s)
C, e

=1 e TV, (r)
V,(Vt —3) Jayi= g

V0 a2
SCl/MmVy( \/t—5)><e ( )d(D(t—s))

<Q/oo ( r )ne_%+cz\/%d( r2 )’
T D Jayis \VE—s t—s

where C, depends on #, T, and the lower bound for the Ricci curvature of the initial
metric.
Choose A > 2C,D + 1, then

[e’e) n 2 2

C] r
zmumwws—/
¥ ! D A\/;(\/t—s

© 2 [
:2C3/ x2e Fdx < =,
2 2

DA? n

N
3]
©
3
.
QU
/N
-
‘ =
©n
N

/M\BY(A\/E)

provided A is large enough depending only on n, T, the lower bound for the Ricci
curvature of the initial metric, and the upper bounds for |g| and |h|. This complete
the proof of the first inequality. ]
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By the lemma, volume comparison, and the Harnack inequality in Corollary[4.4]
we have the following.

Lemma 5.9 There is a constant ¢ > 0 depending on n, T, and the upper bounds of
(Bl [V*hl, lal, [V'ql, [A'ql, [Re'], such that

Z(x,t;x,s and  Z(x,t;y,s) >

c c
)2 V. (\/t —s) Vy(Vt —s)

foranyx, yand0 <s <t <T.

Proposition 5.10 There exist positive constants ¢ and d with c depending on n, T, and
the upper bounds for |h|, |V'h|, |q|,1V'ql,|Aql, |Rc'|, and d depending only on T and
the upper bound for |h|, such that

ey
X e di—=s),

2 xy)

X e =9 and Z(x,t;y,

Z(x,t; y,

Cc Cc
RERAN = D2y iy

forany0 <s <t <T.

Proof We only prove the second inequality; the proof of the first one is similar. Let
7 = 52, By Corollary[£4land Lemma[5.9}

2( 2(xy)

EI=OR |

2 (xy)

Z(x,t;y,5) > a2y, t—T5y,5)e 27

r-(x,y)

T

> _ 8 - > “

> — ¢ > ————¢
v, (/) V(=)
Corollary 5.11 For the same positive constants ¢ and d as in Proposition[5.10}

Cc 2y

T T X e di—s)
Vit =s)Vy(/t —s)

Z(x,t;y,5) >

forany0 <s<t<T.

Proof The result follows from the inequalities in Proposition[5.10land integrating as
in the proof of Theorem 5.5 ]

6 More Gradient Estimates

In this section we want to obtain more gradient estimates, which are generalizations
of the gradient estimates in [29] and [18] to complete noncompact manifolds. The
estimates will be used in later sections.

Let u > 0 be a solution of the equation

(6.1) A'u—u, =0
on M x [0, T] corresponding to the Ricci flow % g = —2Ric or a solution of
(6.2) A"u—u—Ru=0

on M x [0, T] corresponding to the backward Ricci flow % g = 2Ric, where R is the
scalar curvature, 7 = T — t.
Let us make the following assumption:
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(al) g(t) is complete and |V¥Rm| are uniformly bounded on spacetime by ¢, for all k.

Lemma 6.1 Letu > 0 be a solution of (6.1) or [6.2)) such that u < A for all t. There
is a constant C depending only on those constants ci for k = 0, 1 in the assumption (al),
n, T, and A such that |Vu|(x,t) < C/t forallx € M x (0, T].

Before we prove the lemma, let us modify a maximum principle in [9].

Lemma 6.2 Suppose g(t) is a smooth family of complete metrics defined on M, 0 <
t < T with Ricci curvature bounded from below and |%g| < ConM x [0, T]. Suppose
f(x,t) is a smooth function defined on M x [0, T] such that

. 0
(6.3) Af — af >0
and
T
(6.4) / /exp(farf(o,x))fz(x,t)dvt < 00
0o Jm

for some a > 0. If f(x,0) < 0 forallx € M, then f <0onM x [0, T].

Proof In [9], condition (6.4) with f being replaced by |V f| is assumed. From their
proof, it is easy to see that the result is still true if f is replaced by |V fi|, where

f+ = max{f, 0}.
Observe that by (6.4), there exists T; T T such that

/ exp(farzTi(o,x))fz(x, T;)dVy, < oo.
M

Then one can obtain their condition by using (6.4) and (6.3) by a cutoff argument
on [0, T;], perhaps with anothera > 0. ]

Proof of Lemmal6.1] Let us prove the case where u is a solution of (6.2). The other
case is similar. Note that we may consider the interval [e, T] first, and then let € —
0. Hence we may assume that u is smooth up to 7 = 0. For simplicity, we will
write t instead of 7, and A instead of A’. Here and below, C; denotes constants
depending only on n, T, and ¢y, ¢;. Let f = (|[Vul* + 1)2. Then one may compute
that (A — 0;)(tf) > —C, f,and

1 1
(A — &)(ECluz — Cyt — EclAZ) =C1|Vu|* + C\RW* +C, > C, f* > C\f,

where C, is chosen so that C;Ru? + C, — C; > 0.
Hence (A — 9,)Q > 0, where

Q=tf+3Ciu’ — Cot — 3C,A%.

Since Q < 0, att = 0, the result will follow from Lemma[6.2] provided that we can
prove

T
//exp(—azrf)detht<oo
0 JM
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for some a > 0. Here r,(x) is the distance from a fixed point. Since the curvature is
bounded, by volume comparison, it is sufficient to prove that

T

(6.5) / / exp(—a*r?)|Vul|?dV,dt < co
0 JM

for some a > 0. Since we have

0
(A - 8t> (exp(—Cst)u) > 0.
Using a cutoff argument and the fact that u is bounded, it is easy to see that is
true. n

Lemma 6.3 With the same notations and assumptions as before, the following esti-
mates are true:
Suppose u > 0 is a solution of (6.2) or (6.1)), and suppose u < A. Then
[Vul®

t—— <C [ulogA-i-u}
u u

for some constant C depending only on T, n, and ¢, 0 < k < 2, in the assumption (al).

Proof We prove the case where u is a solution of (6.2]). The other case can be proved
similarly. As in [21], for some suitable positive constants Cy, C,, Cs, if we let

\V4 2
o,V

A
— exp(Cm’)ulog( ;) — CyTu,

where ¢ = 7/(1 + C37), then (A" — %)@ > 0. Here and below, C;’s will denote
constants depending on quantities mentioned in the lemma. Again, we may consider
u being a solution in the interval [¢, T] for € > 0 first, and 7 = 0 corresponding to
t = ¢, thenlet e — 0. Let p € M be a fixed point, then by Corollary[4.4]

u(p, g) < (Cy + ulx, 7) exp((Cy + )P (p, x))

for some ¢ depending only on quantities mentioned in the lemma and ¢,and e < 7 <
T. By Lemmal6.Iland the fact that u is bounded, we conclude that there is a > 0 such
that exp(—ar:(p,x)*)®? is integrable on M x [¢, T] with respect to dV.dr. Since
& < 0 initially, we can apply Lemma to conclude that the lemma is true for
bounded and positive solutions of (6.2)). ]

7 A Li-Yau-Hamilton Type Differential Inequality

Let (M", g(t)) be a solution of the Ricci flow (L.I)) on M x [0, T] for some T > 0.

We always assume that M" is noncompact, g(t) is complete, and (al) in the previous

section is true. Let Z(x, t; y,s) with 0 < s < ¢t < T be the fundamental solution of
ou

- i —
(7.1) N Ay =0.
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Let p € M be fixed and let u(x,t) = Z(p, T;x,t) > 0. Then u is a solution of the
conjugate heat equation —% — A'u+Ru = 0o0onM x [0, T], where R is the scalar
curvature and A’ is the Laplacian with respect to g(¢). When there is no confusion,
we simply denote A’ as A. Let v be defined by

(7.2) v=[7’(2Af—|Vf|2+R)+(f—n)] u,

where f is defined by u = e~/ /(4n7)? and 7 = T — t (this notation is adopted
throughout this section).

Let hy > 0 be a smooth function with compact support and let 0 < #, < T. Let
h(x,t) be the solution of (Z.1)) on M X [ty, T] with initial data h(x, ty) = ho(x). We
want to prove the following.

Theorem 7.1 With the above notations and assumption (al), we have
(i) foranyty <t < T.hv(-,t) € L'(M,g(t)),

(i) foranyty <t <t, <T, [, hvdV, < [, hvdV,,.

(iii) limsup,_, ;- fM hvdv, <0.

Lemma 7.2 Theorem[Z1\1) is true.

Proof Forany T >t > t, by Corollary5.6land Lemmal63] there are a,C; > 0 such
that forallx € M

[Vul?

(7.3) ( Futh+t |Vh|) (x,1) < C1 exp(—ar(x)).

u

Since the curvature is bounded and since — f = logu + 4 log(477), |V f|*uh, fuh,
nuh, Ruh are all in L', where 7 = T — t. Moreover, since

in order to prove the lemma, it is sufficient to prove that hAu isin L!. By Lemmal4.]]
letting « > 1 be fixed, we have for T >t > 0,

[Vul?  ur

> ~C; <0

u

for some C, > 0. Hence

2
/|hAu|:/ |uT+Ru|h§a_1/(auT— [V +Cy)h+ Cs
M M M

u

:/ hAu+Cy < Cs
M

for some constants C; — Cs, where we have used (Z3)), integration by parts together
with a cutoff argument. This completes the proof of the lemma. ]
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Remark 7.3 From the proof, it is easy to see that for 0 < 7 < 7, < T, thereisa
constant C so that

/ (|vh| + v])dv, < C

M

for all ; < 7 < 7,. Moreover, (Z3) is true for a constant C forall 7, < 7 < 7.
Lemma 7.4 Theorem[Z1\ii) is true.

Proof By [24], we have

2
u,

7]
w0 (Lsen)es

1
Rij + fij — —8ij

where 7 = T—t. Let p, 1, and ¢(p/r) be the functions defined in the proof of Lemma
41 Fix0 < t; < t; < T. By Remark[Z3land (Z3)) for any t; <t < t,,

i/ ohvdV, = / d(vr-h+ vh, + vhiR)dV, < / o(hAv — vAh)dV,
ar Ju M M
= / (v(Vo, Vh) — h(V ¢, Vv)) dV,
M

_ / (2v(V$, Vh) + hvA¢) dV, < <
M T

for some C > 0 for all ; < 7 < 7. By integrating from 7 to 75, and letting r — oo,
the result follows. [ |

Next, we want to prove Theorem [/1iii). We need several lemmas.

Lemma 7.5 Forany o > 1andd,e > 0, there is a constant C(«, 6, €) independent
of t such that, if L <t < T, then

2 2
(1—2a5)/ Mhdvtgc+m/ uhdV,,
M u 27_ M

where C is a constant independent of t and T = T — t.

Proof Let v and € be given, then by Lemma[£.1]

V 2 + 2 + 2
VUl v r e s PO A,y DY
u 2T 2T

Here and below, C;’s are positive constants independent of 7. Let ¢(p/r) be as in the
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proof of Lemmal[Z4] Then
2 2
/ Ay, < o / ShAudV, + C, / Fuhav, + 1TOX / SPuhdv,
M u 2T M
Q (2/ d)h(Vu,V(b}dV,f/ rj)Z(Vu,Vh)dVT)
M M
2
+C2+M/ uhdV;
27 M
2
§2a6/ W“' D hav, + ?O‘/ hudV,
r

2
+9/ ¢2—Wh‘ udv, +C, + DL /utht.

Note that f o hudV, is bounded by a constant independent of 7 € (0, T'//2) because h
is bounded and [,, udV, is bounded independent of 7 by Lemma 5.1l Also, |Vh|?/h
is bounded independent of 7 € (0, T/2) by Lemmal[6.3] Let r — oo, we have

2 2
(1—2a5)/ [V hdV, gcl(a,e,5)+m/ uhdV,. n
M u 2T M

Lemma 7.6 Foranyd > 0,
v 2
/(—Au)tht < 25/ Nl av, 4 c.
M M U

where C is a constant independent of t, provided 0 < T < L.

Proof Let ¢ be the same as before. As in the proof of Lemmal[7.5]

\WP

/ G (—Au)hdV, < 26 / PP ——hdV, + 57 / hudv, + C,
M

where C is independent of 7. Since hAu isin L' (M, g(t)) by the proof of Lemmal[Z.2]
the result follows by letting R — oc. ]

Lemma 7.7 limsup,_ . [, ThQAf — |V f|> + RyudV, < Sh(x, T).
Proof Leta > 1, 4§, € > 0 be constants to be chosen later. By Lemmas[Z.5]and [Z.6]
E

[ rhoar 1952 R, = [ i T
M

M

|Vul?
< 7(1+496) hdv,+Cy| +7 | huRdV;
M U M

1 2
<T *49 C, + (n+ea / uhdV.| + 1C5,
(1 —2a0d) 2y

+ Ru)dV;
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where C; — C; are constants independent of 7, provided 0 < 7 < % Here we have
used the fact that / is bounded and [|, udV is uniformly bounded independent of 7
by Lemmal[5.dl Choose § small such that 1 — 2ad > 0. Then

(n+e)(1+46)a? .. /
———— " limsu uhdv,
(1—2a0)  ooup [ b

_(n+teo(1+ 46)a?
2(1 — 2a0)

limsup/ ThQAf — |Vf* + RudV, <
M

t—T—

h(p, T),

where we have used the fact that u — d, ast — T~ and that h is smooth and
bounded. The result follows by lettingaw — 1,¢, § — 0. [ ]
Lemma 7.8 limsup, ;. [, fuhdV, < 3h(x,T).

Proof Let § > 0 be fixed and choose C; > 0 such that CflT% < V;(ﬁ) < Cyr?
forany 7 € [0,0], whereT = T —t.
(i) We claim that, for any € > 0, there is a constant A > 0, such that

/ fhudV, < eforany T € (0,4].
M\B,(A\/T)

By Corollary[5.6] we have

for some positive constant C, and D. Then

fhudv, = / 2hulog ~T— 4V,
/M\B;,mﬁ) M\B, (A7) Vi

< 2hu -
/M\B;(Aﬁ) Vi
Cs

2 (x,p)

C PGS
/ Judv < =% / e dv,(x)
M\B,(Ay/7) T2 JM\B, (A7)

= / e A‘ (r)dr
A7

[oe] 2
znr 4 t _% Ti
[e v (r) o /A B Vi (r)e™ 5 d( ZDT))

oo 2 r2
/ 772 sinh" ! (Cgr)e” 7 d <>
AT T
) 2

o [ () #ea2)
AT T

<

\]\

O
-~

\]\

Q)
N

n
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oo
:C7/ pie” BNV dp
A

2

< c7/ pie Bdp (if A > 4DCeV5)
A

2

< e (if we choose A large enough),

where C,—Cj7 are constants independent of A and e. Here we have used the following
facts: logx < x; h and u are positive and h is bounded; V;(r) < C(n) sinh"(Cgr)
by volume comparison; sinh(Cgr)/r < Ce“s" for some constant C depending only
on Cg.

(ii) By the asymptotic behavior of the heat kernel, see [11] for example, there is an
open neighborhood U of p, some positive constants 7y and Cs, and a positive func-
tion 1y € C*(U x [0, 719]) with up(p, 0) = 1, such that

1 _ 2xp) -
u— e ug(x,7)| < Cer 2
(477)2

forany x € U and 7 € (0, 79]. Hence, for any x € B;(Aﬁ) when 7 is small,

1 _ p)

u>——-:e 7 uy(x,7) — Cer' ™2
= (47.[_7_)5 0( ) ) 6
1 2 (x.p) Cor 2(x,p)
e & [1— T _'w uo(x, 7)
(477)2 uy(x, 7)
1

2 (x,p)
> e 7 (1 —Cgm)up(x,7),
> re © 1= Cenule )

where all the constants are independent of 7. So
r;(x, p)
flx, 1) < T log(1 — Cg7) — logug(x, T)
T

for any x € B,(Ay/7) when 7 is small enough.
Hence

/ fhudv,
By (A7)

2
< / (M —log(1 — Cs7) — logug(x, 7')) hudV;
B (AV/7)

4T

2
< / ri(x p) hudV, + Cot
B;(A\ﬁ) 4T

2 1 2 (x.p) 1
_ / RO PN (LB () 4 Cor' ) V4 Cor
By AT (477)>2
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2 1 7 0sp)
< / P B e,
Bl (Ay/7) (4mT)>

4T
ri (x, p)
+ CG / L 0 th, + C9T
By(AyT) T?

1 AVT 2 -
= 7(47”_)%/ Ee*FA;(r)h(r,t)dr+CmT,
0

where

Hence

A2
1 [T, A7) -
hudv, < —/ ser LY T2 /7p, t)dp + Cior,
/B;,mﬁf T AN N Pt

where Cy and C are both independent of 7.
Note that

A,2,/7P)
@y

A2
— @, uniformly for p € {O, 4} asT — 07,

where «,,_; means the volume of the standard sphere of dimension n — 1. Moreover,

E(Z\F, 1) = huydS; — h(p, T)ue(p,0)

1
Ap(2/7P) Jom, o)
AZ
= h(p, T) uniformly for p € {07 4] as T — 0%,

So

an_lh(f, T)F(g 1)

T—0*

lim sup / fhudv, <
B, (Ay/7)

nwy, F(g +1)

n

where w,, means the volume of the unit ball in R".
The lemma follows from (i) and (ii). [ |

Proof of Theorem[7.1(iii) The result follows from Lemmas[Z.Zland[Z.8] the fact that
u — 0, ast — T, and the fact that h is smooth and bounded. [ |

Corollary 7.9 v(x,t) <0onM x [0, T).
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8 A Pseudolocality Theorem

In this section, we will extend Perelman’s pseudolocality theorem to complete non-
compact manifolds. We will prove the following.

Theorem 8.1 Let n be fixed. There exist §, € > 0 with the following property:

Suppose g(x,t) is a smooth complete noncompact solution of the Ricci flow
with bounded curvature on M" x [0, €*]. Suppose at some point x, € M, the
isomperimetric constant in By(xy, 1) is larger than (1 — 0)c,, where ¢, is the
isoperimetric constant of R", and R(x,0) > —1 for all x € By(xy,1). Then
|[Rm(x,t)| <t '+ e 2 for0 <t < e andx € Bi(xp, €).

By the result in [26], we may assume that the covariant derivatives of the curvature
are uniformly bounded in spacetime. The proof is similar to the case for compact
manifolds using the estimates obtained in previous sections. See [7, 14,24]. For the
sake of completeness, we will sketch the proof.

Suppose this is not true. Then we can find (M;, g(t)), d;,€; > 0 with §;,¢; — 0
and p; € M; satisfying the following:

(b1) gi(t) is a smooth solution of the Ricci flow on [0, €] with |V¥Rm| uniformly
bounded on M; x [0, ¢7] for all k > 0.

(b2) The isomperimetric constant in B(()i)( pi, 1) is larger than (1 — §;)c,.

(b3) There exist 0 < t; < €7, and x; € Bg)(pi, €;) and |Rm(x;, t;)| > ti_1 + ei_z.

Let A; = 1/1000n¢;. By [24, Claims 1 and 2] (see also [7,14]), we can find &%, #; with

0<f<eandx € Bg)(pi, (2A; + 1)¢;) satisfying the following:

(c1) Q = |Rm(%;,£)| > }, and if
S . _ Lot
[—5Q <t <h dilex) < LAQ T,

then |Rm(x, )| < 4|Rm(%;, §;)|.

Consider the rescaled flow: g;(t) = Qigi(f; + Q;” ). Then g; satisfies the Ricci flow
equation on M; X [—%, 0] with |VkRm| uniformly bounded for all k > 0. Moreover,
the following are true:
(d1) |Rm(x;,0)] = 1.

(d2) If =5 <t <0, do(x, %) < - A;, then [Rm(x,1)] < 4.

Let u; be the fundamental solution of the conjugate heat equation to the flow g;:
—(u;i)r — Au; + Rju; = 0, lim,_g u = 0z, Let v; be the corresponding LYH Harnack
expression defined in (Z2) with 7 = —t. Then v; < 0 by Corollary[Z.9

Case 1: Suppose the injectivity radius at x; at ¢ = 0 are uniformly bounded from
below. Because of (d2) and the Ricci flow equation, we know that the injectivity
radius of %; are uniformly bounded from below at t = —1. Since A; — o0, by the
compactness result of Ricci flow [7,12], for any sequence, we can find a subsequence
of g which converge, still denoted by §;. Namely, there is (M, p, g(¢)) with g(¢) being
a solution of the Ricci flow on [— %, 0], and an exhaustion U; of M, diffeomorphisms
®, : U; — M; with the following properties:

https://doi.org/10.4153/CJM-2010-076-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-076-2

Pseudolocality for the Ricci Flow and Applications 79

(el) ®i(p) = x;.

(e2) ®7¢; convergesin C* sense to g on M X (—%, 0).

(e3) The curvature of g(¢) is bounded by 4.

(e4) There exists 0 >ty > —% such that |Rm(p,t)| > % forall t > t,.

Note that (e4) is a consequence of (d1), (d2), (e2), local derivatives bound for the
curvature tensor, and the evolution equation of the curvature tensor.

Lemma 8.2

(f1) @7 u; subconverge on M x (—%, 0) to a solution of u; — Au+ Ru = 0.
(f2) u > 0, and if v is the LYH Harnack expression defined in (Z2)) corresponding to u,
then
v, —Av+ Ry = —ZT‘R,']' + Viij — igiﬂz,

where f is given by u = e~/ /(47T)>. Moreover, v < 0.

Proof We first prove (f1). By Lemma [5.1] fM,- u;dV) = 1for all i and 7. Since
u; > 0 for 7 > 0, by (e2) and the proofs of Corollaries[4.2]and 4.5} we conclude that
u; are locally uniformly bounded. By (e2), it is easy to see that (f1) is true. Note that
we can construct the function p for (M, g(t)) as in the proof of Lemma 4.1l and use
this to prove a result similar to Corollary[4.2]for u; by (e2). See also Remark[4.3]
Next we want to prove (f2). By the proof of Lemma 5.7 for a fixed but small
neighborhood U of p, there is ¢ > 0 and 7 > 0 such that [, widv? > cforalli. So
u > 0 by the fact that ¢7g; converges to g, (f1), and the maximum principle. The rest
of the lemma follows from (7.4)). [ |

Lemma 8.3 With the same notation as in Lemmal8.2] for any 0 < 1y < % we have

/ vdV_. < 0.
By (po/70)
Proof Suppose

/ vdV_,, =0,
By (p.n/T0)

then v = 0 in B, (p, /7). Let hy be a nonnegative smooth function with support
in B (p, /7o) that is positive somewhere. Then for i sufficiently large, we may also
consider kg to be a smooth function with compact support in M;. Now solve the
forward heat equation with initial data h;|;— _,, = hy on M; X [—7, 0). Then since hq
is bounded, the h;’s are also uniformly bounded in space time. We may thus assume
that h; — h, which solves the heat equation in (M, g(t)), and the convergence is
uniform on compact sets of (x, t) € M x[—7y,0). By Theorem[Z.1[ii), for 0 < 7 < 7y

/Vi(xa*T)hi(x,*T)dV@TZ/ vi(x, = 7o) o (x)dV Y. |
M; M;

i

where v; is the LYH Harnack expression for v;. Since v; < 0 by Corollary [Z.9] and
since hy is a fixed function with compact support, letting i — oo, we can conclude
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for any compact set K in M,

/ V(x7 _T)h(X7 _T)dV,T 2 / V(X, _TO)hO(x)dV770 =0.
K

M

Sincev < 0and h > 0 for t > —7, we have v = 0 for 0 < 7 < 79. By (f2) we have

1
Rij+ fij — 58 =0.

for 7 < 7. Since the curvature is uniformly bounded, for any 0 < 7 < 7o,
|V f| is of at most linear growth. From this one can prove that the vector field
Y, = (1 — %t)_IVf(—T) can be integrated from 0 to t as long as 1 — %t > 0,
yielding a diffeomorphism ;.

Then the flow g(t) = (1 — Tilt)l/)t* (g(—m1)) is a solution of the Ricci flow on [0, 71)
with initial data g(—71) [6, pp. 22-23]. Now g(t — 7) for 0 < ¢t < 7 is also such a
solution. Since the curvatures are bounded for both flows, by the uniqueness result
of [5], they are the same. However, by (e4) the curvature of (1 — %t)z/;;" (g(—m))
blows up near t = 7, and the curvature of g(t — 7) are uniformly bounded, so this is
impossible. ]

Case 2: Suppose the injectivity radii a; at X; at t = 0 tend to zero. We further
rescale the metrics. Let g;(t) = aflgﬂ-(ait). Then ¢;(t) is defined on [—%a;l, 0] with
the following properties:

(g1) [Rm(x;,0)| = a.
(g2) If

-

-1 _ —
—3a;7 ' <t <0, do(x,%) < 54 -a; 2,

then |Rm(x,t)| < 4a;.
(g3) There exists ty < 0 such that the injectivity radius at &; at time £, is less than 2.

We can prove (g3) using the fact that a; — 0 and the injectivity radius bound in
[3].

As before, we can find a limit metric and flow (M, g(¢), p) on (—o0, 0] with the
following properties:

(h1) g(¢) is flat for all .
(h2) The injectivity radius of p at time ¢, is less than or equal to 2.

Let v and f be as before.

Lemma 8.4 Forany0 < 1y < oo we have fBTU (/) vdV_. <0.
Proof As before, if this is not true, then one can prove that R;; + f;; — % gij = 0 for

0 < 7 < 7. Since curvature is bounded, there is 0 < 7; < 7 such that f;; > g;;.
One can prove that

(8.1) gt —m) = (1— 26) 97 (g(=m)).
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The function f is an exhaustion function, see [1], for example. So there is a point
such that V f = 0. Hence we can find a point g that is a fixed point of ¢/;. Hence the
injectivity radius at g with respect to 1, (¢(—m1)) is independent of ¢. Note that M is
flat but is not R” by (h2), and so the injectivity radius of g is finite. On the other hand,
g(t) = g(—m) because of (h1) and the fact that g satisfies the Ricci flow equation.
Hence the injectivity radius of q of g(t) is independent of ¢. This is impossible as
t — 7 by B.I). [ |

From these, it is easy to see that [24, Claim 3, §10] is also true. Now one can use
the sequence (M;, gi(t), P;) to derive a contradiction to a log Sobolev inequality by
arguing as in [24], see also [7, 14, 18]. This proves Theorem[B.Ilby contradiction.

9 Singularity Formation and Longtime Existence

We now apply the pseudolocality result to describe where singularities to the Ricci
flow can form under certain assumptions. More precisely, in Theorem [9.3] we prove
that any finite time singularities of the Ricci flow (9.I) under Assumption 0.1l below
must form within a compact set. In Theorem [0.5] we apply this result to complete
nonnegatively curved Kihler manifolds and prove a long time existence result for the
Kahler—Ricci flow.

Consider the Ricci flow

9
(9.1) 8tg
5(0)

= —2Rc

8

on a complete noncompact Riemannian manifold. Let us make the following as-
sumption.

Assumption 9.1 Let (M,g) be a complete noncompact Riemannian manifold of
dimension # such that

(i)  |Rm(x)| — 0asd(x, p) — oo for some fixed point p
(ii) the injectivity radius inj(M, g) of (M, g) is bounded from below.

Lemma 9.2 Let (M, g) be as in AssumptionQ.dland let (M, g(t)) be the corresponding
maximal solution to the Ricci flow O.1) on M x [0, T). Forany 0 < § < 1, there exists
r > 0 with the following property. Given any t' < T there exists 0 < d' < oo such that
foranyx € M and 0 < t < t' withd,(x, p) > d’, we have

Vol ()" > (1 — §)c, Vol (Q)" !

forany Q C By(x,r).

Proof Let0 < & < 1 be given and let ry = inj(M, g(0))/2. By conditions (i) and
(ii) in Assumption we can find some 0 < dy < oo such that for any x where
dy(x, p) > dy, we have

(9.2) Volop(9)" > (1 — %) ¢,Voly(Q)"~!

https://doi.org/10.4153/CJM-2010-076-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2010-076-2

82 A. Chau, L.-F. Tam, and C. Yu

for any 2 C By(x, rg).
By [13, Theorem 18.2], given ' < T and any n > 0 there exists some compact
S C M such that

(9.3) [Rm(x,1)] <n

forall (x,t) € (M'\ S) x [0,¢'].
By choosing 7 sufficiently small we see from (@.1)), (@.2), and that we may
choose some d’ > dy such that for any x where d,(x, p) > d’, we have

Vol,(0)" > (1 — 8)c,Vol, ()"

for any © C B;(x, 3). Thus % satisfies the conclusion of the lemma. [ |

Theorem 9.3 Let (M, g) satisfy AssumptionQJland let (M, g(t)) be the corresponding
maximal solution to the Ricci flow Q1) on M X [0, T). Then either T = oo or there
exists some compact set S C M with the property that |Rm(x, t)| is uniformly bounded
on (M\S) x [0,T).

Proof Assume that T < oo and let g(#) be a maximal solution to (9.1) on M x [0, T).
Thus there exist sequences x; € M and #; — T such that |Rm(x;, ;)| — oo asi — oo.
We will show that there exists some compact S C M such that every such sequence x;
must be contained inside S. S will then clearly satisfy the conclusion of the theorem.

Suppose there is a sequence (x;, t;) satisfying the above condition and do(p, x;) —
0. Let 0, e be as in Theorem[8.] For such 4, let  be as in Lemma[@.2] By rescaling our
solution g(¢) in both time and space, we may assume that r = 1 (without affecting 9).
Now lett’ = T — €2, and choose d’ as in Lemma[@.2l Then by [13, Theorem 18.2], we
may assume d’ sufficiently large so that R(y,t’) >= —1for all y € B,/(x, 1) where
dyr(x, p) > 0. We may assume that € > 0 is small enough such that t’ > 0.

Let gy — Oandlet 7 = ¢t — g > 0and g(t) = g(7x + ). Then g(¢) is well
defined on [0, €?]. By [13,26], we know that for each k the curvature tensor of g(t)
together with its derivatives are uniformly bounded in [0, €2]. Let iy be large enough
such that if i > iy, then d,(x;, p) > d’ forall 0 < ¢ < t’.

By Theorem [8.1] we have |[Rmy(x;,t)| <t~ '+ e 2foralli > igand 0 <t < €2
Here Rmy, is the curvature tensor for g,. Now Rm(x;, t;) = Rmy(x;, t; — 7). We have

ti—mi=t—t' +m =t —T+e +n.

Hence for fixed i > iy such that T—¢; < €%, wehave 0 < t; — 7 < € for k sufficiently
large.
So
[Rm(x;, t;)| = [Rmi(xi, t; — 1) < (6 — 1) ™"+ €72
Now letting k — oo and then letting i — o0, we have limsup,_, _ |[Rm(x;,t;)| <
2¢72. This contradicts our initial assumption, and thus completes the proof of the
theorem. ]
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Corollary 9.4 Suppose T < oo in Theorem[@.3] Then Rm(x,T) — 0asx — o0 in
the sense that, given any € > 0, we may choose a compact set S such that |Rm(x,t)| < €
forall (x,t) € S x [0,T).

Proof Assume the corollary is false. Thus there exits a spacetime sequence (xy, tx)
such that do(p, x¢) — 00, ty — T and |Rm(xy, tx)| > C; for some C; > 0.

1. Fix some small ¢; > 0 to be chosen later and let sx = #; — €;. Then by Theo-
rem[@.3land [13, Theorems 18.2 and 13.1], we may assume the compact set S C M
from Theorem [0.3] was chosen sufficiently large so that for some C, > 0 we have

| L Rm(xk, 1)| < C, for all k sufficiently large and ¢ € [0, #].

2. For k sufficiently large, sy € [0,T — ¢;]. Thus by Theorem 18.2 in [13],
given any €, > 0 we may assume S C M was chosen sufficiently larger still so that
|[Rm(xy, si)| < €, for k sufficiently large.

Thus by 1 and 2, for k sufficiently large we have that

|[Rm(xx, ti)| < [Rm(xx, si)| + Caex < €3 + Caey.

Note that €3, €, were chosen independently of each other and that C, can be chosen
independent of these. Thus for sufficiently small choices of €; and ¢,, we arrive at a
contradiction. This completes the proof by contradiction. ]

We now apply Theorem[9.3to the case of nonnegatively curved Kihler manifolds.

Theorem 9.5 Let (M, g) be a complete noncompact Kihler manifold with nonnegative
holomorphic bisectional curvature, strictly positive at some point. Then if (M, g) satisfies
Assumption[0.1] the Kihler—Ricci flow has a long time solution g(t) on M x [0, 00).

Proof Assume the theorem is false and that g(¢) is a maximal solution on M x [0, T)
for T < oo. Let the set S be as in Theorem[9.3] Now define

detg(x,1)
F(x,t) = log detg(x,0)"
By [27], we know that g(#) also has nonnegative holomorphic bisectional curvature
and hence F(x,t) < 0. We will show that F(x, t) is also uniformly bounded from
below on M x [0, T). If this is true, then the curvature is also uniformly bounded on
M x [0, T) by the argument in [27, §7], and it is then easy to show that the solution
g(t) can be extended beyond T by [5,26]. This would contradict the maximality T,
and would thus prove the theorem.

Since the curvature |Rm(x, t)| is uniformly bounded in (M \ S) x [0, T) and since

fF(x,t):/ R(x,7)dr,
0

where R is the scalar curvature, there exists C; such that

(9:4) 0 < —F(x,1) < Cy
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forall (x,t) € (M\ S) x [0, T).
Next we want to prove that there exists C, such that

(9.5) —F(x,1) < G

forall (x,t) € S x [0, T).
Let M be the universal cover of M. Then by [22], M = N x L holomorphically
and isometrically, where N is compact and L satisfies

1 RSC

9.6 —
( ) Vg(?’) Bs(r) 1+7

where B;(r) is the geodesic ball in L and V() is its volume. B Also R is the scalar
curvature of L. Since |[Rm(x)| — 0 as x — oo in M and the holomorphic bisectional
curvature is positive at some point, we must have M = L.

Suppose there exist sequences x; € S and t; — T such that F(x;,t;) — —oo. By
(©.4), we may assume that

m(t) = min F(, ) = Flxi 1)

provided i is sufficiently large. After we lift the Kihler—Ricci flow to M, there is a com-

pact set Sin M and &; € S such that F(%;,t;) — —oo and miny F(-,t;) = F(&,t;) =

m(t;). Here F(%, t) is the logarithm of the ratio of volume elements for the flow in M.
Then by the proof of [23, Corollary 2.1] we have

ati(1—m(t;))
() < Cs/ S _dgs < CovJat (L= m(x)
0 1+s

for some positive constants a, C3, where we have used the fact that Sis compact and
(©.6). From this we see that is true, which together with says that F(x, t) is
uniformly bounded on M X [0, T'). But this is a contradiction, and thus our theorem
must be true. [ |
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