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A GENERALISATION OF AHLFORS-SCHWARZ LEMMA
TO RIEMANNIAN GEOMETRY

Kok SENG CHUA

Our main result shows that a conformal mapping of hyperbolic n-space into an-
other Riemannian manifold with scalar curvature bounded above by —n(n —1) is
necessarily distance decreasing. This is a generalisation of Ahlfors’ version of the
Schwarz-Pick lemma to Riemannian Geometry.

1. INTRODUCTION

Pick’s formulation of the classical Schwarz lemma (see {2]) in terms of the Poincaré
metric is well known in complex analysis. In a seminal paper [1], Ahlfors extended the
Schwarz-Pick lemma and established a connection between curvature and hyperbolicity.
Since then there have been many important generalisations of Ahlfors’s result (see for
example [3, 4, 6]). However it appears to us that all of these generalisations are to
holomorphic maps between higher dimensional complex manifolds. In this note, we
replace the holomorphy assumption by conformality and prove a direct generalisation
of the Ahlfors-Schwarz lemma to higher dimensional Riemannian manifolds. Qur main
result is the following:

THEOREM 1. Let (M, g) be a Riemannian manifold of dimension n 2> 2 and
scalar curvature < —n(n—1). Let f: (H™, go) — (M, g) be a smooth mapping from
the hyperbolic n-space into M which is conformal away from the critical points of f.
Then f is distance decreasing, that is, f*g < go.

We note that by choosing n = 2 and letting f be an analytic function into a
Riemann surface, we obtain as an immediate corollary of Theorem 1 Ahlfors’ version of
the Schwarz lemma (Theorem A in [1]).

2. MAIN RESULTS

Before proving our main theorem, we consider first the following compact version
of our result which seems to be of some independent interest:
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LEMMA 1. Let (M, g) be a compact Riemannian manifold of dimension n > 2.
Let § = e?¥g be a conformal metric such that scal (§) < scal(g) < 0 where scal is the
scalar curvature. Then g < g. (That is, ¢ €0.)

PROOF: We shall denote by k the quantity scal(g)/n(n — 1) and likewise for .
A direct computation then shows that (see for example [7])

~ 2 n—2
% — k- “Ap— ——Z|Vp|?
(1) e“k=k nA(p - Vo]

where the metric dependent quantities above are computed with respect to g. Since
—k > 0 and k/k > 1, we have from (1) that

n

2 -2 2 _ 2¢E
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> (—k)(e** - 1).

By compactness of M, we can choose a point z such that ¢ attains a maximum. Then
(3) Ap(z) <0 and Vp(z)=0.

(2) and (3) imply
(4) 0> T%Acp(::) > (k) (242 1)

so that e2¥ < e2¥(®) < 1. 0
We shall now prove our main theorem by generalising the argument in {2].

PROOF OF THEOREM 1: We shall let § = f * g = e?%go which is defined except
at the critical points of f. We need to prove ¢ < 0. We note first that we only need
consider regular points of f since y must approach —oo whenever df is singular. We
shall take H™ to be the unit ball {z € R*: |z| <1} and

— s -4
(5) (go)ij = pb; P (1 _ |z|2)2

Since scal(g) = scal(g) o f < —n(n — 1), we have %< -1 and k = —1 so that again
k/k >1. (1) and (2) follow where the metric dependent quantities are now with respect
to go. The same argument as in the proof of Lemma 1 shows that p(z) < 0 at any
interior maximum point z of . It suffices for us to consider the boundary behaviour.
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We shall suppose first the g is such that ¢ has a C? extension to the closed ball.
Using (5) and the usual formulae for conformal change of metric (see [7]), we can rewrite
(2) as

n—2
2

2 ~ - =~ . n—2|=
6 = Re+ Vo, Vg + 2= [Tp| > e7 -1
(6) np P T Tz (VA V) 5, 1V¢
where the tilde quantities are with respect to the Euclidean metric. In terms of z (6)

can be rewritten as
2. -
(7) (1= 12) B +2(n - 2)(1 - |2 ) (=, Ty)

+ @(I - |z|2)2 W‘f’lz > 2n(e* - 1).
Letting || — 1, we have again €?¥(*) < 1 since clearly the left hand side of (7)
approaches 0 by our smoothness assumption on g. It follows that we have €?¥ <1
everywhere in H™. For general §, we set g.(z) = r?g(rz) (0 <r <1). Then 3.
satisfies the same smoothness condition above and k.(z) = k(rz) < —1 so that we have
g~ < g by what we have proved above. Letting r tend to 1 gives g < g by continuity. 0

It seems that the assumption in Theorem 1 that the metric be hyperbolic is too
strong. All we need in the proof is that the metric should blow up suitably at the
boundary which in our case is ensured by completeness of the hyperbolic metric. It thus
appears to us that the following more general result (which includes both Theorem 1
and Lemma 1) should be true.

CONJECTURE. Let (M, g) be a complete Riemannian manifold of dimension
n > 2. If § = e?¥g is a conformal metric such that scal(g) < scal(g) < 0, then
g<g.

We note that Ahlfors’ version of the Schwarz lemma has been used to give geometric
proofs of many classical results in complex analysis (see [5]). It is clear that some of
these can be generalised to higher dimension using our Theorem 1. We hope o come
back to this later. We only note here the following immediate consequence.

COROLLARY. A conformal self map of the unit ball is an isometry of hyperbolic
space.
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