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W-constraints for the total descendant potential
of a simple singularity

Bojko Bakalov and Todor Milanov

ABSTRACT

Simple, or Kleinian, singularities are classified by Dynkin diagrams of type ADE. Let
g be the corresponding finite-dimensional Lie algebra, and W its Weyl group. The set
of g-invariants in the basic representation of the affine Kac-Moody algebra g is known
as a W-algebra and is a subalgebra of the Heisenberg vertex algebra F. Using period
integrals, we construct an analytic continuation of the twisted representation of F. Our
construction yields a global object, which may be called a W-twisted representation
of F. Our main result is that the total descendant potential of the singularity, introduced
by Givental, is a highest-weight vector for the W-algebra.

1. Introduction

1.1 Motivation from Gromov—Witten theory

Recall that the Gromov—Witten (GW) invariants of a projective manifold X consist of correlators

<Tk1 (1)1), sy Thy, ('Un))g,n,d (11)

where vy, ...,v, € H*(X;C) are cohomology classes and the enumerative meaning of the
correlator is the following. Let C1, ..., C, be n cycles in X in a sufficiently generic position that
are Poincaré dual to vy, ..., v,, respectively. Then the GW invariant (1.1) counts the number
of genus-g, degree-d holomorphic curves in X that are tangent (in an appropriate sense) to the
cycles C; with multiplicities k;. For the precise definition we refer to [Beh97, Kon95, LT98, Wit91].
After Givental [Giv01b], we organize the GW invariants in a generating series Dx called the total
descendant potential of X and defined as follows. Choose a basis {v;} | of the vector (super)space
H=H*(X;C) and let t;, = sz\il ttv; € H. Then

d
Dx(t) = exp<z % R~ Z (Thy (Bry )y -+ - s Tkn(tkn)>g,n7d>v

gvn’d ' kl,.--,anO

where t = (fo, t1,...) = (t}) and the definition of the correlator is extended multi-linearly in its
arguments. The function Dy is interpreted as a formal power series in the variables ¢j with
coefficients formal Laurent series in i whose coefficients are elements of the Novikov ring C[@Q)].

When X is a point and hence d = 0, the potential Dy (also known as the partition function of
pure gravity) is a generating function for certain intersection numbers on the Deligne-Mumford
moduli space of Riemann surfaces M ,,. It was conjectured by Witten [Wit91] and proved by
Kontsevich [Kon92| that Dy is a tau-function for the KdV hierarchy of soliton equations. (We
refer to [Dic03, vM94] for excellent introductions to soliton equations.) In addition, Dy satisfies
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W-CONSTRAINTS FOR SIMPLE SINGULARITIES

one more constraint called the string equation, which together with the KdV hierarchy determines
uniquely Dy (see [Wit91]). It was observed in [DVV91, FKN91, KS91] that the tau-function
of KdV satisfying the string equation is characterized as the unique solution of L, Dy, =0 for
n > —1, where L,, are certain differential operators representing the Virasoro algebra. This means
that Dpy is a highest-weight vector for the Virasoro algebra and in addition satisfies the string
equation L_1Dp = 0.

One of the fundamental open questions in Gromov—Witten theory is the Virasoro conjecture
suggested by Katz and the physicists Eguchi, Hori, Xiong, and Jinzenji (see [DZ99, EHX97,
EJX98]), which says that Dy satisfies Virasoro constraints similar to the constraints for Dy
for a certain representation of the Virasoro algebra. The equation L,Dx =0 has a simple
combinatorial meaning: it gives a rule for simplifying the correlators (1.1) when v; =1 and
]{?1 =n+1.

A natural question is whether the results for X = pt can be generalized for any projective
manifold X. In particular, is there an integrable hierarchy that together with the Virasoro
constraints will uniquely characterize the GW invariants of X7 Alternatively, are there other
combinatorial rules that will allow us to simplify the correlator (1.1) for any cohomology class vy,
not only for v; =1 (cf. [DVV91, Goe91])? A representation-theoretic interpretation of such rules
is that Dy is a highest-weight vector for an algebra containing the Virasoro algebra. Answering
these questions in general is a very difficult problem. However, there is a class of manifolds
for which the problem can be formulated entirely in the language of differential equations and
representation theory.

1.2 Semi-simple Frobenius manifolds and Givental’s formula

Let us denote by (-, -) the Poincaré pairing on H = H*(X; C). For simplicity of the exposition,
we will assume that all non-zero cohomology classes are of even degree only; otherwise one has
to view H as a vector superspace (see [KM94]). The genus-0 GW invariants of X allow H to
be endowed with a commutative associative product e; parameterized by t € H, known as the
quantum cup product [KM94, RT95].

Assuming the basis {vl} +, of H is homogeneous, we also introduce the Fuler vector field
on H:
N

B= (- aﬁ+zpatz’

where d; = (1/2) deg v;, and p’ and ¢ are the coordinates respectively of c¢;(7X) and ¢ relative
to the basis {v;}}¥,. The Poincaré pairing and the quantum multiplication e; are homogeneous
of degrees respectively 2 — D and 1 with respect to E, where D =dim¢ X.

One of the key facts in GW theory is that the following system of differential equations is
compatible:

20pJ(t,2) =v; 8 J(t,2), 1<i<N,
(20, + E)J(t,z) =0J(t, 2),

where 6 is the Hodge grading operator defined by 6(v;) = (D/2 — d;)v;

The quantum multiplication is called semi-simple if there are local coordinates u’ on H, known
as canonical coordinates, in which both the Poincaré pairing and the multiplication assume a
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diagonal form:

0/0u’ e, 0/ou! =5;;0/0u, (0/Ou’,d]0uw?) = ;]
for some non-zero functions A;. Examples of manifolds with semi-simple quantum cohomology
include Grassmannians and Fano toric manifolds. It was conjectured by Givental [GivOla] and

proved by Teleman [Tell2] that if the quantum multiplication is semi-simple, then Dy is given
by a formula of the following type:

N
Dx(t) =G, [ [ Du(t?), (1.4)

where the variables t are the coordinates of t with respect to the basis /A; a/ ou' and @t is
a certain differential operator defined only in terms of the canonical coordinates and certain
solutions of the differential equations (1.2) and (1.3) (see §5 below). Givental’s formula (1.4)
implies that Dx can be reconstructed only from genus-0 GW invariants and the higher-genus
theory of the point.

Motivated by GW theory, Dubrovin introduced the notion of a Frobenius manifold
(see [Dub96, Man99]). Locally, this is defined as follows. Let H be a vector space whose
tangent spaces TyH are Frobenius algebras with identity 1, i.e., there exist a non-degenerate
bilinear pairing (-, -); and a commutative associative multiplication e, such that (v e; wy, wy); =
(w1, v &, wy);. Assume also that the pairing is flat and homogeneous (of degree 2 — D) with
respect to an Euler vector field E. We say that the Frobenius algebras form a Frobenius structure
of conformal dimension D if the system of equations (1.2), (1.3) is compatible. The notion of semi-
simplicity still makes sense in such an abstract setting. Therefore, following Givental [Giv0la],
we use formula (1.4) to define the total descendant potential of the semi-simple Frobenius
manifold.

By the results of Givental [Giv01b], the Virasoro conjecture holds in the semi-simple case.
The construction of integrable hierarchies in the setting of semi-simple Frobenius manifolds
was investigated in [Dub96, DZ98, DZ05, Get02] using the bi-Hamiltonian formalism. The
methods of Dubrovin and Zhang are quite remarkable. They have recently confirmed that
such an integrable hierarchy exists, provided that a certain conjecture about polynomiality
of the Poisson brackets holds (see [DZ05]). This conjecture was partially proved by Buryak—
Posthuma—Shadrin [BPS12a, BPS12b] (the polynomiality of the second bracket is still an
open problem). Another approach is to derive Hirota’s bilinear equations for the tau-function;
see [FGM10, Giv03, GMO05, Mil06, Mil0o8, MT08, MT11, OP06].

1.3 Spin curves and the generalized Witten conjecture

Recall from [JKVO01, Wit93] that the moduli space of h-spin curves consists of Riemann surfaces
C equipped with marked points and a line bundle L together with an isomorphism between L&"
and the canonical bundle K¢ (D), where D is a divisor supported at the marked points. Different
choices of D parameterize connected components of the moduli space. Witten conjectured [Wit93]
(see also [JKVO01]) that the total descendant potential for h-spin curves is a 7-function for the
hth Gelfand-Dickey hierarchy. This function is uniquely characterized as the solution that also
satisfies the string equation.

Witten’s conjecture can be formulated also in the language of vertex algebras. Let W) be
the Zamolodchikov—Fateev—Lukyanov W-algebra (see §2.4 below). According to Adler and van
Moerbeke [AvM92] there is a unique 7-function for the hth Gelfand—Dickey hierarchy solving the
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string equation. This unique solution is characterized as a highest-weight vector for the vertex
algebra W, (see also [BMO08, Giv03]).

On the other hand, the space of miniversal deformations of an Aj_1-singularity can be
equipped with a semi-simple Frobenius structure (see [ST08] and §4.3 below). Givental proved
that the corresponding total descendant potential (1.4) is a solution of the hth Gelfand-Dickey
hierarchy satisfying the string equation (see [Giv03]). Therefore, the proof of Witten’s conjecture
was reduced to verifying that the total descendant potential of h-spin invariants coincides with
Givental’s function. This was done first by Faber—Shadrin-Zvonkine [FSZ10] (now there is a
more general approach due to Teleman [Tell2]).

Following a suggestion by Witten, Fan—Jarvis—Ruan [FJRO08| generalized the notion of
h-spin invariants. They introduced the moduli space of Riemann surfaces equipped with orbifold
line bundles satisfying certain algebraic relations, corresponding to a certain class of weighted-
homogeneous polynomials. In particular, choosing f(z) = 2 reproduces the h-spin invariants. If
the polynomial has an isolated critical point of type Xy = An, Dy, Eg, E7 or Eg (these are the
so-called simple singularities; see §4.2 below) the total descendant potential of FJRW-invariants
coincides with the total descendant potential of the corresponding singularity.

It was proved by Frenkel-Givental-Milanov [FGM10, GMO05] that the total descendant
potential Dy, of a simple singularity is a 7-function for the Kac—Wakimoto hierarchy of type
Xy in the principal realization (see [KW89]). In the present paper, we will show that Dx,
satisfies suitable W-constraints.

1.4 Main result

The Virasoro algebra is a Lie algebra, but the W-algebras are not because they involve
nonlinearities. Instead, they are vertex algebras (see [Bor86, FB01, FLM88, Kac96, L104] and
§ 2 below). Informally, a vertex algebra is a vector space V endowed with products amyb €V for
all a,b €V and n € Z. An important example is the Heisenberg vertex algebra (or Fock space)
JF associated to any vector space h equipped with a symmetric bilinear form. We let h be the
Cartan subalgebra of a finite-dimensional simple Lie algebra g of type Xy (X = A, D, E), and
denote by R the root system.

Following [FF90, FF96, FKRW95], we introduce the W-algebra Wy, as the subalgebra of
F given by the intersection of the kernels of the so-called screening operators e (a € R).
Equivalently, Wx, is the space of g-invariants in the basic representation of the affine Kac—
Moody algebra g, first considered by Frenkel [Fre85]. In particular, Wx, contains certain
Casimirs, the first of which corresponds to the Virasoro algebra. It is also important that Wx
is invariant under the action of the Weyl group W.

Let 0 € W be a Coxeter element. Then the principal realization of the basic representation of
g admits the structure of a o-twisted representation of F (see [LW78, Kac90, KKLW81] and § 3.4
below). We show that the total descendant potential Dy, of a simple singularity of type Xy
lies in a certain completion of this representation. When restricted to Wy, this representation
becomes untwisted, and it gives rise to products a,)Dx, for every a € Wx, and n € Z. Our
main result is the following theorem.

THEOREM 1.1. The total descendant potential Dx, (X =A,D,FE) of a simple singularity
satisfies the Wy -constraints a(,)Dx, =0 for all a € Wx, n = 0.
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Since W, coincides with Wy, the above constraints were previously known for type
An (see [AvM92, BMO08, Giv03]). It was shown by Adler and van Moerbeke [AvM92] that the
W-constraints determine the formal power series D4, uniquely. We conjecture that this is true
for all simple singularities. For type Dy, we have an explicit form of the W-constraints, so we
expect that one can prove the uniqueness directly as in [AvM92]. It is conceivable that the
W-constraints can be derived from the Kac—Wakimoto hierarchy and the string equation, but
we only know how to do this for type Ay (cf. [AvM92, KS91, vdL96]). It will also be interesting
to find a matrix model for Dy, generalizing the Kontsevich model from [AvM92, Kon92]
(cf. [DV02, KMMMP93, Kos92]).

One may try to define the vertex algebra Wy, for any isolated singularity by taking R to
be the set of vanishing cycles (see §4.1 below). It is easy to see that the Virasoro vertex algebra
W is always contained in Wy, . One of the problems, however, is to determine whether Wx is
larger than W, and to suitably modify the definition of Wx, so that it is. This will be pursued
in a future work.

Let M be a twisted module over a vertex algebra V' (see [Don94, FFR91| and §3.1 below).
Then for every a € V, there is a formal power series Y (a, A\) whose coefficients are linear operators
on M. The main idea of the present paper is to construct globally defined operator-valued
functions X (a, A) whose Laurent series expansions at A = oo coincide with Y (a, A). They have
the form

X(a, ) =) I Nex, acV, (1.5)
K

where {ex } is some (graded) basis of End M and the coefficients i) (A) are multivalued analytic
functions in \ on the extended complex plane CP! = C U {co} having a finite order pole at finitely
many points u; € CP!. The composition of such series and the corresponding operator product
expansion (in the form of Proposition 3.2 below) make sense only locally near each singular point
u;, using the formal (A — u;)-adic topology. In other words, the nth product of twisted fields a
priori is defined only locally near each singular point. In our case, however, these local nth
products turn out to be global objects: there is a series of the type (1.5) such that its Laurent
series expansions at each singular point agree with the given ones.

The above idea is realized here for the Heisenberg vertex algebra F, giving rise to what may be
called a W -twisted representation. It has the property that the monodromy operator associated
to a big loop around 0 is given by the action of a Coxeter element o € W, while the monodromy
around the other singular points A = u; is given by simple reflections from W. The construction
looks very natural, and it would be interesting to find other examples as well. It is also interesting
to compare our approach to other geometric approaches such as [BD04, FS04, MSV99].

1.5 Organization of the paper

The size of the paper has increased substantially as we tried to make the text accessible to
a wider audience. We have included several sections with background material, as well as an
extensive list of references (complete only to the best of our knowledge).

Section 2 reviews standard material in the theory of vertex algebras. The main goal is to
introduce the notion of a W-algebra and to construct explicit elements in the W-algebra (see
Proposition 2.3, which is probably new).

In §3, we give background material on twisted representations of vertex algebras. We prove
a formula for the operator product expansion (see Proposition 3.2), which may be used instead
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of the Borcherds identity in the definition of a twisted representation. This formula is used later
in an essential way in order to extend analytically the twisted fields.

In §4, we introduce the main object of our study, the Frobenius manifold structure on the
space of miniversal deformations of a germ of a holomorphic function with an isolated critical
point. We also recall two important operator series: the calibration &; and the formal asymptotical
operator Ry, which are used to construct Givental’s quantization operator (see (1.4)). Finally,
we introduce the period integrals, which are an important ingredient in our construction.

In § 5, we present Givental’s quantization formalism and the definitions of the total descendant
and the total ancestor potentials. In particular, we recall how the quantized operators 3\,5 and ﬁt
act on formal power series.

Section 6 contains the construction of the global twisted operators X(a,A) for all a in
the Heisenberg vertex algebra F (see (1.5)). For a € h C F, they are defined using period
integrals. All other operators X (a, A) are obtained from the generating ones (with a € b) in
terms of normally ordered products and propagators, analogously to the Wick formula from
conformal field theory. The operators X (a, A) possess remarkable properties. Their monodromy
is determined by the action of the Weyl group on F. Their Laurent series expansions at A = oo
give a o-twisted representation of F, while their expansions at the other critical points A = u; give
twisted representations of certain subalgebras of F. The operators X(a, A) also have nice
conjugation properties with respect to :S\t and ﬁt.

We leave the proof of the properties of the propagators for §7. There we show that the
Laurent expansions of the propagators near oo and near the critical points A = u; agree, i.e.,
they can be obtained from each other by means of analytic continuation. This is precisely the
place where we have to use that the singularity is simple. Our argument relies on the fact that
the monodromy group is a finite reflection group and is a quotient of the Artin—Brieskorn braid
group by the normal subgroup generated by the squares of the generators (see Lemma 7.3).

In §8 we prove Theorem 1.1. We first express the W-constraints as the condition that the
Laurent expansions of X (a, \)Dx, at A = oo have no negative powers of A for a € Wx, C F. We
deduce this from the regularity at each of the critical points A = u;, where the statement reduces
to the case of an Aj-singularity, due to the properties of X (a, \). Then the W-constraints for
Dx, are reduced to a verification of the Virasoro constraints for D4, = Dy, which are known
to be true.

2. Vertex algebras and YW-algebras

The notion of a vertex algebra introduced by Borcherds [Bor86] provides a rigorous algebraic
description of two-dimensional chiral conformal field theory (see e.g. [BPZ84, DMS97, God89)).
In this section, we briefly recall the definition and several important examples; for more details,
see [FBO1, FLMS8S8, Kac96, LL04].

2.1 Affine Lie algebras

Let g be a finite-dimensional Lie algebra equipped with a symmetric invariant bilinear form
(+]-), normalized so that the square length of a long root is 2 in the case when g is simple. For
g = sl 1 this gives (a|b) = tr(ab). The affine Lie algebra § = g[t,t '] ® CK has the Lie brackets

[@m, bn] = @, O]man + MO, —n(a|0)K,  am = at™, (2.1)
and K is central (see [Kac90]).
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Recall that the generalized Verma module M(Ag) = Indﬁ[t]@({: 5 C is defined by letting g[t]

act trivially on C and K act as 1. Then K acts as the identity on the whole M (Ag), so the
level is 1. The unique irreducible quotient V' (Ag) of M (Ag) is known as the basic representation
(see [Kac90]). Both V(Ag) and M(Ag) are highest-weight representations with highest-weight
vectors the image of 1 € C, which we will denote by 1. Moreover, due to [FZ92], they both have
the structure of a vertex algebra.

2.2 Vertex algebras

A wvertex algebra [Bor86, FB01, FLMS88, Kac96, LL04] is a vector space V (space of states)
with a distinguished vector 1 €V (vacuum vector), together with a linear map (state-field
correspondence)

Y(0)-: VeV =V(¢) =V (2.2)
Thus, for every state a € V', we have the field Y'(a, ) : V — V((¢)). This field can be viewed as
a formal power series from (End V)[[¢, ¢!]], which involves only finitely many negative powers
of ¢ when applied to any vector. The coefficients in front of powers of ¢ in this expansion are
known as the modes of a:

Y(a,Q)=> aw¢ " ap) €EndV. (2.3)
nez

As usual, the formal residue Res¢ of a formal power series is defined as the coefficient of ¢ -1
Then

am) = Res¢ ("Y (a, €). (2.4)
The vacuum vector 1 plays the role of an identity in the sense that
a(,l)l = 1(,1)(1 =a, a(n)l = 0, n 2 0.

In particular, Y (a, ()1 € VI[[(]] is regular at (=0, and its value at (=0 is equal to a.
The main axiom for a vertex algebra is the following Borcherds identity (also called Jacobi
identity [FLM88]) satisfied by the modes:

S (-1y (”) (@) sy — (1) Dy (@ )€))

j=0 J

= (m
= Z <j>(a(n+j)b)(k:+m—j)ca (2.5)
=0

where a, b, c € V. Observe that the above sums are finite, because a(,)b = 0 for sufficiently large n.
We say that a vertex algebra V is (strongly) generated by a subset S C V if V is linearly
spanned by the vacuum 1 and all elements of the form

Al(ny) """ Qr(n,)1 where r > 1,a; € S,n; <0.

2.3 Lattice vertex algebras

Let ) be an (even) integral lattice with a symmetric nondegenerate bilinear form (-|-). We
denote by h=C ®z @ the corresponding complex vector space considered as an abelian Lie
algebra. The affine Lie algebra h = h[t, t~!] @ CK is called the Heisenberg algebra. Its irreducible
highest-weight representation

Fi=M(Ao) = S(h[t—]t)

is known as the (bosonic) Fock space.
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Following [Bor86, FK80], we consider a certain 2-cocycle € : Q) x @ — {%1} such that
e(a, a) = (1)l a2 = (ala), a€Q, (2.6)
and the algebra C.[Q] with a basis {e“},cq and multiplication
P =e(a, B)e* TP,

Such a 2-cocycle ¢ is unique up to equivalence, and can be chosen to be bimultiplicative.

The lattice vertex algebra [Bor86, FB01, FLMS88, Kac96, LL04] is the tensor product
Vo = F ® C.[Q], where the vacuum vector is 1 ® e’. We let the Heisenberg algebra act on Vg so
that

ane® =6, 0(alB)e’, n=0,ach,a,=at"
The state-field correspondence on Vg is uniquely determined by the generating fields:

Y(a11,0) =Y a{", aeh, (2.7)
nez
Y(e* ) =e*C* exp <Z ap—— ) exp <Z ap— >, (2.8)
n<0 N n>0 -

where (@0ef = ¢(@18)eh,
Notice that F C Vj is a vertex subalgebra, which we call the Heisenberg vertex algebra. The

map h — F given by a — a_11 is injective. From now on, we will slightly abuse the notation and
identify a € h with a_11 € F; then a(,) = a, for all n € Z.

2.4 The vertex algebra Wx,,

Let g be a finite-dimensional simple Lie algebra of type Xy (X = A, D, E). We denote by R
and @ the set of roots and the root lattice, respectively. Following [FF96], we define Wy, as the
intersection of the Fock space F C Vy and the kernels of all screening operators

ea(o) = ReSC Y(ea, C), a € R.

In a vertex algebra, any zero mode acts as a derivation of the products a(,)b defined by (2.3), and
the kernel of a derivation is a vertex subalgebra (see e.g. [Kac96]). Thus, Wx, C F is a vertex
subalgebra. The vertex algebras Wx, are examples of nonlinear extensions of the Virasoro
algebra known as W-algebras (see [BS95, DK06, FL88, FF90, FF96, FB01, FKRW95, FKW92,
Zam85| and the references therein).

The algebra Wx,, contains the Virasoro element

1 N

w= 3 Zv%_l)vi € Wx,y CF,
=1

where {v;} and {v'} are bases of h dual with respect to (-|-). The modes L, = w(,;1) satisfy

the commutation relations of the Virasoro algebra with central charge N (see e.g. [Kac96]). The

operator L provides a grading of V¢ such that deg a, = —n and deg e* = |a|?/2 fora € h, a € Q.

It was proved in [FF96, FKRW95] that the vertex algebra Wy, is freely generated by N
elements of degrees m; +1,..., my + 1, where my are the exponents of g. This means that
Wx, has a PBW-type basis (see [DK06] for more on freely generated vertex algebras). For
convenience, the exponents of type ADE are listed in Table 1 in §4.2 below.
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Remark 2.1. In the case g = sly1, the vertex algebra Wy, coincides with the Zamolodchikov—
Fateev—Lukyanov algebra Wy 1 introduced in [FL88, Zam85], for central charge N. In particular,
Wy, = Ws is the Virasoro vertex algebra with central charge 1 (cf. [FZ92]).

The Frenkel-Kac construction of the basic representation V(Ag) can be interpreted as an
isomorphism of vertex algebras V(Ag) = Vg (see [FK80, Kac90, Kac96, Seg81]). The Lie algebra
g is realized in Vg as the zero modes a(g) = aop for a € h and e for a € R. Hence, Wx, can
be identified with the space of g-invariants in the basic representation of g, first considered by
Frenkel [Fre85]. In particular, all elements of Wx,, are fixed by the Weyl group W of g.
Ezample 2.2. For every d > 1 we have [Fre85]:

N
wt = Z v%_d)vi — Z ea(_d)e_a € Wxy - (2.9)

i=1 aER

Note that degw?=d + 1, and w' is a scalar multiple of w by the Sugawara construction (see
e.g. [Kac96]).

Another way to construct elements of Wy, is provided by the next result, which seems new.

PROPOSITION 2.3. Suppose that \g € b is such that (Ag|a) =0, £1 for all & € R. Then

Vd = Z e)‘(_d)e_)‘ € WXN- (2.10)
AeW Ao

Proof. 1t suffices to check that ea(o)ud =0 for all a € R. Since e*(q) is a derivation, we have

Cor’= Y (oMo + Y, Aaleme)

AeW Ao AeW Ao
By (2.8),
e”‘(o)e)‘ = Res¢ Y(e%, ¢)e* = Res¢ ¢(a, M)V exp <Z anC_n> et
n<0
is zero for (a|\) >0 and is equal to e(a, \)eM® when (a|\) = —1. Now if (a|\) = —1 for some

A =wg, then (o] — ro\) = (o] = A — a) = —1 as well. Due to (2.6) and bimultiplicativity,

e(a, —raA) = (o, A+ a) =e(a, Ne(a, a) = —e(a, N).

—Tra

Therefore, the terms with ek(,d)e_)‘ and e“)‘(,d)e cancel. O

Example 2.4. The roots of type Ax can be realized as v; —v; where {v;} is an orthonormal
basis for RN+, The Weyl group W = Sy 1 acts by permutations on vy, . .., vy41. Then Ao = vy
satisfies the condition of Proposition 2.3, and
N+1
v = Z e’_gpe” " mod (v1+ -+ uny1) € Way.
i=1

Note that the fields Y (e*?i, ¢) are the so-called charged free fermions (see e.g. [Kac96)). It follows
from the results of [Fre85, FKRW95] that the elements v¢ (1 < d < N) generate Wa, .

Example 2.5. The roots of type Dy can be realized as +v; &+ vj, where {v;} is an orthonormal
basis for RYV. The Weyl group acts on vy, ..., vy by permutations and an even number of sign

848

https://doi.org/10.1112/50010437X12000668 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000668

W-CONSTRAINTS FOR SIMPLE SINGULARITIES

changes. Then \g = v; works and

N N
v = Z 6vi(_d)€_vi + Z e_vi(_d)evi € Wpy-
i=1 =1

It is not hard to check that we also have

Due to [KWY98, Theorem 14.2], Wp,, is generated by 7" and v? (d > 1).

Ezample 2.6. The root system of type Ex (N =6, 7) can be realized in terms of an orthonormal
basis {v;} for R¥*l (see e.g. [Kac90, ch. 6]). Then M\g=wv; + vy satisfies the condition of
Proposition 2.3. In the case of Eg such an element Ay does not exist.

3. Twisted representations of vertex algebras

In this section, we review the notion of a twisted representation of a vertex algebra, and we
derive several properties of twisted representations. We also discuss twisted representations of
the Wh-algebras Wx .

3.1 Definition of twisted representation

Let V be a vertex algebra, as in §2.2. A representation (or module) of V' is a vector space M
endowed with a linear map Y (-,¢)-: V@ M — M(() (cf. (2.2), (2.3)) such that the Borcherds
identity (2.5) holds for a,be V', c € M (see [FBO1, LLO04]).

Now let o be an automorphism of V' of a finite order h. Then o is diagonalizable. In the
definition of a o-twisted representation M of V [Don94, FFR91], the image of the above map Y
is allowed to have nonintegral (rational) powers of (. More precisely,

1
Y(a, ()= Z a(n)Cfnfl if a=e2™V"1Pq pe EZ’ (3.1)
nep+7

where a(,) € End M. Equivalently, the monodromy around ¢ =0 is given by the action of o:

Y(oa, () =Y/(a, 62“‘/?1(), acV. (3.2)

The Borcherds identity (2.5) satisfied by the modes remains the same in the twisted case.

The above notion of a twisted representation axiomatizes the properties of the so-called
‘twisted vertex operators’ [FLM87, KP85, Lep85, Lep88], which were used in the construction of
the ‘moonshine module’ vertex algebra in [FLMS88]. When restricted to the o-invariant subalgebra
V2 CV (known as an orbifold; see [DVVV89, DLM00, KT97] among many other works), a
o-twisted representation for V becomes untwisted for V.

3.2 Consequences of the Borcherds identity

For a rational function f((1,(2) with poles only at (31 =0, (2 =0 or (3 = (2, we denote by
Ly ¢ (respectively, e, ¢, ) its expansion in the domain [(1| > (2| > 0 (respectively, |Ca| > 1| > 0).
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Explicitly, we have

LGl = Z <n> (=),

— \J
J;? (3.3)
L, Gl2 = Z (;L) (=)™ where C1a=(1 — o
=0
In particular,
51, G2) = (1o — tec 2 = 2, G (3.4)

JEL
is the formal delta-function (see e.g. [Kac96, LL04]).

The Borcherds identity (2.5) can be stated equivalently as follows (see [BK04, Don94, DL96,
FFRI1]).

LEMMA 3.1. The Borcherds identity (2.5) for a o-twisted representation M of a vertex algebra
V' is equivalent to:

Resg, Y (Y (a, Gi2)b, CQ)CLCmCmf(Cla €2)C{)
= ResCl Y(a7 Cl)Y(b7 CQ)CLChCQf(Cl? CQ)C%? - ReSCl Y(b7 CQ)Y(aa Cl)C[’CZ:Cl f(Clv CQ)C{) (35)
for a,b €V, ce M such that ca = e_%mpa, and every rational function f((1,(2) with poles
only at (1 =0, (o =0 or (1 = (5.

Assume that oa = e 2™V"1Pq and ob=e 2"V-19) with p, g€ (1/h)Z. Let Ny, be a non-
negative integer such that a(,)b =0 for all n > Ngp. Then setting f((1, (2) = C{"I f\; ®in (3.5) for
all m’ € Z, we obtain the locality property [DL93, Li96]

1Y (0, QY (b, G2) = G5 (b, Q)Y (a, G1). (3.6)
An important consequence of (3.6) is that for every c € M
1Y (a, QY (b, G)e € (76 M (G Go)-

The elements of this space have the powers of both (; and (» bounded from below. Therefore,
it makes sense to set (1 = (2 in such a series, and the result is an element of {, *~ M (((2). The
same is true if we first differentiate the series.

ProrosITION 3.2. Let V be a vertex algebra, o an automorphism of V', and M a o-twisted
representation of V. Then

%351 ¢y Y (a, )Y (b, (2)0)e=c, = Y (a(n—1-1)b; C2)c (3.7)

foralla,beV,ce M, k>0, and sufficiently large N, where (10 = (1 — (3. We can take N = Ny,
where Ny, is such that (3.6) holds.

Proof. Without loss of generality, we can suppose again that ca = e~2™V~1q with p € (1/h)Z;
then (3.1) holds. Using properties of the formal delta function (3.4) and the formal residue (2.4),
we find that the left-hand side of (3.7) is equal to

= L Rese, CPG5(G )L (Y (0, Y (b, Co)e)

L:=
k!
RGSCl (_8C1)k(gfg2_p5(<17 CQ))C{gabY(a7 CI)Y(b? C2)C'

1
TR
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By the Leibniz rule and (3.4), we have

1 — . ; —i —1—k+i
E(—aﬁ)k@f@ 0(C1, G2)) = Z(_l)l <f) UG (e — tea) 121 e
i=0

7

Then Borcherds identity (3.5), combined with locality (3.6), gives that

7

k
i P — o ap—1—k+i
L=Y"(-1) ( )Rescm Y (Y (a, C12)b, Ga)etgycinCl "G ety R
=0

i

Writing explicitly the expansion of (1 = {2 + (12 as in (3.3), and using (2.4), we obtain

k oo .
b= Z 2V <ZZ) (P i Z) G Y (A 1-krisybs G2

J

Notice that the sum over j can be truncated at j =k — i, because a(,)b =0 for n > Ngyp. Setting
m=1+J, we get

kK m .
L=2 Z(_l)i@) (:m__zz) G Y (AN 1By C2)e

S () (1) - () (7)o

1= K2

Now observe that

completing the proof. O

Remark 3.3. By reversing the above proof, one can show that, conversely, the product
identity (3.7) and locality (3.6) imply the Borcherds identity (3.5). Therefore, they can replace
the Borcherds identity in the definition of twisted representation.

Remark 3.4. The above proof simplifies significantly in the case of an untwisted representation
M, as then p = 0. In the untwisted case, formula (3.7) first appeared in [BN06, BK06] for vertex
algebras and generalized vertex algebras, respectively. It provides a rigorous interpretation of
the operator product expansion in conformal field theory (cf. [DMS97, God89]).

The following easy consequence of (3.7) will be useful later.

COROLLARY 3.5. Assume that a,b€V and ¢ € M are such that Y (a, ¢)c and Y (b, ¢)c have no
negative powers of (. Then the same is true for all Y (agyb, ¢)c, k € Z.

Proof. By locality (3.6), the product Cfg“bY(a, ¢1)Y (b, ¢2) has no negative powers of (; and (5.
Then use (3.7). O

3.3 Twisted Heisenberg algebra

Let b be a finite-dimensional vector space equipped with a symmetric nondegenerate bilinear form
(+]-), as in §2.3. Then we have the Heisenberg algebra h and its highest-weight representation,
the Fock space F, which has the structure of a vertex algebra. Every automorphism o of h
preserving the bilinear form induces automorphisms of 6 and F, which will be denoted again as
o. As before, assume that o has a finite order h.
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The action of o can be extended to h[tl/h, t_l/h] @ CK by letting

1
o(at™) = o(a)e®™V "I o(K) =K, ach,me L.
The o-twisted Heisenberg algebra 60 is defined as the set of all o-invariant elements (see
e.g. [FLM87, KP85, Lep85]). In other words, b, is spanned over C by K and the elements
am = at™ such that oa = e~2™V~1™q_ This is a Lie algebra with bracket (cf. (2.1))

1
[@m, bp) = M0, —n(a|b)K, a,bebh,m,ne EZ'

Let 6: (respectively, 60) be the subalgebra of 60 spanned by all elements a, with m >0
(respectively, m < 0). Elements of 6: are called annihilation operators, while elements of 6;

creation operators.

The o-twisted Fock space is defined as the generalized Verma module

. 60 ~ o
Fo=Indl  C=S(0,), (3.8)

where 6: acts on C trivially and K acts as the identity operator. It is an irreducible highest-
weight representation of 60. Moreover, F, has the structure of a o-twisted representation of the
vertex algebra F (see [DL96, FFR91, FLM88]). This structure can be described as follows. We
let Y'(1, ¢) be the identity operator and

Y(a, ()= Z a1 aeh, ca=e 2V 1Pg, (3.9)
nep+7Z
where p € (1/h)Z (cf. (3.1)). These satisfy the locality property (3.6) because
[Y'(a, 1), Y(b, C2)] = (alb)Oc, (¢ F¢36(C1, G2))- (3.10)

The action of Y on other elements of F is then determined by applying several times the product
formula (3.7).

3.4 Twisted representations of lattice vertex algebras

Now let V = Vg where @ is a root lattice of type Xn (X = A, D, E), and let o be a Cozeter
element of the corresponding Weyl group (see e.g. [Bou02]). Such an element is a product of
simple reflections o =rq, - - - 7o, where {a1,...,an} is a basis of simple roots and r,(8) =
B — (a|B)a. All Coxeter elements are conjugate to each other; their order is the Coxzeter number h.
The element ¢ is diagonalizable on h with eigenvalues e 2mv/=Imi/h \where my, are the exponents
of g (see Table 1 in §4.2 below). In particular, o has no fixed points in b.

Ezxample 3.6. For type Ay, one Coxeter element acts as the cyclic permutation v1 +— vg — - - - —
UN41 > U1, in the notation of Example 2.4. For type Dy, in the notation of Example 2.5, one
Coxeter element acts as v1 — vg — -+ - +—vUy_1 — —V1, UN — —UN.

For a, 5 € @), we define
e(a, B)= ()"0 Lo, B):= (1 — o) o).

The bilinear form L(-, -) is known in singularity theory as the Seifert form, and is integer valued
(see e.g. [AGVS8S8, Ebe07]). The bilinearity of L implies that € is bimutiplicative and so it is a 2-
cocycle. Using the o-invariance of (-|-), one easily checks that |a|? = 2L(«, ), which implies (2.6).
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Observe that ¢ is o-invariant:
e(oa,op)=¢(a, B), a,B€Q.
Then o can be lifted to an automorphism of Vg of order h:
olam) =0(a)m, o(e*)=e’" a€h,acq.

Under the above simplifying assumptions, the o-twisted Fock space F, defined in (3.8) can
be endowed with the structure of a o-twisted representation of V (see [BK04, Don94, DL96,
KP85, Lep85]). We define Y (a, ¢) as before (see (3.9)), and we let

—n
Y (e, ¢) =U, ¢lel/2 :exp< Z anc>:, (3.11)
ne(t/mz\o}
where U, are certain nonzero complex numbers. As usual, the colons denote normal ordering,
which means that we put all annihilation operators (a,, for n > 0) to the right of all creation
operators (a;, for n <0).

The scalars U, satisfy
UaUs = e(a, B)B, 3Ua+ 5,

where
h—1
Bag = p—(@lB) H(l _ e2ﬂﬁk/h)(0ka\ﬂ)'
k=1
We will also need that the product Y (e%, (1)Y (e~ {2) on F, is given by (see e.g. [BK04])
_lal? _lal?
(—)l P2l 2T o a1 ) Ba(Gr Ga), (3.12)
where
o 1/hy—(o*
FalC1, C2) = Baa H(Cl/ _ 52m/?1k/h€2/ )—(e*ala)
k=0
and

S D S ) B
ne(1/h)Z\{0}

3.5 Twisted representations of Wx,

We will now use the product formula (3.7) to compute the explicit action on F, of the elements
of Wx,, given by (2.9) and (2.10). Introduce the Fad di Bruno polynomials (see [Dic03, § 6A]):

Su(0, ) = (0 +a(Q))"1 where a(¢) =Y (a, () a € b,
More explicitly,
1 1
5.(0:0) =350 (0 50ca(0). a0 .. )

where
i1 12 13
Ty Ty T
§ 1 +2 +3
S’n<$17x27x37"'>: '|'

. . - 1. 12: 13:

11+2i2+3i3+-=n

1s€Z>0
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are the elementary Schur polynomials. When acting on the o-twisted Fock space F,, the
coefficients of Sy, («, ¢) in front of powers of ¢ are represented by differential operators.

LEMMA 3.7. For every d > 1 and « € b such that |a|? € Z, we have

|a|2—=1+d

Y(ea(_d)e—a’ ()= (_1)|a|2(|a\2+1)/2 Z cgg—kSMz_Hd_k(a, )
k=0

when acting on F,, where cf is the coefficient in front of (x — 1)* in the Taylor expansion of

h—1
B, amf|a\2/2 H(zl/h B 6271‘\/771]6/]1)((170'}3)0[‘0()
k=1

around x = 1. In particular, c§ =1 and cff = ¢, = c7“.
Proof. We will apply (3.7) for a =e®, b=e"* and ¢ € F,. First, we observe that by (2.8)
_ ol -
Y (e, e = e(a, —a)¢ exp@) w1
n

so we can take Ny, = |a|2. Then on F, the product Y (e®, (1)Y (™%, (2) is given by (3.12); and

h—1
al? T/ — —oa|a
C|12‘ [’Cl,@fa(Cl:@) :Ba,a (Cll/h _62 ﬁk/h<21/h)((l k) )
k=1

is well defined for (; = (2. Now the proof follows from the fact that
1 7
— O EalG G| g, = Snla, &)
(see e.g. [Dic03, Kac96]). O

LEMMA 3.8. Let a, b € b be such that ca = e=2™V=1q withp € (1/h)Z,0 < p < 1. Then for every
d > 1, we have

Vlag-a €)= (@ @i - a 7l

when acting on F,, where a(¢) =Y (a, ().
Proof. We will apply (3.7) with Ny, = 2. It follows from (3.10), (3.9) and (3.4) that

a(¢1)b(G2) = :a(C)b(C2): + (alb) Dty 65 (¢ 7)) (3.13)
The rest of the proof is straightforward, using (3.7). O

4. Singularities: root systems and Frobenius structures

The marvelous interrelations between singularities and root systems were uncovered in the works
of Klein, Du Val, Brieskorn, Looijenga, Arnold, Slodowy, Saito and others [Arn75, Bri71, Loo75,
Sai85, Slo80]. We will review only the material needed for the rest of the paper, referring
to [AGV8S8, Ebe07, Her02] for more details. Our main goal is to introduce the Frobenius structure
on the space of miniversal deformations of a germ of a holomorphic function with an isolated
critical point. We also introduce the period integrals, which are an important ingredient in our
construction.
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4.1 Milnor fibration

Let f:(C?+1,0) — (C,0) be the germ of a holomorphic function with an isolated critical point
of multiplicity V. Denote by

H =C[lxo, ..., z2]l/ (0o f, - - - Oui f)
the local algebra of the critical point; then dim H = N.
DEFINITION 4.1. A miniwersal deformation of f is a germ of a holomorphic function F':
(CN x C%+1 0) — (C, 0) satisfying the following two properties.
(1) The function F' is a deformation of f, i.e., F(0, z) = f(x).
(2) The partial derivatives OF/0t! (1 <i < N) project to a basis in the local algebra

O(CNV()[[ZL'O, ey 172[}]/<810F, ey ax21F>'

Here we denote by ¢ = (t',...,t") and = = (z0, ..., zy) the standard coordinates on C" and
CZ+1 respectively, and Ocn  is the algebra of germs at 0 of holomorphic functions on CN.

We fix a representative of the holomorphic germ F', which we denote again by F, with a
domain X constructed as follows. Let

BXttcc?tt, B=BYcCN, BjcC
be balls with centers at 0 and radii p, n, and 4, respectively. We set
S=BxBjcCNxC, X=(BxBlI)ng¢'(s)cch xc,
where
¢:Bx B2 - BxC, (t,x)— (t,F(t ).
This map induces a map ¢ : X — S and we denote by X, or X, ) the fiber
Xs=Xipn={(t,x) e X|F(t,x) =X}, s=(t,\)eS.

The number p is chosen so small that for all , 0 < r < p, the fiber X o intersects transversely the
boundary B2+ of the ball with radius r. Then we choose the numbers 1 and § small enough
so that for all s € S the fiber X, intersects transversely the boundary 8B3l+1. Finally, we can
assume without loss of generality that the critical values of I’ are contained in a disk B(%O with
radius dg < 1 < 4.

Let X be the discriminant of the map ¢, i.e., the set of all points s € .S such that the fiber
X, is singular. Put

S'=8\xcCVNxcC, X =¢ 1) cXccCVNxci,

Then the map ¢: X’ — S’ is a smooth fibration, called the Milnor fibration. In particular, all
smooth fibers are diffeomorphic to Xg 1. The middle homology group of the smooth fiber,
equipped with the bilinear form (-|-) equal to (—1)! times the intersection form, is known as
the Milnor lattice Q = Hy(Xo,1;Z).

For a generic point s € 3, the singularity of the fiber X, is Morse. Thus, every choice of a
path from (0, 1) to s avoiding ¥ leads to a group homomorphism @ — Ho(Xs; Z). The kernel
of this homomorphism is a free Z-module of rank 1. A generator a € Q of the kernel is called
a vanishing cycle if (a|a) =2. We denote by R the set of all vanishing cycles for all possible
choices of s € ¥ and paths from (0, 1) to s.
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X c Bx B!

Xo

S=Bx B}

FIGURE 1. Milnor fibration.

The fundamental group 71(S’) of the base of the Milnor fibration acts on the homology
of the smooth fiber Q = Hy(Xo1;Z) preserving the intersection form. The image of 7 (S’) in
Aut @ will be called the monodromy group and denoted by W. The Picard—Lefschetz formula
tells us that the monodromy associated to a small loop around a generic point s € ¥ is given by
the reflection r,, where o € R is a cycle vanishing over s and r () = 8 — («|F)a. Furthermore,
W is generated by the reflections r, (o € R). The so-called classical monodromy o € W' is the
monodromy transformation corresponding to a big loop around 3.

4.2 Simple singularities

The simple singularities are labeled by ADE Dynkin diagrams. In this case, we can take f(z)
to be a polynomial in three variables, as in Table 1. For further reference, we have also listed
the Cozeter number h and the exponents mj < --- < my of the corresponding Lie algebra (see
e.g. [Bou02)).

For a simple singularity of type Xn (X = A, D, E), the Milnor lattice @) is isomorphic to a
root lattice of type X, while the set R of vanishing cycles is a root system of type Xy. The
monodromy group W coincides with the Weyl group, and the classical monodromy is a Coxeter
element o € W.

4.3 Frobenius structure

Let 7p be the sheaf of holomorphic vector fields on B. Condition (2) in Definition 4.1 implies
that the map

9/0t" — OF/0t" mod (04, F, ..., 0z, F) (1<i<N)
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TABLE 1. Simple singularities.

Type f(zx) Exponents h
An xévﬂ—l—x%—i—xg 1,2,...,N N+1
Dy x) '4wox?+ad 1,3,...,2N-3,N—-1 2N -2
Fs zd + 23 + 23 1,4,5,7,8,11 12
F; wdr; + 422 1,5,7,9,11,13,17 18
Fyg xd + a3 + 23 1,7,11,13,17,19, 23, 29 30

induces an isomorphism between 7 and p,O¢, where p: X — B is the natural projection
(t,z) — t and

Oc :=0x/(0go F, ..., 01, F)
is the structure sheaf of the critical set of F. In particular, since O¢ is an algebra, the sheaf
Tp is equipped with an associative commutative multiplication, which will be denoted by e. It

induces a product e; on the tangent space of every point ¢t € B. The class of the function F' in
Oc¢ defines a vector field F € Tp, called the Euler vector field.

Given a holomorphic volume form w on (C%*1, 0), possibly depending on t € B, we can equip
p:O¢ with the so-called residue pairing:

(W1(t, 2), dalt, 7)) = (

i 2 wl(tvx) ¢2(ta33)w
2 . OngF - Opy B

2]

where the integration cycle I'; is supported on |0y, F| =" - - = |0y, F| =¢. In particular, since
75 = p.Oc, we get that the residue pairing induces a non-degenerate complex bilinear form (, )
on TB.

For t € B and z € C*, let B; ., be a semi-infinite cycle in CZ+1 of the following type:
Bt,z € lim H21+1(C2l+1> {Re Z_lF(ta l‘) < _p}5 (C) = (CN'
p—00
The above homology groups form a vector bundle on B x C* equipped naturally with a Gauss—
Manin connection, and B = B; ., may be viewed as a flat section. According to Saito’s theory of

primitive forms [Sai82, Sai89] there exists a form w, called primitive, such that the oscillatory
integrals (d? is the de Rham differential on B)

JB(t, z) == (271'2)717%(2:(13) / e* Flba)y, e 75
Bt,z

are horizontal sections for the following connection:
Voo = Vg — 2 (Oper), 1<i<N (4.1)
Voo, = 0. — 27104 272 . (4.2)

Here V“C is the Levi-Civita connection associated with the residue pairing and

0:=V-CE - <1 — Z)Id,

where d is some complex number.
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In particular, this means that the residue pairing and the multiplication e form a Frobenius
structure on B of conformal dimension d with identity 1 and Euler vector field E. For the
definition of a Frobenius structure we refer to [Dub96, Man99] (see also §1.2).

Ezxample 4.2. For simple singularities, the standard volume form
w=dxoNdxi N - Ndzry

is the only primitive form, up to a constant factor.

Assume that a primitive form w is chosen. Note that the flatness of the Gauss—Manin
connection implies that the residue pairing is flat. Denote by (71, ..., 7") a coordinate system
on B that is flat with respect to the residue metric, and write d; for the vector field 9/97¢. We
can further modify the flat coordinate system so that the Euler field is the sum of a constant
and linear fields:

N N

E= Z(l — di)rl& + Z 0:i0;.
i=1 i=1

The constant part represents the class of f in H, and the spectrum of degrees d, . .., dy ranges

from 0 to d. Note that in the flat coordinates 7¢ the operator @ (called sometimes the Hodge
grading operator) assumes diagonal form:

9(8¢):<62l—di>8i, 1<i<N.

4.4 Period integrals

Given a middle homology class o € Hy(X,1; C), we denote by ay ) its parallel transport to the
Milnor fiber X . Let d~'w be any 2I-form whose differential is w. We can integrate d~'w over
a; » and obtain multivalued functions of A and ¢ ramified around the discriminant in S (over
which the Milnor fibers become singular).

DEFINITION 4.3. To o € h = Hy(Xo,1; C), we associate the period vectors 1 (t,\)e H (keZ)
defined by

(IP(t, ), 3) == —(2m) "'k R, / d'w, 1<i<N. (4.3)
Qi N\

Note that this definition is consistent with the operation of stabilization of singularities.
Namely, adding the squares of two new variables does not change the right-hand side, since it
is offset by an extra differentiation (2)~19y. In particular, this defines the period vector for a
negative value of k > —[ with [ as large as one wishes. Note that, by definition, we have

NI, \) =TI\, aeh kel
The following lemma is due to Givental [Giv0la].

LEMMA 4.4. The period vectors (4.3) satisty the differential equations

I = —0; o, (AN ™), 1<i<N, .
(A — Eo)o\I™ = (9 — k — L)1k, (4.5)
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Using equation (4.5), we analytically extend the period vectors to all |A| > 4. It follows
from (4.4) that the period vectors have the symmetry

I (t, ) = I (¢ — A1,0), (4.6)

where t — t — A1 denotes the time-A translation in the direction of the flat vector field 1 obtained
from 1 € H. (The latter represents identity elements for all the products e;.)

An important consequence of Lemma 4.4 is the following formula due to Saito [Sai82].

COROLLARY 4.5. For all o, f € Hy(Xo1; C), we have
(alB) = —(10(t,0), E o I (t,0)).

Proof. According to Lemma 4.4, the right-hand side is independent of ¢. It is also monodromy
invariant, therefore, up to a constant it must coincide with the intersection pairing. It remains
only to verify that the proportionality coefficient is 1, which may be reduced to the case of an
Aj-singularity by letting ¢ approach a generic point on the discriminant. O

Now we will compute explicitly the period integrals Lgk)(O, A) in the case of simple
singularities. In this case, we may choose [ =1 and we can assign uniquely a degree x; to
x;, so that the polynomial f(z) is weighted homogeneous of degree 1 (see Table 1 in §4.2).
Furthermore, we can fix the flat coordinates in such a way that if we set deg 7’ =1 — d; then
F(t,x) is still weighted homogeneous of degree 1. In particular, the polynomials 0;F (¢, z) are
weighted homogeneous of degree d;.

Then the integral (4.3) for k =t =0 assumes the form

(190, \), ;) = A% (v*, a), (4.7)
where
21
d 1 2

and v’ are some constant sections of the middle cohomology bundle (see (4.8) below).

By definition, the analytic continuation in A along a counter-clockwise loop around A =0 is
equivalent to the parallel transport of a along that loop, i.e.,

FVTINS (0 0y = A (v, o (a)).

We obtain that v’ are eigenvectors of the classical monodromy o, which according to Corollary 4.5
satisfy the following orthogonality relations:

ov) =T () = (0, 9y).

In particular, s; = —m;/h, where m; are the exponents of the corresponding simple Lie algebra.
In other words, the period mapping

0; — b= (271')‘1 <8§\ / 81F6;)F>

is an isomorphism between the space of flat vector fields and b*, i.e.,

I'(B,T3)Y = H*(X(1;C),

(4.8)

(t,A)=(0,1)

which identifies the residue pairing with the intersection pairing.
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4.5 Stationary phase asymptotic and calibration

Let u;(t) (1 <i< N) be the critical values of F(t, -). For a generic ¢, they form a local coordinate
system on B in which the Frobenius multiplication and the residue pairing are diagonal. Namely,

6/8’&1 oy 8/8% = 5”8/8UJ, (8/81@, 8/81@) = 51J/Al,

where A, is the Hessian of F' with respect to the volume form w at the critical point corresponding
to the critical value wu;. Therefore, the Frobenius structure is semi-simple.

We denote by W, the following linear isomorphism
U,:CN - T,B, e +— @8/31@,
where {e1,...,en} is the standard basis for CV. Let U; be the diagonal matrix with entries
ur(t), ..., un(t).
According to Givental [Giv0la], the system of differential equations (cf. (4.1), (4.2))
20;J(t,z) = 0; 8 J(t,z), 1<i<N, (4.9)
20, J(t,2) = (0 — 2 ' Eey)J(t, 2) (4.10)
has a unique formal asymptotic solution of the form \Ilth(z)eUi/ ?  where
Ri(z) =1+ Ri(t)z+ Ro(t)2* + - - -,
and Ry(t) are linear operators on CV uniquely determined from the differential equations
(4.9) and (4.10).
Introduce the formal series
fo(t, A 2) =Y IP(t, M) (-2)F, ach. (4.11)
keZ
Then (4.4) and (4.5) imply:
Oifo(t, N, z2) = —0; 84 (O\fa(t, N, 2)), 1<i<N, (4.12)
AOaEa(t, A, 2) = (—20. — 2 'E oy +0 — L)f, (¢, A, 2). (4.13)
The following result is due to Givental [Giv03].

PROPOSITION 4.6. Let t € B be generic and 3 be a vanishing cycle vanishing over the point
(t,u;(t)) € X. Then for all X near u;(t), we have

f3(t, X, 2) = iRy (2) Y (—20)"
keZ

26i
2(A — ui(t))
One can think of the connection operator in (4.1) as an isomonodromic family of connection

operators V; over C\{0}, parameterized by ¢t € B. We introduce a gauge transformation S;(z) of
the form

Si(2) =14 81(t)z"  + So(t)z72 4+, Si(t) eEnd H (4.14)
that satisfies the differential equations (4.9) and conjugates V; and Vj:
Vi=8VoS; ', Vo=0.—2"'0+2"7p,

where p= Fegy is the constant part of the Euler vector field. In general, such a gauge
transformation is not uniquely determined. However, it is not hard to see that if we impose
the initial condition S¢(z)|t=o = 1 then such a gauge transformation exists and is unique.
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PROPOSITION 4.7. We have S;(z) £4(0, A, z) =£,(t, A, 2) for A in a neighborhood of co.

Proof. This follows from the differential equations (4.9), (4.12). O

5. Symplectic loop space formalism

The goal of this section is to introduce Givental’s quantization formalism (see [Giv01b]) and use
it to define the higher genus potentials in singularity theory. We continue using the notation
of §4.

5.1 Symplectic structure and quantization

As in §4, let H be the space of flat vector fields on B. The space H := H(z~!)) of formal Laurent
series in z~! with coefficients in H is equipped with the following symplectic form:

Q(¢1, ¢2) :== Res, (¢1(—2), 2(2)), ¢1, P2 € H,

where, as before, (,) denotes the residue pairing on H and the formal residue Res, gives the
coefficient in front of z7 1.

Let {9;}; and {0}, be dual bases of H with respect to the residue pairing. Then
Q0" (—2) "1, 92) = bij6m.
Hence, a Darboux coordinate system is provided by the linear functions q,i, Pk on ‘H given by:
G = Q' (=2) "), pra=9(, 0i2").
In other words,

o) oo N
$(2) =D qi(0)8:2" + 3D pri(9)d'(—2)7F, pen.

k=0 i=1 k=0 i=1
The first of the above sums will be denoted ¢(z)4 and the second ¢(z)-—.

The quantization of linear functions on H is given by the rules:

i _ . - 0
@' =h2qL,  pri=h0
dq,,

Here and further on, 7 is a formal variable. We will denote by Cj, the field C((:!/2)).

Every qb(z) € H gives rise to the linear function Q(¢,:) on H, so we can define the
quantization ¢. Explicitly,

oco N oo N

~ « 0 _ i

o=—h'2Y"% %) g +h V2D pki(@)a (5.1)
k=0 i=1 k k=0 i=1

The above formula makes sense also for ¢(z) € H|[[z, z!]] if we interpret ¢ as a formal differential
operator in the variables q; with coefficients in Cp,.

LEMMA 5.1. For all ¢1, ¢2 € H, we have [ggl, 52] = Q(¢1, ¢2).

Proof. Tt is enough to check this for the basis vectors 9(—z) %=1, 9,2, in which case it is true
by definition. O
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5.2 Quantization of quadratic Hamiltonians
It is known that both series S;(z) and

Ri(2) = W Ry(2) ;!
(see §4.5) are symplectic transformations. Moreover, they both have the form e4(*) where A(z)

is an infinitesimal symplectic transformation.

A linear operator A(z) on H:= H((z~!) is infinitesimal symplectic if and only if the map
¢ € H+— A¢ € H is a Hamiltonian vector field with a Hamiltonian given by the quadratic function
ha(¢) = %Q(Agb, #). By definition, the quantization of eA(*) is given by the differential operator
el where the quadratic Hamiltonians are quantized according to the following rules:

H? . A -0 o 1 .
(Prip1g) = h———=,  (Priq]) = (@ Pri) =G 57> (G9)) = 7 qq]-
9q;.0q] Oq,, h
5.3 Total descendant potential

Let us make the following convention. Given a vector

%) N
=Y @ €HlZ, a=) qdecH,
k=0 i=1
its coefficients give rise to a vector sequence qo, q1, . . . . By definition, a formal function on H|[z],
defined in the formal neighborhood of a given point ¢(z) € H|z|, is a formal power series in
qo — o, q1 — c1, . . .. Note that every operator acting on H|[z] continuously in the appropriate
formal sense induces an operator acting on formal functions.

Ezample 5.2. The Witten—Kontsevich tau-function is the following generating series:

Dyi(h; Q(z —exp(Z e 1/M

where Qo, Q1, ... are formal variables, and v; (1 <i<n) are the first Chern classes of the
cotangent line bundles on M, (see [Kon92, Wit91]). It is interpreted as a formal function of
Q(2) =372, Qrz" € C[z], defined in the formal neighborhood of —z. In other words, Dy is a
formal power series in Qp, Q1 + 1, Q2, @3, . . . with coefficients in C((h)).

Q)+ (5.2)

gn j—= 1

Let t € B be a semi-simple point, so that the critical values uz(t) (1<i< N)of F(t,-) form a
coordinate system. Recall also the flat coordinates 7 = (71(¢), ..., 7V (¢)) of t. We now introduce
the main object of our study.

DEFINITION 5.3. The total descendant potential of a singularity of type Xy is the following
formal function on H|[z] defined in the formal neighborhood of 7 — 1z:

D, (a(z) = e VO T Riel/ T] Dpu(hAi; VAQ'(2)), (5.3)

where the factor F(1(#) (called the genus-1 potential) is chosen so that it makes the formula
independent of t.

As we discussed in §1.2, equation (5.3) is Givental’s formula, which we now take as a
definition. Let us examine more carefully the quantized action of the operators in this formula.
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5.4 The action of the asymptotical operator

The operator U;/z is known to annihilate the Witten—Kontsevich tau-function. Therefore, e
is redundant and it can be dropped from the formula. By definition, ¥, is the following change
of variables:

E

N
wtza ir e VEQL =3 (0u) df
7=1
Put 7/2\45 = @tﬁt(ﬁt_l and

oo N
z):ZZq (Ojui)z

k=0 j=1

Then the total descendant potential assumes the form:

Dy (a(z) =08 Ay (q(2), (5.4)
where
Ar(a(2)) =R [] Dpe(hAis'a(2)) € Chllgo, a1 + 1, g2 - . -] (5.5)
=1

is the so-called total ancestor potential of the singularity. As before, Cy := C(h/?)).

The action of the operator R; on formal functions, whenever it makes sense, is given as
follows.

LEMMA 5.4 (Givental [GivOlb]). We have

Re F(@) = (P F(a)lgp1q

where V0? is the quadratic differential operator

Z Z (&, Vigd’) &

k=0 14,j=1 8qkaql

whose coefficients Vy; are given by

Z 1Y (1) 2 = TRi(2)Re(w) —
z+w
}1=0

and TRy(z) denotes the transpose of Ry(z).

The substitution q — R, 1q can be written more explicitly as follows:
Q@0 —q; @— Ri(t)g+aq. ¢— Ra(t)qo+ Ri(t)qr + g, - - -
where
R;7Y(2) =1+ Ri(t)z + Ra(t)2> + - - -

Note that this substitution is not a well-defined operation on the space of formal functions. This
complication, however, is offset by a certain property of the Witten—Kontsevich tau-function,
which we will now explain.
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By definition, an asymptotical function is a formal function of the type:
oo
Ata) =exp (Y- @ ).
g=0

Such a function is called tame if the following (3g — 3 + r)-jet constraints are satisfied:
orF9)

k1 kr

q=0

The Witten—Kontsevich tau-function (up to the shift ¢; — g3 + 1) is tame for dimensional
reasons, since dim My, =3g — 3 + 1.

Due to Givental [Giv01lb], the action of the operator R; on tame functions is well defined.
Moreover, the resulting series is also a tame asymptotical function. In particular, the total
ancestor potential A; is a tame asymptotical function.

5.5 The action of the calibration

The quantized symplectic transformation 3’[1 acts on formal functions as follows.
LEMMA 5.5 (Givental [GivOlb]). We have
S F(q) = e/ R((Sq) ), (5.6)

where Wq? is the quadratic form

[e.9]

wa® =" (Wua, a)
k,l=0

whose coefficients are defined by

= M 4wl 7

The + sign in (5.6) means truncation of all negative powers of z, i.e., in F(q) we have to
substitute (cf. (4.14)):

Qe — Qe + S1() @1 + So()quio +---, k=0,1,2,....
This operation is well defined on the space of formal power series.
LEMMA 5.6. We have an isomorphism

SV Chllgos  + 1,2, - ] — Chllgo — 7, 1 + 1, g2, .. ]]-

Proof. We only need to check that S;(¢)1 =7(t), which can be proved as follows. Since S;(z)
satisfies the differential equations 20;S; = 0; ¢; S;, by comparing the coefficients in front of 2°,
we get 0;(51(t)1) = 0;. Hence, S1(t)1 = 7 up to additive constants. But the constants must be 0
because S1(0) =0, since S¢(2) =0 = 1. O

6. Analytic continuation of the vertex algebra representation

In this section, we construct an analytic continuation of the representation of the vertex algebra F
on the twisted Fock space. More precisely, we will construct formal differential operators X (a, \)
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for a € F, whose coefficients are multivalued analytic functions of (¢, \) € (B x C)\X branching
along the discriminant 3. These operators possess remarkable properties and will be crucial for
the proof of our main theorem.

6.1 Twisted Fock space

As in §4.2, consider a simple singularity of type Xy (X = A, D, E) with a Milnor lattice
Q = Hy(X0,1;Z). Then @ is a root lattice of type Xy and the set R C @ of vanishing cycles
is the corresponding root system. The bilinear form (:|-), equal to (—1)! times the intersection
form, is such that |a|? = (a|a) =2 for @ € R. The monodromy group W coincides with the Weyl
group, and the classical monodromy is a Coxeter element o € W.

Let {vj} ", be a basis for h = C ®z Q = Hy(Xo,1; C) consisting of eigenvectors of o:

o(vj) = e2ﬂﬁmj/hvj, j=1,...,N

(see Table 1 in §4.2). Since (-|-) is W-invariant, we have (v;|v;) =0 unless m; + m; = h, which

holds for ¢ + j = N + 1. Hence, the dual basis {v]} Y, can be chosen v/ = vy41_;.

The o-twisted Heisenberg algebra hg from §3.3 has a basis {K, Uj(k_mj/h)}kez71<j<]v. Its
irreducible highest-weight representation, the o-twisted Fock space F,, can be identified with
the space of polynomials in Vj (—k—m, /h) where k=0,1,...and 1 < j < N. We will slightly modify
this representation. Introduce

Fn:=Cp®@c Fr 2 Cylq] where q= {qi}f;BMN (6.1)
Then b, acts on Fy as follows:
h12 g

Vi k
ko = e

0
(m]/h)k-l-l h1/2 P PR

k+ h)
( m;/h) g

for k=0,1,2,...and 1 < j < N, where
(@) =x(z+1)---(x+k—-1), (x)o:=1.

As in §3.3, Fj is a o-twisted representation of the vertex algebra F, with generating fields
given by (3.9):

Y, Q)= s, ¢ (6.3)
keZ

6.2 Period representation
For a € b, we let

Xi(or, A) = OxEa(t, A) = Orfa(t, A) 4 + OrEa(t, )
be the quantization of d\f, (¢, A, z) (see (4.11) and §5.1). More explicitly, due to (5.1), we have:

oo N

fa(t, N4 = Z Z(—l)k“(fé’““)(t, A 3")711/2%7 (6.4)
k=0 i=1 aqk
oo N

Orfa(t, N = D" NP (1, N), 9k Vg, (6.5)

e
Il
=)
N
Il
_
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where {0’} and {9;} are dual bases for H with respect to the residue pairing (, ). Using the
period isomorphism (4.8), we may further arrange, by changing the basis of flat vector fields if
necessary, that 9; = v* and 9° = v;. By (4.7), we get that near A\ = oo

(1800, 2), 67) = 8,50 A/ = 535 (— 1) /)y ARl

and
5,,)\k—1+mj/h
IR0, N), ) = 60, atFma/h = 2~
ey 70200 = 0505 (my /)

for all £ > 0. Comparing with (6.2), (6.3), we obtain the following.

LEMMA 6.1. For a € hh and X close to oo, Xo(a, A) coincides with Y (o, \) acting on F.

As a consequence, the coefficients of the Laurent expansions near A = oo of Xo(a, A) fora e
satisfy the commutation relations of the o-twisted Heisenberg algebra h,. On the other hand,
by Lemma 5.1, we have

[Xt(av )‘)a Xt(ﬁa ,U)] = Q(ax\fa(ta )‘7 Z), Qufﬁ(tv s Z))

Since £, (¢, A, 2) = St(2)£4(0, A, 2) and S;(2) is a symplectic transformation, the above Lie bracket
is independent of t. Let us denote by Y;>°(«, \) the Laurent series expansion of X;(«, A) near
A =o00.

COROLLARY 6.2. For allt € B, the operator series Y,>°(c, \) generate a o-twisted representation
of the vertex algebra F on Fy,.

Our next goal is to express the operator series Y,*°(a, A), a € F in terms of normally ordered
products of the generating fields and certain functions, which we call propagators.

6.3 Propagators and normally ordered product

We define the normally ordered product of formal differential operators Dy, ..., D, in q by
putting all partial derivatives to the right of all variables, and we use the notation :Dy - - - D,..
By definition, :D; - - - D,.: remains the same if we permute the factors.

In order to define the propagators, let us look at the identity

Y7 (o, )Y (8, A) = Y7 (o, )Y (8, A): + Prp(ts p, ),
where «, 3 € h and ng’ﬂ(t, i, A) is the Laurent expansion at A = oo and p = oo of the following
series
[Oufa(t, 1)+, OnEa(t, A) ] = D (=D (8, ), 1579 (1, ). (6.6)
k=0

1

Note that the above series is convergent in the formal p~"-adic topology.

Since Y, (o, ) and Y;>°(5, A) satisfy the commutation relations of the o-twisted Heisenberg
algebra (cf. (3.10)), we have

(= N Pa(t, s A) € Cr(AH u ).
This implies that

P50 ) = o ((13) 1 = ) ZP""’“M =),
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where ¢, denotes the expansion for |u| > |A| (cf. (3.3)) and P, 5k (t, A) are some formal Laurent

series in A™!. The next result is reminiscent of the well-known Wick formula (see e.g. [Kac96,
Theorem 3.3]).

PROPOSITION 6.3. For a € F of the form

a= oz%_k,l_l) e 0‘7(“—197.—1)1’ r>1, ol e h,k; >0

we have
Yi(a, Z( [T &Pk >:(H oy, (al,)\)>:, (6.7)
(i.)ed leJ
where the sum is over all collections J of disjoint ordered pairs (i1, j1), - - ., (is,Js) C{1,...,7}

such that iy < ---<ig and iy < j; for all [, and J' ={1, ..., r}\{i1, ..., is, 1, Js}-
In the above formula, J = () is allowed, an empty product is considered equal to 1, and here

and further on we use the divided-powers notation 8(k) o /K.

Proof. Let us prove the proposition only for r = 2. The general case follows easily by induction
on r. Put o' :=q, o®:=f, ki :=k, and ks := 0. By Proposition 3.2, we have for v € F;,

Ktoo(a(_k_l)ﬁ, N = 0D (1= AP Y (e, 1) Y2 (B, A)o) =
Using the expansion of P% in the powers of  — A, we get
k o0 o0 OO,k‘
(DY (0, )Y (B, N + P (E, Mo,

as claimed. O

Let Fpi o (t,A) be a multivalued analytic function of (¢, \) € (B x C)\¥ depending on

al,...,a" €, ie., this is a function holomorphic in a neighborhood of some reference point,

say (0, 1), which can be extended analytically along any path C C (B x C)\X.

DEFINITION 6.4. We say that a multivalued analytic function F,1 _,~(t, \) has monodromy W
if its analytic continuation along a loop C' is Fj,1  yar(t, A) where w € W is the monodromy
operator induced by C (see §4.1).

Note that by definition X¢(a, \), « € b, is a formal differential operator whose coefficients are
multivalued analytic functions with monodromy W. We will prove in §7 the following theorem.

THEOREM 6.5. For all o, 3 € b the Laurent series Poo’k(t A) are convergent and give rise to
multivalued analytic functions P* ﬁ(t A) with monodromy W.

We will show in § 7 that, in fact, the series

Pos(t, X €) = (alB)E7% + Py 5(t, NE” + Py 5t NE! + - (6.8)

is convergent for sufficiently small |£| > 0, but this will not be needed here. We call P, 5(t, A; §)
the propagator from « to S3.

Ezample 6.6. For a, 8 € h such that o(a) = e 2™V "12q (p € (1/h)Z), we have

R N APuP
[8ufa(07 :u)-‘r? a/\fﬁ(()? )\)—] = (Oé’ﬁ)a)\bu,)\f =

— = (a18) Y (p+ R (69)
k=0
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This follows from Lemma 6.1 and (3.13) or, alternatively, from (6.6) and (4.7). For |u| > |A| >0,
the above series converges to a multivalued analytic function of (A, u) with a pole of order at
most 2 at u= A

Let us denote by ¢ the Laurent expansion near A\ = oo. Formula (6.7) and Theorem 6.5 imply
that

Y, %(a, A) = 13 X¢(a, N), a€F, (6.10)
where X;(a, ) is a formal differential operator in q whose coefficients are polynomial expressions

of the periods and the propagators. Namely, assuming the same notation and conventions as
in Proposition 6.3, we have

Xi(a, Z< [T &Pk A)):(H ag’““xt(al,x));. (6.11)

(i,9)eJ leJ’

Remark 6.7. The operators X;(a, ) can be defined for all a € Vi, but this will not be needed
here. In particular, X;(a, A) for a €bh and a=e* (a € R) provide a realization of the basic
representation of the affine Kac—Moody algebra g (cf. [FGM10]). The operators X;(e®, A) are
defined in terms of the so-called vertex operators (cf. (3.11)):

To(t, A) = : exp fa (£, A): = exp(fa(t, A)_) exp(Falt, A)1). (6.12)

6.4 Behavior near a critical point

Our next goal is to understand the behavior of X;(a, \) near a generic point (¢, u;(t)) on the
discriminant. We will write u = u;(t) for short, and will fix a cycle § € b vanishing over (¢, u).
Denote by ty_,, the operation of Laurent expansion near A = u, and let

Y (a, N) =y Xi(a, N), a€F.
The following properties of the propagators will be proved in §7 below.
THEOREM 6.8. The following statements hold.
(a) If (¢/|8) = ("|B) =0, then the Taylor coefficients Polf,va,,(t, A) of the propagator are
analytic near \ = u.

(b) There exists r;(t) > 0 such that for all o € b the Laurent expansion of P, g(t, A\; it — \)
in the domain r;(t) > |p — u| > |X — u| > 0 is equal to

o0

S D e FOE ), aa S (V) (6.13)
k=0

Let F C F be the vertex subalgebra generated by 8. Then

~C[B_1, B2, B3, - - ] (6.14)
is just the Fock space for the Heisenberg algebra @ Similarly, let
fﬁ—{a€f|ﬁ ma=0,n>0} (6.15)

be the Fock space for the Heisenberg algebra ((Cﬂ)l, which is a subalgebra of F commuting with
F3. Note that we have an isomorphism

FgR@F3=F, a®br ar b (6.16)
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Recall that, by the Picard—Lefschetz formula (see §4.1), the monodromy operator associated to
a small loop around (¢, u) is the reflection r3 € W.

THEOREM 6.9. The following statements hold.

(a) For ae}"ﬁl, the coefficients of Xi(a,\) are holomorphic functions of (t,\) in a
neighborhood of (t, u).

(b) The map be Fz— Y"(b,\) is an rg-twisted representation of the vertex algebra Fg
on fh.
(c) Forac€ J’:ﬂL, b€ Fg, we have
Y (ag-1yb, A) = Y (a, NV (b, A).

Proof. (a) If a € b is such that («|3) =0, the coefficients of X;(a, \) are invariant with respect
to the local monodromy rg, so they must be holomorphic functions of (¢, A) in a neighborhood
of (t,u). The statement for a € F then follows from the definition (6.11) of Xy(a, A\) and
Theorem 6.8(a).

(b) Note that
[Y(8, 1), Y (8, M) = tgeautr—aSUOuE Y (w11, 2), 0284 (u, A, 2)),
where we used Lemma 5.1 and Proposition 4.6 and we denoted by
£ (u, A, 2) = 42 (—205)"(2(A — u)) 1/ (6.17)
keZ

the period series for an Aj-singularity. It follows that the coefficients of Y;*(3, \) satisfy the
rg-twisted Heisenberg relations. Let us denote by

b Y(b,\), beFs

the rg-twisted representation generated by Y;“(3, ). By the same argument as in the proof of
Proposition 6.3, we can express Y;“(b, A) in terms of the generating fields Y;*(/, A) and some
propagators Pg S (t, A). According to Theorem 6.8(b), we have

u,k
Pﬁﬂ (t7 >‘) = L)x—upgﬂ(ta )‘)7
which implies that
V(b A) = ir—u X (b, X) = V(b N).
(c) We can assume that
a= a%_kl_l) cay ol T2l ol e (CR) ki >0,
b=Bmi-1) " Bm,—1l, p=1,m; 20.
Then, by (6.16),
a—1)b= a%—kl—l) c g ) Bemi—1)  Bem, -1
Using (6.11), one can express Y;"(a, A), Y;(b, A) and Y;*(a(_1)b, A) in terms of normally ordered
products and propagators.

Then to compute Y“(a, A\)Y;*(b, A), it is enough to compute all products of the type
AJ/()\)B]// ()\), Where

) =+(T vt ) B =s( TT o475 )

icJ’ GeJ”
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for
Jc{l,...,r}, J'c{L,....p}

The product A j(A)Byr () is computed using the Wick formula (see e.g. [Kac96, Theorem 3.3])
and Theorem 6.8(b):

ArB ) = 3 (T o il 03 )€

I (g)el

Here the sum is over all collections I of disjoint ordered pairs (i, j) such that i € J', j € J”, and

e =s( TL vl TT o™ v8.) )

ler nel’”

where
I'=J\{i | (i,5)el}, I"=J"\{j|(i,j) €}

It is not hard to see that the combinatorics of the Wick formula and formula (6.11) produce
exactly the identity we claim. O

Remark 6.10. It is not true that the Laurent expansions of all Xy(a, A) near A = u give a twisted
representation of F. Indeed, for o, o/ € h such that («|8) = (/|3) =0, the Laurent expansions
of Xi(a, A\) and X;(c/, \) have only non-negative powers of A — u. Thus, they cannot satisfy the
commutation relations of the Heisenberg algebra (cf. (3.10)).

6.5 Action on tame vectors

So far we have considered the action of X;(a, A\) on elements of Fy, i.e., on polynomials in g
(see (6.1)). Now we want to consider a certain completion of Fj. Note that for an arbitrary formal
power series v € Cy[[q]], the series X;(a, A\)v has divergent coefficients in general. We claim that
if v is a tame asymptotical function (cf. §5.4), then Xy(a, A\)v is a formal power series whose
coefficients are formal Laurent series in /'/? with coefficients that are finite linear combinations
of the coefficients of X;(a, \).

Using the natural multi-index notations, we can write

l 17 ’
Z v tal, T= iy (6.18)
By definition, v is tame if 3g — 3 + ¢(I) < £,(I) implies that vgg) =0, where

oo N oo N
(D) =) i (D)= ki)

k=0 I=1 k=0 1=1
If we write
Xi(a, N) =Y =D, 5t X)q' 0, (6.19)
I1,J

then X;(a, A\)v is a formal series of the type (6.18) whose coefficients ’U(g )

Z (Z CI/ INQ]/ (t )\)v§//_2J>
J

I 41 =1

are given by
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where
9" +5(J) = I") =g

and the precise values of the combinatorial coefficients C’57[” € Z are irrelevant. The first sum
is always finite for a fixed I, while in the second one the non-zero terms are parameterized by J
such that

39" =3+ L(I") + L(J) = €(I") + £:(J),
ie.,
ST+ 0.(J) <3g =3+ 30(I") + 0(I") — £.(I").

For fixed g and I, there are only finitely many J satisfying the above inequality, which proves
our claim.

Finally, let us point out that the formal composition of two operators X;(a, u) and Xy(b, A)
is a formal differential operator whose coefficient in front of A¢()—€1)/2gT aé is

>y (Z o ap g (t Wb (8, A)) (6.20)

I+I1"=1 J'4+J"'=J N K

for some C;(/’I”’J/’J” € Z. The first two sums are always finite for fixed I and J. However, the

sum over K is infinite and so the product can be defined only if the series is convergent in an
appropriate sense. As we saw in §§6.3 and 6.4, this can be done if we use the Laurent series
expansions at co or u = u;(t).

Indeed, near oo, the sum over K in (6.20) is convergent in the p~!

ar j(t, p) — 0 uniformly as J — oo. This is because 1o (t, n) — 0 as k — +oc.

-adic topology, since

Similarly, we will say that b e F is singular at A=w if by j(t,\) — 0 uniformly in the
(A — u)-adic topology as I — oco. Then (6.20) is convergent in the (A — u)-adic topology. By
Theorem 6.9(a) and Proposition 4.6, o € h C F is singular at A = if and only if o € C/3, where
B is a cycle vanishing over (¢, u). It follows from (6.11) and Theorem 6.8(b) that all b € F3 are
singular at A = u.

6.6 Intertwining operators

Recall that the calibration operator S; of the singularity gives an isomorphism between two
different completions of the Fock space Fj; = Cy|q] (see §5.5):

S\til : Cﬁ[[QO? a+1q,.. ]] - Ch[[QO 7,1+ 1,q,.. ]]
Using the operator series
Y(a,\) =uyXo(a, A) =Y5%(a, A), a€F,

we put the structure of a o-twisted F-module on the completion Cp[[qo — 7,1 + 1, ¢2 .. .]]. The
other completion is equipped with the structure of a o-twisted F-module via the operator series
Y, >®(a, \), a € F.

LEMMA 6.11. The map §t is a homomorphism of o-twisted F-modules, i.e.,
Y24, \)=8Y(a,\) S, acF.

Proof. Using Lemma 5.5 and Proposition 4.7, we see that the above equation holds for all
a=a € h CF. Therefore, due to the construction via the Wick formula (see Proposition 6.3), it
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is enough to compare the propagators. The propagator of «SA‘tY(a, u)gt_l and @Y(ﬂ, /\)gt_
aAaHQ((St(Z)fOé(Oa Ky Z))+> (St(Z)fﬁ(O, A, Z))*)

By Proposition 4.7, this is precisely Pgoﬁ(t, Uy N). O

Now let Ff2™¢ be the space of tame series in Cp[[go, ¢1 + 1, g2, .. .]], as defined in §§5.4
and 6.5. Then the asymptotical operator U, R, gives an injection (see §5.4)

Ry Chl[Qo, Q1 + (1,..., 1), Qq, .. ]]Jame — Frame, (6.21)

Let us assume that ¢ € B is generic, A is close to one of the critical values u :=w;(t), and [ is a
cycle vanishing over (¢, u). By Theorem 6.9(b), the space F}*™° of tame vectors is an rg-twisted
Fs-module.

On the other hand, applying our construction from §6.2 in the case of an A;-singularity, we
get that the operator series

Y8, A) = £4 (u, A, )

(see (6.17)) induces the structure of an rg-twisted Fz-module on the space Ci[[Qf, Q% + 1,
Q5, . . JJtame,

LEMMA 6.12. The operator (6.21) is a homomorphism of rg-twisted Fg-modules, i.e.,
U R YA (b, A) = YA (b, N Ry, be Fp.

Proof. Due to Lemma 5.4 and Proposition 4.7, the above identity holds for b= 3, which is
the generator of Fg. According to the Wick formula (see Proposition 6.3), it is enough to

compare the propagators of the two modules. The propagator of \TltﬁtYuAl (8, M)(\Tftﬁt)_l and
U RY A (B, \) (W, R, is

NI QUL RN (u, 1, 2)) 1 (W R(2)ED (u, A, 2))).
But
Wy Ry (2)f4 (u, A, 2) = f5(t, A, 2)
thanks to Proposition 4.6. O

7. Analytic continuation of the propagators

The goal of this section is to prove Theorems 6.5 and 6.8. The idea is to express the phase
factors via certain integrals. The latter were already used in [FGM10], but we need to establish
some further properties, which will allow us to extend analytically the phase factors and the
corresponding propagators.

7.1 Integral representation of the phase factors

Let us denote by
I(t, A) =ula(t, \), acQ,

the Laurent series expansion at A = oo of the vertex operators (6.12). Due to Lemma 5.1, the
product of two vertex operators is given by

Fgo(tv ,U')P,%O(t) A) = g?ﬁ(u Ky A)Fgo(ta :U’)F[Oi’o(tv )‘):7 (71)
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where

Bg?ﬁ(ta Hy )‘) = L/LLA exp Q(fa(tv My Z)-i-v f,@(ta )" Z)—)
is the so-called phase factor. Then, by definition (see (6.6)),
Po,oﬂ(ta K, >\) = 8,u8>\ log Bgf]@(ta s )‘)

(03

The goal in this section will be to prove Theorem 6.5. In fact, we will prove a slightly stronger
statement, namely that the phase factors are multivalued analytic functions with monodromy W'.

We will make use of line integrals in B, whose integrands are 1-forms defined in terms of the
period vectors 10 (t, A). It is convenient to embed B C B x C, ¢+ (t,0) and restrict the Milnor
fibration and the corresponding middle homology bundle to B. The restriction of the discriminant
3 C B x C to B will be called again the discriminant and its complement in B will be denoted
by B’. In particular, the period vectors

IF @, N =1PF)(t - X1,0) (7.2)

may be singular only at points (¢, \) such that ¢ — A1 belongs to the discriminant.
Using the differential equations from Lemma 4.4, we get

APQEat, 1 2) 4 B3t A, 2)) = IO (¢, ) o0 IO (1, M), (7.3)

where dP denotes the de Rham differential on B. Motivated by this identity, let us consider the
following family of improper integrals depending on parameters ¢, A\, and &:

t—A1
Bap(t, X\ &) = g%exp< / 1 IO €) oy 1§”(t’,0)>, (7.4)
—€

where the integration is along a path C': [0, 1] — B, such that the strip
C§ : [Oa 1] X [Oa 1] — B, 05(81, 52) = C(sl) — 5261

does not intersect the discriminant. A path C' with this property will be called a &-path. The
integrand is a multivalued 1-form. In order to specify its values along the strip C¢, it is enough
to assume that the integration path passes through a reference point, say —1 € B, where the
branches of the periods are fixed in advance. Note that for given (¢, \) ¢ ¥, the integral in (7.4)
is well defined for all sufficiently small &.

Using the translation invariance of the periods (see (7.2)) and the fact that fz(t, A, z)—
vanishes at t = A1, we get

2?,6@7 s )‘) = by Baﬂ(tv )‘7 = )‘)7 (75)
where ¢, 5 is the Laurent series expansion in the region || > [A| > 0. In particular, the limit

in (7.4) exists. Indeed, let us split the integration path in (7.4) into two parts (see parts I and
IT in Figure 2 below):
Y1 t—A1
/ [
—el -1

The second integral depends holomorphically on A and &£, because the integration path and
the corresponding &-strip do not intersect the discriminant, which means that the integrand is
analytic.

The first integral is by (7.3) the logarithm of the phase factor for the product of I'S°(0, 1)
and F%" (0, A), where pt = X\ + £. Recall from Remark 6.7 that these vertex operators provide the
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principal realization of the affine Lie algebra (see [FGM10]). It is an easy exercise to compute
these phase factors explicitly (see e.g. [BK04, FGM10] and §3.4). The answer is

h—1
- O'koc
20,1, N) = [T (! = 2mv Tt meeld), (7.6)
k=0

As in the proof of Lemma 3.7, one can see that for gy = A + £ the above function has the form
g(alﬁ)(l +--4), (7.7)

where the dots stand for some function that depends analytically on &.

Now to prove Theorem 6.5, it is enough to set
P g(t, Ay o — X) = 020y log B g(t, A; pp — A);

then the integral (7.4) provides an analytic continuation in (¢, A) along any path avoiding the
discriminant, while formula (7.7) implies that the propagator has the required expansion (6.8).
It remains only to prove that the phase factors have monodromy W, i.e., if C' C B is a closed
loop based at t — A1 (avoiding the discriminant) and w € W is the corresponding monodromy
transformation (on vanishing homology) then the analytic continuation of B, g(t, A; ) along C
is the same as Byq,uwa(t, A; ).

LEMMA 7.1. Assume that B, g(t, \; £) is invariant under the analytic continuation along any
loop C such that the corresponding monodromy transformation w leaves both o« and 3 invariant.
Then B, 5(t, A; §) has monodromy W.

Proof. Let we W be any monodromy transformation. We may assume that the path in the
definition of the phase factor (7.4) passes through a point ty — A\g1 such that \g is sufficiently
large. Then

Ba,ﬂ(ta )‘a g) = ACQ (Boc,,@(t(]a )‘07 5))7

where (5 is the portion of the path from typ— Aol to t — A1 and Ac, denotes analytic
continuation along Cs. If Cy is a loop based at tg — A\g1 such that the corresponding monodromy
transformation is w, then

Acy (Ba,s(to, Ao; §)) = Buwa,ws(to, Aos §), (7.8)
because both sides are given by an integral whose Laurent series expansion tx,tu, ., with
Ko = f + )\0 is Bs;()a,wﬁ(t()? Mo, /\0).

Now let C7 be a loop based at t — A1 whose monodromy transformation is w; then
Acy (Bas(t A §)) _ Aciocy (Bas(to; Aos §))
Bwa,wﬁ(tv A f) ACZ (Bwa,wﬁ(th Ao; 5)) ‘
Using (7.8), we get that the above ratio is precisely

/ ’ Ac(Ba,p(to, Ao;
o f 1009 00 1710,0)) = 2Pl 0)

where
C=CitoCytoCyoCy.

Both « and § are fixed by the monodromy transformation along C; hence the above ratio is
equal to 1. O
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Therefore, we need to prove that the phase factors satisfy the condition in Lemma 7.1.
The proof follows essentially the ideas of Givental [Giv03] and consists of two steps, which are
formulated in the next two lemmas.

LEMMA 7.2. If C' is a small £-loop that goes twice around a generic point on the discriminant,
then

7{ IO, €) oy I(t', 0)
C

is an integer multiple of 2m+/—1.

Proof. For homotopy reasons, we may assume that C lies on the complex line through the generic
point ¢y on the discriminant parallel to C1. Then the integral can be written as

0
(10 t0,6 ~ 0. 100, ~) (7.9)
C
where u = u;(t) is the critical value that gives locally near ty the equation of the discriminant:

u(t) =0.

If « is invariant with respect to the local monodromy around %, then I&O) (', €) is analytic
for all ¢ sufficiently close to ty and the integral vanishes identically. The same also applies
to 8. Decomposing « and 3 into invariant and anti-invariant cycles with respect to the local
monodromy, we get

a=d +(aly)v/2, B=06"+ (Bl)v/2,

where v is the cycle vanishing over ¢y. Since only the anti-invariant parts contribute to the
integral, we may assume that a =0 =~ are vanishing over #y and will have to prove that
the integral is an integer multiple of 87+/—1.

In this case, the period I [(30) (to, & — u) has the following expansion:

I(O)(to, & —u) =Ty, ZRk t0)O0, kl(o (u, &)e;

(see §4.5), where
+2
2(§ —u)
is the period of A;-singularity. Substituting this expansion in formula (7.9) and using that Uy,
is an isometry, we obtain

I(O)( 76):

3 7{ Ri(to) (—~0) IO (u, €), R(to)(—0,) "1 (u, 0)) du.

k,l=0

Since Ry, (z) is a symplectic transformation, we have

> (1" TRi(to) Ri(to) = bn,0-

k+l=n

Using integration by parts, we find that only the terms with k£ = = 0 contribute to the integral,
i.e., we get

74 (19 (u, €), 19, 0)) du
C
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The argument is in fact slightly more subtle, because Ry(z) is in general a divergent power

series. The integral operator » ;. Ry (to)(—0y) "%, however, when applied to the period Ig)l) (u, &)
produces a convergent series and increases the order of the zero at u=¢ by n. Therefore, by
induction on n we see that modulo the term with k =1 =0 the remaining part of the integrand
has an infinite order of vanishing at u = ¢, so it must be 0.

It remains only to compute the integral

P
.
740 V(€ —u)(—u)

where C' is a closed contour going twice around u =0 and v =&. The integral is easily seen to
be +8m+/—1, which completes the proof. O

LEMMA 7.3. Assume that C is a £-loop in B’ such that the cycles o and (3 are invariant under
the parallel transport along C. Then

§ 1.9 0 19(¢,0)
C
is an integer multiple of 27w/ —1.

Proof. Since the monodromy group is a finite reflection group, any monodromy transformation
w that fixes « and § can be written as a composition of reflections with respect to hyperplanes
containing both « and (3 (see [Bou02, ch. V, §3.3, Proposition 2]). On the other hand,
the monodromy group is the quotient of the Artin-Brieskorn braid group m(B’) by the
normal subgroup generated by the loops going twice around generic points on the discriminant
(see [AGVS8S8, Ebe07]).

It follows that our path C' is homotopic to the composition of several paths C] along which
« and [ are invariant, and several paths C;’ that are simple loops going twice around generic
points on the discriminant. Clearly, we may choose C} and C} to be {-loops.

The integral over C' can be written as a sum of integrals over the loops C! and CJ’-’ . Since
both periods are invariant along C!, they must be holomorphic in a disk containing C, which
implies that the integrals along C/ vanish. By Lemma 7.2, the integrals along C]’-’ contribute only

integer multiples of 2wy/—1, which completes the proof. O

7.2 The phase factors near a critical value

Let us assume now that ¢ty € B is a generic point on the discriminant and that the phase factor
Ba g(t, A; o — A) is analytically extended along some path for (¢, A, ) such that ¢ — A1 is close
to top and [ coincides with the cycle vanishing over to. The critical values (ui(t), ..., un(t)) of
F(t,-) form a coordinate system for ¢ near ¢y and the local equation of the discriminant has the
form {u;(t) =0} for some 1.

Introduce the notation
Lai(t, A) =, La(t, N), a€@.
The vertex operator product (7.1) is well defined in the (A — u;)-adic topology, and we have

Lot )L (8 A) = Byg(t, p, AL (E, )L (2, M)
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where the phase factor can be identified (for the same reason we used to derive (7.5)) with the
Laurent series expansion

ba—u; Lu—ui,)\—uiBa,ﬁ(t’ A; B )‘)
Here

_ t—A1
Bop(t, X; €) = lim exp < /t 19, €) o I5( 0)>7 (7.10)

0—el

where the integration is along a &-path C such that § vanishes as t' — t(, and the limit is along
a straight segment such that the line segment [\ + e, u+ | does not intersect 0 as & moves
toward 0. Such a path exists provided £ := u — A is sufficiently small.

THEOREM 7.4. For every a € QQ and every cycle 3 vanishing over ty, we have
Ba,ﬁ(t, >‘; f) = Ca’gBa,ﬁ(t, )‘; 5)7

where c, g is a constant independent of t, X and p.

Note that Theorem 7.4 implies Theorem 6.8(b), because after taking log of both sides of the
above identity and differentiating 0x0,,, the left-hand side becomes the analytic continuation
of the propagator P, g(t, A\; # — A) while the Laurent series expansion of the right-hand side
is (6.13). The proof of Theorem 6.8(a) was already obtained in the previous subsection. Indeed,
if o/ and o are cycles invariant with respect to the local monodromy, then the periods IS,))(t’ ,€)
and IS,)/) (¢, 0) are analytic for all ¢ in a neighborhood of ¢y, which implies that the integral (7.4)
is analytic in (¢, A).

Let us denote the ratio B, g(t, A; f)/éavg(t, A €) by

075//1
fap(to,§):= lim exp </t IO, €) oy [éO)(t/’ 0)). (7.11)

(¢",e")—0 —e'1

We will prove that f, g(to, &) is analytic in a neighborhood of £ = 0 and is locally constant with
respect to tg. Finally, we will check that the function is homogeneous of degree 0, so it must be
a constant independent of .

7.3 Analyticity at £ =0
Let us fix the following notation. The space of miniversal deformations will be presented as
B =By_1 xC, where C is the coordinate line through 1, the so called primitive direction,
and By_1 is the (/N — 1)-dimensional space spanned by the remaining coordinate axes. Given
te B, we put 't € By_q for the projection of ¢ on the first factor. Let us point out that
ui(t) = u;i('t) + tn, therefore the points on the discriminant are precisely the points of the form
to ="to — u;("tp)1 for some critical value u;.

Assume now that 't € By_1 is generic, so that the corresponding critical values are pairwise
distinct. Note that the radius of convergence of the Laurent series expansion near A = u;("tg) of
the period Iéo) ("tg, A), viewed as a function of A only, is

pi = pi('to) := min Juj("to) — wi("to).

Let us put x; := p;/2 — u;("ty) and fix "tg + ;1 as a local reference point in the corresponding
disk of convergence D(u;('tg), p;). Here we have used the following notation:

D(u,r)={to + (x —u)1||z| <r}.
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{/t()} x C {/t()} x C=C, (/t(), L =2

FIGURE 2. Integration path.

Given a positive number p = p('ty) we construct the following sets of disks (see Figure 2):
D(u;("to),p), 1<i<N (7.12)

and

D(zi,p), 1<i<N. (7.13)
We pick p > 0 such that the disks (7.12) and (7.13) are pairwise disjoint and such that D(z;, p)
is contained in the domain of convergence D(u;('ty), p;). For example, if we set

p('to) = min pi/4,
then all these requirements are satisfied.

LEMMA 7.5. Let to="to —u;i("to)1 be a generic point on the discriminant. Then fq g(to, &)
extends analytically inside the disk || < p.

Proof. Let us split the integration path in (7.11) into four pieces (see Figure 2):

—Xol to—Aol t0+(pi/2)1 to—e''1
+ / + / + / , (7.14)
—e’l —Xol to—Aol t()-i-(pi/?)l

where \g can be chosen as large as we wish. The first two integrals were already analyzed at the
end of §7.1. Namely, their contribution after passing to the limit £ — 0 is

log Ba g(to, Ao §) = (afB) log  + - -+, (7.15)
where the dots stand for some function that depends analytically on €.

Note that in the third integral the path can be deformed homotopically so that it does not
intersect the disks (7.12). In this case, the distance between a point ¢’ on the integration path
and a point "ty — u;j('to)1 (1 <j < N) is more than p. The singularities of the period I©)(#', €)
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are precisely at the points
t/—f]_:/t()—u]'(/to)l, 1<j<N;

which means that as long as || < p the period will be analytic in . In other words, the third
integral is analytic for |£] < p.

It remains only to analyze the last integral. Let us make the substitution
t'=tg+ 2l =u;(t') =u1;
then the integral becomes
_e 0
| a0~ o). 100, ~2) da.
pi/2

Since the integration path and the corresponding {-strip (for [£| < p) are entirely in the disk of
convergence, we can compute the above integral via its Laurent series expansion

+2 > .
1§'(t0,€ = 2) = s (et 3 antto)2(e ~ )",
where (see Proposition 4.6)
lto) = ﬂ(qzjﬁml(;ﬁm’ m=0 (7.16)

Let us decompose o = o + («|3)3/2, where o is invariant with respect to the local monodromy.
Then IC(Y(,]) (t', &) is analytic in &, which implies that its contribution to the integral is analytic,
i.e., we may replace a by («|3)3/2.

Multiplying out the Laurent series and integrating term by term we get

- dx 1 1
@) [ e+ 0(E) los(VE T 4 V),

up to terms that depend analytically on & or have order O(\/? ). The second term must vanish,
because if we let €” go twice around 0, then according to Lemma 7.2 our integral should change
by a constant, while the second term changes by a function proportional to £. Of course, we can
check the vanishing directly (by using (7.16)), but then we would have to repeat the proof of
Lemma 7.2. The first integral is straightforward to compute, namely it is

—2(alB) log(v/§ —z + V=2)[5 j, = —2(c|B) log(\/E + " + V") + - - -,

where the dots indicate a function analytic in the disk || < p. Passing to the limit we see that our
integral up to analytic terms is —(«|f3) log €. This singularity cancels, up to an integer multiple
of 2m\/—1, with the singularity (7.15) of the first two integrals (7.14). Finally, note that if &’ or
¢’ makes a small loop around 0, then the integral gains an integer multiple of £27/—1. This
proves that the limit (&', ¢”) — 0 exists and it depends analytically on £ as claimed. O

LEMMA 7.6. The function f, g(to, &) is locally constant with respect to tg.

Proof. Let us take a small neighborhood U of ¢y in B; then u; =wu;(t), 1<j <N are local
coordinates in U and the local equation of the discriminant in these coordinates is given by u; = 0.
In other words, the critical values (uq, ..., ;, . .., uy) are local coordinates on the discriminant
near tp. In the integral representation (7.14) only the last two integrals depend on tg, so let us
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look at them more carefully. We have an improper integral on the complex plane with N — 1
punctures:

C\{u1(to), .- -, ui(to), - - -, un(to)}, C={to} x C.

For homotopy reasons, we may think that varying ¢y along the discriminant is equivalent to
still integrating along the same path but changing the positions of the punctures u;(to), j # 1.
However, thanks to Lemma 7.3 the integral does not depend on the position of the punctures. O

7.4 Proof of Theorem 7.4

In order to prove that f, g is a constant, let us see how the integral changes under rescaling £ + ¢,
where ¢ is a positive constant sufficiently close to 1. Recall that the flat coordinates were assigned
degrees 1 — d; = deg(7;), where d; is the weighted-homogeneous degree of the corresponding
polynomial 0;f (see §4). It follows that the structure constants C’fj (1) of the Frobenius
multiplication, defined by

N
0 e: 0j = Z Cfi ()%
k=1

are homogeneous of degree d; + d; — dj.
Let us look at the integrand of f, 5(£),

N
10, €) & 19(1,0) = S (19 (t,€), ) CE(N) UL (¢, 0), dry) dri.
i,5,k=1

Since the periods satisfy the homogeneity equation (cf. (4.4), (4.5)):
(A0x + BN (1, A) = (6 — 1/2)15(t, \)
and
0(0k) = (d/2 — dp)Ok,  O(dry) = (dj —d/2)dr;, T6=—0,

we see that (Iéo) (t,€),0k) and (Iéo)(t, 0), drj) are homogeneous of degrees dj, — (d+1)/2 and
—d;j + (d — 1) /2, respectively. It follows that the degree of the integrand is

dy —(d+1)/24+d; +dj —dy, —dj +(d—1)/2+ (1 — d;) = 0.

This means that our function f, g(§) is homogeneous of degree 0, i.e., fo g(c§) = fa,5(§) for all ¢
sufficiently close to 1. Therefore, only the constant term in the Taylor series expansion of f, 5(§)
at £ =0 could be non-zero. This completes the proof of Theorem 7.4.

8. Wh-constraints
In this section we prove our main result, Theorem 1.1. The proof consists of several simple steps.

8.1 Reduction to analyticity at the critical values

Recall that for each t € B, the operator series Y;>°(a, A) defined in §6.2 provide a o-twisted
representation of the vertex algebra F on the twisted Fock space Fj. Let us complete Fj; with
respect to the formal topology near q = —1z, i.e., define

?h - (Ch[[q()a q1 + 1) q2, . . H
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Then the action of ¥,°(a, \) on elements of F still makes sense, since the operator series are

given by the Wick formula (6.7) and the periods Lg{n)(t, A) — 0 in the formal A~!-adic topology
as nm — oo.

By definition, the total descendant potential is an element of yet another completion of the
twisted Fock space, namely

Dxy €Chllgo — 7,1 +1,q2,.. ]| = gt_l?h

(see (5.4), (5.5) and Lemma 5.6). The latter is equipped with the structure of a o-twisted F-
module via the operator series

Y(a,\):=Y;"(a,A), a€F.
If a € Wx,, then due to the o-invariance, Y (a, A) has only integral powers of A. Theorem 1.1 is
equivalent to the statement that Y (a, \)Dx, has no negative powers of A for all a € Wx,,.
Let us assume that a € Wx,, t € B is generic and || is sufficiently large, so that the Laurent
series expansions are convergent. By Lemma 6.11, we have
Y(a, /\)é\t_l = S\t_liftoo(av A),
which together with (5.4) gives
Y(a, \Dx, =081V (a, ) A,
where A; is the ancestor potential (5.5). Thus, Y (a, A\)Dx, has no negative powers of A if and
only if Y;*°(a, \).A; has the same property.
Since A, is tame, the coefficients of X;(a, \).4; are polynomial expressions in the coefficients
of X¢(a, A), ie., ¥;>(a, \)A; is the Laurent series expansion of X;(a, A\)A; at A =o00. We want
to show that all coefficients of the series X;(a, A).A; are polynomials in A. Since Xy(a, \).A; is

monodromy invariant and has singularities only at the critical values, this is equivalent to the
condition that X(a, A).A¢ does not have poles at the critical values A = w;(t) for 1 <i < V.

8.2 Reduction to the case of Virasoro constraints of an A;-singularity

For a € Wx,, we analytically continue X¢(a, \) to a neighborhood of A = u;(t). The vanishing
cycle over the point (¢, u;(t)) € ¥ will be denoted by £.

Recall that F3 C F is the subalgebra generated by 3, and j’-'ﬁL is the subalgebra generated by
all o € b such that («|3) =0 (see (6.14), (6.15)). Then, according to (6.16), for every a € F we
can write

a= Z af_yb*, " eFy, bt eFps
k
LEMMA 8.1. Assume that a € F is written as above with linearly independent a*. Then
eﬁ(o)a = 0 if and only if all b* lie in the Virasoro vertex algebra generated by wg := B—1)B/4.

Proof. Since eﬂ(o) is a derivation of the (—1)st product and eﬂ(o)ak =0, we see that eﬂ(o)a =0
if and only if e (0) b¥ =0 for all k. This means that b* lie in the Wa,-algebra corresponding to
the lattice Z3, which is just the Virasoro vertex algebra (cf. Remark 2.1). O

By Theorem 6.9(a) and (c), the operators X;(a*, \) are regular at A\ = u; and

Vi (a, N A =D Y (aF, 2) Y (08, VA
k
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where Y;""(a, \) denotes the Laurent series expansion at A =u; of X;(a,\). If we prove that
Y, (b*, \)A; does not have a pole at A = u;, then the above expression does not have a pole
either.

Due to Lemma 6.12,
Y4 (b, N0 By = Uy R Y (b, ), bE Fp,

where the operator series Yu’i.‘l(b, A) provide an rg-twisted representation of the vertex algebra
Fp on F;*™¢ (see the discussion before Lemma 6.12). Then (5.5) implies that for b € Fp,

N
Y (b N A@) = RaY i (0, 0) [ ] Pp(hA: 7 a),
j=1
where YA1 (b, A) is acting on the ith factor in the product.

When b is in the Virasoro vertex algebra generated by wg, the operators YA1 (b, A) give an
untwisted representation. By Corollary 3.5, the regularity of YA1 (b, \) at A =u; follows from
the regularity of the generating field Y?l(w/g, A). Therefore, we only need to verify that the
Virasoro constraints for an Aj-singularity coincide with the usual Virasoro constraints for the
Witten-Kontsevich tau-function Dpy.

8.3 Virasoro constraints for an A;-singularity

Let us assume now that F(t,z) =22/2 +t is the miniversal deformation of an A;-singularity.
Then the period has the form

2

19N = ———
5 (52) 200 — t)

where the vanishing cycle over the point (¢, \) € B x C is the 0-dimensional cycle
B=ler(t, ] =[x (&N, 2t A) =Ev2(A - 1)

From here we find for £k >0

(DRI 0) = (o) (8 ) = 2753 (2 + DI — 1) TR 3,

QJ

k+3
190 = @) (0.8) = s = 0"+,
where (—1)!! := 1. After quantization (see (6.4), (6.5)), we obtain the differential operator
Xi(B, ) = OEs(t, \) = D ~(n/2)-1
n:odd
where for k=0,1,2,...
ok+3

0
:27167l 2k + NRY2 2 _op1=———"h .
Jok+1 2(2k+1) o0 J_ok—1 @k =1 qk

The formula for the propagator (6.6), (6.13) assumes the form

o0

Pt hp—N) =Y (2k+1)(u—t)F2 (A —t)k~z
k=0

= =202t Ou((n — A) 7 (1 — Y2\ — 1) 1/2),
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On the other hand, we have

Xi(wg, A) = 1 Xe(B1)B, A) = $:X0(B, N Xe (B, A): + P8 5(t, N).
After a short computation, we find Poﬁ(t, A) = (A —t)72/4, which implies

(,(J5, ZL —t_m 2,

meEZ
where the Virasoro operators are
1 1
L, = E&n,o + 1 ;Z 2 So(krm) 412611

For example, the first few operators are as follows:

1 > G,
L = —qo? E -
1 %QO + OQkH@qk’

k=
Lo % + % (2]{: + 1)qka(zk,
k=0
1= Z;;:Jrizo (2k + 3) (2/<:+1)q,€a(j+1
L= % aquql 4 % 2_%(21@ +5)(2h -+ 3)(2h+ Doz —

After setting i = 1, these become precisely the Virasoro operators that characterize the Witten—
Kontsevich tau-function (see [Wit92]).

Finally, let us point out that the total descendant potential is obtained from a product of
formal power series that are obtained from the Witten—Kontsevich tau-function by rescaling:

Dy (B, q) — Dpi(BA:, g/ Ay).

Since the above Virasoro operators are invariant under such a rescaling, the rescaled potentials
still satisfy the same Virasoro constraints.

This completes the proof of Theorem 1.1.
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