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Abstract

The aim of this paper is to study the dimension reduction analysis of an elastic plate with small thickness reinforced
with increasing number of thin ribbons developing fractal geometry. We prove the I'-convergence of the energy
functionals to a two-dimensional effective energy including singular terms supported within the Sierpinski carpet.

1 Introduction

Starting from the pioneering work by Adkins and Rivlin [1] who studied the deformation of a structure
reinforced with thin parallel, flexible and inextensible cords, strong research efforts have been devoted to
the study of reinforced structures in order to describe their constitutive parameters. A lot of earlier works
have focused on the homogenisation of elastic materials reinforced with fibres or ribbons composed of
highly contrasting elastic materials (see for instance [5, 12, 15], and the references therein). The obtained
homogenised composites are generally characterised by high strength and improved stiffness.

In this paper, we consider the deformation of a three-dimensional elastic plate with vertical small
varying thickness reinforced with highly contrasted thin vertical ribbons following fractal paths. More
specifically, we assume that the ribbons are thin vertical elastic strips of height 2r, which are built on a
pre-fractal curve obtained after A-iterations of the contractive similarities of the Sierpinski carpet . We
suppose that the plate occupies the domain w x (—¢,, €,) of thickness 2¢,; h € N, where w is a bounded
domain of R? with Lipschitz continuous boundary dw.

Our main purpose is to describe, under suitable scaling regimes of the Lamé constants of the plate
and that of the ribbons, the state of equilibrium of a such structure as the thickness of the plate and the
height of the ribbons tend to zero, and the sequence of pre-fractal curves converges in the Hausdorff
metric to the Sierpinski carpet. Using I'-convergence methods (see for instance [11]), we obtain the
following effective potential energy of the composite:

dx’

azu';
Q u «, u d ’ Q -
fw Nap () €qp () dx +fw Wap (U3) ox.0x,
+u* fz dLs (v)

I ) A _ d
Fao (,v) = ’H”’(Z)(ln2)2u§:2f2AW(s)(u Vo)AMY () (1.1)

5 fz ;u3d’H (s)

’H" (E) (ln 2)
if (u,v)yeH (a), R3) ,
+00 otherwise,
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Figure 1. The network {C}},.y is represented by black squares.
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Wop (U3) = = XU % s, =14
PRI = 3 0X,0x5 21+ A 3

u;  0%us

oxk  axd’

where the summation convention with respect to repeated indices has been used and will be used in the
sequel, A > 0 and u > O are the Lamé constants of the material in w, u* is the effective shear modulus
of the material occupying the fractal X, and where §; denotes Kronecker’s symbol, the parameter y €
(0, +00) is given by

(1.2)

Ax/u3 =

im () @ (1.3)
= 1im — N .

Y h—oo \ 3 En Inr h

a being a positive constant which will be specified in the next Section, H¢ is the d-dimensional Hausdorff
measure where d is the fractal dimension of ¥ with

d=In8/1In3, (1.4)
H (a), ]R3) is the space of admissible displacements defined by

uv)el* (Z,R) x L2, (Z,R?) ;ucH! (v, R?
H(a),R3)= ( ) ( ) ’Hd( ) 0( ) , (1'5)
vEDs ¢, us € HY (w)
. . . 3u+ A
Dy ¢ is the domain of the energy supported on the fractal ¥ (see (3.7), Section 3), k = A
"
Di (1 2 2 )'f (s5)==%(0,1)
iag ( 1, —, ifv(s)= > 1),
1 1
AGs) = (0 (40 (1.6)

(2 2 N
Dlag((1+K),1, (1+/c)> ifv(s)==x(1,0),

where v(s) is the outward unit normal on X N dC; seen from Cj; {C}},.y being the network of the squares
removed from [0, 1]* to obtain the Sierpinski carpet ¥ (see Figure 1), and Ly is a measure-valued
Lagrangian with L5 (v) = L5 (v,v) >0 is a positive measure (see Section 3, Proposition 2 for more
details). The Lagrangian Ly takes on the fractal X the role of the Euclidean Lagrangian dL (u, v) =
Vu.Vodyx'.

The effective energy (1.1) is composed of stretching and bending energies for an isotropic elastic
plate occupying the domain w, a singular fractal energy term supported on the Sierpinski carpet ¥, and
a nonlocal term due to the microscopic interactions between the constituent materials. The equilibrium
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of the fractal ¥ is asymptotically described by a generalised Laplace equation which is related to the
discontinuity of the effective stress on X through the following relation:

B () 2T ()€ )1 on =

ax (V = ae (8) (Uy — Vg s

FRe T ®) T W) 2y 1.7)
= [1ep @) V], 10 =1,2 in %,

where (i, v) is the solution of the limit problem stated in Corollary 13 of Section 5, Ay = <il’z > is a
2,2

second-order operator in L?Hd ( 3, ]RZ) defined by the form &5 in Lemma 3 Section 3, and
(e @) v ], = 1y @) v — 1,5 (@) v @ = 1,2, (1.8)
where 7, (i) vy is the outward normal stress on £ N 9C; [ €N, and 1, () vg is the inward normal
stress.
If y = 400 then, for every (4, v) € H (a), R3), F. (u,v) < 4+00=u=v and u3; = 0 in w. In this case,
the energy supported by the structure is given by
L, Nap () e (@) dx’' + p* [ dLy ()
Fo () = if € H) (0, R?) N Dy, (1.9)
+00 otherwise,

where we see the disappearance of the term corresponding to the bending energy.
If y =0, then the effective energy of the structure turns out to be

821/!3
0x,0x5
Fowo (u,v) = { +1° [ dLx () (1.10)
if (u,v)eH (a), ]R3) ,

dx’

S s (@) eqp ) dX' + [ @op (u3)

+00 otherwise.

In this case, there is no connection between the energy of the plate and the effective energy stored in
the Sierpinski carpet.

The homogenisation of structures reinforced with thin inclusions developing a fractal geometry has
attracted attention in recent years due to the geometrical and physical characteristics of the inclusions
(see for instance [6-10, 13, 16, 26, 32-35]). The homogenised problems obtained at the limit generally
consist of singular forms containing fractal terms. The asymptotic analysis of a three-dimensional elastic
material reinforced with thin vertical strips constructed on horizontal iterated Sierpinski gasket curves
was studied in [16]. The problem considered in this work is quite different as we deal here with a three-
dimensional plate with varying thickness reinforced with vertical strips disposed on iterated Sierpinski
carpet curves. So far, much analysis has been realised on a very small class of self-similar sets, called
finitely ramified fractals, which are characterised by the property that they are disconnected by remov-
ing a finite set of points. The standard example of finitely ramified fractals is the Sierpinski gasket. The
Sierpinski carpet is an infinitely ramified fractal for which a purely analytic local regular Dirichlet form
was very recently constructed in [20]. Note that the asymptotic analysis of elastic materials contain-
ing microcracks located along the Sierpinski carpet and the Menger sponge fractal (three-dimensional
Sierpinski carpet) has been carried out in [14].

The homogenisation of three-dimensional elastic materials reinforced by highly rigid fibres with
variable cross-section, which may have fractal geometry, has been studied in [15]. The authors showed
that the geometrical changes induced by the oscillations along the fibre-cross-section interfaces, which
may include fractal ones, can provide jumps of displacement fields or stress fields.

This paper is organised as follows. The statement of the problem is presented in Section 2. In
Section 3, we introduce the energy form and the notion of a measure-valued local energy on the
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Figure 2. The construction of Sierpinski carpet.

Sierpinski carpet X. Section 4 is devoted to compactness results, which will be useful for the proof
of the main results. In Section 5, we formulate the main results of this work. Section 6 is devoted to the
proof of the main results.

2 Statement of the problem

Let us consider the unit square E, = [0, 11%. Let us divide E, into 9 equal subcubes of side 1/3. Let SC,
be the set of eight subsquares remaining after removing the interior of the central subsquare and let
E, =J{C; C € 8C,}. Repeating the process, subdividing each element of SC, into 9 equal subcubes of
side 1/9, we obtain E, = | J {C; C € SC,}, where SC, is the set of subcubes remaining after removing
the interior of the central subsquare from each element of SC,. Continuing in this way (see Figure 2),
we obtain a decreasing sequence of compact sets (E}),.y. The set £ defined by

Y= ﬂEh, 2.1
h=0

is the standard Sierpinski carpet. The set ¥ can be obtained as an iterated function system con-
struction. Let a, = (07 0)» a, = (1/2’ 0)> az = (1» 0)’ a, = (17 1/2)’ as = (1’ 1)7 ae = (1/2’ 1)» a; = (O’ 1),
ag = (0, 1/2). We suppose that

Eo C w and Eoﬂaa)z{al,a3,a5,a7}, (22)

where w is the bounded domain of R? with Lipschitz continuous boundary dw, which was already set

/ 2 ;
v () = S5 W = ) e R 23)
Then, X is the unique non-empty compact set of R? satisfying
8
z=Jw®. (2.4)
i=1
LetussetV, = {a,, a», a3, a4, as, as, a;, as}. Let h € N*. We consider the set of vertices V, ;3 i1, ..., I €
{1, ..., 8}, defined by
Viin =V, 0.0, Vo) . (2.5)
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We then set
Vo for h=0,
V,= § .
' U Vi forheN (2.6)
i sip€ll,....8)
and
Ve =V 2.7)
heN

We consider the connected graph %;, ;, = (V,-l___,-h, S,-]___,-h), where S;, ;, is the set of edges [p, q] with
p,q €V, suchthat [p — gl =37"/2; |p — g| being the Euclidian distance between p and g. We denote
by S, the set of edges [p, ¢] with p, g € Vy, such that [p — g| = 1/2, £ = (V,, S,), and set

Ss= U Sy VheN,
i1enip€{1,....8}
(2.8)
o= U B, VheN,
i1 senin€ll,nen8)
We also define
S, = U [p.4].
[p.a]cs: [pa] L)
2.9)

S; = U [p.q].

[p,q] CSp: [p,q] 1(1,0)

where [p, g] L (0, 1) (resp. [p,q] L (1,0)) means that the line segment [p, ¢] is perpendicular to the
unit vector (0, 1) (resp. (1, 0)).

Let N, be the number of vertices in 1, and let N; be the number of edges in S),. These numbers can be
computed by using the proof of [30, Lemma 2.1.2]. Indeed, N, can be obtained by adding the number
of midpoints of the edges of the graph approximation of the Sierpinski carpet of [30, Paragraph 2.1] to
the number of vertices obtained in [30, Lemma 2.1.2], then, using the proof of [30, Lemma 2.1.2], N;
can be obtained by induction. We have, for 2 > 2,

h—2
N,Z — (3h+l + 1) (311 + 1) _ ng (Sh—l—k _ 1) (3h—k _ 1) ,
k=0

o (2.10)
N =4 <3h (3" 4 1) — SR+ (31 1)) ,
k=0
from which we deduce, by a straightforward computation, that
Ny ~ a8,
e 2.11)

N ~ b",

— 00

where a and b are positive constants with a & 3.657 and b ~ 4.8. The edges belonging to S, can be
rearranged as Sh; kel, = {1, 2, ...,N;’}. We suppose that the sequences (&,),cy and (), of positive
numbers verify

}im &, =0, hlim r,=0,
2.12)
’hm rh/gh = 0, Illm 3hrh =0.
Let p} = (. pl,). 4; = (4}, 4f,) be the extremities of the line segment S}; k=1, 2, ..., Ni. We define
the ribbon T by
Ty =(0NS}) x (—ry 1), (2.13)
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@ < > a3

Figure 4. The fractal ¥ embedded in w such that ¥ N dw = {a,, as, as, a;}.

and their union (see Figure 3) by

N,
T, = UT,{‘. (2.14)
k=1

Denoting |7}, | the 2-dimensional measure of 7},, we see that

T, = 5, (2.15)

Let us recall that w is a bounded domain of R? with Lipschitz continuous boundary dw. We suppose
that ¥ C w and, according to (2.2), that (see Figure 4)

YNdw=FEyNdw=/{a,,as,as,a;}=0X%. (2.16)
We define

Q) = o x (—é&, &),
2.17)
Fh = Jdw X (_€h, €h).

We suppose that 2,\7), is the reference configuration of a linear, homogeneous, and isotropic
elastic material with Lamé coefficients u, > 0 and X, > 0. This means that the deformation tensor

1 /0u; Ou;
e ()= (e (u))i‘]_:l,z,z, with e; (u) = 3 <% + B_ZJ> for some displacement u, is linked to the stress
/j i

tensor o (u) = (o} (u)) through Hooke’s law

ij=123"

oll () = ey (W0) 8 + 2uey () 5 i,j=1,2,3, (2.18)

https://doi.org/10.1017/50956792523000025 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792523000025

844 M. El Jarroudi et al.

where A, > 0 and p, > 0 are the Lamé constants of the material. We suppose that T, is the reference
configuration of a linear, homogeneous and isotropic elastic material with Lamé coefficients u, A; > 0,
and stress tensor o * (1) with components

0" () = Myenn () 85+ 2ppe; (u) 5 6,j=1,2,3, (2.19)
with
Ay =c,A" and u; = c,u”, (2.20)
where A*, u* are positive constants and
o"
=—, 221
o rh3h ( )

is a scaling parameter which is related to the geometry of the fractal inclusion 7}, where p > 1 is a
structural constant which, according to [3, 4], is related to the spectral dimension d; of the Sierpinski
carpet X by the following relation:

o =841, (2.22)
The exact value of p remains still unknown, and only some bounds for p are given in [3, 4]:

p € [7/6,3/2] based on shorting and cuttingarguments,
(2.23)
p €[1.25147,1.25149] based on computer calculation.

We suppose that a perfect adhesion occurs between 2, and T}, along their common interfaces. We
suppose that the material in €2, is held fixed on I',, remains free on d€2,\I";, and submitted to volumic
forces " € L* (€, R?). We assume that the applied forces /" have the following form:

fZI (%) = fo (X1, %2, x3/84) fen; ¢ =1,2,

(2.24)
f3h () = f3 (61, %2, X3/88)
with f = (fi, fo,f3) € L? (a) x (—1,1) ,IR3) and that
I,ILI?OE"M =u >0and }eroloehkh =A>0. (2.25)
We define the energy functional F, on L? (SZ,,, R3) by
Jonr, 0 (W) e ) dx+ [ 0" () ey (u) dsdxs
Fy (u) = if ueH (2, R, (2.26)
+o0o otherwise,
where ds is the measure on S, defined by
o dx, on S},
dx, on S}
and
H (2, R’) =Hy, (2, R’)NH' (T;,R?), 2.27)
with

H (2, R*) ={ueH" (2,R);u=00nT,}.

The equilibrium of the elastic material occupying €2, is described by the minimisation problem

min {Fh () —2 [ fh.udx}. (2.28)
Q

uel? (25,R?)
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3 Energy forms on the Sierpinski carpet

In this section, we introduce the energy form and the notion of a measure-valued local energy (or
Lagrangian) on the Sierpinski carpet. For any function w : V,, — R? we define

Eew=p" Y wp) -w@l, 3.1)

P4E€Vh
Ip—ql=3""/2

where p is given in (2.22). We then define the energy
& (1) = limé&; (2), (3.2)

with domain D, = {z Ve — R2:E5 (2) < oo} This energy has been constructed in [20]. Every func-
tion z € D,, can be uniquely extended to be an element of C (E, Rz), still denoted as z. Let us set

D={zeC(Z,R?) :& (2) < o0}, (3.3)
where &y (7) = &5 (z |vm)- We define the space D; as
De=D"7¢, (3.4)
where |[|.||p, is the intrinsic norm
12
lzllp, = {52 @+ ”Z”i;d(z,ﬂv)} . (3.5)
where
L. (2R = {u Y — R%/ lul? (s) dH (s) < oo} ) (3.6)
z
Let us now define the space
Dse={z€Dsg:z=00ndx}, (3.7
where 0% is defined in (2.16). We denote &5, (., .) the bilinear form defined on Dy ¢ x Dy ¢ by
Es w,2) = % Esw+2)—Es W) —E&s (), Vw,z€Dxge. (3.8)
One can see that
Es w,2) = ,111&108; w,2), (3.9)
where
wa=p" Y wE-w@).Cp) -z@). (3.10)
PqEVy

Ip—ql=3""/2

According to [20, Theorem 2.5 and Theorem 10.4], the form & is a strongly local regular closed

form on Lﬁil, (E, Rz). This means (see for instance [19]) that

1. (local property) u, v € Dy ¢ with compact supp[u«] and supp[v], and v is constant on a neighbourhood
of supp[u] implies that &5 (1, v) =0,

2. (regularity) Dy ¢ NG, (Z,R?) (C, (X, R?) being the space of functions of C (£, RR?) with compact
support) is dense both in C, (E, Rz) with respect to the uniform norm and in Dy ¢ with respect to
the norm (3.5),

3. (closedness) Let (u,), C Dx ¢ such that ||u, — u,llp, —> 0, n,m —> 00, there exists u € Dy ¢ such
that ||lu, — ullp, — 0,n —> oo.

The space Ds ¢ is injected in L3 , (E, RZ) and is complete with respect to the norm (3.5); thus, Dy ¢
is an Hilbert space with the scalar product associated with the norm (3.5). Moreover, every function of
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Ds ¢ possesses a continuous representative. Indeed, according to [20, Theorem 2.7 and Remark 11.3],
the space D; is continuously embedded in the space C* (2, Rz) of Holder continuous functions with

B=Inp/In9.
Let us now consider the sequence (m,,), of measures defined by
)
m= > JVP (3.11)

PEV) h

Ip—ql=3""/2

where §, is the Dirac measure at the point p. We have the following:

Lemma 1 The sequence (my,), weakly converges in C (X)* to the measure
dH!
=ls—=c,
H(E)
where C (X)" is the topological dual of the space C (X) and 15 is the indicator function of the set X.

Proof. Let ¢ € C (¥). Then, according to the ergodicity result of [17, Theorem 6.1],

fin [ o wam = jim 320
1 d
=Hd—(2)/2g0(s)d7-i (5). N
According to [31, Section 3], the approximating form £ (., .) can be written as
EL(w,2) = / Vw.V,z dmy, (3.12)
with ’
1 w(p)—w(q) () —z(q)
ViV () = 3 qezv, p—q”* " Ip—qI™”

Ip—ql=3="/2
where ¢ is the unique positive number for which the sequence (8; (o .)) , has a non-trivial limit. We
note that, using (3.1),
In8p
n=—-,
In3
where p is given in (2.22). The following result holds true:

(3.13)

Proposition 2 For every w, z € Dy ¢, the sequence of measures (£’g (w, z)) , defined, for every VA C X,
by

L (w,2) (A) =[x Viw.Viz dmy,

=p' ;v wp)—w(@). () —z(9),
\pflt;:;l"//z

weakly converges in C (E, Rz)* to a signed finite Radon measure Ly (w,z) on X, called Lagrangian
measure on . Moreover,

Es w,2) :/ dls W,2), YW,z € Dy ¢.
z

Proof. The proof follows the lines of the proof of [18, Proposition 2.3.]. Let us set, for w € Dy ¢,
L (w) =LY (w, w). We deduce from (3.2), (3.9), (3.12), and (3.13) that the sequence (ﬁ’; (w) (E))h
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is a uniformly bounded sequence. Then, observing that, for every w € Dy ¢ and every ge, € Dy N
CO (Z,RZ); € = (170)7

[sedlwy=p" > 0@ Iwp) —w@l

D€V
Ip—ql=3="/2

)y 0@+

PgEV) 2
Ip—ql=3""/2

lw (p) —w (@I (3.14)

1
= & (pw,w) = 5 & (per, Wl er),
we deduce, taking into account the regularity of the form &y (., .), that
1
lim [ @dL () =& (pw.w) = 5E5 (ver. vl ). (3.15)
- Js

On the other hand, according to [28, Proposition 1.4.1], the energy form &5 (w), which is a Dirichlet
form of diffusion type, admits the following integral representation:

52 (W) 2/ dL): (W) 5

where Ly (w) is a positive Radon measure which is uniquely determined by the relation
1
/ odLs (W) =& (pw, w) — 552 (goel, lw|* el) ,VYoeCy(2).
x

Thus, combining with (3.15), the sequence (C’;: (w)) , converges in the sense of measures to the
measure Ly (w). Observing that, for every w, z € Ds ¢,

1
L (w,2) = 3 (L w+2)— L w) — L4 (2),
we deduce that the sequence (C’é (w, z)) , weakly converges in C (E, RZ)* to the measure Ly (w,z). [

As &y (., .) is a closed Dirichlet form on L;d (Z, Rz), we have, according to [25, Chap. 6, Theorem
2.1], the following result:

Lemma 3 There exists a unique self-adjoint non-positive operator Ay on Lg_‘d (Z, R2) with domain
_ (W 2 .
w= <w2) ell, (=.RY);
DA = C Dz,g

A
As (W) = ( Ao ((:5)) ) €Ly (TR

dense in L;d (E, Rz) such that, for every w € D, and z € Dy ¢,
d

dH
Es w,z) =— /E As (W) 'Z’Hd—(E)'

4 Compactness results

In this section, we establish some compactness results which will be useful for the proof of the main
results.

4.1 A priori estimates

Lemma 4 For every u" € H (Qh, R3) such that
sup F, (u") < +oo,
h
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we have, under the hypothesis (2.25), the following estimates:

u 2 n 2
81/!3) 2
1. su +(—) +(u dx < 409,
hpaﬁzlzgh th << ) <3x3 ( a)

auh auh 2 2
2. : 4" ) d. .
slipc;l:zgh th (( x3> + (8;, 8%) + (eqith)” | dx < 400

Proof. From the Korn inequality for clamped plates (see for instance [21, Subsection 2.1]), we deduce

that
h 2 n\ 2
8u3 h 2
af= lzfg” (( ) * (8x3) + () )dx
Ju out\’ 2 @.1)
R << xs) +(5) +@ )dx
<C Y th (e,-j (u"))z dx.
=123
Since

F (Mh) = Mn€p Z / ,, X,
Qp

ij=12,3 n
we deduce, using the hypothesis (2.25), that

sup Z 1 (e, (uh))2 dx < CSlllp Fy (u"), 4.2)

&
h ij=123 h JQy

which, in view of (4.1), proves the claim.
We have now the following estimates:

Lemma 5 For every sequence (u") , such that u" € H (24, R*) and
sup F, (uh) < 400,
h

we have, under the hypothesis (2.20), the following estimates:

1 . g
1. Sup > o (2 I ]:/, (”Z (P, x3) — 1), (q, Xs)) dx3) < 409,
Th

a=12
P4EVh
\p—q\=3*h/2
1
2. sup 2— o fz |u"} dmy,dx; < +00; my, being the measure defined in (3.11),
Tha= '
1 h
3. 5 f): 8,,u3| dmydx; < C <8> ; C being a positive constant independent of h.
T

Proof. 1. Observing that

and

(en (u”))22+2 (er2 (u”))j + (e ()’
() () e
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we deduce that
fTh Ui;’ (uh) ejj (I/lh) dsdx;

>2u; (frh (en ) 42 (ern (up))* + (e ()’ dex3)

ou’ '\’
/2
(f i Js) ( ) (5) dsdx3> (4.3)
ou’ '\’
/2 2 1
—= — | dsd. .
+ (f /2 fsz < ) (8)62) \ X3>

Observing that, for [p,q] C S B=1,2,

du dut 1\’
f[pq] (ax ) ds > 3" (f[m] o, ds)

=3 (”Z (P, x3) —uy (g, xs))z ,
we deduce from (4.3), using the hypothesis (2.20), that

f T, Oy}'l (”h) € (Mh) dsdx;

1 .. 2
>3l Y — frﬁz (ug P, x3) —u! (q,x3)) dx;

aml2 20
P4E€Vh
Ip—ql=3""/2
h * 1 /2 (o h 2
= 3 TpCh b Z ~N —rp/2 (ua (p7 X3) — U, (‘], x?)) dx3 (44)
a=12 2r,
P-9€Vh
Ip—ql=3""/2
1, :
> M*ph Z (2— f—]rh (MZ (p, X3) — MZ (q, X3)) dX3 .
a=12 I
P4V
Ip—ql=3"/2

Hence,

1 2
sup, wo' 3 <2r SOl (pyxs) — ) (q,xs))dx%>
a=1,2
P4EVh

Ip—gl=3="/2 (45)
< sup, fTh o (uh) e; (uh) ds
<sup, F, (uh) < 4o00.
2. Let p fixed in V,. Let us denote (g,),._,. .. Ny the point of V), such that ¢, =p, gyy =a;, and
g — Guir| =37"/2, for m=1,..,N; — 1. As u" € H}, (24, R*) NH' (T}, R?), we have, in particular,
u" (qN;) =u" (a;) = 0. Then, using some convexity argument,

Zm / " (p.xy)) dxy

a=1,2
N/x :
h
= Z / (ul (s X3) = Ul (G, %3)) | s
2Fh —rh
rh/2 )
<C Z / uh 0,x3) —u (g, x3)) dxs,
2rh —rp/2
quv;,
10—q|=3""/2
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C being a positive constant independent of 4. This implies, by summing over all p € V,, that

1 1., i
]7}: a=12 Z_rh f_’;h (MZ (p,x3)) dx;

PEV)
Ip—ql=3""/2

1 /2 2
<Cp" X o= [0, (Ul (0,x5) —ul (g, x3))” s,
a=1.2 2ry,
0.9eVy
Ip—ql=3""/2

from which we deduce, using (4.5), that

l T B )
sup — u' | dmydx; < +00. 4.6
w52 [l amas “o
3. Observing that
h / h / ) 8“2’
u; (x s z) —uy (x , 0) = —=dx;, 4.7
o 0x3

we deduce the following inequality

(i (¢,2)) =€ ((ué (x.0)"+7, f ' (?)m) : 4.8)

-,

Then, integrating (4.8) over T, we obtain the inequality

/T () ddsy < € ( / (L 0) f (e () dsdx_;) ,

from which we deduce that

h
—_ /(u’;)zdsdx3sc<§) /(u’; (¢,0))" ds
73l Jr, 8 s
3\ 2
tCnlg / (€33 (u"))” dsdxs. (4.9)

On the other hand, using (4.7), we have that

8;,/ (u'{ (x/,O))2 ds < C/'h/‘ (uﬁ (x))2 dsdx
—&p 4 Sp

Sh
+Ce} / (3 (u"))” dsdlxs. (4.10)
Qp

Combining (4.9) and (4.10), we get

h
L/ (8hu§)2dsdx3§C<§> 8;,/ (it} ()c))2 dx
Tl Jr, 8 o
3 3 ! 2
+Cs | = / (e33 (")) dsdxs
8 7,
. (3Y) 2
+Ceni | g / (es3 (u"))” dsdxs, 4.11)
Ty
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from which we deduce, using Lemma 4, that

1 3\
(o) duk;<(?<8> . (.12

On the other hand, using the same arguments as in (4.7)—(4.11), we deduce that

, C 2
17;:&2]:22_”’ ’:'h (Shug (p Xg)) d)C'; =< |Th| fTh (8;,142’) deX3

pevy (4.13)

3 h
+ Cre? (g) fTh (e (u"))2 dsdx,

then, combining with (4.12), we obtain that

2rh /rlx / 8hu dmth3 <C <8> . (414)

4.2 Convergence of displacements

Letp € CZ (w x (—1, 1)). Then,
1
lim—/ ¢ (¥, xs /e dx_hm—// (x',x3/¢3) d.
h—>oogh QI: h—>oogh o J—g,

= /w /_| ¢ (¥, 2) d¥'dz.

This suggests the following notion of convergence with respect to dimension reduction:

Definition 6 Ler u, € L? (2;,). We say that the sequence (u,), converges to u € L* (w x (—1, 1)) with
respect to dimension reduction and write

dr )
u,—u L (ox(—1,1)),
if

1 1
lim— | w, (%) ¢ (¥,x:/8,) dx= / f u(x,z) o (x,z) di'dz
Qp w J—1

h—o00 En
Jorevery ¢ € C° (w x (—1, 1)).
We have the following compactness result:
1
Lemma 7 Let u, € L* (2,) such that sup (— f o, u (x) dx) < 4o00. Then, there exists a subsequence
h &
of (uy),, still denoted (u,),, and a function u € L* (w x (—1, 1)), such that
w X w1 (0 x (=1,1)).

Proof. Let us consider the sequence of measures (g;,), defined on w x (—1, 1) by

u
o= “)mﬁwamgwow

1 /
(§h,¢>=—/ w, (X) @ (¥, x3/e;) dx
Q)

h
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for every ¢ € C, (0 x (—1, 1)), |2,] =2¢, ||, and

1
sup <— / u; (x) dx) < 400,
o \&n Jg,

we deduce, using the Cauchy-Schwarz inequality, that, for every h € N,
1
i@ x (<101 = | [
En |Ja,

1 12
C (— / ufl (x) dx) <C,
€n Ja,

where C is a positive constant independent of /. The sequence (g;), is thus of bounded variation, hence
weakly converges, up to some subsequence, to a measure ¢. Moreover, for every ¢ € C* (w x (=1, 1)),

IA

1
LI ewdg, = o o 9 oxs/en) w (0 d
172
(l Ja, 17 ) dx> (l Jo, > (¥, x3/81) dX>
Ep g En h

1 12
<C <8— Jo, @ (2, x3/e1) dx) ,
h

172

IA

from which we deduce, by passing to the limit as 4 tends to oo, that

1
/ / ¢ (x,2) ds < C ol 211y -
w J—1

It follows, according to Riesz’ representation theorem, that there exists u € L? (w x (—1, 1)) such that
¢ =u (¥, z) dx'dz. This means that, up to some subsequence,

dr )
w = u L (wx (=1, 1)).

Proposition 8 Ler u" € H (@, R®) such that sup, F, (u") < +00. Then, under the assumption (2.25),
there exists a subsequence of (u") » Still denoted as (u" ,» such that

1. uZir\ Ua L2 (CUX (—1,1),R3),'(X=1,2,
el = Uy 12 (0 x (—1,1), R,
2. Us=u; (X)) is independent of z€ (—1,1), _] U, ®,2)=u, (x); a=1,2, with U, (x,z) =
1

d
8? ) +u, ), = (uy, u) € H; (a), Rz), and us; € H (w).

Proof. 1. The two convergences follow from Lemmas 4 and 7.
2. Since

—Z

supl ey (") ey (u") dx < 400,
noEn Ja,

it follows from Lemma 7 that there exists x; € L* (w x (—1,1)); i,j=1,2,3, such that, up to some

subsequence,
€ (“h)ir‘Xij L(ox(=1,1);i,j=1,2,3. (4.15)
Letp € C*° (w x (—1, 1)). Then, for o = 1, 2, we have
u 9
| o [5Gl Wen/en
— | ews (W) o (¥, x3/84) dx=—— " dx (4.16)
&n Jo, &n Ja, u; dp
+_ (x s x3/8h)
2 0x,
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and

1 N 1 ul 9g
o o, ey (u )(p (x x3/£h) dx = or o, o 02 (x X3/8h) 4.17)

Multiplying by ¢, in (4.16) and passing to the limit, taking into account (5.15), we obtain

}}Lm fg on( ) (', x3/84) dx = 113)10— _th o 8 (XJ X3/&,) dx
. 1
+}}Lngo— 2_8;,f9 Epll 38 (X X3/&,) dx

=L ( )(x 2 dvdz
LT ( )()a 2 dvd:

=0,

'U, dU
// 4+ = ¢ (¥,2)d¥dz=0;a=1,2, (4.18)
o J—1 8Z 8xa

for every ¢ € C®° (w x (—1, 1)). Multiplying by &7 in (4.17) and passing to the limit, taking into account
(4.15), we obtain that

which implies that

. . 1 0
’hmsh th €3 (u”) o (X, x3/8,) dx = hhm - fszh ehuga—f (X, x3/¢&) dx
n—> 00 —> 00 h

0
== fw f—ll <U38—(§> (¥, 2) dx'dz

=0.

// —<p X, z dxdz—O 4.19)

aU
forevery ¢ € C* (w x (=1, 1)). It follows from (4.19) that 8—3 =0inD’ (w x (—1, 1)), hence, accord-
Z

ing to [27, Lemma 4.1], U; (¥, 2) = u3 (x'). In view of (4.18)—(4.19), it follows from Schwarz Lemma
that there exists u, € L (w); @ = 1, 2, such that

This yields

8M3
0Xx,

Uy (¥,2) =—2— () +us () ;a2 =1,2. (4.20)

On the other hand, according to Lemma 4, we have

1 '\’
sup —/ < “) dx < 400,
h aZﬁ:Sh Q 8xﬂ

from which we deduce, taking into account Lemma 7, that, up to some subsequence,

3uh dr >
—=gdel’(wx(-1,1),a,=1,2 4.21)
a.Xﬁ
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Let ¢ € CZ° (w x (—1, 1)). Then, using (4.21),

I

Py (¥, 7) dxdz

(4.22)

o
-1 Jo a.Xﬁ

alU,
which implies that gf = e Moreover, using (4.20), we have
g
U, :
1 a ,
flfw(ax ) dXdZ
2
J d ] 1 2d
( (3 50X, )> x) fflz ‘
32
< ) dx' +2 <f <ua 1 ) ) dx’) fjl zdz
o \ " 9xs0x
2 U,
= 5 (x’) d +2f ’)

2

(w) and € L? (w). Taking ¢ € C* (w), we deduce from the
Xg 0x50X,
above computations that
lim —
h—o00 & fQ a
=2/ f U dx dz (4.23)
+ 2/4 Lo Uavﬁq)dsdz,
where v is the outward unit normal to dw. Moreover, as uz =0onl);a=1,2,
1 ap
J— o — —_— h T
i}g?os fﬂ’* X pax }Lnolc gy U 0x d
4.24)

Combining (4.23) and (4.24), we conclude that faw U,vspds = 0; hence, U, =0on dw x (—1, 1) and
U, =0 on dw ; o =1,2. Taking into account (4.21), it follows that (u,, u,) € Hy (w, R?). Similarly, as
ut =0 on T, we deduce, according to Lemma 4, that, for ¢ € C* (@) and ¢ =1, 2,

epu 0
hhm fQ/ ( ) pdx =2 [ a—u3<pdx’
—Ey, ' Xo Xo
1 I
— lim — — h T
= Mim =5 e g )
d¢
=-2 dx'.
f“’ “ X,
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This implies that faw u3V,@ds = 0; hence, u; = 0 on dw. On the other hand, using (4.20), we deduce

0 Us
that
Xo

Let M (R3) be the space of Radon measures on R®. We have the following result:

=0on dw; « = 1, 2; thus, u; € H? (w).

Lemma9 Letv, € L2 () NL? (T}), such that

1 T
sup — / / vidmydx; < 400,
wo 2n ), Js

where my, is the measure defined in (3.11). Then, there exists a subsequence of (v;),, still denoted (v},),,

such that
17, () * dH? (5) @ 8y (x3) .
Vi 2rh mth3 h:;o Vl: ( ) Hd—(z) n M (R3)

with v (s,0) € L. , ().

Proof. According to Lemma 1, the sequence (m,), weakly converges in C (X)* to the measure m =

dH (s
15 (5) > (( ; One can then easily check that, for every ¢ € C, (R3),

T l
lim QD ( ) —_= ( ) hd)C3 = Hd—(E) f [ (S, 0) d%d (S) (426)
P

h—o00
n (x)

T
in variation, hence x-weakly relatively compact. Possibly passing to a subsequence, we can suppose

17, )

Ty

| 1
Since sup, 2 ff‘rl fz [vul? dmydx; < 400, the sequence | v, mhdx3> is uniformly bounded
T ' h

that the sequence (vh mhdx3> converges to some x. Let ¢ € C (R3), we have, using Fenchel’s
h

inequality

lim mf— I . 5 val* dmydoxs

h— o0

T, (x) 1 17, (x)

> li}rln inf ( Jos i dmhdxg)

= (X, 9) — @* (5,0) dH’ ().

1
2HY () fz

As the left hand side of this inequality is bounded, we deduce that

Sup{(x,so>;<peco(R3), /(pz(s,O)d’Hd(s)fl}<+oo,
z

1
H(Z)
from which we deduce, according to Riesz’ representation Theorem, that there exists v, such that v €

2 _ dH? (s) ® 8 (x3)
L, () and x =v15 (s5) Y7 =)

Proposition 10 Let (u”) v u'eH (Qh, R3), be a sequence such that

supf o (u") e; (u") dsdx; < +o0.
Ty

h
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Then, under the assumption (2.20), there exists a subsequence, still denoted (u") » such that

1;, () . dH! () ® 8o (x3) .
s vl ) Ty i ) € L (B =12
1 «
2. Shug‘ L (X)mhd_X3 — 0.
rh — 00

Proof. According to Lemma 5,3, we have, up to some subsequence,
y 17, (x) A1 (s) ® 8 (X3); w=1.2.
“ 2, HE(Z)
h lT;, (x)

ht3

X
mudx; — vuls (5)
h—o0

*
mth3 — O,
ry h— 00

withv, € L2, (2); 0 =1, 2.

5 The main result

In this section, we state the main result of this work. According to Propositions 8 and 10, we introduce
the following topology t:

Definition 11 We say that a sequence (u")h; u" € H (24, R?), T-converges 1o (u,v); v=(vi,v), if u is
independent of z € (—1, 1), u, (x') = f_ll U, x,2)dz; a =1,2, and

W LU, I (ox (—1L,1),R);a=1,2,

el Sy L2 (0 x (—1,1),RY),

1, (x) dH (5) ® 8 (x3) .
h h 3 .
u“—Zrh —d( ) mM(R),a_l,Z,

17, (x) £
et T; my,dx; . 0in M (R*) .

Iy -

X
mydxs = v 15 (5)
h—o0

We state our main result of the I'-convergence in the topology t of the sequence of functionals F, to
the functional F, defined in (1.1) as follows:

Theorem 12 [Ify € (0, 4-00) then, under the assumptions (2.20) and (2.25),
1. (lim — sup inequality) For every (u,v) € H (a), R3), there exists a sequence (u”)h; u'eH (Qh, R3),

such that (uh) , T-converges to (u,v) and

lim supF), (u") <F, (u,v).
h—o0
2. (liminf inequality) For every u" € H (), R®) such that (u")
(u,v) eH (w, R3) and

, T-converges to (u,v), we have

ligi(r}lth (u") = Fo (u,v).

Let us write the associated homogenised problem obtained at the limit as 7 —> oo.

Corollary 13 Problem (2.28) admits a unique solution u" which, under the hypotheses of Theorem 12,
T-converges to (u,v) € H (a), IR3) such that

limF,, (u") = F (1, v)

h—o00
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and (u, v) is the solution of the problem

— Mg @) =fura=1,2, in o,
3w, ~
0x,0x5
— W has (V) = UyAee (5) (Ug — Vo), @ =1,2, in%,
_ Ty
s ) Vg | = ————————— A (5) (g — vy) HY on T,
[0 ) 5] D) e 0 )
[w_aﬁ (M3) Uﬂ]): =0 on E,
[3%/3 (u3) } TRy
— | = 5 Us onZ,
ax, . HY(Z)(1+x)(In2)
u=20 on dw,
v =0 on X Now,

where v is the unit normal on 2 andﬁ (x1,Xx) = f_llfi (x1, X2, Xx3) dx3; i=1,2,3.
Proof. One can easily check that problem (2.28) has a unique solution «" € H; (2, R*) N H' (T;, R?).
Now, observing that

F, (uh) — 2/ fauldx < F, (0)=0,
Qp

we deduce, using the fact that hlimch =400, and the inequalities (4.1) and (4.2) of the proof of
Lemma 4, that

1 1
> — Jo, () dxt — [, (o) dx
h

ap=12&n

<F,(wm) =<2 fghf'uhdx
<2 (- car) (L e
<2 (Lppra) (Li et e
1 X ) 1/2
<o (S loatlax)
Ep '

from which we deduce, in particular, that sup, F, (u”) < 4o00. Then, in view of Propositions 8, 10, and
Theorem 12, we deduce, according to [11, Theorem 7.8]), that the sequence (u”) , T-converges to the

solution (u,v) € H (w, R?) of the problem
S g () eap () dx' + p* [ dL5 (¢)

% [ Au (5) (€4 — 87 dH (5)

Ty

i A [ Ay () B

oo ] D) (1n2>282f2 2 (8) 55047 (5) 5.1)
] g () s

0X,0x5
—2 [ fEdyx,

172

dx

and

}}Ln; Fy (W) =Fu (u,v).
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The trace of an element of H' (w, R?) on w N % exists for H’-almost-every x € @ N ¥ and belongs
to the Besov space B, (=, R?) defined by

v: ¥ — R% lev(x)lzd”;’-[‘i(x)
fszIV(x) vy’

Jx—yl<1 |

B, (SR} = (5.2)

dH* (x) dH* (y) < +oo |’

see [24, Theorem 6]. More details on Besov spaces B?? (K), a > 0, 1 <p, g < 0o, defined for a large
class of closed subsets K of R” including fractal subsets, can be found in [22, Chapters 5 and 6]. In
our case K =3, ¢ =d/2, and p = g = 2. The trace Theorem [24, Theorem 6] can be applied to a more
geometrically complex domain which, supplied with a positive Borel measure, is a d-set preserving
Markov’s inequality [24, pp. 193-195]. Typical examples of d-sets are self-similar fractals (see for
instance [24, pp. 194]). According to [22, Theorem 3, p. 39], if K C R" is a d-set with d > N — 1, then
K preserves Markov’s inequality. In particular, the Sierpinski carpet X is a d-set preserving Markov’s
inequality where d is the fractal dimension of X given in (1.4). Then, using Lemma 3, we obtain from
(5.1) that v € D, and for every (§,¢) € H (o, R?),

S (Sap @ —F2) s = o e (Bam) g
}Zl:;)az s Aa (9) (e = va) (§a — 8a) dH (5)
Hdlzg) Jz Ass () us&sd M (s)
+ /. (B;z—’;f;h) —}‘Z) £xdl | o
+<[wa/3 (u3) v,s]z gi: >Bz (59) 83,5 (£.7)
La iz

el [ 3
_ <[waﬁ_<>ﬂ] , 53>
Yo = B%d/z (}:'RS)'B(ZUZ (E*]R})

+([7701ﬁ (@) vﬂ] gﬂ‘) i (BRY).B, (BRY) T =0,
where B2, , (2, R®) is the dual space of B} , (2, R’) (see [23, p. 291]).

6 Proof of the main result

This section is devoted to the proof of the main results. We first study a local problem which is related
to boundary layers due to the local interactions between the constituent materials. The solution of this
local problem is crucial in constructing appropriate test functions in order to pass to the limit in the
original problem.

6.1 Local problems

We consider here some local problems associated with boundary layers in the vicinity of the ribbons.
We denote w"”; m = 1, 2, the solution of the following boundary value problem:

dive Ww") (y) =0 Vy e R**
w" (31,0) = B, 020) Yy € 1-1, 11,
o (W) (») =0 Vye (R\]1-1,1]) x {0},
wi(y) = III l;' when |y| — 00, y, > 0, 1)
wr| ) <C when {p:Zifm:l,
r - p=1lifm=2,
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where o; (W") = Ley (W) §; + 2ue; (W) 5i,j=1,2 and
R* ={y=(1.y) € R* y, > 0}.
The displacement w"; m = 1, 2, which belongs to the space H}ac (R“, RZ), is given (see for instance
[12, 14, 29]) by

wi () = —Z:—: JLemn (\/ o=’ +y%) di
+L fj 0 (1) 2—y§dt,
1 (1 —0' Y, (6.2)
wl(y) = 4 _ f 0 (t)zarctan - )dt
+—f )’2 O =0 dt
-0’ +y
and
wi(y) = (14;:) fll 0 (¢) arctan (ylyi t) dt
_’_L fl o (1) 2y, @12— t)zdt,
(1+/<) ="+ 6.3)
HOE Lo @ (Vo= +3) d
_L fl ) 2)’%
drp T =07 453
where
4u 1 .
6 ={ U+)m2/1-7 rel=h it (6.4)
0 otherwise.

One can check that w™ (y); m = 1, 2, is also the solution of problem (6.1) posed in the half-plane R*~:

R = {y:(y],yz) eR%y, <0}.

We introduce the following scalar problem:

Aw(y) =0 Vy € R*,
8W(y|,0)=1 Yy, el-11[,
—BW 0,0 =0  Vy eR\I-11[, (6.5)
Y2
In |y
wy) =— as [y| = 00, y, >0.
In2

The solution of (6.5) is given by

d. (6.6)

w()=—

1 ! In (\/ o —1)° +y§)
f V1=12
Observe that w (y) is also the solution of problem (6.5) posed in the half-plane R*~. We now state
the following preliminary result in this subsection:

wln2

Proposition 14 ([12, Proposition 7]). One has

1 2um
1. Il " my e.. ! =5, —
Rirfoo ln R fB(O R)NR2E O—lj (W ) e[/ (W ) dy ml (1 + K) (ln 2)2’
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1 , ™ o . -
2. RETOOE fB(O,R)mRZi [Vw|" dy = 2y where D (0, R) is a disk of radius R centred at the origin.
We define the rotation matrix R (x}); xk = (xf,, x4,) being the centre of Sf; k € I,, by
IdR3 if nk = Zl:EZ,
R@)=1(0 1 0 (6.7)
1 0 0] ifnt=+e,
0 0 1

where Idy: is the 3 x 3 identity matrix and n* is the unit normal to the line segment S, in the plane xOy.
Let ¢f; k € I, be the truncation function defined on R? by

4 (3’2" — 4R, (x))

if37/4 <Ry (1) <3772,

372h+1
ko
o) =1 if R (x) <37 /4, (6.8)
0 if R (x) > 372,
where Rf (x) = \/((x - xﬁ) .n")2 + x3. We define, for k € I,
Dy (sy) = {((x — )H,(l) .nk,x3) eR* R} (x) <37"/2,Vxe R3} (6.9)
and the cylinder
Zy =R (x}) Sy x Dy (s1) s k€ 1. (6.10)
We then set
z.=Jz. 6.11)
kel
Let k € I,. We set ®¢ (x) = ¢f (x) R (x£) and define the function w{* (x); m = 1,2, 3, by
x —xk) .k
. l—w <)ﬁ ( ) )
wk () =@ (x) | e — T T , (6.12)
In ry 0
0
0
N X3 (x—xt) .n*
wik x) = @ﬁ‘, x) ]| e — ry ry (6.13)
Inr, Nk
o (_3 (x—xf).n )
A\ r
and h h
0
W (_3 (x—x5) v")
1 ’
W () = B (1) | ey — —2 T T . (6.14)
In ry
5 <x3 (x—x5) v")
wi | =,
I Ty
where e; = (8y;, 82, 83;). We define now the local perturbations w/'; m =1, 2, 3, through
wi (@) =wi* (x),Vkel,,Vxew x (—1,1). (6.15)
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Lemma 15 Ify € (0, +00) then, under the assumption (2.25), for every ¥ € C' (@ x [—1,1],R?) and
Uh= (W, W,, Ws/g,), we have

h—o00

lim < /Z h ol (WhWh) e (w W) dx) - % /E A(s) W (5).W (s) dH' (s)

where A (s) is the matrix defined in (1.6).

Proof. Let us introduce the local variables y = (y;, y,) with

=x3/1,
Y1 3/Th 6.16)
v, = (x — xﬁ) k.
Then, using the smoothness of W, the assumption (2.25), and Proposition 14, we obtain that
lim [, oj (w,¥,,) e (w, W} dx
= }Elolo,;,h /Zf.' o} (wi,k) e; (wZ") Wil
. b N
= hh:g:;h— fo(o, ZE\DO.D Oij (W) €jj (W ) dy
@8;, 1112 143
w (6.17)
h a
(D R (R ) 055
k=1 h
Ty
= W fz (DiagR (s) ¥ (S))m (R (5) W (), dH’ (s)
Ty

= m [ R () DigR () W (5) .W (5) dH (s),

3=k 3k
where D (O, —) is the disk of radius p centred at the origin, D(0,1) is the disk of radius 1 centred at
Iy ry
2 2
the origin, D,,, = Di 1, ———, ——— ], and R (s) is the rotati trix defined by R (s) = Idy:
e origin < 1ag< T+ 0+ K)) an (s) is the rotation matrix defined by R (s) 3

0
0 | on the face of &
1

S O =

0
on the face of ¥ which is perpendicular to the vector ¢, and by R (s) = | 1
0
which is perpendicular to the vector e,. Observing that in (6.17)
Rt (S) DingR (S) = R (S) DingR (S) :A (S) ’

we obtain the desired result.

6.2 Proof of Theorem 12

The proof of Theorem 12 is given in two steps.

6.2.1 Step 1: Lim-sup inequality
Here we prove the lim-sup property of the I'-convergence stated in Theorem 12. We first construct a

test function on each line segment S}; k € I, with extremities p§ = (pf,, pf,). 45 = (¢}, 45,) , and centre
xf = (xf,,xf,). Let (vi, v, v3) € C? (w, R?). We consider the sequence (v'*), of test functions defined,
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for every x = (x,, x,) € S}, by

ViE ) = vy () + 310, ) v (pF) = i (4))
V) = vy (xf, x8,) + 3900 () |2 (pF) — v (4)

k)

, (6.18)
Vlal’k ()= (le(h’xlz(h) ’
where 9, (x); i =1, 2,3, is defined by
1k M (xl _pi,l) + (x1 - ql;,,l)
%, () ==
2 VAL 20
_ (2 —Pfo) + (2 — q})
:/E i (6.19)
92 () = My (2 = Pho) + (2 — 430)
! 2 2/ 2,
(=) + (i —a)
7 )

k k
Let us now introduce the intervals J;" and J;" which are centred at the points p}, and g, respectively,
such that

k k
S0t =[pr.pr+1) . S 0" = (g, — . d;] . (6.20)

k k
where 1, = (j" ) so that hlim 3", =0.Let yf bea C® (S,kl uJru JZ")—molliﬁer such that

h

Pk qk
1 on SI\J,"UJ",
V= Py g ok k k (621)
0 onJ," UJ"\ ((ph’ph + lh) U (% =1, Qh)) .

We define the test function v4 on T}, by
Vi =y on TF, Vk € 1. (6.22)
We have the following result:

Lemma 16 Under the assumption (2.20) we have

, 17, (%) * dH* (5) ® 8y (x3) | .
L—rhmhd)@ hjoo Val): (S) Hd—(zl) in M (R3), a=1,2,
5 lTh (x)

2. e > mydx; h:*\OOO in M (R3),

h

1. v

3. lim [ ot () € () dv=pa limp" Y (v () = vi (@))*

a=1,2
Pq€Vh,
[pales;
Proof. 1. Let ¢ € C, (R?). Then,
1, () 1
lim VI dy = lim Y —v (X, X X, x50
h—o00 R3 (p o 2rh g 3 h%mgNZ ( hi h2) w( i h2 )
. ﬁ:’k (xﬁl’xiz) ok
+ ]}LI{.})QZI,ZT(K) ( hl’x’lz, 0) .
kel
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According to [17, Theorem 6.1], we have

,0
hmz (th 112) % (xlljl’xl}iz’ 0) =1lim ¥ M
h*)ookgl h~>o<:p€vh N,‘:
1
= i) OO0

Observing that, for every h € N* and every k € [,

Vo (D)) — Vo (q,)] = Pr — 4| »
Vo (1) = va ()| < C [P}, — g

and |p} — ¢| =37"/2, we deduce that |9; (p})| <37 and
Ui (xil’ Xiz)
lim 3 22 ) (ki 0) = 0.
h~>ooa=1’2 Nh
kel
2. We immediately obtain that
1 x
o2 0 i M ().

ITh| h— 00

3. We have, after straightforward computations, that

I (x 2 I (x 2
7 (7 () = 05+ 20) (P50 ) i (M5

3x1 3x1

for S € ), and

8h,k,2 8/1,1(,2
O,;h (vh,k) e; (Vh’k)=()»Z+2MZ)< V) (X)> +MZ< Vi (X)> ’

8.xZ 8xZ
for S} € S7. Then, according to (6.18) and (6.19), we have that

07" () 5 () = 3 (v (p1) =i (@) [ () =2 (@)[*)
on each S¥. We deduce from this, using the hypothesis (2.20), that
lim fT (V) e (V') didxs

:/,L*limch Z rhSh |va (p]}(l) — Vg (q2)|2

h—>00 el a=12

=p*limp" Y |Va(P]Z)_Va(‘1]Z)|2

h—o00

kely,a=1,2
. 2
=p limp" 3 |ve (p) — v (@I
h—co a=12
PEV)
Ip—gl=3—"/2

Let u € C! (0, R?) and (v1, vz, v3) € C? (w,R?). We define the sequence (uf,), of scaled Kirchhoff-
Love displacements by

X3 8u3

( ) X)) =iy (x1,%) ———;a=1,2,
En Bxa
(ug())3 (.X) = U3 (xl’-XZ) /811
A ou;  Oup (6.23)
X | — +—
2“/1 + )\-h axl 3x2
)c2 A
—A ‘U3
25h 20 + Ay
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We then compute

du, x;0%u
) — 27 3 3. =
[ (u()())— ___2,05—1,2,
0x, & 0x2

X 9%u 9%u
612(“30) Zelz(“)——3( =+ : >,

28h 3x1 8X3 8)(28)(:3

Aj 0%u, 9
h _ 1
€43 (u()O) - Zuh —+ )\‘hXS <8x18xa + 8-xzaXDt
2 A 0 (A
B By
28, 20, + Ay 0x,

A ou ou
€33 (uﬁo) =—— _(=+2=2
2/~’Lh + )"h 3x1 3x2

X3 )Vh
&n 21 + Ay

(6.24)

Ax’u39

from which we deduce, using the expression (2.18) of the stress tensor in €2,\ 7}, that
2 A

zluh + )‘-h

+2u (en (@) + 2 (€2 (0))°

2
2k
+(E)._EL14ANMZ
&) 2n+ Ay

ol (ufy) e (uly) = (en (W) + ex (W)’

om=
+0 ( )S_h’ (6.25)
ol (“go) i (“go) = 4w (e, @)
)\’ Puy \° X
+4 2 ) —) +om=,
&y 8)618)(2 &
op (ugo) €10 (ugo) =0(g);a=1,2,

o3 (”go) €33 (”go) =0,

where O (1) is a function of u and its derivatives up to order 3. We now define the sequence of test
functions (ug), in €2, by

Ul = ufy, — wh, ((ugo)l — (v")l) . (6.26)
We are now in a position to prove the first assertion of Theorem 12.

Proposition 17 If y € (0,400) then, under the assumptions (2.20) and (2.25), for every (u,v) €
H (a), R3), there exists a sequence (u")h; u"e H' (Qh, R3), such that (u")h T-converges to (u,v) and

lim supF, (u") < Fu (u,v).

h—o0

Proof. Let (u,v) € H (a) R3). Let us consider the sequence (u",v"),, such that u" € C? (a), R3), =
C? (0,R?), W' — u H'(w,R®)-strong, uy —> u; H* (w)-strong, and (v},v4) —> v strongly with

respect to the norm (3.5). Let us consider the sequence (uf')”) , constructed in (6.26) for u" and v" through

h,

ug" = ugg —wj (), — (")) - 6.27)
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Then, uﬁ’" S H}h (Qh, R3) , and, according to Lemmas 15, 16, observing that the measure |Z,| of the

set Z;, tends to zero as h tends to oo, the sequence (uﬁ") , T-converges to (u", Vi, vg) as h tends to co. Let
us write F, (uﬁ") as

Fh (MIOL ) fQ/,\Zh ij (ug”) ( h”) dx

o o (6.28)
+ [, 00 (") ey (") dx + [, o (V') e (v'") .
Then, observing that
& en 2 2
/ B =0 and/ (’ﬁ> dx, = Ze,,
—ep Ep —en En 3
we have, using (6.25), that
lim fo o op (") e (") dx = [, s (@) eqp @) d¥
s " (6.29)
+ [ @us (u3) Tvo, X

It follows from Lemma 15 that
llm th ( hn) ,/ (I/l}(;’n) dx
=lim [, (Gi- (Wil 1) e (wi 1)) dx

T ~ . (6.30)
=7 = @ 2)20121:2 Js Aae (8) (u % ) dH? ()

30y oy o O (8 1,

where £ = (ug"), — ("), On the other hand, using Lemma 16 and Proposition 2, we have
hm fT;, o (V') ey (V") dx = hmp Z (V2" (p) — v (q))

pqevh
[pa]esy (6.31)

= & (Vi)

=u* [ydLs (Vi,V3).

Therefore, combining (6.28)—(6.31), we obtain that
TmF, (15") = [, nup @) eqp @) ¥+ ups” [ dLs (v 3)

2

+ f Wop (Lt3) dx'
8 Xp
’)-t"(ig)t()InZ)2 Z fz Aaa (S) (ui - VZ)Z de (S) (632)

o [ As (s) () dHY (s)
= F (u",v").
The continuity of F,. implies that lim lim F, (us") = Foo (u, v). The topology 7 being metrisable,

we deduce, according to the dlagonahsatlon of [2, Corollary 1.18], that the sequence (uh) W= (ug’"(h)) W
hlimn (h) = 400, T-converges to (u,v) and

lim supF), (uh) <F, (u,v).

h—00
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6.2.2 Step 2: Lim-inf inequality
In this part, we prove the second assertion of Theorem 12. Let us define the functional G, on L? (Sh, Rz)
through

£ (v, if € H' (S,.R?).
Gh(w)={ LWey) ifzeH (S, R (6.33)

400 otherwise.
We consider the topology 7, defined in the following:
Definition 18 A sequence (1/f")h; y" e H' (S, R?), t,-converges to s if

(@) = s ) T iy M (R and v e 12, (3R
14 s,,(x)mhhﬁxlﬂ E(S)’Hd—(E)m ( )Wl S H,z( ) )
where my, is the measure defined in (3.11).

We have the following convergence:

Proposition 19 The sequence (G)), I'-converges in the topology t, to the functional G, defined by
E W, ¥)  ify €Dsg,
+

otherwise,

G (Y) =

Proof. According to [11, Theorems 8.5, 11.10], there exist a subsequence (th)k

(G,), and a non-negative quadratic form £ such that (th) , ['-convergences in the topology 7, to the
functional G, () defined by

of the sequence

& W.¥)  ify €Dy,

+00 otherwise,

G (1/f)={

where Dy ¢« is the domain of £. Using [11, Proposition 6.8 and Proposition 12.16], we deduce that &
isaclosed formon L7, (E, Rz) and Dy is a Hilbert space with the scalar product associated to the norm

2 12
I2llog = (€5 @+ 12l (5]

Using [20, Proposition 10.2 -Theorem 10.4], we can obtain the characterisation of (5;, D):,g*) as
& =E&s and Dy g+ =Dy ¢; thus Gi, = G. On the other hand, using the test function (6.22), the fact
that the topology 7, is metrisable, and a diagonalisation argument, we can prove that

I' —limsup G, = G,

h—o00

in the topology 7,. Therefore, the whole sequence (G,,), I'-converges in the topology 7, to the functional
Geo.
We now prove the second assertion of Theorem 12.

Proposition 20 Ify € (0, +00) then, under the assumptions (2.20) and (2.25), for every sequence (u") w
u'c H (Qh, R3), such that (uh)h T-converges to (u,v), we have (u,v) € H (a), R3) and

lim infF, (uh) >F. (u,v).
h—o0

Proof. Let (u")h; u'eH (SZ,,, R3), such that (uh)h 7-converges to (u, v). We suppose that sup, F), (uh) <
~+o00; otherwise, there is nothing to prove. Then, according to Proposition 8, u = (u;, u,) € Hé (a), Rz)
and us € H} (w). Let us define @' = (!, u}) by

Th

(@ (., x3)) docs. (6.34)

~ 1

u = —
2Vh

—Th
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Then, according to Lemma 5,, we have
w* sup, EL (ﬁh,ﬁll>

1 ., g
= u* sup, az;2 o" (2 f I;,, (”Z P x3) — MZ (g X3)) dX3> (6.35)
P.qeVy
Ip—ql=3"/2

<sup, [, ol (u") e; (u") ds < +oo.

On the other hand, since

1, () * dH* (5) ® 8y (x3) | 3
u Zrh mth3 P VIE ( ) Hd—(E) M (R )

the sequence (ﬁh) 7,-converges to v and, according to (6.35) and to Proposition 19,
h

G, (v)<11m1nth( ><+oo (6.36)

Thus, v € Ds ¢ and

lim inf/ o (u") ey (") ds = *E5 (v,v). (6.37)
Ty

h—o00

Let us consider the sequence (u",v"),, such that u" e C’ (a) R3), vte C? (a) R3), U —1u
n—00

H' (0, R?)-strong, u} —> u; H* (w)-strong, and (v, v1) —> v strongly with respect to the norm (3.5).

Let (uf;") ., b€ the sequence constructed in (6.27). We have from the definition of the subdifferentiability
of convex functionals

fsz,,\r,, zh( ) ( )dx fQ;\Th ij (MO) ,«j(ug’") dx

) (6.38)
+2 th\T] U’ (uo ) e (u —uy )dx.

We have for the second integral in the right-hand side of the inequality (6.38)

th\T/, ij ( h") ¢jj (uh - ug") dx
= th\le ij (I/LO ) ¢jj (uh - ug") dx (639)

+ th o (uo’”) (u — ug") dx.

Then, due to the structure of the sequence (u"),, we have

th O'[.J,.' (u(’;”) e (M — uf’)") dx—fz o_h (u") e; (uh _ uh,n) dx

” (6.40)
- fzh oy (Wh (“ - Vh'n)z) (”h — U ) dx.
Since |Z,| tends to zero as & tends to oo, we have that
hm / a L (u" )e,, u' — ug") dx=0. (6.41)
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Using the definition (6.15) of the local perturbation wfl; I=1,2,3, and the expressions (6.2), (6.3),
and (6.6), we obtain the following estimate:

oty (04, (=) ) (=),
ARG CORIRD)

) <1 ’ <fz” [+ (x)|2dx)l/2> (6.42)
(106 = (eund?) ) [ )
x (1 + (199 00 dx)m)

where C, is a positive constant which may depend of n, which implies, using the fact that
L, VW, () | dx is bounded, that

1/2

<G

+C,

i

lim oty (wh (u — ) ) (u" uﬁ”)i dx=0. (6.43)

h—o00 Z

According to (6.30), we have
lim th i ( ’”’) (ug") dx

h—o00
Ty _ 4
’Hd(z)(lnz)zazlz s Aua () (1 =) P! ) (6.44)

mfz 33()( ) dM? (s).

Using the construction of «", we deduce that

11m2 th\Z] (ugh) e (u" — ugh) dx

=2 wp (W) e (U —u") dx' +2 a ————2dx.
L Nap @) eqp @—") dx' +2 [ w5 (u3) TN X
Combining (6.37)—(6.45), we deduce that
0%ul

hm infF, ( ) fw Nap (U") eqp (U") dx' + fw Wyp (ug) dx’

h—o0 0x,0xg

92 (u
—(”h )dx’+2f Nap (u)eotﬁ (M—M)dx

+2 [ @ (u3)
P ax,dx (6.46)

mz f): aa(s)(u —v) dHe (s)
T oA 9 1) Y )8 0.

Letting n tend to 400 in the right-hand side of (6.46), we conclude that
li/m infF), (u") > Fx (u,v) .
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