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Abstract

Let {X,(t), t € [0,00)}, n € N, be standard stationary Gaussian processes. The limit
distribution of sup; g 7,7 1Xn ()| is established as r,(7), the correlation function of
{X, (), t €10,00)}, n € N, which satisfies the local and long-range strong dependence
conditions, extending the results obtained in Seleznjev (1991).
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1. Introduction

Let {X(¢), t € [0, 00)} be a standard (mean-zero and unit-variance) stationary Gaussian
process with continuous sample paths, and let {r(¢), + > 0} denote its correlation function.
Assume that the correlation function r(¢) of the process satisfies

r@)=1—1t|1"+o(t|*) ast—0 and r(t) <1 fort>0 (1.1)
for some o € (0, 2], and further assume that
r(t)logt - 0 ast — oo. (1.2)

For the study of the asymptotic properties of the supremum of Gaussian processes, the local
condition (1.1) is standard, whereas condition (1.2) is the weak dependence condition, or
the so-called Berman condition; see, e.g. Piterbarg (1996). Under these two conditions on
the correlation function r(¢), it is well known (see, e.g. Leadbetter et al. (1983, p. 237) or
Berman (1992, p. 212)) that

lim sup ‘P{ar( sup X(t)—bT) §x} —exp(—e )| =0, (1.3)
T—00 xecR 1€[0,T]
where
1 F. (2 —-1/2 2106 T —1/241/«x
ar = J3T0g T, by = JITog T + og(Hy(2m)~ /< (2logT) ). (1.4)
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Here #, denotes the Pickands constant defined by #, = lim;_, 2713, ()), where
Ho(A) =E { exp( max x/EBa/z(t) — t“)}
1€[0,A]

and B, is a fractional Brownian motion (a mean-zero Gaussian process with stationary
increments such that E{Bé(r)} = |t|*, t € R). It is also well known that 0 < #, < o0;
see, e.g. Berman (1992, p. 206) and Piterbarg (1996, p. 16).

In this paper, the following Pickands exact asymptotics play a crucial role in deriving the
limit relation of (1.3). Specifically, for some fixed constant z > 0,

P{ sup X(1) > u} — hp()(1 + o(1))  asu — oo, (1.5)
t€[0,h]

provided that the correlation function () satisfies (1.1) and
p(u) = Hou®* W), (1.6)

where W () is the survival function of a standard Gaussian random variable. For more details,
see Leadbetter er al. (1983, p. 232) and Piterbarg (1996, p. 16). A correct proof of Pickands’
theorem (see Pickands (1969)) was given in Piterbarg (1972); for the main properties of Pickands
and related constants, see Adler (1990), Berman (1992), Shao (1996), Dieker (2005), Debicki
and Kisowski (2009), and Albin and Choi (2010).

A uniform version of (1.5) for stationary Gaussian processes has been established in
Seleznjev (1991), where the author investigated the limit distribution of the error of
approximation of Gaussian stationary periodic processes by random trigonometric polynomials
in the uniform metric. Next, we formulate the aforementioned result.

Theorem 1.1. Let {X,(t), t € [0,00)}, n € N, be standard stationary Gaussian processes
with almost surely (a.s.) continuous sample paths and correlation function r, (t). Let T (n) > 0
and u,, n > 1, be constants such that lim,_, .o min(7T (n), u,) = oco. Suppose further that

(AD) rp(t) =1 —cplt|* + e, (O)|t]*, 0 < @ < 2, wherec, — 1 asn — oo and &, (t) — 0 as
t — 0 uniformly in n;

(A2) for any ¢ > 0, there exists y > 0 such that sup{|r,(¢)|, T > |t| > e, neN} <y < 1;
(A3) ry(t)log(t) = 0ast — oo uniformly in n.
Then the following assertions hold.

(1) If (Al) and (A2) hold, then, for any fixed h > 0 and 1 (-) defined in (1.6),

P(sup,cio) X (D] > )
n—00 2hp(un) B

(1) If, additionally, lim, oo T (n)u(uy) = 0 € (0, 0o] and (A3) holds, then

lim P[ sup | X,(@)] < un} =e %,
=00 Ltel0,T(n)]

where we set e =2 = 0 if 6 = occ.
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(iii) If instead of assumptions (Al)—(A3), the correlation functions ry(t) are such that
1 —rp(r) < |1]%, t €0, T(m)],
witha € (0,2] and T (n) > Ty > 0 for all large n, then

lim P{ sup | X,(®)] < Mn} =1,
n—00 t€[0,T (n)]

provided that lim, oo T (n) u(u,) = 0.

(iv) Let arny and by be defined as in (1.4). If (Al), (A2), and (A3) hold, then

lim sup P{ar(n)( sup X ()] —bT(,,)) < x] —exp(—2e )| = 0.
=% xeR t€[0,7 (n)]

The above result has been extended in Seleznjev (1996) to a certain class of nonstationary
Gaussian processes. For further extensions and related studies, we refer the reader to Hiisler
(1999), Hiisler et al. (2003), and Seleznjev (2006).

Motivated by Seleznjev (1991), in this paper we present the corresponding version of
Theorem 1.1 for a sequence of strongly dependent stationary Gaussian processes (see the
definition below).

The paper is organized as follows. In Section 2 we give the main results, and in Section 3
we present the proofs.

2. Main results

In this section we extend Theorem 1.1 to a sequence of strongly dependent stationary
Gaussian processes. A sequence of standard stationary Gaussian process { X, (¢), t € [0, 00)},
n € N, is called strongly dependent if the correlation function r,, (¢) satisfies one of the following
assumptions:

B1) r,(t)logt — r € (0, 00) as t — oo uniformly in #n;
(B2) ry(t)logt — oo ast — oo uniformly in 7.

Indeed, assumptions (B1) and (B2) are natural extensions of assumption (A3). For related
studies on extremes for strongly dependent Gaussian processes, we refer the reader to Mital
and Ylvisaker (1975), Piterbarg (1996), Ho and McCormick (1999), and Stamatovic and
Stamatovic (2010).

In the following let ¢ and @ denote the probability density function and the distribution
function of a standard Gaussian random variable ‘W, respectively, and set

e«/ﬁwﬂaﬂ/ﬁw

Ar(x) =E{[A(x +1r)] 1, x eR,

with A(x) = exp(—exp(—x)), x € R, the unit Gumbel distribution function.
Next, we state our main results.
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Theorem 2.1. Let {X,(t), t € [0,00)}, n € N, be standard stationary Gaussian processes
with a.s. continuous sample paths and correlation function ry, (t) satisfying (Al), (A2), and (B1).

@ Iflim, oo T (M) (un) = 0 € (0, 00] then

lim P{ sup | X,(@)] < un} = A,(—log#), 2.1

=00 L1e[0,T ()]
where Ar(—log8) =: 0if6 = oo.
(ii) Let ar () and by be defined as in (1.4). For x € R, we have

lim sup P{ar(n)< sup | X ()] —bm)) < x} - A,(x)} 0. (22

n—=>00 yeR t€[0,T (n)]

Remark 2.1. (a) From the proof of Theorem 2.1 below, it follows that both (2.1) and (2.2) can
be shown to hold for » = 0 also, thus retrieving the result of Theorem 1.1.

(b) Assertion (iii) of Theorem 1.1 still holds under the conditions of Theorem 2.1.

Theorem 2.2. Let {X,(t), t € [0,00)}, n € N, be standard stationary Gaussian processes
with a.s. continuous sample paths and correlation function r, (t) satisfying (Al) with) < o < 1,
(A2), and (B2). Assume that r,(t) is convex for t > 0 and r,(t) = o(1) uniformly in n. If,
Sfurthermore, r, (t) logt is monotone for large t then, with bt as in (1.4), we have

tim sup [P Ao ( sup Xl = (0 = r(T0)Pbren) < x|

=00 x¢(0,00) 1€[0,T(n)]
—20(x) + 1’
=0.

Remark 2.2. Theorem 2.2 is a uniform version of Theorem 3.1 of Mittal and Ylvisaker (1975).

3. Further results and proofs

We begin with some auxiliary lemmas needed for the proofs of Theorems 2.1 and 2.2.

For given ¢ > 0, we divide the interval [0, T (n)] into intervals of length 1, and split each
of the intervals into the subintervals 1; and I, j = 1,2,...,[T(n)], of length ¢ and 1 — ¢,
respectively, where [x] denotes the integral part of x. It can be easily seen that a possible
remaining interval with length smaller than 1 plays no role in our consideration. We denote
this interval by J.

Let {X\'(t), t > 0}, i = 1,2, ..., be independent copies of { X, (¢), t > 0}, and let {,, (¢),
t > 0} be such that n,,(t) = X\ (1) for 1 € I. Let p(T (n)): = r/log T (n), and define

[T ()]
() = (1= p(T) ' Pa(t) + p" 2T )W, te | 1,
j=1

where W is a standard Gaussian random variable independent of {1, (¢), t > 0}. Note that

{&n (), t € UET:(;')] 1;} is a standard Gaussian process with correlation function g, (-), given by

@ —=s)+ A —=r,(t =s)p(T (), telj,sel;,i=],

Qn(t_s): IO(T(I’Z)), [E]j,SeIi,i#j~

https://doi.org/10.1239/jap/1354716660 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1354716660

1110 Z. TAN ETAL.

In the sequel, we assume that a, u,, and v, are positive constants, and we set

2/a _ Ha(a)

2e U (u,), 8@a) =1

q :=quy) =au, ", wuy) = Houy

o

Furthermore, C1—C¢ will denote positive constants whose values may vary from place to place.

Lemma 3.1. If assumptions (Al) and (A2) hold then, for each interval I of fixed length h > 0,

0= P { max X, (j)| < un | = P{sup X, ()] < a} = 208@)p(un) + 0(120n))
Jjgel

sel

and

0<P { max X, (jq) < u} _p { sup X, (s) < u] < h8(@)(un) + o(uuy)),

sel
where §(a) — Oasa | 0.
Proof. Both claims above are established in the proof of Theorem 1 of Seleznjev (1991).

Lemma 3.2. Suppose that assumptions (Al) and (A2) hold. If T(m)u(u,) = O(1) and
T(m)u(vy) = O(1), then

Pl s 1Xu@l =) —P{ sup X0 un} >0 G.D)
s€[0,T(n)] seVl;
and
P{ —v, < inf X,(s), sup X,(s) < un} —P{ —v, < 1nf X, (s), sup Xn(s) < un}
s€[0,1] s€l0,1] sel
-0 (3.2)

asn —ooande | 0.

Proof. By the stationarity of { X, (), t € [0, T (n)]} and Theorem 1.1(i), we obtain

Pl swp 1% < =P sup 1%, 0)] <
s€[0,T (n)] seVl;

()]

=y P[max|X )] > un}—l—P{maxlX ()] > u,,]
/'_

<2([Tm)]e + Dp(un)(1 + o(1))

= O0(De(l +o(1))

— 0

as u — oo and ¢ | 0, which completes the proof of (3.1). We note in passing that

’P{—vnf inf X,(s), sup Xn(s)fun}—P{—vnf 1an (s), sup X, (s)<u,,}

s€[0,1] sel0,1] sel
< |P| sup Xu) < ua} =P L sup X, 65) <
s€0,1] sel;

n ‘P{ inf X, (s) > —vn} —P{ inf X, (s) > —vn} .
s€[0,1] sely

The proof of (3.2) is similar to that of (3.1), and is therefore omitted.
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Lemma 3.3. Under the assumptions of Lemma 3.2, we have

Pl sup 1%, <} —P | max 1X,k) <un} =0 (3.3)
seUl; kqeUl;

and

Pl = v = inf X,(), sup X, (5) < a | = P{ = vy = min X (kg), max X, (kg) < un
sel) kgel kqel

sel;

-0 (3.4
asn — ooanda | 0.

Proof. By Lemma 3.2,

[Pl sup 1Xu)l <un} —P{ sup 1X,ko)] < )
seVUl; kqeUl;

< T(n)m]ax(P [ max X (k)| < un| =P sup 1X,0)] < |

SEI_,'

<21 =T M) u(up)d(a) + T (n)o(u(uy))
=2(1 —&)0(1)é(a) + o(1)

— 0

asn — oo and a | 0. Hence, the first claim follows. Note that

‘P[ — vy < inf X, (s), sup X, (s) < un} -P {— vy < min X, (kq), max X,(kq) < un}
sel; sely kgel kgel

< |Pf max X, kq) = un} = P{ sup X, 5) = ]
quIl sel}

" ‘P{ min X, (kq) > —v,,} —P{ inf X, (s) > —vn}
kgel

sel;

We omit the proof of (3.4) since it is similar to that of (3.3).
Lemma 3.4. Suppose that assumptions (Al), (A2), and (B1) hold. If T (n)u(u,) = O(1) then

tim [P s (ko) < un| —P| s Jen (k)] = un

n—oo

=0. (3.5)

Proof. Applying the generalized Berman inequality (cf. Theorem 1.2 of Piterbarg (1996)),
we have (setting T := T (n))

p| X, k) < un| —P | k)l < un}
Pl ma 10k < unf ~ P | ma 10 )] <

4
s ) 5 Imka. 1) - onlkq, 1)

kqel;, lqel;
! 1 u%
X exp| — 0 dh
0 V1—r®(kq,lq) L +r"i(kq,lq)
< > AmkLo+ ). Amklg), (3.6)
O0<kq,lg<T O<kq,lq<T
O<l|kg—Ig|<1—e¢ lkq—Iq|>e¢
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where ¢(x, y, r™) is a Gaussian two-dimensional density with covariance r?, variance equal
to 1, zero mean, and

r®™(kq, 1q) = hry(kq,1q) + (1 — h)ou(kq,lq),  h €0, 1].
In the following part of the proof, let

wn(kq) = max{|r,(kg)l, |lon(kg)|} and 9,(t) = SkupT{wn(kQ)}
t<kq<

By assumption (A2) and the definition of g, (¢), we have

V()= sup {w,(kq);n e N} <1
e<kq<T

for sufficiently large 7. Furthermore, let 8 be such that0 < 8 < (1 — 9(¢))/(1 4+ ¥ (¢)) for
all sufficiently large T'.

Next, we estimate the upper bound of (3.6) in the case that kg and /g belong to the same
interval /. Note thatinthiscase, 0, (kq, lq) = r,(kg—1g)+(1—r,(kg—19))p(T) ~ rp(kg—Lq)
for sufficiently large 7'. Split the first term of (3.6) into two parts:

Yo AmklLg+ Y. Aklg) = Ju+ I (3.7)
O<kq,lg<T O<kq,lg<T
O<l|kg—lg|<e e<lkg—lg|<l—¢

Assumption (A1) implies that, for all |t| < e < 2~

L —r,(t) <2|t%.

From the assumption that 7w (u,) = T (n)u(u,) = O(1), we have

un ~ 2log T2, e /2~ @) 2H kYT o). (3.8)

2/a

Consequently, with g := au, ~’* ~ a(log T)~ /% we obtain

T
I £Ci= Y Iralkq) — on(kq)| .

1 2
exp(— - )
4 O<kg<e V 1- Qn(kQ) 1+ w_n(kq)

<ot D1 = ratkg)) 3 [——— (——5>
—= 1 0<kq<6 rl’l q 10 mexp 2

T 2
s&—p(T)exp(—”—") > V1=rakq)
q 2

O<kg<e

< LT og )2 S 2k
q

O<kg<e
< Ci(logT)~'/2, (3.9)
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which implies that lim;, .« J;1 = 0. By (3.8) for large T we have

T u?
I <C— Y |ra(kg) — enlkq)| exp(——”)
e<kq<l—e I+ wn(kq)
T u?
< Cr— kg) — on(k -
<C— Y lIulkg) — o q>|exp( 1+a<8)>
e<kq<l—e
T w2\ A+2)/2
< CH— -
- (eXp< 2 ))
< C2T—(l—19(a))/(1+19(a))ui+(a—2)/a(1+ﬁ(8))
< CzT—(l—ﬁ(S))/(Hﬁ(S))(log T)Cle—li+e)/a (3.10)

Hence, since 9 (¢) < 1, lim,,_ o0 Ju2 = 0.

We continue with an estimate for the upper bound of (3.6) where kg € I; and Ig € I;,
i # j. Note that in this case, the distance between any two intervals I; and /; is larger than .
Split the second term of (3.6) as

Z An, k1, q) + Z Aln, k1, q) =: I + L. (3.11)
e<lkq—lq|<TF TP <|kq—Iq|<T

Similarly to the derivation of (3.10), we have

T iy
Ln <Ci— Y lralkq) — onlkq)| exp| ————

e<kg=TP 1+ wn(’“])
T u?
<C— Y Irlkq) — on(kg)|exp( ——2—
1+ 9()
e<kq<TP

7148 L2\ (+7@)/2
n
=Cp (eXp<_7>>

< C;TP~(1-2E)/(1+9() (log )~ Cat2042 @) /a(1+9 ()
< C3Tﬁ_(l_ﬁ(5))/(l+ﬁ(5))_ (312)
Thus, lim,_« I1 =0, since B < (1 — ¥(¢))/(1 + ¥ (¢)). Furthermore, assumption (B1)

implies that there exists a positive constant K such that @, (kq) < K/log T? for kq > TP.
Using (3.8) again, for g = au,fz/a ~ a(log T)~ V¢ we have

T2 u2 2 u2
exp| — n < exp __0n
g%logT 1+ @,(kq)) ~— q*logT 1+ K/logTh

2K logT 2\ KloglogT

<Csexp|l — (|1 —— |———
K +BlogT o) K+ BlogT

= 0(1).

Hence, following the argument given in the proof of Lemma 6.4.1 of Leadbetter et al. (1983)
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we may further write

T u?
Lo <Cs— Y~ |ra(kq) — on(kg)lexp( ———"——

16 o<t 1 + @y (kq)
qlogT T2 u,%
=C kq) — on(k -
s 2 Imka) — o D 71027\ TT i)
TP <kq<T

qlogT
SCso—— ). Imkg) —p(T)]

Tﬂ<kq§T
q q log T
< Cs5—— kq)logkq — r| + Cer —  p— iy 3.13
= Csgr > Imkg)logkq —rl+Cor— > logkq' (3.13)
Th <kq<T TA<kq<T

By assumption (B1), the first term on the right-hand side of (3.13) tends to 0. Furthermore, the
second term therein also tends to 0, which follows by an integral estimate, as in the proof of
Lemma 6.4.1 of Leadbetter et al. (1983). Consequently, the proof is established by (3.6)—(3.7)
and (3.9)—(3.13).

Lemma 3.5. Suppose that assumptions (Al) and (A2) hold. If T(m)u(u,) = O(1) and
T(n)u(vy) = O(1), then

P[ sup X,(s) > u,, inf X,(s) < —vn} =o(u(uy) + u(v,)) asn — oo.
s€l0,1] s€[0,1]

Proof. The proof is similar to that of Lemma 11.1.4 of Leadbetter et al. (1983).
Proof of Theorem 2.1. We only prove case (i), since case (ii) is a special case of (i).
Case 1: 6 € (0, 00). The definition of {&, (1), € UEQ({’” 1;} implies that

P{ max 16n(k)| < un
=P { max (1= p(T () Pnuthe) + ' T )W) < s

=P{ —u, = (1= (T P1,0kq) + p AT W)W < s, kg € UL}

+o [y, — pl2(T(n))z up — pV2(T(n))z
- P n <n, (kg) < == , kg € UI; dz.
/_oo { 10— p@emz = "% = G Ty K ’}W) :
(3.14)
Note that, as n — 00,
_ 12 _ /2
@ ._ Un—P (T'(n))z o r rz -1
u'® = =up+———+o(u, )
" (1—p(T@)yz ™" Un "
and "
@ ._ up + p /(T (n))z _ r++/2rz -1
P U@y T T, o)
So, the assumption that lim,, o T (n)u(u,) = 6 € (0, co) implies that
lim T = ge" 2z, lim T(n)u@) = ge" Vs, (3.15)
n—oo n—oo
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Next, by the definition of {5, (¢), t > 0}, (3.2), (3.4), and (3.15), we have

P{—v{? < n,(kq) < ul?, kg € UI})
(7 ()] _
= [] P-v® = XV kq) < u?. kq < 1}
j=1
= P{— v(z) < X,(kq) < u(z) kq € 11)}[T(")]
=P{—vl? < X, (1) <ul®, t € TD(1 4+ 0(1))
=P < X, (1) <u?, t € [0, IPTDI1 + 0(1))

=(1—P{ inf X (s)<—v(2)} P{ sup X, (t)>u(2)}
s€[0,1 s€[0,1]

Tn)
+P{ inf X, (s) < —v®, sup xn(z)>uff>}) 0 1oy
s€[0,1] s€l0,1]

as n — oo. In light of Theorem 1.1(i) and Lemma 3.5,

P{— v(Z) < nkq) < u(Z) kg € U}
= (1= 1) = p@;?) + 0(u(w?) + n@HNT A + 0(1)

96—(r—«/271) + ge—(r+«/5z) 1 [T (n)]
- (1 - () * 0<T(n)>> (T4 o)

= exp(—fe VI _ ge= VI (1 4 o(1))

as n — oo. Combining the last result with (3.5) and (3.14), and applying the dominated
convergence theorem, we obtain

+00
lim P{ max |X (kq)| < un} =/ exp(—@e_(r_ﬁ@ - 06_(”@@)(,0(1) dz.

n— 00 —oo

Consequently, the proof follows by further utilising (3.1), (3.3), and (3.5).

Case 2: 0 = oco. From the definition of (-), we know that, for arbitrarily large 6’ < oo,
there exists a real sequence v, such that lim,_, oonu(v,) = 0’. Clearly, for sufficient large n,
u, < vy; hence,

P[ sup | X ()] < un] < P{ sup X, ()] < vn} = Aj(—logf)) asn — oo.
te[0,T (n)] t€l0,T (n)]

Since this holds for arbitrarily large 6’ < o0, by letting 8" — 0o we see that

lim P{ sup | X, ()| < Mn} =0,

n—00 1€[0,T (n)]

which completes the proof.

For the proof of Theorem 2.2, we need a result which is formulated in the next lemma. By
Polya’s criterion (see, e.g. Equation (3.10) of Durrett (2004)), if we assume the convexity of the
correlation functions r,, () (hence, 0 < o < 1—cf. Theorem 3.1 of Mittal and Ylvisaker (1975))
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then there exists a separable standard stationary Gaussian process Yy (¢), n € N, with correlation
function

_ ra(t) — rp(T (n))
Pn, T (1) = T T fort < T(n).
Let

MT(,,)(Y)Z max Y, (?) and MT(n)(—Y)Z max —Y, ().
0<t<T(n) 0=<t<T(n)

Lemma 3.6. Let Y, (t) be defined as above. Under the conditions of Theorem 2.2, for any

e >0,
Hm P{|M7(y(Y) — byl > ey’ (T(n))} =0 (3.16)
n—0oo
and
Tim P{Mr(=Y) = bron| > era’ ()} = 0
are valid.

Proof. Since the proofs are similar, we only give the proof of (3.16). By the assumptions,

ra(t) = ra(T()

P (1) = —— ST L= (T(m)t|* + ea(®)]2]*

as t — 0, where ¢,(T(n)) = ¢,/ — r,(T(n))) - 1 asn — oo and €,(t) =
en@®)/(1 —ry(T(n))) — 0ast — 0, uniformly in n. Furthermore, for any ¢ > 0, there
exists y > 0 such that sup{|o,, 7)), T > |t| > &, n € N} < y < 1. Utilising the
stationarity of {Y,,(¢), 0 <t < T (n)}, Theorem 1.1(i), and the definition of b7 ,), we have

PAMrn(Y) = b > era (T (n)))
= (T + VP max ¥, > era (T ) + bron |

1
< Co(IT M1+ D(ery > (T () + bre)*/*! exp<—§(r,1/2mn>) + bnn»z)

< Co(IT ()] + D(log T (n)) >~/
X exp(—% <2 log T'(n) + loglog T (n) + 2(r, (T (n)) log T(n))l/z))

< Coexp(—(ry (T (n)) log T (n))"/?).

2—«o

o

Assumption (B1) and the fact that lim,,_, o 1, (T'(r)) log T (n) = oo imply that
Tim P(Mr(Y) = bray > er/*(T ()} = 0.
Next, repeating the proof of Equation (3.9) of Mital and Ylvisaker (1975), we have
Tim P{Mr ) (Y) = brey < —era/ (T ()} = 0;

hence (3.16) holds, and thus the claim follows.
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Proof of Theorem 2.2. Represent X, () as

X (1) = (1 = ry (T )Y () + 1 (T ()W,

where W is a standard Gaussian random variable independent of the process {Y,(¢), t > 0}.
Using Lemma 3.6 and setting a(n) := /(1 — r,(T (n)))/r,(T (n)), we obtain

Pl 2@ ( sup 1X,0 = (0 = ru(T) 1) < %
1€[0,T (n)]
=p| s 1%, = TO)laebr ) +x1}
t€l0,T(n)]

=P{—x <=am)Y,(@) +brm) + W, am)(Y,(t) —brm) + W =< x,t €[0, T(m]}
=Plan)(=Y,(®) —brepy) — W =< x, am)(Y,(t) —br@m) + W < x, t € [0, T(m)]}
=Plam)(Mru)(=Y) —brw) — W < x, am)Mru)(Y) —bru)) + W < x}

— P{—-W<x,W<x} asn— oo,
and, hence, the claim follows.
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