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This paper proposes a nonparametric approach to identify and estimate the gener-
alized additive model with a flexible additive structure and with possibly discrete
variables when the link function is unknown. Our approach allows for a flexible
additive structure which provides applied researchers the flexibility to specify their
model according to economic theory or practical experience. Motivated by the con-
cerns from empirical research, our method also allows for multiple discrete variables
in the covariates. By transforming our model into a generalized additive model with
univariate component functions, our identification and estimation thereby follows
a procedure adapted from the case with univariate components. The estimators
converge to normal distributions in large sample with a one-dimensional convergence
rate for the link function and a di-dimensional convergence rate for the component
function f;(-) defined on R% for all k.
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1. INTRODUCTION

Flexibility in model specification is one of the key features pursued by applied
economists while using nonparametric method. This is because different applica-
tions need different model specifications that are often guided by economic theory
or practical experience. In addition, there are potentially multiple discrete covari-
ates in many economic datasets. It is hence an empirical concern to handle discrete
covariates appropriately in the estimation procedures of economic applications.

In this paper, we address the above two concerns in estimating the generalized
additive model with an unknown link function as

K
HE) = G()_fil)), )
k=1

where H(-) is a function that can be consistently estimated (such as nonparametric
regression), but the link function G(-) and the component functions f;(-)’s are
unknown with x = (x', ..., xX) € R? and x* € R%. The first concern is addressed
by allowing a flexible grouping of the covariates in the sub-vectors x* for k =
1,...,K." In this way, a researcher can group the covariates according to economic
theory or practical experience, instead of having to restrict one or all of sub-
vectors to be univariate. The second concern is addressed by allowing discrete
covariates in the estimation procedure. The parametric version of this functional
restriction has been implemented in many economic applications, including the
very popular specification of constant elasticity of substitution in the estimation of
production function. See, e.g., Kmenta (1967), Hodges (1969), Paraskevopoulos
(1979), Antras (2004), Klump, McAdam, and Willman (2007), and Berkowitz, Ma,
and Nishioka (2017), among others.

To identify the model primitives of G(-) and f;(-)’s, we transform the model
(1) by a known mapping into a new model with the link function G(-) and
some univariate component functions fi(-)’s. We then identify the new model
by applying some existing identification approach to the generalized additive
model with univariate components. Closely following the identification strategy,
we propose a three-step procedure to estimate the link G(-) and the original
components f;(-). The consistency and asymptotic normality is then established
for the estimator of the link G(-) at a one-dimensional convergence rate and for
the estimator of the component f;(-) at a di-dimensional convergence rate.

Our paper contributes to the estimation of the generalized additive model. With
aknown link function and only univariate component functions, Chen et al. (1996),
Linton and Hérdle (1996), Horowitz and Mammen (2004), and Ma (2012), among
others, estimated the univariate components at a one-dimensional convergence
rate. Their estimators, hence, have no curse of dimensionality. With an unknown
link and only univariate components, Horowitz (2001), Horowitz and Mammen

IThe generalized additive model requires that the component functions are non-overlapping in their arguments,
namely any two of o xK do not share common elements.
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(2007, 2011), and Lin et al. (2018), among others, recovered the univariate
components still at a one-dimensional convergence rate and hence avoided the
curse of dimensionality. Jacho-Chavez, Lewbel, and Linton (2010; JLL hereafter)
generalized the framework with only univariate components (and an unknown link)
to allow multivariate components, as long as one component function is univariate.
Our paper further generalizes the model to allow for a flexible specification of
additivity, and the existence of a univariate component function is not needed. In a
related area, Lewbel, Lu, and Su (2015) provided a nonparametric test of whether
the monotonic transformation structure is correctly specified. With a weaker
notion of separability, Pinkse (2001) developed the estimators of fl( ),. fk( )
in a nonparametnc regression with weak separability as E(Y|X = x,Z = z) =
G(x f1 4 )s- fK(zK )) where G is monotone in fl, .. fK, and furthermore all of
f1 ),. fK( ) are monotone in their respective first arguments. He showed that the
functlons fl( ), . fK( -) can be identified up to a monotonic transformation. The
generalized add1t1ve model is in general identified up to location and sign-scale
normalizations.” The papers most relevant to ours are Horowitz (2001) and JLL in
this research line. To clarify our contributions relative to them, consider model (1)
with K =2 and d;,d, > 2. Horowitz (2001) identified such a model by further
imposing an additive structure on both fi(-) and f>(-) as fi(x') = Z:]ZI flk(x,'()
and o(x?) = ZZZZI fox (x,%). Although such an extra additive structure reduces the
dimensionality of this problem to 1, it is vulnerable to misspecification error.
Relevant economic theory might rule out any additional additive structure on
the components of fi(-) and f>(-). JLL identified this model by imposing an
additive structure on one of fi(-) and f>(-) as fi " =f11(x{) +f12(xé, ... ,xclil) or
b *?) = i (xf) +fn (x%, ... ,xﬁz). The extra additive structure imposed by JLL
is weaker than the one of Horowitz (2001), but their identification requires a
large image/support condition (see Condition 12(iv) of their Assumption I) which
substantially restricts its applicability in real empirical applications. Their identifi-
cation strategy also rules out discrete elements in x! and x? (see condition I1 of their
Assumption I), and hence further restricts their applicability in real applications.’
In contrast, we identify such a model without imposing any extra additive structure
or any large image/support condition. Our identification approach also allows for
discrete elements in x!' and x°.

Our paper also contributes to the research on the identification of model
primitives by exploiting the monotonicity restrictions on nonparametric functions.
One of our key identification steps exploits the monotonicity of the unknown link
G () to transform the original model into a new model with univariate components.

20ther related papers include Ma and Song (2015) who estimated the unknown link function of varying index
coefficient models by the means of B-splines, as well as Kohler and KrzyZak (2017) and Schmidt-Hieber (2020).
The latter two articles estimated nonparametric regression by deep neural network methods, and have natural links
to the generalized additive model.

3Note that discrete regressors are still not allowed to enter any component functions in their extension to handle
discrete regressors (see Section 6 of Jacho-Chavez, Lewbel, and Linton, 2010).
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Our identification is hence established by this connection between our model with
a flexible grouping and the transformed model with univariate components. The
identification of the latter has been well studied. The monotonicity of transfor-
mation function has been employed to identify the model primitives of different
variants of transformation model by, e.g., Khan (2001), Chen (2002, 2010a, 2010b,
2012), and Chen and Zhang (2020). Moreover, the monotonicity of nonparametric
function on latent random variables has been used to identify the non-separable
models by, e.g., Chesher (2003) and Matzkin (2003). In the auction literature, the
monotonicity of bidding strategy helps to identify the value distribution by, e.g.,
Guerre, Perrigne, and Vuong (2000, 2009), Athey and Haile (2002), Li and Zheng
(2009), Marmer and Shneyerov (2012), Gentry and Li (2014), and Li and Liu
(2018). The monotonicity of strategies is also used to identify discrete games by,
e.g., Tang (2010), De Paula and Tang (2012), Grieco (2014), and Liu, Vuong, and
Xu (2017), with a notable exception of Lewbel and Tang (2015). To test whether
monotonicity restrictions hold, Hoderlein et al. (2016) provided a testing procedure
in the structural model without strategic interaction; while Liu and Vuong (2020)
proposed nonparametric tests for monotonicity of strategies in Bayesian games.*

The rest of this paper is organized in the following way. Section 2 presents our
generalized additive model with two component functions. It also lays out our
strategy to identify the link function G(-) and the component functions f;(-) for
k =1,2. In Section 3, we propose a nonparametric estimation procedure closely
following the identification strategy. Section 4 then establishes the large-sample
properties of our estimators. In Section 5, a simulation is used to demonstrate
the finite sample performance of our nonparametric estimators. Section 6 briefly
discusses how to extend our framework to cases with discrete covariates and more
than two components. Section 7 concludes. The appendix collects the proofs of our
theorems. The Supplementary Material (SM) collects some notations and technical
lemmas (as well as their proofs).

2. THE MODEL AND IDENTIFICATION

We consider the generalized additive model with an unknown link function as
follows:

K

Hx) =G() (), %)
k=1

where H(-) is a function that can be identified directly by the joint distribution

of observables and can therefore be consistently estimated, such as the mean

regression function E(Y|X = -) or the quantile regression function Qyx(7ol-) for
a given 1o, and x = (x', ---,xX) such that x* € R% for di > 1. The parameters of

4While maintaining the monotonicity restriction on bidding strategies, Liu and Luo (2017) proposed a nonparametric
inference procedure to compare the valuation distributions in first price auctions.
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interest include the unknown link function G(-) and the component functions f (-)
fork=1,...,K.

For ease of exposition, we focus on the case of two component functions in the
link, i.e., the model is simplified as

Hx) = G(fi (x") + (D)), (M1)

where the unknown link function G(-) is monotonic, x = (x!,x?) € R¢ and
x* e Ré% for k = 1,2. We will return to the general case with more than two
components in Section 6.2. Clearly, d = d; + d». Throughout the paper, we let
X = (X', X?) be a random vector in R? with X* denoting a random vector in
R%. Let x = (x',x?) be the realized value of X with x* € R%, for k = 1,2. In
addition, let py(-) and pys;y:(-|v") denote the probability density function of any
given random vector/variable V and the conditional density function of V* given
V! =/, respectively.

In this paper, we provide the identification and estimation of G(-) and f;(-)’s
under reasonably weak restrictions motivated by empirical concerns. Specifically,
we allow for a flexible division of (x!,x?) guided by economic theory or practical
experience,” and discrete variables in x' and/or x?. The latter is motivated by
the presence of discrete variables in many economic datasets. For presentation
purposes, we first consider the case of (x',x?) to only have continuous variables.
We then return to the case with discrete variables in Section 6.1.

We obtain the nonparametric identification of (M1) in three steps. In the first
step, we transform it into a new generalized additive model with univariate
components. The new model has the same link function as (M1). In the second step,
the transformed model is identified by a strategy adapted from Horowitz (2001).
The original component functions are identified in the third step by applying the
inverse of step-one transformation.

We first transform the original model (M1) into a new model with univariate
components. Such a transformation is given by the following theorem.

THEOREM 1. Under a strictly monotonic link function G(-), the generalized
additive model (M1) can be transformed equivalently to

H(z) = G(fi (2" +H()), (M2)

where H(z) = EIH(X) |1 (X") = 2, &2(X?) = 22, the inverse of fi(-) is ' (s) =
LG+ - wopx0)ax*, and g (x*) = [[H(x) - w_ (x XY dx* with freely
chosen nonnegative weight functions wi(-) for k = 1,2 where —k denotes the index
other than k in {1,2}.

Theorem 1 transforms the original model (M1) into a new model (M2) which
is easier to analyze for two reasons. First, the new function H(-) can be identified,

5For example, let (x!,x%) = (x1,x2,x3,x4). Our model allows all possible divisions, such as x = (g, x0), 0% = (x3,x4)

or x!' = x1,x% = (x2,x3,x4).
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since the function H(-) and hence its weighted integrals ¢ (-)’s are identified.
Second, both of the new components fl (-) and fz(-) are univariate. Moreover, the
functionsfk(-)’s and their inverses are monotonic when the link G(+) is monotonic.
To simplify the notation, hereafter let Z = (Z', Z?) with Z* = ¢, (X*), and z = (', 2%)
with ZX € R for k = 1,2.

Before proceeding with the identification of new model (M2), we give the
identifying assumptions as follows.

Assumption I (Identification condition). (i) Location normalization: fl (z(‘)) =
f2(z2) = 0 for some interior point (z},z3) in the support of Z.

(ii) Scale normalization: [ ws " /ff (z")dz' = 1 where ws(-) is some nonnega-
tive weight function by choice.

(iii) Monotonicity: the link function G(-) is strictly monotonic.

Parts (i) and (ii) of Assumption I specify the location and scale normalizations
needed for the identification. Similar normalizations have been adopted by the
literature (see, e.g., Horowitz, 2001) to identify the generalized additive model.
Note that our identification strategy still works (with minor change) if the location
normalization is relaxed to fk (Zo) fko with some known constant fko e R for k=
1,2. We can also adopt other location and scale normalizations, such as the ones
of JLL. Part (iii) imposes a monotonicity condition on the link function G(-). Such
a monotonicity condition is used to guarantee the existence of fi(-)’s and their
inverses.

In the second step, we turn to identify the new model (M2). Such an identi-
fication is achieved in two stages by applying a strategy adapted from Horowitz
(2001). In the first stage, we identify the transformed components f] (-) and f2(~).
In the second stage, the unknown link G(-) is identified.

We now turn to the identification of transformed components fk(-) ’s. Let H(z) =
E[H(X)|Z = z], and 0yg(z) = 0g(z)/dz; for any multivariate function g(z). The
identification idea comes from the following two basic equations:

WH@) =G () +HE) &, A3)
M) =G ) +HE)) -HiE). @)
Letting (4) be divided by (3), we obtain

A& _ HHE
fizH  0HE@

)

We next multiply both sides by w3 (z') and integrate (i) by z' on the whole support
of Z' = ¢;(X") and (ii) by z from zJ to z?, and get

. . . < M)
h(@) = / h()dz - / wi(Z)/fi(ZdZ' = / / a?m@ w3(z)dz'dZ?,
(C1)
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where the first equality comes from the location and scale normalizations imposed
by Assumption I. The second transformed component function H() is hence
identified by (C1).

The identification of f;(-) follows a similar strategy. Specifically, applying
previous strategy to f;(2") /f4(22) = [0 H(@)]/[:H(2)], we get

- S ;
A =[ [ [ s wachaza ][ [wy ], ®
20

We can identify the first transformed component fl(-) if the denominator

f wa(22)/ fz’ (z%)dz? can be identified. This is achieved by the scale normalization
and (5) as

wi(g! 1

I i / w(e) / w(z) 1

~, s dZ ’

S wa(@®) /f}(*)d? f ‘;4(12)41 72 ff;l/?;; ,W4(Zz)dz 55 ﬁ‘”(‘ wa(z2)dz?
Jo(Z

which introduces an expression to identify the first transformed component f] )
as follows:

AE@)=c / / z‘zg (2)d2dz, (€2)

where ¢ = [w3(z') - [f[E)lH(Z)/BzH(Z)] -a)4(z2)dzz]_ldzl. Consequently, the

first transformed component function fy(-) is identified by (C2).

After identifying the transformed components fk(~)’s, we now investigate the
identification of the unknown link G(-). The function T(z) = fi(z)) + f>(2?) is
identified once the transformed components fl(-) and f2(~) are identified. The
unknown link function G(-) is then identified by the nonparametric regression of
H(X) on T(Z), namely E[H(X)|T(Z)], due to the following result:

E[HX)|T(2) =1] = E[H(2)|T(Z) =] = G(1), (L1)

where the first equality comes from the fact that, given 7'(Z), the conditional
expectation of H(X) and H(Z) = E [H X) |Z] are the same by the law of iterated
expectation; and the second equality holds due to the restriction given by (M2).
In particular, when H(X) is a nonparametric regression E(Y|X), by the law of
iterated expectation, the identification equation (L 1) for the link G(-) can be further
simplified as

G(r) =E[Y|T(2) =T1]. (L2)

In the final step, we use the inverse of step-one transformation to identify the
original components f; (-) and f>(-). Notice that the original link G(-) has already
been identified in step two. This is accomplished by the following mapping from
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the inverse of step-one transformation:
folo) = fi(Gu@)), fork=1,2, W)

which can be derived by replacing s with f;(x) in the expressions of fk_l(-) of
Theorem | and exploring the equality of (M1). Both of the original component
functions fi.(-) for k = 1,2 are then identified, since i (-)’s are identified functions
by their definitions in Theorem 1, and fi(-)’s have been identified in step two.

We summarize the above discussion on the identification of the link function
G(-) and the original component functions f;(-)’s in the following theorem whose
proof is omitted.

THEOREM 2. Suppose Assumption I holds. Given the expressions in (ClI), (C2),
and (L1) are well defined, the link function G(-) is identified by (L1), and the orig-
inal component functions are identified by (7) where the transformed component
functionsﬂ(-) s are given by (C2) and (C1), and the weighted integrals & (-)’s are
defined by Theorem I for k = 1,2. In particular, when H(x) = E(Y|X = x), the link
Sfunction G(-) is identified by a simplified expression as (L2).

Theorem 2 identifies the link G(-) and the original components f;(-)’s fork=1,2
by applying Horowitz’s (2001) strategy to the transformed model (M2) in Theo-
rem 1. In addition, Theorem 2 establishes the identification of model primitives
when there are only two components within the link. Such an identification strategy
can be easily extended to the case of more than two components (i.e., K > 2). We
will briefly discuss such an extension in Section 6.2.

Remark 1. Theorem 2 shows that the link G(-) and components f;(-)’s are
identified under each chosen set of weights wi(-), k = 1,...,4. The choice of
weights wy(+) affects the efficiency of estimating G(-) and f;(-)’s.

3. ESTIMATION

This section only considers estimating the parameter of interest in the case of
nonparametric (mean) regression for H(-), i.e., H(x) = E(Y|X = x). We leave other
cases of H(-) (such as the case of quantile regression) for future research. In the
case of nonparametric regression, note that

E[Y|Z=z]=H() = G(fic) +A(E)) ®)

by the law of iterated expectation. That is, our estimation problem is essentially
the same as Horowitz (2001), in which all component functions are univariate, if
the true ¢;(-) and & (-) were used in our estimation. Consequently, we propose
a three-step estimation procedure by the kernel method to recover the parameter
of interest, namely the link function G(-) and the component functions f;(-) for
k = 1,2. We leave other nonparametric alternatives such as the sieve method
proposed by, e.g., Ai and Chen (2003) and Chen (2007), for future research. In
the first step, the nonparametric regression H(-) and its partial integrals ;(-)’s are
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recovered by the local polynomial method, then the partial derivatives d;7H(-) for
k = 1,2 are estimated by another local polynomial regression of ¥ on two generated
regressors Z! = ¢; (X') and Z* = 2»(X?). In step two, the (transformed) components
fk(~)’s are estimated through the expressions of (C2) and (C1) by replacing oy H(-)
for k = 1,2 with their step-one estimates, and the link G(-) is recovered through
the local polynomial regression according to (L2). In the third step, the original
components f(-) for k = 1,2 are then recovered according to (7) by replacing fk(-)
and & (-) with their nonparametric estimates.

Such a kernel estimation approach has several attractive features. First, the
estimation strategy closely follows the identification idea laid out in Section 2.
In particular, it transforms the estimation problem with multivariate components
to the one with univariate components. The latter has been well studied in the
literature. Second, it can group (X',X?) in a flexible way. This flexibility can
be important to adopt the generalized additive model in empirical applications,
since many applications may specify some or even all component functions to be
multivariate. Third, we only need one continuous variable in X land X2, namely,
the other covariates in X! and X? can be all discrete. For presentation purposes,
we consider the case of (X',X?) to only have continuous variables here. We will
return to the case with discrete variables in Section 6.1.

Specifically, our estimation approach proceeds in three steps as follows.

Step 1. Estimation of 9;7{(-). We first use a local rth-order polynomial method
to estimate H(x) = E[Y|X I'= x!, X2 = x?1°. We use a leave-one-out estimator
H_;(x), namely, the intercept of

o~ . k\2 X,‘ —X
o= arg;nmz (Yi— Z ak(Xi —x)*) K<W)’
i#j O<[k|<r

where k = (ki, ko, ...,kg) is a d-tuple of integers, |k| =k +ky + -+ + kg, (X; —
0F = (X! —xhk x (X2 =32k x o x (X4 —xdyka, and K (xy, . .., xq) = T19_ k(xe)
with k() being a univariate kernel function (i.e., a multiplicative kernel is used in
the multivariate case). More details of local polynomial regression can be found in
Appendix S.1 of SM. The generated regressors are estimated by ¢; (X/') = (1/n)-
Y H_j(X!.X?) and 3 (X?) = (1/n) - Y Hj(X!. X?) with the weights wy(-)
to be the marginal densities of X* on Syx, namely wy(-) = px«(+), for k = 1,2.

Finally, the partial derivatives d;H(-) can be recovered by another local rth-order
polynomial estimation, i.e., the slope coefficients of

B\:arg;linZ(Y[— Z ﬁkl,kz(?l(X})—zl)"l(?z(X?)—zz)"z)z
i—1

0<ky+ky<r

,k(?l (x}) -~ )k(fz(xf) —Zz)
hy hy '
Denote the derivative estimators by Bkﬁ (z) fork=1,2.

O®Here, r is also the smoothness of unknown functions and densities. See Assumption 3.
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Step 2. Estimation of the transformed model. The transformed component
functions f; (-)’s are estimated by the sample analogue of (C2) and (C1) as follows:

/ falH(Z) dzzdz, f2 / /azH(Z) dz dz?,
0L H(z) 1H(2)

where €= [ w3(z")[ f [81H(z)/82ﬁ(z)] -wy (zz)dzz]7 dz'.
The link function G(-) is then estimated by the intercept of

mmein (01— ¥ 2+ oo LAV E) 0

O<k<r ha

where ’Z\f‘ :/{\k(Xf) fork=1,2.

Step 3. Estimation of the original component functions f;(-)’s. Lastly, the
original component functions f;(-) and f>(-) are estimated by

fi() =7k(a(xf‘)), fork=1,2.

Three remarks are in order. First, our estimators essentially have similar asymptotic
properties to Horowitz’s (2001) estimators if the true partial integrals &i(-)’s
were used so that the first step is not needed. Second, we use local polynomial
regressions instead of local constant ones to address the boundary bias issue (see
also Fan and Gijbels, 1992). Third, the step-two estimation of the link G(-) can
be viewed as a result of estimating it by a sample analogue of (L2). It can also be
viewed as a result of recovering G(-) by a sample analogue of a moment condition
of G(1) = E[Y|fi (X") +£>(X?) = t] which comes from (M1) and the law of iterated
expectation.

4. LARGE SAMPLE PROPERTIES

In this section, we study the large sample properties of the estimators pro-
posed in Section 3. Let d; > d, only for presentation purposes.” We first state
the assumptions under which the large sample properties of our estimators are
established. Let inf#(®) denote the interior of any given set ®. Let Sy be the
support of a random vector/variable W, and let S; be defined as {7 : T =f; (x') +
f>(?) for some (x',x%) € Siy1 y2)}.

Assumption 1 (DGP). {(Y;,X;)}}_, is an i.i.d. sample from the distribution of
(Y,X) which satisfies (M1) and (i) E(|Y|***|X = x) < C for some finite C, positive
s, and all x € Sy; (ii) Var(Y|X = x) is continuous in x.

TIf dy < d», we can define X' = x2 and ¥ = x'. It then follows that d; > d» where di denotes the dimension of ¥ for
k=1,2. We then study the new model of HE!, %) = G()?] (;?‘)4—}2(22)) where H(x!,%%) = H(xl,xz),f’] (630) =f(x2),
and f, () = fi ().
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Assumption 2 (Distribution of X). The random vector X satisfies (i) Sy is com-
pact; (ii) the distribution of X is absolutely continuous with respect to Lebesgue
measure and has density of py(-) > 0 in the interior of Sx; (iii) there exist some
compact intervals Z; C int(S;1), Z> C int(S,) and some ¢ > 0 such that (a)
fiZ)=cforall * € T and k= 1,2, (b) P(X : ZF € Tk =1,2) > 0, (c) 2 € Tx
where z’é is defined in Assumption I for k = 1,2, (d) |G'(:)| > c on Sg.

Assumption 3 (Smoothness of G, f;, and px). (i) The link function G(-) is (r+1)
times continuously differentiable. (ii) The component functions f;(-) for k = 1,2
and density py(-) are (r+ 1) times differentiable with respect to any mixture of its
arguments with uniformly continuous derivatives on their supports Sy« and Sx.

Assumption 4 (Weights). (i) For k = 1,2, the weight function wyi(-) = pxx(-).

(i1) For k = 3,4, the weight function wy(-) is nonnegative and bounded with
support S,,, C Zy—> such that wy(-) has (r + 1)th continuous derivatives on S,
with [ wi(Z¥2)dZ"% = 1.

Assumption 5 (Kernel). The univariate kernel function k(-) is symmetric,
bounded, and continuously differentiable on its support [—1,1] For any d' > 1
and a kernel function K(-) on [—1, l]d/, there is K(sq,...,57) = H;I;Ik(sj). Let
Hj(u) = wK(u) for all integers j = (ji,ja, ...,ja) and u € R Then Hj(u) is
Lipschitz continuous on [—1, 11¢ for all jwith O < |j| <2r+1.

Assumption 6 (Bandwidth). As n — oo, the bandwidth sequences Ay, hy, and
hg go to zero and satisfy:

@) nhﬁ'”‘l/log(n) — 00, nhg{/log(n) — 00, nh3G/log(n) — 00,
(i) K2 /ha = 0, log()?/Ink} > W3 ) — yi, n- W2 W2, — 71,
(i) 1! fhG — 0, n-hi - hE — 00, nh2 ™3 — vy, n- W2+ hg — y3, nh2 T

Y2,
(IV) ]’l;_[/hc — O, I’lc/h;l.[ — 80, I’ll’l%_’i 'hG —> Va,

where y1,...,v4, V1, 2, and §g are some nonnegative constants.

Assumption | describes the model and data generating process (DGP). Assump-
tion 2(i) and (ii) gives some regularity conditions on the support and density
function of the random vector X. With the normalization conditions in Assump-
tion I, Assumption 2(iii) provides sufficient conditions to identify the component
functions f;(-)’s and the link function G(-).

Assumption 3 contains some smoothness conditions on the link function G(-),
the component functions f;(-)’s, and the density function px(-). They require
those functions having a smoothness of (r 4 1). This ensures that our Taylor-
series expansions have proper orders. In addition, they imply that the transformed
component functions fk(-)’s also have (r+ 1) derivatives which are uniformly
continuous on their supports.

Assumption 4 describes the condition on the weight functions wy(-) for k =
1,...,4. For k = 1,2, it uses the marginal density of X* on Sy as the weight wy ()
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to estimate the partial integrations ¢, (+) in step one of our estimation approach laid
out in Section 3. Other weights for w;(-) and w;(-) can also be used. For k = 3,4,
it requires the weight function wy(+) to be (r+ 1) times continuously differentiable
on its support.

Assumption 5 gives the restrictions on the univariate kernel function k(-) which
builds all multivariate kernel functions throughout this paper in a multiplicative
way. This assumption is also used in other local polynomial literature. See, e.g.,
Kong, Linton, and Xia (2010) and JLL. This assumption is utilized to derive the
uniform asymptotic representation of local polynomial estimators.

Assumption 6 specifies the conditions on the choices of bandwidths used
in our kernel estimation. These conditions permit various combinations of
bandwidths hy, hyy, and hg. For example, they are satisfied when hy €
(n= 1/ 1) = D/I-QridN) “and hyy = hg = n~ D/ for Jarge enough r.
They ensure that the remainder terms are negligible in each stage of our estimation.
In particular, conditions (ii)—(iv) control the contributions from the previous
estimation steps to the asymptotic variances 0fﬁ(~) and 6(~) fork=1,2.

We now present the asymptotic results of our estimators of the component
functions f;(-) and the link function G(-) for k = 1,2. We first consider the
estimation of original component functions f;(-) for k = 1,2. Our third theorem
gives the asymptotic properties of the estimators/f;(o) fork=1,2.

THEOREM 3. Suppose that Assumptions I and 1-6 hold. Then, for every k = 1,2,
asn— oo: (i) SUPkes, [ﬁ(xk) —fk(xk)| — 0 in probability, and (ii) for any x* €

Sy i (B () = () = B 0)) > N(0,02() ) with

By () = B (6 (M) + B[R D () + Bie (e () ], Q)
J— 2 e

20 = @@ | / ()57 Vi 0) Ke (0t / aleL) |fk)2x] px(dx ™,

(10)

Pxk | x—k (ok|x

where B(-), Bk(~), and Dy (xX) are given by Appendix A, and e, S,, and V,f(t)
are defined in Appendix S.1 of SM.

Theorem 3 establishes the uniform consistency and asymptotic normality of our
estimators of original component functions f; (-) for k = 1,2. It shows that the only
contributions from previous estimation steps are in the resulting biases ofﬁ() for
k = 1,2 in the final step. The variances of previous steps do not contribute into the

variances ofﬁ(), namely the asymptotic variances offk(~) do not enter the ones of

ﬁ(~). In particular, since the estimator can be represented as ﬁ(~) =fk (Ek(~)), the
asymptotic bias term B, (x*) consists of two parts. The first part h;i%k(g'k(xk))

is the bias of the infeasible estimator fk(g“k(~)) of fi(-) if the (unobserved) true

&k (+)’s were used in all three steps. Specifically, the infeasible estimatorﬂ() of
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the transformed component function fk(~) is obtained by using the true &(-)’s,
instead of their estimators Z:k(~)’s, to recover d;H(-) in the first step. The second
part i, - [ (& () Dy (%) + Bi (81 (¢%))] is the additional bias brought by using the
estimators Ek(~)’s, instead of the true functions (-)’s, in all three steps.

Two additional remarks are in order. First, the asymptotic bias terms B, (x*)
for k = 1,2 is controllable in general when we use bandwidths satisfying Assump-

tion 6, i.e., limsup,_, ., nhij,,fk (x*) < oo holds. Second, there are two ways

to consistently estimate the asymptotic variances o (x*) for k = 1,2. The first
way exploits the expression of of(x*) and replaces its population terms with
their nonparametric consistent estimators. The other way is to estimate okz (%) by
adapting the bootstrap method for nonparametric regression. See, e.g., Hardle and
Bowman (1988), Hall (1992), and Hall and Horowitz (2013), among others.

We next consider the estimation of link function G(-). Our next theorem
summarizes the large sample properties of our link estimator 6(.). Let Sg be the
compact set {1 : T =f; (x") + £ (x?) for some (x!,x?) € Sx} where Sy is the support
of X.

THEOREM 4. Let Assumptions I and 1-6 hold. Then, as n — oo: (i) sup, ¢ - |a(r)
— G(r)| — 0 in probability, and (ii) for any © € Sg, «/nhg - (G(r) —G(t) —
Bu(1)) > N(0,02(1)) with

Byo(v) =l e| 1SS Gy (0)

2
— ' G () Y E[f(aX*)De(X*) + Be(4 (X)) | T = 7]
k=1
2
— 15, G (1) Y E[Br(a(X)|T =],
k=1
11)

Var(Y|T = 1)

pr(T) (ellG{S?}ilu-G(u))zk(l‘)zdl‘+(SG ~0'C2;2(1;)’ (12)

CHOE
where ¢ is given by Assumption 6, B(-), Bk(~), D (x*), and aéz(r) are defined
in Appendix A, and e, {SrG}, SrG’ ™1 G,11(v), and g (u) are provided by Appendix
S.1 of SM.

Theorem 4 shows the uniform convergence and asymptotic normality of our
kernel estimator of link G(-). Several remarks are in order. First, the asymptotic
bias B,(t) consists of three terms. The first term /j 'e| (S} ' SE+1G, 41 (1)
comes from the infeasible estimation of link G(-) when the (unobserved) true ()
andfk(-) for k = 1,2, instead of their estimators, were used in the second step to
recover G(-). It is a bias term of a standard nonparametric regression. The other
two terms are the additional biases caused by using the feasible estimators Ek(-)
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and f «(+) for k = 1,2, instead of their true functions, in the second step to estimate
G(+). Second, similar to the case ofﬁ(~)’s, the asymptotic bias is controllable under
Assumption 6. Third, our asymptotic variance aé(r) can be estimated through
replacing its population quantities with their consistent estimators.

5. A SIMULATION STUDY

This section demonstrates the finite sample performance of our estimator by some
Monte Carlo experiments. We adopt the following DGP with the sample sizes of
400 and 800, each replicated 200 times:

Y= H{AiX") +AXT,X3) —U > 0},

where the regressors X I Xlz, and X% are independent truncated normal on [—3, 3]
with mean 0 and standard deviation of 2, and the error term U is independent of
all regressors and distributed according to standard normal N (0, 1). The true link
and component functions are specified as

Gr)=o(1), AEH)=x", AHO2rD) =22

where ®(-) is the distribution function of standard normal.

Two remarks are in order. First, under this specification, the partial integrals are
O () =E[@ ' +X7-X3)] and & (x3,x3) = E[® (X" +x3-x3)], and the transformed
components are the correspondent inverse functions with f; (& (xH) = x! and
fz(gz (x%,x%)) = x% -x%. Second, the location normalization then requires z(l) =£1(0)
and z2 = £(0,0) since f(£1(0)) = 0 and f,(£2(0,0)) = 0. The symmetry of
distributions of X' and X2 implies that ¢;(0) = £,(0,0) = &(0) = 0.5, which is
used in the simulation. The scale normalization Illolds in the model with a constant
weight function w3 (z;) = (fo9é7 [fl/(Zl)]_ldzl) -1{0.3 <z, <0.7}.

We next provide the implementation details of our estimation method. Let
o (W) denote the standard error of a given random variable W. To estimate fi(-),
f2(,-), and G(-), we use local linear regressions with a second-order Gaussian
kernel and the bandwidths of hy = min{a(X"), T(X}), (X3} - n 7, hy =
min {3(21), 3(22)} -n~ '8 and hg = E(E(Xl) —I—]/”;(XZ,X%)) -n~1/3 following the
simplified Silverman’s rule of thumb (Silverman, 1986; Hansen, 2009). The weight
function w4 (+) is chosen according to w4 (%) = % -1{0.2 < 72 < 0.8}. Meanwhile,
we replicate the estimators of JLL (a.k.a. “JLL estimators” in our paper) to do
a side-by-side comparison. The details are given as follows. In the estimation of
JLL, we also choose the second-order Gaussian kernel to do local linear regressions
in all stages, use linear extrapolation to extend the integrand function when we do
numerical integration and apply Silverman’s rule of thumb to pick the bandwidths.
To compute the integrals in our and JLL’s estimators, we adopt the midpoint rule
to calculate them numerically.

We now show the performance of our estimators and JLL estimators of f;(-),
f2(-,-), and G(-) to demonstrate how well our estimation procedure can recover the
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TaBLE 1. Simulation results for the estimation of component function fj (x!).

Ours JLL

n x! Bias SD RMSE Bias SD RMSE
-1 0.109 0.162 0.194 0.141 0.249 0.286

400 0 —0.005 0.121 0.121 0.018 0.246 0.246
1 —0.104 0.161 0.191 —0.148 0.272 0.309

-1 0.095 0.115 0.149 0.129 0.220 0.254

800 0 0.002 0.101 0.100 —0.007 0.165 0.164
1 —0.089 0.126 0.154 —0.122 0.185 0.221

TABLE 2. Simulation results for the estimation of component function f> (x%,x%).

Ours JLL

n 23 Bias SD RMSE Bias SD RMSE
-1 -1 —0115 0237 0263  —0.107 0346 0361

0 -1 —0007 0199  0.199 0017 0253  0.253

400 1 -1 0.083 0239 0252 0.084 0315 0326
-1 1 0.065 0251 0258 0.095 02838  0.303

0 1 —0008 0201 0201  —0.006 0248 0248

1 1 —0078 0242 0254  —0.097 0301 0315

-1 -1 —0.103 0168  0.197  —0061 0257  0.263

0 -1 —0005 0151 0151  —0.028 0.191  0.193

800 1 -1 0.086  0.182  0.201 0030 0245  0.247
-1 1 0.069  0.182  0.194 0.037 0266  0.268

0 1 -0022 0152  0.153 0023 0210 0210

1 1 —0095 0176 0200  —0.056 0267 0273

component and link functions at different locations. In particular, we report the
bias (Bias), the standard deviation (SD), and the root mean square error (RMSE)
for all estimators. Table 1 summarizes the simulation results for the estimation
of components fj(-), Table 2 is for f>(-,-), and Table 3 for the estimation of link
G(-). We report in Tables 1-3 the simulation results for ours and JLL estimators
at different points in the interior of the support of each function, where the left
sections display the results for our estimators and right sections for JLL.

Tables | and 2 show the estimation of components f; (-) and f>(:, -), respectively.
Table 1 shows the performance of our component estimator]?l (" forx!' =—1,0,1.
They show that our estimator j‘\l(~) performs reasonably well even under the
moderate sample size of 400. When the sample size increases from 400 to 800, the
RMSEs ofj‘\] (+) decline significantly. Moreover, the estimation biases are relatively
small under both sample sizes of 400 and 800. Table 2 reports the estimation
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TABLE 3. Simulation results for the estimation of link function G(7).

Ours JLL

n T Bias SD RMSE Bias SD RMSE
-3 0.000 0.006 0.006 0.013 0.039 0.041

400 0 0.000 0.062 0.061 0.002 0.049 0.049
3 0.001 0.010 0.010 —-0.016 0.045 0.047

-3 0.001 0.005 0.005 0.010 0.027 0.028

800 0 0.002 0.043 0.042 0.001 0.041 0.041
3 0.000 0.004 0.004 —0.007 0.026 0.026
results for f>(x3,x3) for all x2 = —1,0,1 and x3 = —1, 1. We first look at the case of
x% = —1, which is shown in the upper sections of Table 2. The biases are relatively

small under both n = 400 and n = 800. In addition, the decrease of RMSEs is
significant when the sample size increases from 400 to 800. Our estimation of the
two-dimensional function f> (-, -) hence performs reasonably well. We then look at
the case of x5 = 1 shown in the lower sections of Table 2. Similar to the case of
x% = —1, it confirms that (i) the biases are relatively satisfactory under both sample
sizes of 400 and 800 and (ii) our estimator becomes closer to its true value as the
sample size increases.

Table 3 gives the performance of our link estimator 6(:) for T = —3,0,3.
In general, our link estimator performs relatively well, although it is given by a
nonparametric regression with a regressor generated by a two-step nonparametric
estimation. The biases are reasonably small under n = 400 and n = 800. In
addition, the RMSEs decrease when the sample size increases from 400 to 800.

Tables 1-3 also compare our results with JLL estimators. We can see that (i)
our estimators have smaller variances and RMSEs than JLL estimators with two
exceptions in the estimation of fi(-), f2(+), and G(-) and (ii) our estimators have
biases in a magnitude similar to JLL. Thus, our estimators perform well in finite
sample even though we do not require the existence of an univariate component
like JLL. We also compare our method with Pinkse (2001) in finite sample before
concluding our simulation section. In the context of Pinkse (2001), the above
model can be represented as

H(x'\.x*) = G(x" (")),

where H(x',x2,x3) = @ (x' +x2x2), H(x*) = 4223, and G(x',7) = ®(x' +1). The
estimation of H(-) is the object of comparison here. To implement his approach, we
apply local linear method for the first-step estimation and a weighted local constant
regression for the second-step estimation. The second-step estimation closely
follows the definition of his estimator. We also use the second-order Gaussian
kernel and bandwidths following the rule of thumb. The weight is chosen according
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to the simulation study of Pinkse (2001). We report the simulation results of his
third estimator, namely S, here.

Table 4 shows the simulation results for ours, JLL, and Pinkse’s estimators of
the overall function H (x',x%,x%) under sample sizes 400 and 800. The comparison
shows that (i) the RMSEs of our estimator decline significantly when the sample
size increases from 400 to 800; (ii) our estimator has smaller variances and RMSEs
than both of JLL and Pinkse’s (2001) estimators in most cases; and (iii) our biases
are comparable to the best ones between JLL and Pinkse (2001).

6. EXTENSIONS
6.1. Discrete Covariates

We now turn to the case with discrete covariates in (x', x?). Let X* = (Xk,X" ) with
discrete regressors Xs R% (a; > 1) and continuous regressors Xf R% (b > 1)
fork=1,2.

With mixed data of discrete and continuous regressors, our transformation and
identification results, namely Theorems | and 2, still hold under proper choices
of weight functions wy () for k =1, ...,4 and proper definition of integration with
respect to discrete variables. We follow Li and Racine (2007) to accommodate both
discrete and continuous regressors in our estimation. We mainly need to modify
the kernel regression estimators of 2k (x*) fork=1,2 and H_ j(x) in Step 1 (outlined
in Section 3) as follows:

- I e~ ~ I e~
RICOES . ;H_j(xl,ij), RIESE p ;H—j(le’xz)’

where ?I_j(x) comes from the intercept of a leave-one-out local polynomial

estimation
. 2
H}IIHZ(YZ'— Z ok (Xei — X)) Ky (5, X0),
i#f 0<|k|=r

where k = (ki,k2, ...,k +1y)s Knp s (6, X) = H k( ) szlk( = f‘) .

;- IAN (X0 0 IAN “X " and NE(,X) = 1{X5, # x5,). Here, we use a multi-

plicative kernel function for the multivariate regressors. A univariate kernel of
k(-) is adopted for the continuous regressors, and another univariate kernel of

1K Xy ) = { XieHTae) is employed for the discrete (and unordered) regressors

with a bandw1dth ng e[0,1].8
With the above adaption in our estimation (to accommodate the mixed data of
discrete and continuous regressors), we can obtain the large sample properties of

. . - XK, —xk
81f the discrete regressors are ordered, then a univariate kernel of l( xd[ Ake) = )\‘ e

case. See Li and Racine (2007) for more details.

can be applied in this
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TABLE 4. Simulation results for estimating original

regression function

H(xl,x%,x%).
Ours JLL Pinkse (2001)
1 x %} Bias SD RMSE  Bias SD RMSE  Bias SD  RMSE
n =400
-1 -1 —1 —0004 0095 0095 0012 0109 0109 —0012 0.105 0.106
0 -1 -1 -0046 0076 0089 —0081 0102 0.130 —0.075 0071 0.103
I -1 -1 -0024 0036 0043 —0073 0082 0.110 —0.049 0.034 0.060
-1 0 -1 003 0073 0083 0101 0095 0138 0052 0062 0.081
0 0 -1 —0004 008 008 0014 0106 0106 0003 0.079 0.079
10 -1 —0045 0070 0083 —0.092 0.100 0135 —0057 0.061 0.083
-1 1 —1 0020 0039 0044 0068 0065 0094 0050 0035 0061
0 1 -1 0035 0075 0082 0093 0097 0.I34 0078 0073 0.107
1 1 -1 —0010 0093 0094 —0010 0.108 0.108 0008 0.107 0.107
-1 -1 1 0019 0038 0042 0068 0063 0093 0050 0.033 0.060
0 -1 1 0031 0072 0078 0095 008 0.29 0078 0075 0.109
I -1 1 -0016 0098 009 —0007 0.092 0092 0007 0.100 0.100
-1 0 1 0040 0072 0082  0.09 0089 0.131 0.054  0.060  0.081
0 0 1 —0004 0087 0087 0008 009 009 0004 0078 0.078
10 1 —0046 0074 0087 —0.095 0095 0.134 —0055 0058 0.080
-1 1 1 0011 0092 0093 0011 0101 0101 —0016 0.115 0.116
0 1 1 -—0036 0079 008 —0082 0092 0.122 —0.078 0075 0.108
I 1 1 -0021 0038 0043 —0075 0079 0108 0051 0036 0062
n =800
-1 -1 -1 0001 0070 0070 0020 0.092 009 0000 0088 0.088
0 -1 -1 —0034 0059 0068 —0066 0081 0105 —0.065 0.058 0.088
1 —1 —1 —0018 0032 0037 —0048 0048 0048 0042 0026 0049
-1 0 —1 003 0060 0069 0072 0085 0.111 0.056 0049  0.074
0 0 -1 —0001 0065 0064 —0008 009 009 0003 0065 0.065
1 0 -1 -0033 0058 0066 —0083 0075 0112 —0.048 0.048 0.068
-1 1 -1 0018 0032 0037 0050 0066 0083 0044 0026 0.052
0 1 -1 0034 0059 0068 0057 0078 009 0068 0.060 0.091
I 1 -1 000l 0075 0074 —0.026 0082 0.085 0.005 0.081  0.081
-1 -1 1 0016 0028 0032 0051 0064 0082 0046 0028 0054
0 -1 1 0031 0061 0069 0061 0078 0099 0071 0061 0.093
1 -1 1 =0005 0077 0077 —0021 008 0078 0008 0.085 0.085
-1 0 1 003 0055 0063 008 009 0123 0057 0045 0072
0 0 1 -—0007 0068 0068 0006 008 0089 0005 0.066 0.066
I 0 1 -0038 0059 0070 —0072 0073 0103 —0.047 0.049 0.067
-1 1 1 0003 0073 0072 0025 0098 0101 -0.004 0088 0.088
0 1 1 —0033 0061 0069 —0064 0084 0106 —0.068 0.05 0.090
1 1 1 -0018 0032 0032 -0049 0052 0072 —0043 0.025 0.050
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ﬁ(-) for k = 1,2 and 6(-) similar to those summarized by Theorems 3 and 4. In
particular, the asymptotic variance of f;(-) has an order of 0(1 / (nh};;‘)) instead of

O(1/ (nks)) where by < dj.

6.2. Multiple Component Functions

We next briefly discuss the extension of our method from the baseline model with
two components to the case with more than two components.

LetK > 2. Forany k =2,...,K, let Hy(x',x*) = [ H(x) - pg-« (x*) di* where
X~¥ is obtained by excluding X' and X* from X, and ¥ is obtained by excluding
x! and x* from x. This constructed H;(x',x*) is identified if the original H(x) is
identified. We can transform the original model (2) with K components into the

following new model with two components as
Hy(x'.x) = G(fi () + (o)), (13)

where Gy(1) = [ G(r —fi ") + SE S (")) - pg—« (x)dx* is monotonic if the
original link function G(-) is monotonic.

Our previous idea can be applied directly to the new model (13) to identify f; (-)
and f;(-). Specifically, for any k = 2,...,K, we use an idea similar to Theorem
I to transform the new model (13) into the following model with two univariate
components:

Hi(2', 2 = Ge(ii @) +/i(@)), (14)

where H;(z',72") = E[H(X, X0 (XY = 280X = ZX], the inverse of
Je©yis f71 ) = [Grls + -0 - wop(xDdx ™", and £ (') = [ Hi(x',x)

w_¢(x~“)dx* with freely chosen weight functions w_;(-) for £ = 1,k where x ¢ is
xFif £ = 1 and is x" if £ = k. The transformed components f; (-) and fi(-) can then
be identified by ( C2) and (C1), respectively, where H(-) is replaced by H ().
The original components are identified as f; (x) =ﬁ(§k ) forallk=1,...,K
Once all of f;(-), k=1, ..., K, are identified, the original link G(-) is identified by
G(t)=E [ = ] Similar to the case with two components (i.e.,
K =2), we can closely follow the above identification strategy to estimate the link
G(-) and the components f;(-) in three steps for £ = 1,...,K. Letk=2,...,K. In
the first step, we estimate the transformed function ’Hk 75 by the nonparametric
sample analogue of its definition as E[Hk(X1 Xk)|§ xh=7 ;‘k (X*) = 7¥], where
Hi(x", x5 = fH(x) Pz~ «(X7%) dx* and Q (X%)’s are also given by the sample
analogues of Q(X[) = [H (X", X*) - w_o(X~%)dX~* for £ = 1,k. Given the first-
step estimator ?—lk(z Z¥), the second step follows Horowitz’s (2001) estimation
procedure to estimate the transformed components fl() and fk( -) according to
(C2) and (C1), respectively, with #(-) replaced by #(-) in the transformed model

(14). Moreover, the link G(-) is recovered by G(t) = E[Y’ YK Ftxty) = 7].

In step three, the original components are then recovered byﬁ(-) = f ¢ (a(~)) for
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£ =1,...,K. Note that we will obtain (K — 1) estimates for the first component
f1(-). We hence aggregate them by their average to estimate f; ().

7. CONCLUSION

In this paper, we consider estimating the generalized additive model with a flexible
grouping and an unknown link function. To identify the model primitives, we
transform the model into a new model with univariate components. We then
identify the new model by applying the existing strategy for the generalized
additive model with univariate components. Closely following the identification
strategy, we propose a three-step procedure to estimate the link and original
components. The consistency and asymptotic normality are then established for
the link estimator at a one-dimensional convergence rate and for the component
estimators at the convergence rates corresponding to their own dimensions.

This paper adopts a multi-step kernel method to estimate the component and
link functions in the generalized additive model with a flexible additive structure
and unknown link. Hahn, Liao, and Ridder (2018) studied nonparametric two-step
sieve M estimation in a general class of semi/nonparametric models. As the sieve
method is convenient to implement in practice, it is interesting to use a multi-step
sieve method to estimate the component and link functions in our framework. This
is an interesting topic for future research.

Appendix
Appendix A defines some key notation on convergence rates, bias, and variance terms.
Appendix B proves the theorems given in the text. Appendix S.1 of SM introduces some

additional notation on local polynomial regression for the convenience of discussion in the
text and proofs. All technical lemmas are stated and shown in Appendix S.2 of SM.

A. Key Notation on Convergence Rates, Bias, and Variance Terms

Fork=1,2,

2
0 =G'?) f P Paws 274y

L Var(Y|Z = 20,
{ / (x2S v (t))2’Ck(t)2dt}~M dz;*

pz(Z)) v
(A1)
- Xk xk — H(x; xk_yk
nhi 5 hr I’xk\xfk(xk|Xi i
Dk(xk) = els,—ls;“ /H,+1(xk,x_k)px—k Bk, (A3)
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2—k I k k k k
< e » e YimHX) noaxh =K\ —a(xh)
I = ;wS—k(Z,- )[qk(zk,) e AL ( " JE( )

oy e i HEXD X — z’a—zk(Xf)]

Ww(Z0) €aSs PZ(Z,?,-) Vk( hy )Kk( hy )

Zk
%k(zk) :cz_k/k /qk(v)’@(v)ws_k(v_k)dv_kdvk,
X

*
ék(zk) =k /k /qk(v)'D(v)a)s,k(vik)dvfkdvk,
i)

D(2) =, 815,41 (2),
D(z) = &1D1(2) +é2D2(2),

where ¢ = [ w3 (zl) . [f[E)]H(Z)/Bz’H,(Z)] -w4(z2)d22]_ldzl, Vf:(uk) = [u@k K
Ry, VEE) = [T R T = AKD +H0O), Xy = LX),
Xpi = (X}.x2), 21 = (1.2}, 25 = (2.2, 20, = (2} 2. 29 = (Z}. ). K (F) =
ffl;o kk(tk)dtk, x]S‘ denotes the sth element of xk, e; = (1,0,0,...,0)" is an N, x 1 vec-

tor, e;g = (1,0,0,...,0) is an (r+ 1) x 1 vector, &1 = (1,0, &, = (0,1), go(v) =

_ aHW 17 _ 1 aHWm T
[ DAHOME 31H(V)] »a1(v) = [92H(V)’ [62H<v)12] »and

2
ad a

D@ =—pz(d~' k{ > 5@ / Dy )pye 7 (< 2)dx ~pz<z>},
e =1 Z

where Dy (x)’s are given by (A.3), respectively.

Furthermore, let & = hj; ' +\/log(n) / (nh$y), &3¢ = Wy +/log(n) [ (nh3,). £}, =
iy +/log(n) [ (nhi,) and &g = iyt '+ [log(n) / (k) for k= 1,2. Let Sz be a compact

set range of (2%l = £ (x!) and 2= ;“2(x2) for some (x!,x%) € Sx}, and let Si be
a compact set range of (k= {k(xk) for some x* € Syk} fork=1,2.

B. Proofs of Theorems

B.1. Proof of Theorem 1

Proof. By definition, for k = 1,2, we have

Gy = / H@w_(x My = / G +HE w6 ax* =5 (D)),
(B.1)

where the second equality comes from the model restriction (M1). Here, the dependence
of 8 (-) on the function f_(-) is abbreviated for simplicity of notation. It is easy to verify

that 6 (+) is strictly monotonic and hence has an inverse function Sk_l (+) if G(-) is strictly
monotonic. Thus, f (%) = ;! (¢4 (x%)). Because H(2) = E[H(X)|¢ (X)) =2, £ (x?) =27
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by definition, it follows that

1@ =E[G(\ X)) +£0) a1 (X)) =2 60%) = 2]
=E[G(s; G (x" ) +85 ! (fz(Xz)))‘ﬁ xh = 0xh =2
=G(57 @) +651@D).

The desired conclusion is therefore established by letting f & = 6,:1 @ fork=1,2. O

B.2. Proof of Theorem 3

Proof. Only the case for k = 2 is proved. The proof for k =1 is similar. The definition
of f» %) gives the following decomposition:

502 ~£02) = [2E02) -REE)] + B @) - R E)], (B.2)

where both terms on the right-hand side of equality converge to O uniformly over xe Sy2
in probability by SM Lemmas S.3 and S.6. Part (i) is hence established. The rest of the proof
is to show part (ii). The first term on the right-hand side of (B.2) can be simplified as

2@ (2) ~ B (3) =72 (6202) ~ R (2 (D)) + Op (612, +ErD), (B.3)
2

umformly over x

due to f‘;z(ixz))f[%% gf%g]W3 (zhdz'dz? = Op(éyz(éH +£p1)), which is derived

by applying a Taylor expansion similar to (17) of SM Lemma S.6 on the (unweighted)
integrand and SM Lemmas S.3 and S.5. Take a Taylor expansion to the second term on the
right-hand side of (B.2) to obtain

A@(2) ~A(202) =H0) @03 - 22(2) +0p (&%)

2

as n — oo, where the third (remaining) term on the right-hand side is

uniformly over x as n — oo. Consequently, with bandwidths satisfying Assumption 6, the

asymptotic representations offz(-) given by SM Lemma S.6, and/{\z (-) given by SM Lemma
S.3 imply that

HE) 0D = Be) T + 320 63) — EFn 6 0?)]

T B (Do (%) + Ba (62 ] + iy B2 (52.(2))

+op(hy + i), (B.4)
uniformly over x2 as n — oco. The asymptotic normality of part (ii) then follows by
applying the Lindeberg—Feller central limit theorem (see Theorem 7.2.1 of Chung, 2001)
to (B.4). The asymptotic bias is an immediate consequence of (B.4), and the asymptotic

variance Var(y/nhif? - [F 2021203 + 31262620 | ) = 03G2) + 0(1) is obtained by
a calculation similar to the one of asymptotic variance of a kernel density estimator. This
completes the whole proof. ]
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B.3. Proof of Theorem 4

Proof. Forany i =1,....n, let T = T(x) = fi(X") + (X%, T; = T(Xp) = fi(X})) +
H&X), T; = T(x) = f1;(X}) +i(x?), and pr() be the probability density function of
T, where ﬁi(~) is the estimator of f;(-) leaving observation i out for k = 1,2. Since we

have sup,cs, |T(x) - T(x)| similar to SM Lemma S.4, we can derive the asymptotic
representation for any t € Sg,

G(1) - G(x)
- 1< _
nh Zemsnr(r) 1k( ) [¥i— e @' ug (" S R DU U
G i=1
3 _
[(atg(u, Yii k() + 16w, Yy t)k’(u))|u_ Ti—c } C@X)—=T;)+0p (hg“ + log(n)/(nhc))
T hg

=T 1(0) + Pan(0) +0p (! + Vlog(n) [ (nhey) ) (B.5)

uniformly over T € Sg as n — 00, where G (u, ;1) = ng ) (Y; — w(w) B, BG (7)) The
first term I", () is the uniform Bahadur representation for local polynomial regression in
Kong, Linton, and Xia (2010). The second term I'5,,(7) represents the error caused by using
generated regressor ?,-. Thus, we have the uniform convergence of sup; s, |a(r) - G(r)|
and thus part (i) is proved. Similar to SM Lemma S.5, I'(,,(t) can be decomposed into a
bias leading term and a stochastic leading term, i.e.,9

n

1 1Y, —G(T) Ti—t Ti—t
Pin(0) = = el =6 (o (5) +Bo®) + Ko,
i=1

(B.6)

where Ry = op(hi !+ /T/(hg)). and Bo(v) = & (S8 187 G,y (v) - WL As
for I',,(7), we can further decompose as under Assumption 0,

1 n
Pan(®) = 3 alS7) pr@) B (T3 Yo ) (ETe) X ~7) + - Zelc{sG} E
i=1

pr” BT Yo ) (T — EITX)IXi]) + 0, (h’c“ Iy /1 (k)

=:T210(0) + oz (0) + 0, (WG 0 1y +/1/ ko) ), (B.7)

where By (T, Yi,7) = (i 16(n Yis kW) + 16w, Y; r)k/(u)) ’ui 1o EITC) X)) =Ty =
=T
Yr B XE) = Yh_ (I B (G (XE)) + i [ e XE) D (XE) + Br(gr(x5)) ]}, and
T — EITXD X = Yoy (G XP) - T XF) + Ik (51 6)) — L3k k(X)) Xi1).
I'21,(7) is the additional bias due to the generated regressor 7'(X;). Similar to the arguments
in (13) of SM Lemma S.5, we get
T—7, T 2

1 —
rzm(r):—e;G{S,G}*lpm)*l% / no( 5K hG’)G’(T»E[ZBW(XfﬂT,-:T1DT<T>dT+Ron
k=1

2
=G @B Y W Be )+ [ G N D)+ BN T =] +Ror, (B.8)
k=1

9Here, We derive a weaker, pointwise representation rather than the uniform representation in SM Lemma S.5.

https://doi.org/10.1017/50266466624000318 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466624000318

24 SONGNIAN CHEN ET AL.

where Rq,, = op(h;"1 + h;—t)’ and the last equality is due to (i) change of variables, (ii)
Taylor expansion, and (iii) the fact that e’lG{SrG}f1 [ nckydu = ¢|ze16 = 1. ~

Next consider 'y, (7). It represents the additional stochastic term induced by 7(X;).
Similar to SM Lemma S.5, under Assumption 6, ['5,,(t) can be written as

H( e

Ti—‘L’
hg

1 n
Gy—1 -1
Daon(0) ==l pr@ ™! -3 lﬁua(
=

2
D (Fr @ XD) Tk X + Ik (G X)) = EL i (G (X)) 1Xi1) + R
k=1
(B.9)

where Ry, =op (hrG"'1 + hZH + th +4/1/ (nh(;)). Follow the U-Statistics arguments similar
to Lemma 8 of Horowitz (1998),'0 (B.9) can be represented as
2

oon() = €| ASEYY( / 1 Wk(w)du)G' (t) Y (Toon k(7) —E[T225, 1(1)]
k=1
+ Toop k(D) —E[T200 (D1} +R1y,
2 2
=G'(1)) Tonk()+G' @)Y T k() +Rip,

k=1 k=1
for all 7 € Sg, where Ty p(r) = nth ?=1cz_kw5,k(ka)qk(Z]g)’e;l§r_1V]’:
L\ Yi—HZ) o (Y I (s ok _Pxir &I
( N )pz(Z,?,-) Ki( oot ): Topk(t) = —5 izlfk(Ck(Xi))W( i —

H(Xl-)), and E[I', 1k (7)] = E[Fzzn,k(f)] = 0. 'y, k(7) is the stochastic term due to
the estimation offk(~), ie., ‘;J,,k(gk(Xlk)), and has an order of OP(I/\/@). Fzzn,k(f)
is induced by the estimation of ;k(Xf‘), ie., f,é({k(Xf)) . Jnk(X{‘) with a variance of order
O(1/+/n). Therefore, an’ k(t) is of smaller order than I'y3, ¢ (7) and we conclude that

2
T2on(1) = G'(1) Y T2 4(T) + Rip. (B.10)
k=1
By combining the bias leading terms of (B.6) and (B.8), the asymptotic bias of 5(r) can
be established. By the stochastic parts of (B.6) and (B.10), the asymptotic normality and

correspondent variance follow from Lindeberg—Feller central limit theorem. This complete
the whole proof. |

SUPPLEMENTARY MATERIAL

The supplementary material for this article can be found at https://doi.org/10.1017/
S0266466624000318.

10Note that we use our SM Lemma S.1 instead of Horowitz’s (1998) Lemma 5 to characterize the projection error of
U-statistics.
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