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Multiplicative functionals and a

class of topological algebras

Gerard A. Joseph

Every nmultiplicative linear functional on a pseudocomplete
locally convex algebra satisfying the "sequential" property of
Husain and Ng is bounded (a topological algebra is called
"sequential"” if every null sequence contains an element whose
powers converge to zero). Characterizations of such algebras are

given, with some examples.

0. Introduction

This paper is essentially an expansion of that of Husain and Ng [5],
in which the concept of a sequential topological algebra is introduced.
Their main result ([5], p. 500) asserts that on a sequentially complete,
sequential locally convex algebra, each multiplicative linear functional is
bounded (maps bounded sets to bounded sets). Modulo the sequential
condition, then, this gives an affirmative answer to Michael's original
question ([7], p. 50) without requiring the algebra to be either

commutative or locally multiplicatively-convex.

We give a simplified proof (Theorem 2.1) of Husain and Ng's result,
using some ideas of Allan [1]. At the same time we can relax the
completeness condition required, the appropriate condition being Allan's

pseudocompleteness.

In §3 we give some equivalent formulations of the sequential property,

motivated by Proposition 2 of [5], which implies that a sequentially
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complete locally multiplicatively-convex @g-algebra is sequential; in a
Q-algebra, however, modular maximal 'ideals are closed ([§], p. 78), in
particular those of codimension 1 , which is tantamount to the actual
continuity of every multiplicative linear functional. In §4 we exhibit

some sequential algebras which are not @-algebras.

A summary of the basic concepts used in this paper appears in §1.

1. Preliminaries

A topological algebra is an algebra {assumed complex) with a Hausdorff
linear topology in which vector muiltiplication is separately continuous;
if the topology is locally convex, the algebra is called a locally convex
algebra; 1if, further, there is a neighborhood base U at O such that
each U € U is convex, balanced {(AU< U if |A| 1) , and a semigroup
(xy € U for all =z, y € U) , the algebra is called locally
multiplicatively-convex. Every locally multiplicatively-convex algebra has
jointly continuous multiplication. A complete, metrizable, locally

multiplicatively-convex algebra is called a Fméchet algebra.

Let A be an algebra. For a, b € A we define a o b =a +db +ab .
An element a € A is quasi-regular if there exists b € 4 (its quasi-
inverse) satisfying gaob =b og=0. If A has an identity 1 , then
a 1is quasi-regular if and only if a + 1 is invertible. A @g-algebra is

a topological algebra in which the set of quasi-regular elements is open.

The spectrum of an element a of an algebra is the set of scalars

ola) = {x : a7t s not quasi-regular} u ol(a) .

where cl(a) =g if aq is invertible, cl(a) = {0} otherwise. The

spectral radius of a is the nuber p(a) = sup{|A| : A € o(a)} , where
pla) =w is admitted.

2. Main result

The following notions, due to Allan [7], are pertinent to our main

result. 4 denotes a locally convex algebra.

The radius of boundedness of an element a € A is the number
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8(a) = inf{r > 0 : rla generates a bounded semigroup} ,

where inf @ = o | (elements for which B(a) < ® are called bounded
elements). The following properties ([1], p. 405) are easy to verify:

(1) B8(x) = |r|8(a) , A scalar (here 0.» =0 ),

(2) o > |x] > Bla) implies (A—la)n +0 as n+® .

Denote by A the class of all closed, convex, balanced, bounded semi-

groups in A . Given B € A , the linear span AB of B 1is a subalgebra

1

of 4. For a €A define [lafl; = inf{r > 0 : » "a € B} . Then

B >
[AB, n-”B) is a normed algebra with unit ball B . A is said to be
pseudocomplete in case LAB, ”.“B) is complete for all B € A . We remark

that if a € A generates a bounded semigroup, then g € B for some
B € A ; for example, take B to be the closed convex balanced hull of

{an :n=1, 2, ...} 3 {see [7], Lemmas 1.3 and 1.L4).

A seguentially complete algebra is pseudocomplete ([1], p. 401); =

normed algebra is pseudocomplete if and only if it is complete.
We recall the definition of a sequential algebra.
DEFINITION. A topological algebra is sequential if for every seguence

{xn} converging to 0 , there exists no such that x: +0 as k >+o
o]

[in which case xi + 0 for eventuzlly all =#n ).

A normed algebra is clearly sequential; further, each element g of
a sequential locally convex algebra is bounded in the sense defined above
(consider the sequence {n_la} ).

THEOREM 2.1, Let A be a pseudocomplete, sequential locally convex
algebra. Then each multiplicative linear functional f on A is bounded.

Proof. We first observe that If(a)l = B(a) for all a €4 ; if

r > 0 such that r_la generates a bounded semigroup, then r—la € B for

some B € A, and (AB, ”.”B) is a Banach algebra; considering the .,

restriction of f to AB , we have |f(a)| = ”a“B < r ; we deduce that
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lf(a)| =< B(a) . Suppose now that f is not bounded. Then there is a

bounded sequence {xn} in A such that |fon)| >n ; since n—lxn +0,

-1 k
for some n, we have |n_"&x +0 as k > , so
0 0 no

Bﬁrno) =ny < lf(xno)l , a contradiction.

3. The sequential property
It is clear, as observed in [5], that an algebra in which there is a

neighborhood U of O such that P 0 for all x € U 1is sequential,
We shall call such an algebra strongly sequential. In the following three

propositions, A denotes a topological algebra.
PROPOSITION 3.1. Let A be metrizable. Then A is sequential if
and only if A is strongly sequential.

Proof. Suppose A 1is sequential but not strongly sequential. Let

{Un rn = l} be a decreasing neighborhood base at 0 . Then for each =n

there is some z, € Un such that {xﬁ : k= l} does not converge to 0 .

Since x, + 0 , this contradicts the assumption that A is sequential.

PROPOSITION 3.2. A <s sequential if and only if for each sequence

{xn} converging to 0 , some x, ~ genmerates a bounded semigroup (in
0

which case so does x, for eventually all n ).

Proof. The 'only if' part is trivial; for the converse, let

z, - 0 , and apply the hypothesis to the sequence {an}

The next characterization is proved exactly as Proposition 3.1.

PROPOSITION 3.3. Let A be metrizable. Then A is sequential if
and only if there is a neighborhood of 0 each element of which generates

a bounded semigroup.

We turn to the relation between @g-algebras and sequential algebras.
Husain and Ng ([5], Proposition 2) show that a sequentially complete
locally multiplicatively-convex algebra is a @-algebra if and only if it
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is strongly sequential. Combining this result with Proposition 13.5 of

[7], p. 55, and our Proposition 3.1, we obtain:

PROPOSITION 3.4. The following are equivalent for a Fréchet algebra

(1) 4 is a @-algebra;
(2) 4 1is sequential;
(3) {x €4 : plx) = 1} is a neighborhood of O .

It follows that C [0, 1] is sequential but that C(R) , with

topology of compact convergence, is not.

We have observed that each element of a sequential locally convex
algebra is bounded in the sense of §2. Under certain conditions the
reverse implication also holds, as shown by the following proposition. A
locally convex algebra will be called m-barrelled if every closed, convex,

balanced, absorbing semigroup is a neighborhood of O .

PROPOSITION 3.5. ILet A be a complete, commutative, m-barrelled,
locally multiplicatively-convex algebra (for example a commutative Fréchet
algebra). Then the following are equivalent:

(1) 4 <Zs a @g-algebra;

(2) A 1is sequential;

(3) {x €4 : ple) =1} is a neighborhood of O ,
(4) plx) <o forall x €4 ;

(5) Blx) <o forall x €A ;

(6) the space M(A) of continuous multiplicative linear functionals

on A 1is compact in the weak topology o(A*, 4) .

Proof. The equivalence of (1), (3), (4), and (6) is the content of
Proposition 13.5 and Theorem 13.6 of [7], pp. 55, 56. The equivalence of
(4) and (5) follows from (L4.2) of [1], p. 414. Finally, we have already
noted that (1) implies (2) and that (2) implies (5).

4. Examples

We give three examples of non-metrizable algebras satisfying the

hypotheses of Theorem 2.1, which are not ¢g-algebras. It will be useful to
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state here as a lemma the following simple fact.

LEMMA 4.1. Let A be a topological algebra such that every Cauchy
sequence in A is Cauchy with respect to a finer, Banach algebra topology

on A . Then A 1is sequentially complete and sequential.

The first two examples are function algebras, after Examples 3.7 and

3.8 and Proposition 12.2 of Michael [7].

EXAMPLE 4.2. Let X be an uncountable compact metric space; let
A =C(x) have the topology of uniform convergence on countable, compact

sets.
It is not difficult to check that a Cauchy sequence {fn} in 4 1is

actually Cauchy in the supremum norm on 4 (the contrary assumption

implies the existence of a countable, compact subset of X on which {fn}
is not Cauchy with respect to uniform convergence) . Now apply Lemma L4.1.

To see that A is not a @-algebra, we note that a neighborhood base
at the identity is given by all sets of the form
{fea :|t-fle) =e for all x €K} , where K is countable and compact,
and € > D . Since X 1is uncountable and completely regular, every such
neighborhood contains a function which is identically 1 on X and

vanishes at some point elsewhere, and is thus non-invertible.

REMARK. Df course, every multiplicative linear functional on this
algebra is actually continuous, since it is just a point evaluation

corresponding to some point of X .

EXAMPLE 4.3. Iet X be a non-compact completely regular space with
the property that every infinite subset contains an infinite subset with

compact closure. Let A4 = C{X) have the compact-open topology.

Observe that such a space X 1is pseudocompact (every continuous
function is bounded), so that A is a Banach algebra with respect to the
supremum norm. Then every Cauchy sequence in A 1is actually Cauchy in
this norm, so that Lemma 4.1 applies again. The non-compactness and
complete regularity of X ensure that A 1is not a @g-algebra, by an

argument similar to that in Example 4.2.

REMARKS . The somewhat artificial condition imposed on X is

satisfied by any countably compact Xk-space (see [6], p. 230); first
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countable and locally compact spaces are Kk-spaces. A concrete example is
the space of ordinals less than the first uncountable ordinal, in the order

topology.

2. On this algebra the multiplicative linear functionals are
precisely the point evaluations corresponding to B(X) , the Stone-Cech
compactification of X . Michae!'s Proposition 12.2 ([7], p. 49) shows
directly that all such functionals are bounded, and further that those

corresponding to B(XN\X are not continuous.

Our third example, an operator algebra, is similar in spirit to the
other two, but in contrast is neither commutative nor locally

multiplicatively-convex.

EXAMPLE 4.4. 1ILet X be a nonseparable reflexive Banach space, B(X)
the Banach algebra of bounded linear operators on X . Let 4 be any
closed subalgebra of B(X) containing all operators in B(X) of finite
rank, with the topology of uniform convergence on countable, weakly compact

sets.

Suppose that {Tn} is a Cauchy sequence in A which is not Cauchy in

the operator norm on A . Then there exist € > 0 and xn € X,
Hxn” = 1 , such that for each =n ,

* - > f > .
(*) ”Tkl(n)xn Tkz(n)xn” > ¢ for some kl(n), ke(n) n

Since X 1is reflexive, the Eberlein-Smulian Theorem ([4], p. 430) implies

that {xn} contains a weakly convergent subsequence, which with its limit
adjoined is a countable, weakly compact set; but then by (%), {Tn} is

not Cauchy with respect to uniform convergence on this set, a

contradiction. Thus Lemma 4.1 is once again applicable.

For each £ > 0 and countable, weakly compact subset K of the unit

ball of X , write
WK, e) ={T €4 : ||Tz]l = e for all x € K} ;

then the family W(X, €) is a neighborhood base at O . We show that A
is not a @-algebra by showing that each W(K, €) contains an operator

which is not quasi-regular in A . Since X 1is nonseparable, there is
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some nonzero f € X* such that f(X) =0 . Choose y € X such that
fly) =-1, and let T=y® f (Tx = flz)y) . Clearly T € WK, ) .
Denoting the identity operator on X by I , we have (T+I)y =0, so
T + I 1is not invertible in B(X) , which implies that T is not quasi-

regular in B(X) , hence neither in 4

REMARKS 1. That A 1is not locally multiplicatively-convex is a
consequence of Theorem 2 of Williamson [9]. Indeed, it follows by that
theorem that multiplication in A cannot be jointly continuous unless A4
is normable; however it is easy to see that A4 1is not normable, and in
fact it can readily be checked that none of the three examples is

metrizable.

2. By Theorem 10 of [3], p. 118, every multiplicative linear
functional on A vanishes on the finite-rank operators. Also, if X 1is a
Hilbert space and A4 = B(X) , then 4 has no nonzero multiplicative linear
functionals ([3}, p. 115). In general, however, if 4 is a unital
commutative extension of the ideal of compact operators, then 4 has non-
zero multiplicative linear functionals; for example, let A be the
algebra generated by the compact operators with the identity operator

adjoined.

3. The condition that A4 be uniformly closed in B(X) is necessary

even for A to be pseudocomplete. For if Bl is the closure in the
topology of A of the set {7 € A : ||T|l = 1} , then B, is a closed,

convex, balanced, bounded semigroup in 4 , and the induced norm ”.”B on
1
A clearly satisfies ”.”B < {I*ll . Theorem 8 of Bonsal!l [2], p. 161, then
1

is precisely the operator norm on A , from which it

implies that | B
1

follows that A 1is pseudocomplete only if A 1is uniformly closed in

B(x)
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