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Recurrence of Cosine Operator Functions
on Groups

Chung-Chuan Chen

Abstract. In this note, we study the recurrence and topologically multiple recurrence of a sequence
of operators on Banach spaces. In particular, we give a sufficient and necessary condition for a cosine
operator function, induced by a sequence of operators on the Lebesgue space of a locally compact
group, to be topologically multiply recurrent.

1 Introduction

In [10, 11], Costakis, Manoussos, and Parissis studied the notions of recurrence and
topologically multiple recurrence for linear operators acting on Banach spaces, and
characterized recurrence and topologically multiple recurrence for several classes
of linear operators, including weighted shifts on ¢#(Z), which are a special case of
weighted translation operators on the Lebesgue space of a locally compact group. In-
spired by the works in [10,11], we recently [8] characterized topologically multiply re-
current weighted translations on locally compact groups, generalizing some results in
[10,11]. Based on previous works about cosine operator functions [4-7], the purpose
of this note is to give a sufficient and necessary condition for a sequence of operators
generated by weighted translations to be topologically multiply recurrent in terms of
the weight function, the Haar measure, and the group element. Such a sequence of
operators can be regarded as a cosine operator function.

In topological dynamics, an operator T on a Banach space X is called topologically
multiply recurrent if for every positive integer N and every nonempty open set U in
X, thereis some n € Nsuchthat UnT"UnT *"Un---nTN"U # @. If N =1, then
T is called recurrent; that is, T satisfies the condition U n T™"U # @. It is easy to see
that an operator T is recurrent if T is topologically transitive or mixing, which follows
immediately from the definitions of topological transitivity and mixing. An operator
T is topologically transitive if given two nonempty open subsets U, V' c X, there is
some n € Nsuchthat T"UNnV # @. f T"U NV # @ from some n onward, then
T is called topologically mixing. For a single operator on a separable Banach space,
topological transitivity is equivalent to hypercyclicity. An operator T on a Banach
space X is called hypercyclic if there exists a vector x € X such that its orbit under T,
denoted by Orb(x, T) := {x, Tx, T?x, ...}, is dense in X, in which case x is said to
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be a hypercyclic vector of T. Hypercyclicity arises from the invariant subset problem
in analysis, and is related to topological dynamics.

In linear dynamics and in topological dynamics, several authors extend the study
of hypercyclicity and topological transitivity to the setting of a sequence of operators.
A sequence of operators (T, ) 4en, On a separable Banach space X is called hypercyclic
if there exists an element x € X such that the orbit { T,,x : n € Ny} is dense in X, where
Ny := Nu{0} and Ty := I is the identity map. Also, (T, ) sen, is topologically transitive
if given nonempty open sets U, V c X, we have T,,(U) NV # & for some n € N. Sim-
ilarly, (T, ) nen, is said to be topologically mixing if (T, ) nen, satisfies T,(U) NV # @
from some n onward. Hypercyclicity and transitivity for a single operator and a se-
quence of operators have been studied intensely in the past three decades. We refer
the reader to [1,12] for a survey.

Likewise, it is natural to extend the study of recurrence for a single operator to the
setting of a sequence of operators.

Definition 1.1 A sequence (T,)qen, Of operators on a Banach space X is called
recurrent if for every nonempty open set U c X, there exists some 7 € N such that

UnT, (U)#@.

A vector x € X is called recurrent for (T, )yen, if there exists a strictly increasing
sequence of positive integers (1) ke such that T, x — x as k — co.

We note that transitivity implies recurrence for a sequence ( Ty ) nen,-

Definition 1.2 A sequence (T, )y, of operators on a Banach space X is called
topologically multiply recurrent if for every positive integer N and every nonempty
open set U in X, there is some n € Nsuch that Un T,'Un T;,Un---n TyLU # @.

It should be noted that some recurrent results for the case of a single operator in
[10, Propositions 2.1 and 2.6] and [11, Proposition 3.6] can be generalized without
difficulty to the case of a sequence of operators.

2 Recurrence of Cosine Operator Functions

Our study of the dynamics of cosine operator functions is motivated by the work
in [3,13,14]. A cosine operator function on a Banach space X is a mapping € from
the real line into the space of continuous operators on X satisfying €(0) = I, and
2C(1)C(s) = C(t+s) + C(t —s) for all s, € R. The latter equality is called the
d’Alembert functional equation, which implies C(t) = C(—t¢) for all t € R. In [3],
Bonilla and Miana obtained a sufficient condition for a cosine operator function C(t)
defined by

e(t) - %(T(t) +T(-1))

to be topologically transitive, where T is a strongly continuous translation group on
some weighted Lebesgue space L?(R). Also, for a Borel measure g and Q c R,
Kalmes characterized in [13] transitive cosine operator functions, generated by second
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order partial differential operators on L? (Q, ut). Moreover, Kosti¢ showed the main
structural properties of hypercyclic and chaotic integrated C-cosine functions in [14].

In this section, we will continue our study in [4-7] of a sequence of special oper-
ators, generated by weighted translations on groups, and characterize recurrence for
such a sequence of operators, which can be viewed as a cosine operator function.

In what follows, let G be a locally compact group with a right-invariant Haar mea-
sure A, and denote by L?(G) (1 < p < oo) the complex Lebesgue space with respect
to A.

A bounded function w : G — (0, 00) is called a weight on G. Let a € G and let
0, be the unit point mass at a. A weighted translation operator on G is a weighted
convolution operator Ty ,,: L? (G) —> L?(G) defined by

Tapw(f) = wTa(f) (fELP(G)))

where w is a weight on G and T, (f) = f * 8, € L (G) is the convolution:

(F*8)() = [ fGxy™N)dou(y) = flxa™)  (x<G).

If w™' € L™(G), then the inverse of Ty, is Ts-1,,-145 _,> which is also a weighted
translation. To simplify notation, we write S, for Ty-1,,-145 _,. We assume through-

out that w,w™ € L™ (G) and then define a sequence of bounded linear operators
Cn:LP(G) - LP(G) by

1 n n
Cfl = E(Ta,w + Sa,w)

for all n € Z, where T;", := (T,},)" = S . Then (C,)nez is a cosine operator
function by letting C(n) = C,. Using the fact that C,, = C_,, for all n € Z, we will only
consider the sequence of operators (C,, ) nen,, and characterize topologically multiple
recurrence of the sequence (Cy, ) sen, in terms of the weight function w, the element
a and the Haar measure A.

We recall that an element a in a group G is called a torsion element if it is of finite
order. In a locally compact group G, an element a € G is called periodic [9] if the
closed subgroup G(a) generated by a is compact. We call an element in G aperiodic
if it is not periodic. For discrete groups, periodic and torsion elements are identical;
in other words, aperiodic elements are the non-torsion elements.

We will make use of the property of aperiodicity to achieve our results. It was
shown in [9, Lemma 2.1] that an element 4 in a locally compact group G is aperiodic
if, and only if, for any compact subset K c G, there exists N € N such that KnKa” = &
(equivalently, KNnKa™" = &) for n > N. We note that [9, Remark 2.2] in many familiar
non-discrete groups, including the additive group R?, the Heisenberg group, and the
affine group, all elements except the identity are aperiodic.

We are ready to characterize topologically multiply recurrent cosine operator func-
tions (Cp, ) nery,» generated by an aperiodic group element a € G. For n € N, let

n _ n-1 -1
on=TIw= & and (p,,:(]'[w*(?;) ,
s=1 s=0
and for a Borel set E c G, define

vn(E):fE<p1,:(x)dA(x) and Vn(E):fEaf;(x)dA(x).
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We are now ready to prove the main result.

Theorem 2.1 Let G be a locally compact group and let a be an aperiodic element in G.
Let1< p < ooandw,w™ € L(G). Let Ty, be a weighted translation on LP(G) with
inverse S, andlet C, = 2 (T2, +SI ). Then the following conditions are equivalent.

(i) (Cn)uen, is topologically multiply recurrent.

(ii) For each N € N and each compact subset K ¢ G with A(K) > 0, there are se-
quences of Borel sets (E;&) and (E, ) in K, and a sequence (ny.) of positive num-
bers such that for Ex = E; , UE, , we have

/\(K) = klim /\(Ek), klim Vlnk(Ek) = klim Vlnk(Ek) =0,
I}LIEO vn+iyn (Efg) = kh_)rgv(NH)nk(El_,k) =0
forall1<I<N.

Proof (ii) = (i). We show that (C,) is topologically multiply recurrent for some N.
Let U be a nonempty open subset of L?(G). Since the space C.(G) of continuous
functions on G with compact support is dense in L? (G), we can pick f € C.(G) with
f € U. Let K be the compact support of f. By aperiodicity of a, there exists M € N
such that K n Ka*" = @ for all n > M. Now let E; c K and the subsequences (v;,, )
and (v},,, ) satisfy condition (ii). First, we show that

T el 0 and [T (e )], 0

ask — oo, for1< I <N.
Let & > 0. Then there exists some M’ € N such that ny > M, vy, (Ex) < /| f||%,
and v(N”),,k(E;’k) < /| f|% for k > M'. Hence,

Tl = [ WGw ) wwCea )Pl fxa a0
= fEk lw(xa™ )w(xa'™ ") w(xa) || f(x)[PdA(x)
- fE Ppy CONf)PAA(x) = vin, (Ex) | f[15 < &
and
[T eI
- fE;ka(w)nk W) w(xa) - w(xa @D P £(xa=OoDmy [P 43 ()

= fE+ w(xa(N+l)"")w(xa(N+l)”"_1)---w(xa)|p|f(x)|pd)t(x)

Lk

p +
= [ Ol I AA(0) = vovsnm (BN 1L <&
1,k

for k > N.
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Applying similar arguments to 2" and S (N”)"k and using the sequences (V;,, )
and (V(n+1)n, ) yield

1

lim | S,k i m)PdA
kir{olo H a,w (fXEk)”p lm Ey a”"k |W(xa)W(xaz) W(xal”k)|1’ |f(xa )| (‘x)
=0
and
. (N+l)nk _ P
kll_{l;lo Hsa,w (fXEIk)Hp
1
li (N+Dngy|p
" joe E; N 0m lw(xa)w(xa?)-- w(xa(N+l)"k)|P|f(xa A ()

=0.
For each k € N, we let
vie= fxec+ Tos (P ) + Tabs (Fxes )+ + T (F ez )
Snk (fXE ) + Sznk (fXE ) +- SNnk (fXE )

Since Ka" n Ka*" = @ for r,s € Z with r # s, we have

Ivic = £15 < IfI5ACK N Ex) Z”TS,HJJ(fXE HP+ZHSS"" fre: )

and, by the inequality | f + g[ <27 f|} + 27| g||5,

[Ciuvic = 17
1 1
<ITefwve = fIf + HS"“Vk—pr

N+I
< ||f|\€J(K\Ek)+ZHTéﬁﬁ(fXEk)Hp > T (I
s=1 s=N+1
N-1
+ 2 IS (Fxeolly + IF15A(K ~ Ex)
s=1
N N+I N-1
2 IS el + 2 180 (P, M+ 20 1Tk (Fxe) 5.
s=1 s=N+1 s=1

Hence, limy_, o vk = f and limy_, o Cyp, vk = f, which imply
UnC, (U)nGCy, (U)n---nCy,, (U) 2

for some k.

(i) = (ii). Let (C,) be topologically multiply recurrent for some N. Let K c G be
a compact set with A(K) > 0. Let yx € L?(G) be the characteristic function of K. By
aperiodicity of a, there is some M such that K n Ka*" = & for n > M.

Lete € (0,1),andlet U = {g € LP(G) : |g— xk |, < €*}. Then, by the topologically
multiply recurrent assumption, there exists m > M such that

UnC, (U)nCL(U)N--nCx,(U) 2.
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Hence, there exists a vector f € L?(G) such that

If = xxlp <& and [Cimf - xxlp < €

for1 < 1 < N. By the continuity of the mapping h € L?(G,C) — Re h € L?(G,R) and
the fact that T, ,, and S,,,, commute with it, we can assume without loss of generality
that f is real-valued.

Let A= {x e K:|f(x)—-1] > ¢}. Then

> | = xlh > [ 1) -1PdA(x) > e22(4),

giving A(A) < &”. Similarly, onehas A({x € K : |Cj,, f(x) —1] > €}) < €f. Now setting
E:=n) {xeK:|Cimf(x) -1 <e}N{xeK:|f(x)-1| < e}, it follows that

MKNE)<(N+1)ef, f(x)>1-e>0, and Cj,, f(x) >1-e>0 (1< I <N,x€E).

Combining the above, the invariance of Haar measure A, and K n Ka*™ = &, we
arrive at

20 > [2Cunf - 2l > | ol fxuc + Sith f i = el
> [ 1T o) + i ()| )
= [T frcCeat™) + S22 (ea™)| P dA ()
= fK| Qi () 1 (x) + @ (xa™) fxxe (xa®™)| " dA (x)
> [ om0 fxx(x) + 97 (xa!™) fx(xa?™)| P dA(x)
- [lom@ frc)| ar) > 1= [ of, (x)drx)
= (1-¢&)?vim(E),

which implies limy_, o Vi, (Ex) = 0. By the similar argument, one can obtain
limk_,oo T;lnk (Ek) =0.

Now define E, = {x € E: T!" f(x) >1- ¢} and E; =ENE,. Thenfor x € E;,
one has S/ f(x) > 1- ¢, which follows from the fact

=& < Cin f(x) = S THLF(x) + 2SI f(x) € (1= ) 4 S F(x).

For a Borel subset F of G, we have ||C,hyr|, < |Cuh|, for arbitrary n and
h e L?(G,R). Obviously, the mapping h ¢ L?(G,R) » h~ e LP(G,R) sat-
isfies |(h+g)~|, <|h™ + g |, and commutes with T, and S, where h™ :=
max{0, —h}. Therefore, we have

[ (Comf)xe) o < I(Cimf) " lp = 1(Comf = xac + xx) " [l
<1(Cumf = xx) 1o + [l
= I(Cmf = 1) Ip < [Cimf = xxcllp < €.
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By K n Ka™ = @, the invariance of Haar measure A, the positivity of T f* and
SN f*, and the inequality || f + |5 < 27| f[| + 27 g|}, we have

(1-&)*vwaiym(E; )
= (1= [ 9liym(¥)dA(x)

< -/F |W(xa(N+’)’")w(xa(N”)m‘l)-~~w(xa)|P\Sif"w *(x)|PdA(x)
;
= [ W) wa RIS £ (xam DA ()
- f() T ™S, £ ()P dA(x)
;
= /E+a(N+l)m TN (x)[PdA(x) < 2° /+ o O ()P ()
;

=2F ‘|(CNmf+)XE;ru(N+’)m 15 =27 (Cym(f~ +f))XEI+a(N“)"‘ 15
= 22 (Com f ) xg? avem + (Cxmf = XK) Xi? atvom + Xkg avsm 15
<2k(2% [(Cnmf ) X awenm 15+ 2°P | Cm f = xx|h +2%° [XknE: aovsom 15)
<2°P(2% +0)
which implies limy o0 V(n+1)m (E:) = 0. Similarly, one has
kh_P;V(NH)m(EI_) = 0. u

It should be noted that the Haar measure is the counting measure if the group G is
discrete. Therefore, K = Ej, for all k € N sufficiently large in the proof of Theorem 2.1.
Hence, we have the characterization below for discrete groups.

Corollary 2.2 Let G be a discrete group and let a be a non-torsion element in G.

Let1< p < ooandw,w™ € £°(G). Let T,,,, be a weighted translation on €2 (G) with

inverse Sa,,,, andlet C, = 2 (T2, +SI ). Then the following conditions are equivalent.

(i) (Cn)uen, is topologically multiply recurrent.

(ii) For each N € N and each non-empty finite subset K c G, there are sequences
(El x) and (El «) Of subsets of K, and a sequence (ny) of positive numbers such
that for K = El x UE, » we have

im [, |kfeo = lim @, [k oo =0,
k—oc0 k—o0
5 [ guenyn s e = B [Fenyngls e =0

forall1<I<N.
Proof (ii) = (i). One can show that (C, ) sen, is topologically multiply recurrent by
using (@in, )> (P1n, ) instead of (viy, ), (Vin, ) in the proof of Theorem 2.1.

For the converse, the proof is identical to that in Theorem 2.1. Indeed, by the fact
that K is a finite subset of a discrete group G whose Haar measure is the counting
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measure, we have the inequality
2P > |2C1mf = 2xx b > | T £ xxc + S, £ xxc — 2xx|l b

20 Tl fox(x) + Sl f )P

alm
T fxx(xa'™) + S, fxuc(xa'™ )P

K
- ; (@1 (X)X (%) + @1 (x0"™) fyac(xa®™)|P

= ; |91m () X ()PAA(x) > (1= )P ; 9 (),

\Y%

which says that
2¢?
le(x) < ; for x € K.

The similar argument can be applied to the sequences (@14, ) (@(N+1ynelp+) and
(P(n+1)ml E; ). Therefore, the weight conditions in (ii) are satisfied. g [ ]

Remark 2.3 We note that if (Cy, ) 4en, is topologically multiply recurrent on ¢# (G),
then T, ,, is also multiply recurrent on £7(G). This follows from Corollary 2.2 and
[8, Theorem 2.1] directly.

Example 2.4 LetG =7, a = -1 € Z, which is torsion free. Let w * §_; be a weight
on Z with w™' € £°(7Z). Then the weighted translation operator T_; ,,.s_, is given by
Taweo f() =w(G+Df(i+1)  (fel(2)).

In fact, the operator T_; ,,.s_, is just the bilateral backward weighted shift T, defined
by Tej = wjej_; with w; = w(j). Here, (e;)jez is the canonical basis of £7(Z) and
(w}) jez is a sequence of positive real numbers. Let S = T™' and C, = 1(T" + S").
Then by Corollary 2.2, both (C,)nen, and T are topologically multiply recurrent if
given N, g € N and ¢ > 0, there exists a positive integer n such that for all |j| < g, we

have

In In-1
oin() = T #02) * 81()) = T w(j-9) <,

1 In-1 s . In . 1
5 ) = T (0202 +85,G) = T w(i+9) > -
forall1< I <2N. If we define w:Z — (0, o) by
] L ifi<o,
w<J>:{;; -
ifj>0,

then w satisfies the weight condition above.

Example 2.5 Let G = R, a = 4, which is an aperiodic element of R. Let w be a
weight on R with w™ € L= (R). Then the weighted translation Ty, on L?(R) is
defined by

Towf(x) =w(x)f(x-4)  (feL(R)).
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Let C, = %(Tf,w + 8} ), where Sy ,, is the inverse of Ty ,,. Then, by Theorem 2.1,
a sequence of operators (C, ) en, is topologically multiply recurrent if given some
N e Nand a compact subset K of R, there exists a sequence (#y) of positive integers
such that for all1 </ < 2N, we have

Ing p
/K(Sl:Ilw(x+4s))pd/\(x)—>0 and /K(I—m) dA(x) — 0

0

as k — oo.

Example 2.6 Let

1 x z
G:H::{ 01 y :x,y,ze]R}
0 0 1

be the Heisenberg group. It is known that the group H is neither abelian nor compact.
We write an element in H as (x, y, z) for convenience. Let (x, y,z), (x',y',z") € H.
Then the multiplication is defined by

(6 p.2)- (&9, 2)=(x+x",y+y,z+2 +x)'),
(5 72)" = (-5 =y 5y - 2).
Leta = (2,0,4), and let w,w™ € L (H). Then a™! = (-2,0,-4), and the weighted
translation T(3,9,4),,, on L? (H) is given by
Tea,0,4)wf (%, 9,2) =w(x, 9,2) f(x =2, 9,2 4) (f eL? (H)) .

LetC, = %(T(nz,oA),w + 8?2,0,4),w) where S(5,0,4),w = T(_21,0,4),w' Then, by Theorem 2.1,
(Cn) nen, is topologically multiply recurrent if given some N € N and a compact sub-

set K of H,, there exists a sequence (#y ) of positive integers such that forall1 < I < 2N,

we have
lnk P
[(Hw(x+25,y,z+4s)) dA(x) -0,
K=
1 P
f( — ) dA(x) 0,
K\ TT,267 w(x — 25, y,2 — 4s)
as k — oo.

Next, we turn our attention to the connection between recurrence and dynamics
for the cosine operator function (C, ) nen, - First, we recall a result in [7].

Theorem 2.7 ([7, Theorem 2.1]) Let G be a locally compact group and let a be an
aperiodic element in G. Let 1 < p < oo and w,w™ € L™(G). Let T,,,, be a weighted
translation on LP (G) with inverse Sy, and let C,, = 5 (T}, +Sh ). Then the following
conditions are equivalent.

(i) (Cn)uen, is topologically transitive.
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(ii) For each compact subset K ¢ G with A(K) > 0, there exist sequences (E;) and
(E,) of Borel sets in K, and a sequence (ny) of positive numbers such that for
Er = E; u E;, we have

AMK) = klim A(Eg), klim Vi, (Ex) = klim Vi (Ex) =0,

Jim vay, (Ef) = Jim %o, (E) =0

By the result above, we observe that recurrence and topological transitivity are
equivalent in this case.

Corollary 2.8 Let G be a locally compact group and let a be an aperiodic element
inG. Let1l < p < oo and let T, ,, be a weighted translation on L?(G). Let C, =
H(Tr, + S0, Then (Cy)nen, is topologically transitive if and only if (Cu)nen, is
recurrent.

Proof Since topological transitivity implies recurrence, we only need to show that if
(Cn)nen, is recurrent, then it is transitive.

Let N =1in Theorem 2.1. Then Theorem 2.1(ii) implies transitivity of (C, ) nen, by
Theorem 2.7. ]

Example 2.9 LetG =7Z,a=-1¢ Zandlet w x §_; be a weight on Z with w™' €
¢°(Z). Then T_y s, is an invertible bilateral backward weighted shift on ¢7(7Z)
with inverse Ty, ,,1. Let Cy = 3(T7, ., s, +T{",~)- Then, by Corollary 2.8, transitivity
and recurrence occur on (C,, ) ey, simultaneously.

Another result in [7] reveals that topological mixing implies topologically multiple
recurrence on (Cp, ) yen, -

Proposition 2.10  ([7, Corollary 2.5]) Let G be a locally compact group and let a be
an aperiodic element in G. Let 1< p < co and w,w™ € L™(G). Let T,,,, be a weighted
translation on LP (G) with inverse S, ., and let C, = 5 (T}, +S} ,,). Then the following
conditions are equivalent.

1

2

(i) (Cn)uen, is topologically mixing.

(ii) For each compact subset K c G with A(K) > 0, there is a sequence of Borel sets
(E,) in K such that

AMK) = lim A(E,) and lim v,(E,) = lim v,(E,) = 0.
n—oo n—oo n—oo
This result gives the following corollary readily.
Corollary 2.11 Let G be a locally compact group and let a be an aperiodic element in
G. Let1< p<ooand w,w™ € L(G). Let T,,,, be a weighted translation on L?(G)

with inverse Sg.,, and let C, = (T2, + Si.). If (Cu)nen, is topologically mixing,
then (Cp ) nen, is topologically multiply recurrent on L? (G).
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Finally, we make a remark to illustrate that chaos also implies topologically multi-
ple recurrence in the case of (Cy, ) ye,. We recall that an operator T on a Banach space
X is chaotic in the sense of Devaney’s definition if T is topologically transitive and the
set of periodic elements, {x € X : 3n € Nwith T"x = x}, is dense in X. According to
this definition, a sequence of bounded linear operators (T, ) ney, On @ Banach space
X is called chaotic in the successive way in [15] if (T}, ) nen, is topologically transitive
and the set of periodic elements, denoted by

P((Ta)nen,) = {x € X: ImeNwith Tgx = x, k=1,2,3,...},

is dense in X. In [6], we give the characterization for the cosine operator function
(Cn) nen, to be chaotic.

Theorem 2.12 ([6, Theorem 2.1]) Let G be a locally compact group and let a be an
aperiodic element in G. Let1 < p < oo and T, ,, be a weighted translation on L? (G)
with inverse Sy, Let Cy = 2(T2,, + S ), and let P((Cu)ner, ) be the set of periodic
elements. Then the following conditions are equivalent.

(i)  (Cn)uen, is chaotic.

(i) P((Cn)uen,) is dense in LP(G).

(iii) For each compact subset K ¢ G with A(K) > 0, there is a sequence of Borel sets
(Ex) in K such that A(K) = klim A(Ex) and both sequences

n n-1 -1
pni=][w*080 and @, 5:(HW*5;)
s=1 s=0

admit respectively subsequences (@, ) and (@, ) satisfying

lim (;[E of, (x)dA(x) +;ﬁ Eﬁfﬂk(x)d/l(x)) - 0.

k—o0

Based on the result above, we have the following implication since the last equality
in Theorem 2.12 can be rewritten as

klim (Z Vlnk(Ek) + Zvlnk (Ek)) =0.
—oo\ 151 1=1

Corollary 2.13  Let G be a locally compact group and let a be an aperiodic element in
G. Let1< p < ocoand w,w™ € L°(G). Let T,,,, be a weighted translation on L?(G)
with inverse S, and let C, = S(TJ, + SI ). If (Cp) nen, is chaotic, then (Cp) nen,
is topologically multiply recurrent on LP (G).

We note that there does exist a weighted shift that is topologically multiply recur-
rent, but is neither chaotic nor topologically mixing in [2].

Example 214 LetG =7Z,a=-1¢ Zandlet w * §_; be a weight on Z with w™! €
¢°(Z). Then T_y s, is an invertible bilateral backward weighted shift on £7(Z)
with inverse Tj ,,-1. Let C,, = %(Tfl’w&1 +T",+). Then, by Corollaries 2.11 and 2.13,
(Ch)nen, is topologically multiply recurrent if (C,)yen, is topologically mixing or
chaotic.
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