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Abstract

In this paper, the multi-state survival signature is first redefined for multi-state coherent or mixed systems with
independent and identically distributed (i.i.d.) multi-state components. With the assumption of independence of
component lifetimes at different state levels, transformation formulas of multi-state survival signatures of different
sizes are established through the use of equivalent systems and a generalized triangle rule for order statistics from
several independent and non-identical distributions. The results obtained facilitate stochastic comparisons of multi-
state coherent or mixed systems with different numbers of i.i.d. multi-state components. Specific examples are
finally presented to illustrate the transformation formulas established here, and also their use in comparing systems
of different sizes.

1. Introduction

Signature theory, as an important part in the theory of reliability, contributes fundamentally in describing
structures of reliability systems and in facilitating stochastic comparisons of different systems. The
concept of system signature, proposed originally by Samaniego [22], is a vector s = (s, ..., s,), with
element s; being the probability that the failure of a coherent system is caused by the ith ordered failure
from its n independent and identically distributed (i.i.d.) components. For coherent systems with the
same number of i.i.d. components, Kochar ef al. [13] established that the usual stochastic ordering,
hazard rate ordering and likelihood ratio ordering in system signatures lead to corresponding orderings
of system lifetimes. More theoretical results and applications of the system signature can be found in
the book by Samaniego [23]. Stochastic comparisons of coherent systems have been discussed based
on the system signature in different ways recently; for example, with components ordered in hazard
rate/reverse hazard rate/likelihood ratio ordering [1], with exchangeable or dependent non-exchangeable
components [18], with different types or even different sizes of components [9], with information of
system state or number of failed components under single/double monitoring [12], or by taking both
performance and cost into consideration [15].

As discussed by Yi and Cui [31], there are many efficient methods for computing the system signature
and each has its own advantages and limitations. Several related concepts have also been discussed in
the literature; for example, minimal/maximal signature [19], dynamic signature [24], joint signature
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[20] and ordered system signature [2] are some important ones among them. Survival signature, as a
generalization of the system signature, was originally proposed by Coolen and Coolen-Maturi [5] for
the survival of systems with multiple types of components, and are now widely used for studying many
practical systems like large complex networks [3]. A similar concept, called joint survival signature, has
been presented recently by Coolen-Maturi et al. [6] for coherent systems with shared components.

The above concepts have all focused on binary-state systems, while for multi-state systems [16,17]
which are more practical in the field of reliability, related discussions on signature theory have also
been made in the literature. For example, for multi-state systems with binary-state components, there
are some concepts such as multi-dimensional D-spectrum [11], bivariate signature [8], multi-state
ordered signature [25] and multi-state joint signature [28]. As for multi-state systems with multi-state
components, Eryilmaz and Tuncel [10] introduced multi-state survival signature based on a natural
generalization of the survival signature of Coolen and Coolen-Maturi [5]. Related discussions on
computational methods for the multi-state survival signature can be found in Yi et al. [27,29].

There are many theories and methods that are useful in the study of multi-state systems; for example,
Markov and semi-Markov models, universal generating function methods, combined methods and fuzzy
methods [16]. However, when it comes to description of their system structures, signature theory has
its unique advantages over traditional methods, especially for large complex systems whose structures
are too complex to be represented by structural functions. Irrespective of whether one has binary-state
systems or multi-state systems, it is known that signatures are vectors or matrices whose dimensions are
determined by the number of components (i.e., the system size). This means that signature represen-
tations can still be simple even for large complex systems. Moreover, they can be calculated by Monte
Carlo simulations no matter how complex the system structures are, and there are also other efficient
computational methods available for different types of systems [27,29,31].

Signature and its related concepts play a vital role in stochastic comparisons of systems [4,32]. For
systems of same size, stochastic comparisons of them can be carried out directly based on orderings
of their signatures [13]. However, for systems of different sizes, some transformation formulas are
required to transform the signature of smaller dimension to its counterpart of larger dimension [21].
For binary-state systems [14,21] and multi-state systems with binary-state components [26,30], these
transformation formulas have already been established which facilitate stochastic comparisons of those
systems of different sizes. But, in the case of multi-state systems with multi-state components, the
problem becomes quite complex with different component lifetime distributions at different state levels
to be taken care of. For tackling this issue, in this work, we first redefine the concept of multi-state
survival signature in Yi et al. [27] for multi-state systems with multi-state components, and then establish
transformation formulas for multi-state survival signatures of different sizes based on the assumption
of independence of component lifetimes at different state levels.

The rest of this paper is organized as follows. In Section 2, the multi-state system survival signature is
first redefined for multi-state coherent or mixed systems with multi-state components, and transformation
formulas are then established for multi-state survival signatures of different sizes. Some illustrative
examples are presented in Section 3 to demonstrate the transformation formulas established here, and
then their usefulness in comparing systems of different sizes is demonstrated in Section 4 with numerical
examples. Finally, some concluding remarks are made in Section 5.

2. Comparisons of multi-state systems of different sizes

For multi-state coherent systems with i.i.d. multi-state components, Yi et al. [27] have defined their
multi-state survival signature in a matrix form as follows.

Definition 2.1. LetT; (j = 1,..., M) be the first time that a multi-state coherent system, having n i.i.d.
multi-state components and a state space Q = {0, ..., M} for both the system and the components,
enters state j — 1 or below. Furthermore, for j = 1,..., M, let X}’) (i =1,...,n) be i.id. random
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variables with a common absolutely continuous distribution F;(x), x > 0, with Xj(.i) being the first time
that component i enters state j — 1 or below. Suppose the system and the components start at perfect
functioning state M, degrade into imperfect functioning states M — 1, ..., 1 successively and finally
enter the complete failure state 0. Then, the multi-state survival signature of the system can be defined
as S = (S(O), el S(M)), where SY) = (Sl.(lj;)”_’iM,O <itye..ipg <n) (j=0,..., M) is the multi-state

survival signature at system state level j, with

.....

w=0

M-1
mo(t) = ig,...,mpy—1(t) =ip-1,mp(t) =ip :=n— Z iw}

being the conditional probability that the system is in state j or above at time t, given m;(t) = i
components in state l, forall 1 =0,..., M.

Usually, as in [14,21,26,30], comparisons of systems of different sizes can be carried out based
on the fact that any binary/multi-state system can be regarded as a mixture of several k-out-of-n type
systems. For that purpose, it will be better if a consecutive type system has a simple form of signature
vector/matrix, which leads to a modified definition of multi-state survival signature as follows.

Definition 2.2. With notations defined in Definition 2.1, for a multi-state coherent or mixed system with n
i.i.d. multi-state components, its multi-state survival signature can be defined as S = (S0, ..., §™M)),

’’’’’ l.M,O <itye..,ipg <n) (j =0,...,M) is the multi-state survival signature at

.... ing ZP{TJ' > t|m1(t) =i1,...,mM([) :lM}

being the conditional probability that the system is in state j or above at time t, given m;(t) = i
components in state | or above, foralll = 1,..., M.

Remark 2.1.

(1) The new definition is different from Definition 2.1 only in the definition of m;(¢) except that it can
also be applied for mixed systems. As in the discussions of Yi et al. [27], Sl.(lf) inr (j=0,1,...,M)

,,,,,

are independent of time ¢ and is defined in a way similar to that in Eryilmaz and Tuncel [10].

..... iy = SI(TQXUI’._J.M)’_“,max(l.MilJ.M),I.M (j =0,...,M), which leads to two ways of representing

SU.

1. Keep all the elements S;l‘i) i 0<iy,...,ipm < n,and relabel subscripts (ij,...,iy) as

.....

Zj"ﬁl ij(n+ 1’7"+ 1. For example, when n = 2 and M = 2, we have

SO = (59, 89 = (SU) §U) §O §O O g g0 g1

S(j))T
0,0°~1,0°~2,0°~0,1°~1,1°~2,1°~0,2°~1,2>~2,27

: ) _ ¢()
with SQ1 =S

() — ¢ = ¢U).
1,1’S0,2 - S1,2 =S

2,2

.....

(i1, ...,ip) according to formula (9) in [7] as
M-1 -1 (n—1+j—-1 iv-1 (n—1+M-1
1+Zj=1 Zl:i»,-,,l( j-1 )+leo ( M -1 )
For example, when n = 2 and M = 2, we have

SO = (9, V)= (SU s s 50 50

UN\T
0,0°°1,0°°2,0°°1,1° 2,1’52,2) :
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In this work, we adopt the latter for the sake of brevity and convenience;

(3) 8U2) < SU) (0 < ji < jo < M), namely, S\ < SV forall 0 < iy

1seees 1seees
SO = (s, 0<iy <o <ip <n), with )" =1forall 0 <ipy < -

..... Lreend

IA

--- < i1 £ n. Also,

A

i1 < n,and such a

determined matrix can be denoted by S ,(10) for all systems of size n.

Now, for comparing multi-state coherent or mixed systems with multi-state components and of differ-
ent sizes, we shall assume that the component lifetimes X; b, X;") are independent for differentj (j =
1,..., M). Then, for establishing a relationship between multi-state survival signatures of two equivalent
multi-state systems, an extended triangle rule as in Navarro et al. [21] needs to be presented first.

Theorem 2.1. Suppose the random variables X](.I), R X](."”) (j=1,...,M) areiid. witha common
absolutely continuous distribution F;(x), x > 0, and are independent for different j. Then, for 1 <

. .. ki j: .
kij <+ < kyj <n (J=1,....M,r; = 1,...,M), the order statistics vector (XJ( "n),] =
1,...,M,i=1,...,r;) has the same distribution as

(X(ki’j+1“>aj‘,:n+l)

; J=1 . Mi=1,...,r))

with probability

ri—1

M
(n+1)™™ 1_[ {(kl,j)l(”f:m [H (kpe1,j — kl,j)I{“f:l~"l+l,.i>*l,j>
J=1 =1

forall (ay,...,an) €A={(ar,...,anm) 1a; €{0,...,r;}, forallj=1,...,M}.

(n+1- krj,j)l{“.f”j)}

Proof. According to the proof of Theorem 2.1 1in Yi et al. [26], we find thatforany j = 1, ..., M, the order

.. ki i (ky;.j:m) R ki i+l:n+1 (ky; j+1:n+1)
statistics vector (XJ(. b n), . *"7) has the same distribution as (XJ(. AR ), . ! )

n k,.j: 1 . .

with probability k1,;/(n+ 1), as (X, . x """} with probability (n+1-k,, )/ (n+1), and
. n 41 k. j+lin+l . .

as (M) x D g et | x Sy i probability (ki — ki) /(n+1) for

all/ =1,...,r; — 1. This result implies that the order statistics vector (Xj(.k"‘f:"), i=1,...,r;) has the

(ki,‘/+1{i>aj)5”+1)

same distribution as (X j , i=1,...,r;) with probability

ri—1
(n+ )7 (k) e “—[1;1 (kpar j = ky )ttt | (n+ 1=k, )l

for all a; = 0,...,r;. With the independence of X;l), cees Xj(."H) for different j, the required result
follows readily. O

Remark 2.2. Specifically, for M =2 and 1 < k;; < ko ; < n (j = 1,2), the order statistics vector
(Xl(k"‘:"), Xl(k“:”), Xz(k”:"), X2(k“:")) has the same distribution as

(Xl(klyl+1(a1:())1n+1)’ Xl(kz’1+1(a]:0’1)2n+l)’ X2(k1’2+1(,,,2:n)1n+1)’ X2(’k2’2+1(a2:0)])1n+1))
with probability
2
(ot D2 [ L) e (ko = ks (1= )l
J=1

for all (a1, a;) such that ay, a» € {0, 1,2}.
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With the use of Theorem 2.1, the relationship between multi-state survival signatures for multi-state
coherent or mixed systems with different numbers of multi-state components can be discussed. First, we
need to i~ntroduce mzitrix k=(kij,i=1,...,M,j=1,...,M)suchthat0 < k; ; < k;’j < n for any
1<i<i<M,1<j<j< M,corresponding to a multi-state k-out-of-n:G system, with n i.i.d. multi-
state components and a state space Q = {0, ..., M} for both the system and the components, being in
state i (i = 1,..., M) or above if and only if there are at least k; ; (j = 1, ..., M) components in state j
or above. Evidently, the lifetime of such a system can be represented through component lifetimes as

T; = min(X "R xRy oy M,

with X" = ... = X" = too, and its multi-state survival signature can be given as S, =

0 M ; ' . . . .
(S8, s( >) where S = §;7 = (S 0<iy <--<ip<n) (i=1,...,M) with
kiz(k[’l,... ,,M) and

1seeesiM

Se o = ik v zkon ), 0 S S S iy S
For j =1,...,M,note that 0 < k; ; < --- < ky; < n; by denoting r; for the number of zeros in
klgj,...,kM,j,wehaveij— -=k, '_0<1Skrj+1,jS"'SkM,an,thatiS,
l<n+l-ky;<--<n+l-kyu;<n<n+l=n+l-ky;=---=n+1-kyj.

Then, from Theorem 2.1, an equivalent system of size n + 1 for a multi-state k-out-of-n:G system has
its lifetime as

(n+l k, |+I(,<al) n+1) (n+l—k,~ M+l(i<uM}'n+l)

T; = min(X, s Xy, e =10, M,
with probability
M M1 lirj<py
1_[ (n+ 1) (ky e )17 1_[ (kg — k) otk | (n 41 = kg ) =
Jj=1 I=rj+1

forall (ay,...,am) € o ={(a1,...,am) :a; € {r;,...,M} forallj =1,..., M}. Note that for i =

R (n+1=k; j+I, n+l) +2—k; i+l .
Loo,rjs j=1,...,M, we have X, witisap )y (ke yin )=+oow1thk,~j=O.Moreover

J
the equivalent system of size n + 1 has a multi-state survival signature S;. —(Sr(l(i)l, *(1), . *(M))

=850 = (5, 0<iy<---<ii<n+1)(i=1,..., M) with

where S )
sllseees Im

M M-1
1 -1 ) [ Lig. -1k . .
59 =5 e o | TT Gy - gt

(aiy..., ap)ed j=1 I=rj+1

= (n + 1)_M 1—[ [kiyjl{ilzki‘j.'_l} + (}’l +1- ki,j)I{iIZki’j}]’ O0<iy<---<ii1<n+1.
j=1

Now, with the multi-state survival signature of an equivalent system of size n + 1 derived above for a
multi-state k-out-of-n:G system, we are able to obtain the multi-state survival signature of an equivalent
system of size n + 1 for any multi-state coherent or mixed system with 7 i.i.d. components by regarding
it as a mixture of several multi-state k-out-of-n:G type systems, as established in the following theorem.
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_____ l-M,OSiMS"‘Sil <n) (i =
0,1,...,M), be the multi-state survival signature of a multi-state coherent or mixed system with n
i.i.d. multi-state components and a state space Q = {0, . .., M} for both the system and the components.
Suppose the component lifetimes X;l), ey X](.") (j=1,...,M) are i.i.d. with a common absolutely
continuous distribution F;(x), x > 0, and are independent for different j. Then, its equivalent system

of size n + 1 has its multi-state survival signature as

* 0 * * *
§ = (80850, sy = N g8
kex

where

%I{(ki’j,i=1,...,M,j=1,...,M)ZOSk,‘,j_
forany 1 <i<i<M,1<j<j<M},

A
=~
B
A
S

and s, k € K, can be given as a solution to the set of linear equations

Zskzsg'), ked={(ki,....kn):0<ky <--<ki<n}),i=1,...,M,

ki=k

with s = (s;:),l}, eF)=M"SY and

M:(Mil ’’’’’ IM e JM,OSlMSSl]SVl,OS]MSS]]Sn)
being a matrix with all elements My, i\, i i = Livsjiooisjmp Joralli=1,..., M.
Proof. Any multi-state survival signature S = (S, ..., ™)) can be regarded as a mixture of multi-

state survival signatures Si., = (Si,o), S,(cll):n, s, S,(CA[Z?") of multi-state k-out-of-n:G systems, namely
S = Zke% SkSk:n, with

H=A{lkiji=1,....M,j=1,....M):0< k;;<kjj<n
forany 1 <i<i<M,1<j<j<M}.

Without loss of generality, si, k € F#, can be given by related marginal distributions
st ke d ={(ki,....kn):0<ky < <ky<npi=1,..., M.
Consider now S = ¥ > slg)S,(;’;)n (i=1,...,M) with
s = (sW 0<iy <---<ip<n), k=(k k)
I:’.:n_ it;.;i| ..... iM’ =M = S sn), - 1seccshM)s

and Sl(;’i =1{isky,....ing 2kag ) TOr all 0 < ipy < -+ <iy < n. Then, we have
ot M

(i) _ (i) — (i)
Sil ,,,,, im Sk, I{il 2ki,eonima 2k } = s,; :
EG% i >ky,..., iMZkM,lEEj

.....

toeingitjis 0 S iy <o <ip<n, 0< jy <2 < j1 < n)
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be an invertible matrix with all elements M;, _;..ii. i = L{ii>ji.....ins 2jar }» SO that we have s =
MsD which yields s = M~'S_ Then, the values of sx, k € F, can be obtained by solving the set
of equations Zkl:,; Sk = s,(;), keX,i=1,...,M. Note that even when the values of s, k € ¥, are

not unique, all of them lead to the same S since S*depends only on s’(;), keX,i=1,...,M. This
completes the proof of the theorem. O

Remark 2.3. Specifically, for M = 2, if the multi-state survival signature of the original system of size
4 is written as

0) o0 (0 0 o0 0 0 0 0 o0 0 0 0 0 O\
SO,O SI,O S2,0 S3,0 S4,O Sl,l S2,1 S3,1 S4,1 S2,2 S3,2 S4,2 S3,3 S4,3 S4,4
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
5= (5,50, 5) = 56 51 5 50 568 s s s s s s sl s s i)
(2) ¢ ¢(@ 2 2 ¢ @) (2 ¢(2) ¢ ¢(2) ¢(2) ¢ ¢ (2
SO,O Sl,() SZ,O S3,0 S4,() Sl,l S2,l S3,l S4,1 S2,2 S3,2 S4,2 S3,3 S4,3 S4,4

Then, the multi-state survival signature $* = (S §0), §*(D | §*2)) of its equivalent system of size 5 is
given by 8" = Y cor 5k S}..,,» Where sg, k € F, with

Ho={(kij,i=12,j=1,2):0 < kip < ki1, koo < ko <4},
are given by the marginal distributions s = M~'S¥) (i = 1,2) by solving

— 7
Sk kizskar ko = S gy (k1,k2) € X,
(k11,ki2)=(k1,k2)

_ .2 7
Z Sk]],klz;kgl,kzz - Skl,kz’ (k]7 k2) € %$
(ka1 ,k2)=(k1,k2)

with F = {(k1,k,) : 0 < kp < k; <4} and

100000000000000
110000000000000
111000000000000
111100000000000
111110000000000
110001000000000
11 100000000
M=|11 10000000{.
11 11000000
11 00100000
11
11
11
11
11

e e e e e e e = N e
—_—
—

— e e e e e e
— e e e e e e e

Also, note that S,’;:4=(S(0),S;(2, S;(a), where Séo) = (1,...,1)T and S;(li = (S;;(ll) i
1: 20 i i»l1,02
21
0<i, <i; £5) (i=1,2), with

«(i (5—ki,1)(5—kip) (5—ki)kin
Sk:,?l!,-2 = ' 25 iy ks zkia} + # (i1 2ki i 2 ki o +1}

N kii(5- ki,Z)I ' ' N kiikio
25 {i12ki 1+, 2ki 2} 25

L sk +Linzki 41y, 0 < B2 <0y <5,
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In Theorems 2.1 and 2.2, we have considered the equivalence of multi-state survival signatures of
multi-state systems of sizes n and n + 1. Instead of using the theorem repeatedly, a more general result
is presented now for the equivalence of multi-state survival signatures of multi-state systems of sizes n
andn+[(I=1,2,...).

Theorem 2.3. Suppose the random variables X ; M . X (n+]) (j=1,...,M) are i.id. witha common
absolutely continuous distribution F;(x),x > 0, and are mdependent fordzﬁ”erent J-Then, forl < ky; <

<< kpy g <n(j=1,....,M,r; =1,...,M), the order statistics vector (X( "n) =1,....,M,i =
1,...,r;) has the same distribution as

(XD =1 ML= ry)

with probability
n+l\M IMI hyj—1 ﬁ hit,g — hyj — 1)/t
n = kl,j -1 =1 kl+l,j - kl,j -1

fJorall h € 7, with

n+l - hr_f,j
n— krj,j

%={(hi,j,j=1,...,M,i:1,...,rj) 1<h1]S <hrj’jﬁn+l,k|’jgh]’j,
kg,j - kl,j < hz,_i - hl,]’, Ceey kr_i,j - krj—l i < h hrj—l,jvhrj,j < krj,j +1,
Lk ki gy = Lho i gy - "I{kr,-‘j>kr,fl,./} = I{hrj,j>hrj—l,.f}f0r all j}.

Proof. According to the proof of Theorem 2.4 in Yi et al. [30], we find that for any j = 1,..., M,

.. ki j: (ky: j:n) . . . hy j: (hy;,;:n)
the order statistics vector (Xj(. Lo X" ") has the same distribution as (XJ(. Lo X, )

with probability
ri—1
n+1\" (b -1 1—[ hiwrj = hyy = 1\ i | el —n,
n klj—l kl_,.],j—k],j—l n—krj,j

forall (hyj,...,hy, ;) suchthat 1 < hyj <---<h, ;<n+land

kijshjkaj=kij<hyj=hij. ke j=key1j<hyj=heorjhep <k j+1,
Lok gy = Lo g>ii gy - -l ko) = g oy

With the independence of X](.l), . ¢ ](."”) for different j, the required result readily follows. O

From Theorem 2.3, the relationship between multi-state survival signatures of multi-state systems of
sizes n and n + [ can be established as follows.

Theorem 2.4. Let S = (S©,....S™) where S® = (8  0<iy<---<ij<n) (i =
0,1,...,M), be the multi-state survival signature of a multi-state coherent or mixed system with n
i.i.d. multi-state components and a state space Q = {0, . .., M} for both the system and the components.
Suppose the component lifetimes X;l), RN Xj") (j=1,...,M) are i.i.d. with a common absolutely
continuous distribution F;(x), x > 0, and are independent for different j. Then, its equivalent system
of size n + [ has its multi-state survival signature as

e = (U0 g0y = 3 g gl

keX
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where sy, k € K, are as in Theorem 2.2 and

[1]+ ) ¢l [1]+(M)
S = (80 si gl M)y

n+l> “k:n

is the multi-state survival signature of the equivalent system of size | of a multi-state k-out-of-n:G system

gzvenbySm *(0) —(Sk”(.l_). 0 0Siy <o <ip<sn+l) (i=1,..., M) withr; (j=1,..., M) being

the number of zeros in ky j, ..., ky ;j and
Ly <y

M- Ly, oy
Skt Z l_[ n+l) (A = 1_[ Puvi j = hy = 1) U750 (4 1= By
Skitycivs = r,+1]—1 i, kpvij—ki;—1 n—ku,j

he#y j=
X L shiyoigzhing)> 0 < iyg <00 iy Sn+l,

and

%‘g={(l’li,j,j:1,...,M,i=rj+1,...,M)Z1Shrj+1’jﬁ"'ShM’an+l,
krjt1,j < Mg krva g = Kepwj < Bejaag = Beprt s oo oo kg — k-1, < by — b1,

hy,j < knyj+1, I{kr,-+2.j>krj+l‘j} = I{hr_,-+2,j>hr.,-+1.j}’ x "I{kaj>kM—l,j} = I{hM',>hM_,,,}f0F all j}.

Proof. Note that, for 0 < ky; < --- < ky; < n (j =1,...,M), as before, if the lifetimes of a
multi-state k-out-of-n:G system are denoted by
Ty = min(x "R xRy o,

then the lifetimes of its equivalent system of size n + [ can be denoted as

T, = min(Xl(nJrHl_hi’l:nH) o X[(\;+l+1—h,-)M:n+l)), i=1,... M,
with probability
M -1 M-1 Lo ok Ty
1—[ (n + l) (hrj+l,j - 1) 1—[ (hl+1,j —hij— 1) Wt j=a. b (n +1- hM,j)
e n k;ﬁ,-+1,j -1 I=r+1 k[+1’j - k[,j -1 n— kM’j

for all h € 7. The rest of the proof proceeds similar to that of Theorem 2.2, and is therefore omitted
here for brevity. O

Remark 2.4. Specifically, for M = 2, n = 4 and [ = 2, we have S[Z] 0~ (Sk i fj) 0<i, <i1£6)
(i =1,2), where

2 T, Ty ok Tiky, 503
. 1 (hy ; =1V %>y —py - — 1\ Rkt (6 — Ry - /
S[ZJ*(I) = | | —( L.j ) ( 2.J LJ ) ( 2 I i1 2hi1,ia=hia}s
bt h€Z7;}{ G (15 ke -1 kaj—=kij—1 4—ky 2t fazhiz)
with 0 < iy <i; < 6and

T ={(hig,hipihoi,hop) 10 < hyj < hyj <6,k < hyjokoj—kij < hoj—hj,
haj < koj+2, iy >k, ;3 = Liny y>my py forall j = 1,2}
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3. Illustrative examples

For illustrating the results established in the last section, let us consider a wireless sensor system with four
i.i.d. sensors and a multi-state linear consecutive (2, 1)-out-of-4 : G structure, which works (perfectly or
imperfectly) if and only if there are at least two consecutive sensors working (perfectly or imperfectly),
works perfectly if and only if there is also at least one sensor working perfectly, and fails if it does not
work. According to Yi et al. [27], the multi-state survival signature of such a system is given by

S = (S(O),S(l), 5(2))

0 ¢0) ¢(0) ¢(0) ¢(0) O ¢O0) ¢(0) ¢(0) (0 ¢0) ¢O0) ¢(0) (0 O\
SO,() Sl,O S2,0 SS,() S4,0 Sl,l SZ,I S3,l S4,1 SZ,Z S3,2 S4,2 S3,3 S4,3 S4,4
| ¢ ¢ ¢() ¢ 1) (1) () o) (1) (1) (D) (1) (1) (1) (D)
- SO,O Sl,O SZ,O S3,O S4,0 Sl,l S2,1 S3,1 S4,1 SZ,Z S3,2 S4,2 53,3 S4,3 S4,4

@) ¢ @ (@) @) (@ (@ () (O (@) () (O (@ () )
SO,O Sl,O SZ,O S3,O S4,0 Sl,l S , S3,l S41 S2,2 S3,2 S4,2 S3,3 S4,3 S4,4

2,1 S

111 1111 111 11111\
=loo1/21101/2111/211111
000 0001/2111/211111

Suppose the sensor lifetimes are independent for different state levels. Then, the multi-state survival
signatures of its equivalent systems of sizes 5 and 6 are presented in Examples 3.1 and 3.2, respectively,
by the use of Theorem 2.2, and the latter is also worked out in Example 3.3 by the use of Theorem 2.4.

Example 3.1. For such a multi-state linear consecutive (2, 1)-out-of-4 : G wireless sensor system,
according to Remark 2.3, the multi-state survival signature of its equivalent system of size 5 can be
given as 8 = ;. co Sk Sy.4» Where s, k € F, with

% = {(ki,j,i = 1,2,j = 1,2) :0 < kl,z < kl,l,kZ,Z < kz,l < 4},
are given by the following marginal distributions:

T
s =pm1sD = (0,0, % %,o,o, 0,0,0,0,0,0,0,0, 0) ,
1

1 T
s@=pm's? = (0, 0,0,0,0,0, 5 5’0’ 0,0,0,0, 0,0) .

These imply sél()) = sé,l(; =1/2, s,(cf?kz = 0 for other 0 < ky < k; < 4, and sgzl) = sgzl) =1/2, s,(j?kz =0 for
other 0 < k, < k; < 4, which leads to the fact that s, = 0 for all k € F except 52,021, $2.0:3.1» §3,0:3.1-
Now, upon solving the set of equations

_ (D _
52,02,1 + 52,031 = 5, = 1/2,
_ D _
$3,03,1 = 830 = 1/2,
_ 2 _
$2,02,1 = 8, =1/2,

— 2 _
52,03,1 + 53,031 =53 = 1/2,
we get 8§2.0:2,1 = 83,0:3,1 = 1/2 and $2,03,1 = 0. We then have

*

1 1
S = 552,0;2,1:44‘553,0;3,1:4’
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where 85 5.5 1.4=(S" . 303> S5 1) and 85 o5 1, =(S5”, 8350}, 307, with
3x5 3%x0 2X5 2x%x0
=(1) _ (1) (1) (1 (1)
Sy04 = 25 Syos+ 25 Syps T 25 S50 25 S3.150
«(2) _ 3x4 ) 3x1 (2) 2x4 2) 2x1 2)
Sy = 25 Syhst 75 Syt 25 S31s 25 S350
2X5 2x%x0 3x5 3%x0
=(1) _ (1 (1) (1 (1)
S3,0:4 - 25 S3,0:5 25 SS,I:S 25 S4,0:5 25 S4,l:5’
2x4 2x1 3x4 3x1
*(2) _ (2) (2) (2) (2)
Sy = 25 Sypst 5 S3ost 5 Siis 5 Sy

811

Then, we clearly have

1

1 1
#(1) _ *(1) *(1) _ (1) (1) (1)
§7 = 552,0:4 + 553,0:4 = 50(1552,0:5 +2085 0.5 + 158, 9.5)»
1 1 1
#(2) _ *(2) *(2) _ (2) (2) (2) (2) (2) (2) .
§7 = 552,1:4 + 553,1:4 = 50(1252,1:5 +38,5 5+ 16857 s +4875 o+ 1287 s +38,7 );

in other words, the equivalent system of size 5 of a multi-state linear consecutive (2, 1)-out-of-4:G
wireless sensor system has its multi-state survival signature as
§* = (S;O), s+ §+2))

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
=[S0’ S10 Sa’ Si0 Si’ S5y SIS S S S 8,5 83 8,5 85
S s S s s S0 s s s s s s s s

o111 1y

S

Sis Sis 855 Sid ssd s

50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50\"

=30 0 0 15355050 0 15 3550 50 15 35 50 50 35 50 50 50 50 50
00 000 0 0 12284040 15355050 355050505050

Example 3.2. For the equivalent system in Example 3.1 with its multi-state survival signature as given
above, namely,

S = (S<0),S(l),S(2))

50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50\
=%O01535505001535505015355050355050505050 ,
000 0 O0 0 0 12284040 15355050 355050505050

according to Remark 2.3, the multi-state survival signature of its equivalent system of size 6 can be
given as 8 = i . Sk Sy.5, Where s, k € F, with

K ={(kiji=12,j=1,2):0<kip < ki1, koo < k1 <5},
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are given by the marginal distributions as follows:

323 OOOOOOOOOOOOOOOOT
10°5°10° ’

6 8 6 3 2 3
25°25°25" 50’25 50°

ﬂ”:Mlﬂ”zbo

T
s@ =M yﬂ—@oooooo ooooooﬁ.

These imply s(l) =3/10, ;1()) 2/5, i]g =3/10, ;{l)k =0 forother0 < ky < k; <5, and

@_ 6 o_8 o_6 o_3 o_2 o_3
52,1 25’ 31_25’ 41_25’ 22 50’ 32 25’ 42 50

(2)

Sp.x, = 0forother 0 < k; < ky < 5. Now, upon solving the set of equations
320-21+S20-31+S20-41+Szo~22+52032+S204,2=S;](;=3/10,
S3031+53041+S2032+33042—S30 2/5,
S4041+S4042—S40_3/10
52021—521 6/25
52031+S3031—S31 8/25
S2041+S3041+S4041—S41 6/25,
52022—522—3/50
520%2+S%032—S32 2/25,
S2042+S3042+S4042—S42—3/50

we get

6 8 6 3 2 3

5202125 53031_E 54041_E »82,02,2 = 50,53,0;3,2 £S4042—50’

and sy = 0 for other k € % . We then have

s = Esz,o;z,1:5"‘g53,0;3,1:5"'554,0;4,1:5"‘%Sz,o;z,z:s"‘g53,0;3,2:5*‘%54,0;4,2:5’

where S}. —(S(O) S;‘(fll)kl 5 S}iﬁ)’kzyzzs)T, with

) _(O-ki)O6-kia) L O-kivkiz,
kijivyiy 36 {i1>ki1,i22ki2} 36 {ir ki, 1,022 ki p+1}
L ki (6-kio) . ML _
36 {llzkiyl-f-l,lz Zkiﬂz} 36 {112]{,"]+1,122k,',2+1}’

0<i, <i1 £6,i=1,2.
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Then, we clearly have

) 3 2 3 1 3 3 1

#(1) _ (1) *(1) *(1) _ (1) (1) (1 (1

s = 1052,0:5 + §S3,0:5 + 1054,0:5 = 552,0:5 + 1053,0:5 + 1054,0:5 + 555,0:5’
6 . 8 . 6 . 3 . 2 . 3 .

S*(Z) — S (2) + S (2) + S (2) + S (2) + S (2) + S (2)

25 2,1:5 25 3,1:5 25 4,1:5 50 2,2:5 25 3,2:5 50 4,2:5

2 4 1 2 1 2 2
_ (2) 2) 2) (2) (2) (2) (2)
= ESZ,I:S + %52,2:5 + §S3,1:5 + ES3,2:5 + §S4,1;5 + 554,2;5 + BSS,I:S
4o 1l e 1o 1o
+ %SS,Z:S + %52,3:5 + %Sm:s + %S4,3:5 + ﬁss,&s’

that is, the equivalent system of size 6 of a multi-state linear consecutive (2, 1)-out-of-4:G wireless
sensor system has its multi-state survival signature as

§ = (s, 50, 5

1111111111 1111 1 1 1 1 111tr1t1111)

=00é%;—‘1101%‘—111%%4—111%;11;11111

0000000031§221475561414141]41]1]]
1531533751575 151525 5

Example 3.3. For the multi-state linear consecutive (2, 1)-out-of-4:G wireless sensor system in Exam-
ple 3.1, according to Theorem 2.4, the multi-state survival signature of its equivalent system of size 6
can be directly given as S21* = ¥, .k sk S,[fi*, with sg, k € &, being the same as in Example 3.1. Then,

we have
1 1
2] _ [2]= [2]=
sPr = 552,0;2,1;4 + 553,0;3,1:4’
[2]+ _ ¢(0) [2]x(1) [2]%(2) [2]* _ @0 ol2]x(1) [2]%(2)
where Sy, |, = (Sg ’52,0;2,1;4’52,0;2,1;4)T and S35 1, = (Sg ’53,0;3,1:4’53,1;3,1:4)T are
6x10 6x4 6x1
LY A 8200226 + 82,02,3:
2.0:2.1:4 395 V202,16 T 55m92,02.2:6 F 552,023
6x10 6x4 6x1
——8303.1.6 t+ ——83.03.2: S$303.3:
275 3,03,1:6 T 275 3,0:3,2:6 T 275 3,0;3,3:6
3x 10 3x4 3x1
———8404.1:6 + ——S4.04.06*+ S4.0:4.3:65
205 D016 F Soem40406 T oem 4,014,360
3x10 3x4 3x1
L St T 830326+ 83,0:3,3:
3.0:3.1:4 355 O303.16 T 55e793,03,2:6 F T55793,03,3:6
6x10 6x4 6x1
————8404.16 + ——S4.04.06*+ S4.04.3:
205 D016 F Sem40:4.26 T o0 4,0:4.36
6x 10 6x4 6x1

— 850516 F ——S5.0:5.2:6 + ——S5.0:5.3:6-
275 5,0:5,1:6 T 275 5,0:5,2:6 T 275 5,0:5,3:6
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Note that S(l)

2 02.3:6 = S;l) Then, we clearly have

,0;3,3:6°

1 1 1 3 3 1
[2]=(1) _ [2]%(1) [2]=(1)  _ (1) (1) (1) (1)
S = 552,0;2,1:4 + 553,0;3,1:4 = §S2,0:6 + ES3,0:6 + ES4,0:6 + §SS,O:6’

1 1
[21+(2) — [2]#(2) [2]%(2)
S = 58202104 * 75303,14

4o ey 1oy | 2 oo M
15°216 1 %S2,2:6 + ﬁsz,&é + §S3,1:6 + gs3,2:6 + %’5‘3,3:6

) (m (1 w Lo .

2 1 2 4
: + gS4,2:6 + 554336 * ESS’I:G * %55’2:6 75 3,367

that is, the equivalent system of size 6 of a multi-state linear consecutive (2, 1)-out-of-4:G wireless
sensor system has its multi-state survival signature as

§12 = (50, s gl212)

11111111111 111 1 1 1 11111111111\
114 11 4 1 1 4 14 4

_ —--110=- = =11=- = = 1 1 ==11=-11111
=100353511035 353 52 5 25 5
21 82214 7 5614 14 1 4 4

____________ 1111111
0000000045 3755375 1575 151525 5

which is exactly the same as S* obtained earlier in Example 3.2, as we would expect.

4. Comparison of systems of different sizes

In the last section, we considered a wireless sensor system with four sensors and provided multi-state
survival signatures of it and its equivalent systems of sizes 5 and 6. In this section, two different wireless
sensor system structures of sizes 5 and 6 will be discussed in Examples 4.1 and 4.2, respectively, for
demonstrating the use of previously established results in comparing multi-state coherent or mixed
systems with different numbers of i.i.d. multi-state components.

Example 4.1. Consider a wireless sensor system with five i.i.d. sensors and a multi-state linear consec-
utive (3, 2)-out-of-5:G structure with sparse (0, 1), which works (perfectly or imperfectly) if and only if
there are at least three consecutive sensors work (perfectly or imperfectly), works perfectly if and only
if there are also at least two consecutive sensors with sparse 1 working perfectly, and fails if it does not
work. As in Example 3 of Yi et al. [27], the multi-state survival signature of such a system can be shown
to be

S=(s. 80,82

11111111 1 111 1 1 1 1 1 1 1 1 1\

(1) () 6D () () o(1) o) () () (1) o() ¢() () (1) ¢() ¢() (1) (1) ¢()) g1} (1)
= SO,() Sl,O SZ,O S3,0 S4,0 SS,O Sl,l SZ,l S3,1 S4,1 SS,I SZ,Z S3,2 S4,2 S5,2 S3,3 S4,3 S5,3 S4,4 SS,4 SS,S
@) ¢@ ¢ ¢2) ¢ ¢ ) ¢) (@) ¢ (O ) () ¢ (O ) () (D) () ) ¢2)
SO,O Sl,O SZ,O S3,0 S4,0 SS,O Sl,l SZ,I S3,1 S4,1 SS,l S2,2 S3,2 S4,2 S5,2 S3,3 S4,3 S5,3 S4,4 SS,4 SS,S
10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10\"
E000381000381003810381081010
000O0O0OOOOOOOSO36 7 3 81081010

50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50\
%OO1535505001535505015355050355050505050 ,
00 00 O0 0 0 12284040 15355050 3550505050 50

A
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which implies that its system structure is not as good as that of a multi-state linear consecutive (2, 1)-
out-of-4:G wireless sensor system whose equivalent system of size 5 has been discussed in Example
3.1. This means that a multi-state linear consecutive (2, 1)-out-of-4:G wireless sensor system tends to
have better performance than a multi-state linear consecutive (3, 2)-out-of-5:G wireless sensor system
with sparse (0, 1) if their i.i.d. multi-state sensors have the same lifetime distributions.

Example 4.2. Consider a wireless sensor system with six i.i.d. sensors and a multi-state linear consec-
utive (3, 2)-out-of-6:G structure with sparse (0, 1), as defined in Example 4.1. As in Example 3 of Yi
et al. [24], the multi-state survival signature of such a system can be shown to be

S=(s.8M, 8%

1111111001 11011 1 111111111111\
13 13 1 3 13 3
=000§§1100§§110§§115511511111
1373313 3
OOOO00000000005%555511511111
1t111111 111111 1 1 1 1 111t11t111\
ool tag e e e
21 8 2214 7 5614 141 4 4
0000ooooﬁggggﬁﬁﬁggzgmgnm1

which implies that its system structure is not as good as that of a multi-state linear consecutive (2, 1)-
out-of-4:G wireless sensor system whose equivalent system of size 6 has been discussed in Examples
3.2 and 3.3. This means that a multi-state linear consecutive (2, 1)-out-of-4:G wireless sensor system
tends to have better performance than a multi-state linear consecutive (3, 2)-out-of-6:G wireless sensor
system with sparse (0, 1) if their i.i.d. multi-state sensors have the same lifetime distributions.

5. Concluding remarks

In this work, we have first redefined the concept of multi-state survival signature of multi-state coherent
or mixed systems with i.i.d. multi-state components. For two multi-state survival signatures of different
sizes, transformation formulas have been established that facilitate transforming one with smaller size
to one with larger size, which would thus enable stochastic comparison of two corresponding multi-
state coherent or mixed systems of different sizes. Specific examples have been presented for illustrating
the transformation formulas established here, and also their use in comparing systems of different
sizes. Theoretical results derived here could prove useful in system design and management decision
making for practical multi-state systems such as telecommunication systems, wireless sensor systems,
power systems, radar station and many others. These transformation formulas are derived under the
independence of component lifetimes at different state levels. We are currently working on developing
similar results under some weaker assumptions and hope to report the corresponding findings in a future

paper.
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