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ON THE NONLINEAR DIRICHLET PROBLEM WITH
p(z)-LAPLACIAN

MAREK GALEWSKI AND MAREK PLOCIENNICZAK

Using a dual variational method which we develop, we show the existence and stability
of solutions for a family of Dirichlet problems

—diV(‘V(.’L‘, VU(I))) = qu (z,u(x)),
u(z)lon =0, u € Wi (q),

k =0,1,... in a bounded domain in R and with the nonlinearity satisfying some
general growth conditions. The assumptions put on ¥ are satisfied by p(z)-Laplacian
operators.

1. INTRODUCTION

In the paper we consider a problem

(1.1) —div('V(z, Vu(:v))) = F¥(z,u(z)),
w(z)lon =0, u € WP@(Q)

for k = 0,1,... and with suitable assumptions on % which are valid for the p(z)-
Laplacian operator. Following some ideas from [11) we construct a dual variational
method which applies to more general type of nonlinearities than those that are subject
to a Palais-Smale type condition. We relate critical values and critical points to the
action functional for which (1.1) is the Euler-Lagrange equation and the dual action
functional (introduced in the paper and different from the Clarke dual functional) on
specially constructed subsets of their domains.

A variational approach concerning existence results for a class of problems involving
critical and subcritical growth is shown in [2]. Critical point theory in certain Sobolev
spaces is used to obtain existence and multiplicity results in sublinear and superlinear
cases as well [5], where the problem is written as

— div(|VulP®2Vu) + |[uff 2y = f(z,u),
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u € WUWE(RN),  Standard variational arguments in Sobolev spaces with variable
exponents are used to show the existence of radial solutions u € W!'P@)(RN) with

sup p(z) < N in [17] where we assert uEl‘f2 p(z) > N in a bounded domain. The sin-
zeRN z
gularity of positive radial solutions to

- div(|Vulf®?Vu) = f(z,u)

with p, f radial in z, f continuous and growth speed rate less than N(p(z) — 1)/(N
- p(z)) as u — oo one can find in [16].

Such problems as ours are studied in [3, 7] and these can be applied in elastic me-
chanics and electrorheological fluid dynamics. Although in both [3] and [7] the problems
are not studied in the form which we investigate. See [13, 18] and references therein. In
(7] the authors consider the problem

—div (|Vu(z)lp(:)_2Vu(:c)) = F,(z,u(z)),
u(z)|sn = 0, u € WyPP(0)

where @ C RY is a bounded region and Wo1 #(z) (2) denotes the generalised Orlicz-Sobolev
space, (see [6, 8]), while in [3] the equation studied is

— div (a(a:)|Vu(x)|p(:)-2Vu(z) + b(z)|u(z)|p(x)_2) = F(z,u(z)),
u(z)|sq = 0, u € WgP@(Q)

with a, b € L*(Q) such that a(z) 2> ap > 0 and b(z) 2 b > 0 almost everywhere on f2.

Both papers deal with sublinear and superlinear nonlinearities. In the sublinear case
the direct method of the calculus of variations is used while in the superlinear case they
apply the mountain pass geometry by showing that a type of Palais—Smale condition is
satisfied.

Our method is based on investigating the primal action functional; that is, a func-
tional for which the original problem is the Euler-lagrange equation and the suitably
constructed dual one. The duality relations between the two functionals, derived with
the aid of Fenchel-Young conjugacy (4] allows for relating the critical values to both
functionals on suitably constructed subsets of their domains. Later we relate the relevant
critical points at which the critical values are obtained. When this is done we are in a
position to chose a minimising sequence and prove that it is convergent to a solution to
the original problem.

The novelty of our approach allows also for considering the stability of solutions.
Following some general framework for studying stability of solutions for variational prob-
lems in sublinear case [12, 14], [15] we provide suitable results for the Dirichlet problem
involving p(z)-Laplacian problem also. The approach we use has been sketched in the
first author’s previous work [10]. :
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2. THE ASSUMPTIONS AND AUXILIARY RESULTS

In what follows by Cs we denote the best Sobolev constant
lullaey < CsllVlpgey for all u € Wo™().

Since Wy ") (Q) is continuously embedded into Wi*~ (), [6] and by the Sobolev Imbed-
ding Theorem [1], we denote by C, and C;, the following constants

(2.1) IVullp- < Cil|Vullp),
(2.2) me%x|u(x)| < G| Vullp- for all w € WyP ().

Here p, ¢ € C(Q), 1/p(z) + 1/¢(z) = 1 for z € Q and p~ = infp(z), p* = sup p(z),
zeN zeQ
p~>N,N>2
We also assume
F1 wvol(Q) < (1/p~ +1/¢~)! ; there exist positive numbers dy, d;,ds, ... such
that C1C; € d < dp for k = 1,2,... . Forall k =0,1,2,.... F¥(.,d),
Fk(.,—di) € L®(Q) and

(2.3) C1CoCys ess suplFf(z, dk)| < agdi,
F2:31]

Ci1CoCsess sup|F,f(1:, —dk)| < aody.
z€eN

F2 There exists positive number d > dy such that for all K = 0,1,2,... and
I =[—d,d): F¥(.,d), F¥(-,~d) € L*(Q), F¥: Q@ x I — R are Caratheodory
functions and convex in u for almost everywhere z € Q, F¥: QO x I - R
are Caratheodory functions, F¥(z,u) := +oo for (z,u) € Q x (R ~ I).

F3 FXz,0) # 0, for almost everywhere z € Q, r ~ F*(z,0) and
z — (F*)*(z,0) are integrable on , £k =0,1,... .

F4 V:QxR¥ — Ris a Caratheodory function, convex in the second variable,
V=Vu,Vagr- - Van): QX RY 5 R, V,.,i=1,..., N are Caratheodory
functions. ¥(z,0) = 0, V(z,0) = 0 almost everywhere on Q and
z — V(z,0) is integrable on § for almost everywhere z € Q.

F5 There exists a constant ap such that

%[I’vu(x)lp(z) dz < /r;l’V(z, Vu(z))Vu(z)ldz

for all u € W, *@(Q).

Here (F*)* denotes the Fenchel-Young conjugate of F*, see [4]. Now for each
k=0,1,... F*. @ x R = R is convex and lower semi-continuous.
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Relation (1.1) is the Euler-Lagrange equation for a functional Ji: WOl P (’)(Q) - R
for k=0,1,...

Ji(u) = /;V(::,Vu(:c)) dz — /QF"(x, u(z)) dz.

Let W = {v € L1=)(Q): divv € L9*)(Q)}. The dual functional Jp,: W — R reads
Jp, (v) = /Q(F")‘(z', —divu(z)) dz - /QV' (z,v(z)) dz,
for k =0,1,.... We assume that the operator L : Wy*®(Q) = (Wy P ())" given by
(L(g),h) = /n V(z, Vg(z)) Vh(z) dz

for all g, h € Wo*™(Q) has the following properties

F6 L is a continuous, bounded and strictly monotone operator having (S.)
property and being a homeomorphism.

Property (S,) means that u, — u in Wg®®(Q) provided u, — u in Wo™® () and
limsup (L(ua) — L(u), un — u) < 0. Therefore
n—oo

LEMMA 2.1. For any fixed f € L=(Q) the Dirichlet problem
—div(‘V(z,Vu(:c))) = f(z)
u(z))on = 0, u € Wy*(Q)

has a unique weak solution.

Now we shall construct certain nonlinear subsets of spaces Wol”’(z)(Q) and W on
which we shall look for critical points and critical values of the action and dual action
functional. Having established the relationship between the relevant critical points we
get the solution to (1.1). For k =0,1,... we define

X, = {ue Wy P®(Q): I Vullpz) € Cd—kc,, |u(z)| < di for all z € Q}.
1Cs

We consider a set X such that for all u € X the relation

(2.4) - div(‘V(x, va(z))) = F¥(z,u(z)),
u(z)lon = 0, u € WSPE(Q)

implies u € X.
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PROPOSITION 2.2. Xi= X;.
PROOF: Fix k=0,1,.... We take any h € Xj. The solution u € WZ*®(Q) to
(2.5) —div(V(z, Vu(x)) ) = F¥ (s, h(z))
u(z)lan =0

exists by Lemma 2.1. Multiplying (2.5) by u(z), calculating integrals and using assump-
tions (F5) and (F1) we have

aO/Q|Vu(z)|”(’) dr < /nl‘V(z, Vu(z))Vu(x)ldz
< max{ / |F5(x,dk)u(z)|dx, f |F,f(z,—dk)u(z)|dz:}

1
< (o + ) vol®) - eIl

So d
p(z) k

£ ——— .

L 1vu@l dz < S 19ulle

If / |Vau() P dz < 1 then [|Vullyey < 1 < (di)/(CiCa).

If/qu(z |p( Vdz > 1 we get /|Vu(z)|p(z) dz > ||V,

p(z) SO We have

- d
1Vulbte) < IVl < g

Using inequalities (2.2) and (2.1) we obtain

_d
C C, 2 [Vullpz) > Cl||V“”p' Z A A

s5/u(0)| > gz luto)

zeﬂ

for all z € Q. Therefore |u(z)| dy. Thus u € Xk and we may put X; = Xk. 0

The dual functional Jp, will be considered on a set
Xg = {'u € W: Ju, % € X, related by (2.4) such that
- dive(z) = Ff(z,u(z)) and v(z) = V(z, H(z))}.
Jix and Jp, are well defined on X and X due to the following
LEMMA 2.3. Forany k = 0,1,... there exist constants v, m > 0 such that

/|F"(:r,u(:z:))|d:c < w for all u € X and /(F")‘(z,—divv(z)) dz‘ < m for all
0 n
v e X¢.
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ProoF: We have from (F1) and (F3) for almost everywhere z € Q, since u € X,
that

/an"(z,u(z))ldz < ‘/"I|F"(:1’:,0)|ai:z:+/n Ff(z,u(z))“u(zﬂdz

< /[Fk(z,0)|dz+dk/|Ff(x,dk)|dz=7k.
[1] [1]

Now only the boundedness of the integral / l(F *)* (z, — divu(z)) l dz remains to be
n

shown. Since (F*)* is convex, we have for almost everywhere z € Q that
—F*(z,0) < (F¥)*(z, — divv(z)) < (F*)*(z,0) + &(z) (- divu(z)),
where £(z) € &F*)*(z, — divv(z)). From the definition of X it follows that there exists

u € X such that
—divu(z) = Ff(z, u(z)).

By (F2) and (F3)

_/Fk(:z;,o)d:cé/'(F")'(x,—divv(z))ldzg/|(Fk)‘(z,0)|d:r
Ja ) Y
+/Q|u(z)| -|—divu(z)| dz < /QI(F")"(:E,O)|d:c+dk/n|F'f(:c,dk)|dx.

Hence 74 =ma.x{-—/F"(z,O)dz,/|(F")‘(:c,0)|dx+dk/|Ff(:z:,dk)|dz}. 0
0 Q o

THEOREM 2.4. (Duality Principle)
uienjgk Ji(u) = ”iergg Jp, (v).
PROOF: We fix k= 0,1,... and define a functional J¥: X; x X¢ - R,
T#(u,v) = — /n w(z) (= divo(z)) do + /n V(z, Vu(z)) do
+ /Q(F")' (z, - divv(z)) dz.
We observe that for any u € X;

(2.6) inf J#(u,v) = Ji(u).
veXg
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Fix u € X,.
inf J¥(u,v) = — sup {/u(x)(—— divv(z)) dz
vexy vexg Q

—/n(F")‘(z,—divv(z)) dz}+/ﬂV(z,Vu(:t)) dz
>- s {[u@)f@ai- (7@ 10) i

feLaE (@)
+ /n V(z, Vu(z)) dz
= —/QF"(:C,u(x)) dr + /n V(z, Vu(z)) dz = Ji(u).
On the other hand, for any u € X there exists ¥ € X such that
- divd(z) = F¥(z, u(z)),
/ﬂF"(x,u(x)) dr + /Q(F")‘(x, —divd(z)) dz = /nu(a:) div¥(z) dz,

$0
Ji(u) = /nV(z, Vu(z)) dz + /;(F")‘ (z, — divv(z)) dz — /nu(x) divd(z) dz
= I, > jaf

and {2.6) follows.
Now we show that for any v € X¢

(2.7 uien)g,, J¥(u,v) = Jp, (v).

Fix v € X{.
inf J¥(u,v) = — sup {/ Vu(z)v(z) dz ~ / V(z, Vu(z)) da:}
u€Xy ueX, \J/n a

+/n(F")‘(x,—divv(z)) dz
> - sup {—/Qf(z)v(z)dz—/V(z,f(z)) dz}

feLr=)(n)
+ / (F*)*(z, - divo(z)) dz
a
= -/ V*(z,v(z)) dz + /(F")'(z, —divy(z)) dz = Jp,(v).
o} a
On the other hand, there exist up, 4, € Xk, related by (2.4), such that

~divu(z) = Ff(z,u(z)),
v(z) = V(z,Ty(2)).
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Therefore
Jp, (v) = /(F")‘(z, —divv(z)) dz - / V*(z,v(z)) dz
0 Q
= /(F")‘ (z,—divu(z)) dz - / v(z)Viy(z) + / V(z, Vu(z)) dz
Q Q Q
— J#( : #
= JF(u,v) € ulen)gk J7 (u,v)
Hence (2.7) holds. This and (2.6) provide
uien)gg Jk(z) = vielg,f JD* (’U)

0

We shall use the duality results to derive necessary conditions for the existence of
solutions to (1.1).

THEOREM 2.5. (Variational Principle) Assume (F1)-(F5) and that for any
k = 0,1,... there exists Gy € X; such that —oco < Ji(Ux) = ien; Ji(u) < oco. Then
u€ X}

there exist Ty € Xg, k=0,1,... such that

(2.8) — divui(z) = Fy (z, (7)),

(2.9) V(z, Vur(z)) = T (z).

Moreover

(2.10) vien)f: Jp,(v) = Jp, (W) = J(T) = uien)a Ji(u).

PROOF: Since Ty € Xj, we may take 7 € X{ such that
—divok(z) = F (z, 5 (z))

Thus (2.8) holds. By (2.8) and by the Fenchel-Young inequality we have
Ji(T) = /n V(z, Va(z)) dz — /ﬂ F*(z,7(z)) dz
= - /n(— div T(z)) Vik(z) dz +/Q(F")'(x, —divTi(z)) dz
+/nV(:l:, Vii(z)) dz
> - /ﬂ V* (2, k() dz + /ﬂ (F*)* (2, - divix(z)) dz = Jp, (T).
Hence Ji(ux) 2 Jp, (Tk). By Theorem 2.4 it follows that

Ji () = uien)& Ji(u) = ui&fg Jp, (v) < Jp, (Ts).
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Hence Ji(ux) = Jp, (Ux) and

/QV(z,Vﬁk(x)) dz — /ﬂF"(z, Uk(z)) dz
=- fn V*(z,%(z)) dz + /Q(F")‘(z, — div 7i(z)) dz.
By the above and (2.8) it follows that
V(z, Vik(z)) + V*(z,0x(z)) = x(z) Var(z).
Hence (2.9) holds. Assertion (2.10) follows by Duality Principle and since Ji(T)

= JDk(T)-k)' D

3. THE EXISTENCE OF SOLUTIONS

THEOREM 3.1. Assume (F1)-(F5). For all k = 0,1,2... there exists (ux,vx)
€ X x X2 such that

(3.1) — divue(z) = Ff (2, ur(z)),
V(z, Vur(z)) = w(z),
Moreover
(3.3) ug{g Jp,(v) = Jp,(vk) = Jk(ux) = Jf Ji(u).

ProoF: First we show that J; is bounded from below on X;. Let usfixk = 0,1,....
By convexity of V, F¥, (F1), and integration by parts we get for any u, € X,

/ﬂV(x,Vuk(x)) dr > /nV(x,O) dz+/n‘V(:r,0)Vuk(x) dz

By (F4) it follows that / V (2, Vuk(z)) dz is bounded from below on Xj.
0

Moreover, by Lemma 2.3 we obtain the boundedness of / F* (z, uk(x)) dz. As a
n

consequence Jj is bounded from below on Xj.

By the definition of X, it follows that it is weakly compact in Wi?)(2). There-
fore we can find a minimising sequence {ui")} for Jx in Xy which is, possibly up to
subsequence, convergent weakly in W'?&)(Q), strongly in LP®(Q) and thus strongly
in LP” (Q). Therefore it is convergent almost everywhere. We denote its limit by u(o).
Therefore

n—00

lim F"(z: u(")(:z: dz = / F(z, uk)(z)) dr.
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Moreover, since {Vufc")} is convergent weakly in LP®)(Q) and V is convex and lower
semicontinuous we get

n—o0o

liminf [ V(z, Vu”(z))dz > / V(z, Vu(z)) dz.
n Q
Thus Ji is lower semicontinuous on X,. Consequently, for any £ = 0,1,2,... one can

find u, € Xi such that Je(ug) = 1€n§ Ji(u). By Theorem 2.5 it follows that there exists
uEXy
v € X¢ satisfying (3.1). As in Theorem 2.5 we assert that (3.2) and (3.3) also hold. [

COROLLARY 3.2. Forallk=0,1,2,... there exists uy € X; such that
— div(V(z, Vux(2) ) = Fi (2, m(a)),

Ukian =0,

Ji(ug) = uien}'k Jr(u).
Moreover —div("V(~,Vuk(-))) € L*() and
v <% <d
I Vukl| Loy < m, |uk(-’t)| < dy.

4. STABILITY OF SOLUTIONS

THEOREM 4.1. Assume (F1)—(F5) and that for every u € Wy P®) () there is a
subsequence {k;} such that

lim F%(z,u(@)) = F2(z, (@)

1—00

weakly in L>*(S)). Then for each k = 0,1,2,... there exists a solution u; to problem
(1.1). There exists a subsequence {uy,}2, of the sequence {u;}$, and @ € W} *®(Q)

such that
uk, — T € Xy, strongly in WyP®()
and
4.1) - div(’V(x, Vﬂ‘(z))) = F(z,u(z)),
%(z)en = 0.
Moreover

Jo(ﬁ) = uien,\t"o Jo(ﬁ)

Proor: By Corollary 3.2 it follows that for each kK = 0,1,2,... there exists
ug € Wo1 P (’)(Q) satisfying (1.1). Due to thefact that X C X, it follows that the sequence
{Vue}2, is bounded in LP(®)(Q) and we may choose a weakly convergent subsequence
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in W(,l P (’)(Q) which up to a subsequence may be assumed to be strongly convergent in
L™ (Q) and thus convergent almost everywhere. We denote its limit by 7. By the assump-
tion we may take a subsequence {k;}2, such that Jim Fki(z,1(z)) = F2(z,%(z)) weakly
in L®(2). We denote all the resulting subsequences by the subscript k& for simplicity.
Due to (2.3) we obtain

F (2, 5(2)) - Fo(z,7(0)| < ot

esssup
zeN
This and the definition of X; imply that {—div(‘V(-, Vuk(-)))}:o1 is, up to a subse-
quence, weakly convergent in L%®)(Q) to a certain function d € L%*)(Q). Thus

/n < - div('V(a:, Vuk(z))) - div('V(z, Vﬁ(z))),uk(z) - E(z)>d:z: - 0.

Hence and by the fact that the operator — div('V (- Vuk(~))) has (S, ) property it follows
that {Vug}$2, is strongly convergent in Wy *®) ().
We shall next prove that

- div(‘V(z, Vﬁ(x))) = FY(z,1(z)).
By the convexity of F* we get for any u € Wg"®(Q)
/,, (P (2, u(2)) ~ F(z,u(2)), us(z) - u(z) )dz > 0.
Corollary 3.2 provides
/ﬂ ( = div(V(z, Vur(@)) ) ~ F (2, u(a)), ux(z) - u(z) )dz > 0.

Since ux — u strongly in L”@)(Q) and F¥(-,u(-)) = F2(,u(-)) weakly in LY=)($) we
easily get that

/Q < - F¥(z,u(z)), us(z) - u(:c))da: - /ﬂ < - F)(z,u(z)),(z) - u(x)>d:z:.

Moreover

/n<—div(’V(z,Vuk(:z:))),—u(z)>dz=/n<‘V(z,Vuk(z)),—Vu(z)>dz
N /,, (v(z, V@), ~Vu(z) )dz = /n ( - div(v(z, Va()) ), ~u(a) Yda.

We further observe that
/{;( - div('V(:z:, Vuk(z))),uk(x)>dz = /Q‘V(z, Vui(z)) Vue(z) dz
- /n —div(‘V(:c, Vz’I(x)))Vﬁ(z) dz.
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Hence
(4.2) /Q< - div(’V(a:, Vﬁ(z))) - FY(z,u),a(z) - u(:z:)>d:z: 20

for any u € Wy P(Q).

Now we apply the Minty “trick” that is, we consider the points u + tu, where
u € WP (Q), |u(z)| < do on £ and t > 0 are such that %(z) + tu(zr) € I almost
everywhere. By inequality (4.2) we obtain

/n < - div(’V(z:, Vﬁ(z))) - F(z,1(z) + tu(z)), u(x)>dx <0

Since the function t — FO(-,u(-) + tu(-)) is convex it follows that its derivative
t— / <F3 (z,u(z) + tu(z)), u(:z:)>d:z: is continuous at any sufficiently small t. Hence for
o

any u € Wp” (’)(Q) satisfying the above conditions
0 > lim A < - div('V(:c, Vﬁ(z))) - F)(z,8(z) + tu(z)), u(z)>d:r
= / < - div(‘V(z,VE(x))) - Ff(z,ﬂ(z)),u(z)>dz.
!

Since — div('V(-,Vﬁ(-))) — Fo(-, (")) € L’®() we obtain (4.1). 0

5. EXAMPLE
Consider the problem
(5.1) —div (Lp(:v, |Vu|”(’)‘l)|Vu|"(’)'2Vu) = F¥(z,u)
ulop = 0, u€ Wpr@(Q)

where 2 C R” is a bounded region satisfying (F1), F is subject to F1, F2, F3 and ¢
satisfies

01 ¢:0 xR — Ris a Caratheodory function; there exist constants ag,a; > 0
such that for almost everywhere z € Q and ap < wi(z,a) < q, for all
a € R, ; there exists a constant m > 0 such that

o(z,a)a — p(z,b)b > m(a — b)

foralla > b, a,b € R and almost everywhere z € Q.

We observe that assumptions F4, F5, F6 are obviously satisfied. Indeed, exactly as
in [9] we may prove that operator

—div ((p(., |Vu(-)|P(-)-1) |Vu(.)|p(-)—2Vu(.))
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is monotone and by its definition it follows that it is radially continuous and coercive.
We need to write V explicitly

[h(z)}
/V(z,h(z)) d1:=// wk(z,sp(’)'l)s”(’)'ldsdz.
0 aJo

5.1. EXISTENCE We take up an following example
(5.2) —div (go(a:, |Vu|p(’)_1)|Vu|”(’)'2Vu) =|z|?- |u(:1:)|°(:)-lu(:c) + |z|%,
ulo =0, u € Wy ™™ (Q)

where Q = B(0,1/2) is a ball in R, p € C(R), p~ > 3. We also assume () > o~ > p*
and that o has an upper bound a* > 2.
We shall show that (F1)-(F3) hold. Here
Fla,u) = a(z) +1
and it is Caratheodory function, convex in u. Of course F, is also Caratheodory, such
that F,(z,0) # 0 almost everywhere on Q and F,(-,w) € L®(Q) for any fixed w € R.
Moreover, the functions z — F(z,0) and z ~+ F*(z,0) are integrable on . Thus (F2)
and (F3) hold. Clearly vol(Q) < (1/p~ +1/¢7)" 1.
Assume that C,Cy > 1 and
02 a¢ > (C1CCs)/2 for all z € Q.
To conclude that (F1) is satisfied we only need to show that there exists a constant
d > C1C, such that inequalities in (2.3) hold. We have

+1
lz? - |u(@)|**" + |22 - u(z)

dot +1
4 b
det —1

C,C,Csess sup|Fu(a:, d)l = C,Cy:Cs
z€EN

C\CCs esssup|Fy(z, —d)| = C1C,Cs
z€EN

Therefore we need to find d satisfying d®* + 1 < (4aod)/(C1C2Cs). Since d > 1 we have
that d** + 1 < 2d** and since
9do* = 4aed
C1C2Cs

when d = ((2a0)/ (Clczcs))l/(a+-l) we assert by (O2) that d > 1 and inequalities in
(2.3) hold. Finally we put

2 1/(a*-1)
¢ = max{CiCn ()"}

We may now construct the set X which reads

X = {u € WEPD(Q): || Vullye) < u(g)| < dforall z € n},

o5 |
C\C’
where d is given above. Corollary 3.2 provides existence of solution to (5.2).
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5.2. STABILITY We consider the problem

(5.3) —~div ((p(x, qul"(’)'l)IVul”(’)"2Vu) = |z|?. lu(z)|a"(z)—1u(z) + |z|?,
ulon = 0, uwe Wy (),

with © = B(0,(1/2)) C R?, p as above, ox(z) > o > p* and with an upper bound
af >2foreachk=0,1,....

As previously the assumptions (F1)—(F6) are satisfied and for each k = 0,1,...
there exists a solution to (5.3). We assume (O2) and

03 af>af >--->af >af,>-->of >2.

We obtain as previously that di = max{Clcz, ((2a0)/ (CngC's))ll (a:_l)} for every
k=0,1,... and by (O3) it is an nondecreasing sequence. Consequently the sets

2z dk
X, = {u A P( (Q): [Vl € roXoA lu(z)| Ldiforallz e Q}

form into an nondecreasing sequence X; C X, C ... € Xo. By Theorem 4.1 it follows
that the solutions u, of (5.3) up to a subsequence converge to a certain ug € X, being a
solution to

—div (tp(z, lvu|P(z)—l)|Vu|P(z)—2Vu) - |a:|2 ) |U(I)|a°(z)_lu(z) + |x|2,
ulon = 0, ue WiE(Q).
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