
A NEW P R O O F O F AN INEQUALITY O F HEINZ 

P . S. Bu l l en 

( r e c e i v e d June 3 , 1963) 

In a r e c e n t p a p e r , [ l ] , D i x m i e r h a s p roved Heinz* 
inequal i ty by deducing it f r o m a l e m m a due to T h o r i n . In t h i s 
note it i s p roved d i r e c t l y f r o m a convexi ty t h e o r e m . 

(k) (k) (k) 
Let (M , )Y} , JJL j , k = 0, . . . , n, be m e a s u r e s p a c e s 

and L^ ( M ( k ) , ^ ( k ) , jjL(k)) be a l l the funct ions on M ( k ) 

1 r , ; i q ( k ) , ( k ) | q ( k ) 
such tha t I |f 11 

(k) (k) (k) 

Let M = M ( X . . . X M ( n ) wi th e l e m e n t s f = (f . . . . , f ); 
— — I n 

/ (1) (n), , (1) (n) 
a l s o w r i t e q = (q , . . . , q ), \x = (JJL , . . . , |JL ) and 

(1) 
q qV ; (1) (1) ( i ) 

L ^ ( M , ?%, ji) for L 4 (MV \ 7ri \ uV ') X . . . 

X L (M , rTj , JJL ). 

(o) 
An o p e r a t o r T on M to M is ca l l ed s u b l i n e a r if 

(i) Tf , j = 1, 2, be ing defined i m p l i e s tha t T(f + f ) 
- J ~1 2 

i s def ined, 

(ii) |T(f1 + i 2 ) | < | T f 1 | + | T f 2 | , 

1) 
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(iii) T ( \ J ) = | \ | Tf . 

Such an o p e r a t o r i s sa id to be of type [(q , u ), (q, u)] 

1 n r (k) 
with cons t an t K if it s a t i s f i e s 11 Tf 11 < K E /||fv ' | | } 

q , u k = l J q , u J 
for a l l J e L - ( M , £f , j i ) . 

Given q . . . . , q and i = (i . . . . , i ) , i. > 0, 
—1 —m — 1 m j — 

i + . . . + i = 1 we define q (or m o r e p r e c i s e l y q(i)) by 
1 • m — — 

1 1 m n . 
+ . . . + 777 , k = 1, . . * , n . (k) (k) (k) 

q q i q m 

Aga in , if we a r e g iven JJL , • . . , u. and if i± =u. + . . . + |JL 
—1 —m —a* —1 —m 

we define a, = (a. , . . . , a, ) by u. = / a, du, 
J J J J É J 

k = 1, . . . , n , j = 1, . . . , m . Now define JJL (or m o r e p r e c i s e l y 
jji(i)) b y 

™'i|,:,'-."'.''"' ) 
<kh <,(k) 

J
 ( k ) 1. . 

du. , k = 1, . . . , n . 

(o) (o) 
In a s i m i l a r way given q. , JJL. , j = 1, . . . , m 

we can define q and u 

T H E O R E M 1. J f T i s s i m u l t a n e o u s l y of t y p e s 

[(q. , JJL. , q., JJL.)] wi th c o n s t a n t s K., j = 1, . . . , m , then 
J J J J J ___ • 

( \ ( \ m i . 
T i s of type [(q , JJL ) (q, JJL)] wi th c o n s t a n t n (K. ) . 

~ ~ j = i J 

The no ta t ion on t h i s t h e o r e m i s tha t of Stein and W e i s s , 
[2] , and the t h e o r e m i s a m u l t i l i n e a r ana logue of t h e i r t h e o r e m 
2. 1 1 . The proof in the c a s e m = 2 fol lows t h e i r s and the 
g e n e r a l r e s u l t i s ob ta ined by induc t ion on m . 
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T H E O R E M 2. JLet H { 1 \ . . . , H ( n ) be c o m p l e x H i l b e r t 

s p a c e s , A a pos i t ive s e m i - d e f i n i t e s e l f -ad jo in t o p e r a t o r in 

** ' * £ . P ! l n - •^uet - ^ ( x * . . . » x ) be a m u l t i l i n e a r 

f o r m in H X . . . X H such tha t 

| F ( * ( , ) » W ) | < | | A 1 « ( 1 > | | | | , < 2 » | | . . . | | x ( ° > | | , 

| F ( - ( i ) - W ) | < | | x « 1 > | | | | A 2 x « 2 > | | . . . | | x ( " > | | , 

l l W » *<">>|< | |x»>| | | |x< 2 >| | . . . | | A a x « ° ' | | . 

Then if v > 0, 1 < p < n , and v + . . . + y = 1 , we have 
p — — — 1 n 

|r<*(1> X W ) | < , | A ; I X < ' > | | | | A ^ . < 2 > | | . . . | | A B ^ X ' » > ! 

T h i s r e s u l t i s due to D i x m i e r , [1] . It i s sufficient to 
p r o v e it in the f ini te d i m e n s i o n a l c a s e , ( see [ l ] ) . He inz ' 
inequa l i ty i s an i m m e d i a t e c o r o l l a r y . We p rove it by r e c o g ­
n iz ing it a s a s p e c i a l c a s e of T h e o r e m 1. In fact the fol lowing 
s p e c i a l i z a t i o n s a r e s een to effect the r e d u c t i o n . 

(a) m = n 

(b) M* 0 ) = { 1 } , q . ^ 0 ) = l , u . ° = 1 on e a c h point of 
(o) J J 

MV ' , j = 1 , 2 , . . . , n . 

r (Ph (P) 
(c) Choose an o r t h o n o r m a l b a s i s { e } in e a c h H 

such tha t 

A e <*» - X M e ( P ) 

p v v v 

Then if x = 2. £ e 
' v v 

V 

we have 

| |A p
T x<»>| | . {x | ,X„">)V»» |4 1 / 2 . 0 < T < 1 . 
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So take M to be the set of positive in tegers , 

(k) 
k = 1, . . . , n. Let q. = 2, k, j = 1, . . . , n and if k i j 

J 

take a measure of one on each integer. If however k = j take 
(k) 2 

a measure of (X ) on the vth integer. 

COROLLARY. Let H be a complex Hilbert space, 
A and B two self adjoint semi-definite opera tors in H, 
Q a linear operator in H such that | |Qx | | < | | B x | | and 
| |Q* y | | < ! | A y | | for all x and y _in H. Then, for all 
x and y in H and all T , 0 < T < 1, 

<Qx , y > | < | | B P x | | ((A1"15 
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