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THE HOMOTOPY SET OF
THE AXES OF PAIRINGS

NOBUYUKI ODA

Introduction. Varadarajan [13] named a map f: A — X a cyclic map when there
exists a map F: X X A — X such that

FIXV A~ xo(lyVf)

for the folding map /x: X V X — X. He defined the generalized Gottlieb set
G(A, X) of the homotopy classes of the cyclic maps f: A — X and studied the fun-
damental properties of G(A, X). If A is a co-Hopf space, then the Varadarajan set
G(A, X) has a group structure [13]. The group G(A, X) is a generalization of G(X)
and G,(X) of Gottlieb [2, 3]. Some authors studied the properties of the Varadara-
jan set, its dual and related topics [4, §, 6, 7, 12, 15, 16, 17].

Let us write f_1 g when there exists a continuous map p: X X ¥ — Z (called a
pairing [11]) with axes f: X — Z and g: Y — Z (Definition 1.1).

Let v: X — Z be a fixed map. We define the set of the homotopy classes of the
axes by

vi(Y,Z2) = {lgl: Y — Z|vLig}.

This set depends only on the homotopy types of the spaces X, Y and Z and the ho-
motopy classof v. If X = Zand v ~ 1y, then (1Y, X)is exactly the Varadarajan
set G(Y, X) [13].

The purpose of this paper is to generalize some of the results on the Varadarajan
setin [4, 5, 6,7, 13, 15] to the set of the homotopy classes of the axes of pairings.

Let G be a topological group. In this paper, a topological space with a G-action
is called a G-space. We work in the category of G-spaces with base point x which
is fixed under the G-action through § § 1-3. The symbol * also denotes the constant
map.

In § I we study some properties of the axes of pairings and obtain some formulas
for f 1 g. We prove the following theorem, which is a generalization of the result
of Varadarajan which says that the set G(A, X) has a group structure when A is a
co-Hopf space [13].
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THEOREM 1.10. Let f: X — Z, viV — Z, g:Y — V and w: W — V be maps.
Suppose that f Lv and g Lw. Then the following results hold:

(D{vzo(fV vog}Lwow.

(2)If:A — XV Y is a copairing, then (f + vo g)L(vow).

In §2 we prove the fundamental properties of v (Y, Z). In particular, we show
that given a copairing §: Y — Y| V Y, we can define an induced pairing

+ Y, 2) & vE(Yy, Z) — v, Z).

In §3 we define the set u' (A, C) of the homotopy classes of the coaxes of co-
pairings, which is the dual concept of v (Y, Z). We study the dual results of the
previous sections.

In §4 we assume that G = { e}, the trivial group, and work in the category of
CW complexes. We generalize the results in §§2 and 3 of [13]. We firstly study
the operation of the fundamental group m(X) on vE(Y, X); one of the results of
this section is the following theorem.

THEOREM 4.2. Let v: X — Z be a map.

(1) The subgroup v, (X) operates trivially on v-(Y, Z).

(2) Let o be an element of v(S', Z). Then o operates trivially on Im(v,: |A, X]
— [A, Z]) for any space A.

We also study some relations between the axes of pairings and the generalized
Whitehead product [1]. Hoo [4] and Lim [6] studied similar results for cyclic maps.
Varadarajan [13] defined a group P(XY,Z). We define related groups v/ (XY, Z);
also we introduce v¥(ZY, Z) and vC(Y, Z), which are generalizations of the groups
W(ZA, X) and C(A, X) of Lim [6].

We denote by f: X — Y a G-map. We call a G-map f: X — Y simply a map
f:X — Y. The symbol f ~ g means that f is G-homotopic to g and [f]: X — Y the
G-homotopy class of f: X — Y.

The map 1x: X — X is the identity map defined by 1x(x) = x for any element
x of X. The map Ax: X — X x X denotes the diagonal map defined by Ax(x) =
(x,x) for any element x of X and \7x: X V X — X the folding map defined by
Vx(x, ¥) = x = 7x(*,x) for any element of x of X. The map T: X X Y — ¥V X X is
the switching map defined by T(x, y) = (y, x) for any elements x of X and y of Y.

Let fi: X; — Y, and f,: X, — Y, be maps. We define the product map

f| sz:Xl XX, —Y X1

by (fi X fo)(x1,x2) = (f](xl),fz(XQ)) for any elements x; of X, and x; of X,. The
wedge map is defined by

HAVA=AXHXI VXX VX, =Y VY
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1. Axes of pairings of topological spaces. We first recall the definition of a
pairing [11].

Definition 1.1. We call amap p: X X Y — Z a pairing with the axes f: X — Z
and g: Y — Z, when it satisfies

pIXV Y20V gXVY—Z

We write f 1 g when there exists a pairing p: X X Y — Z with the axes f: X — Z
and g: Y — Z.

Given a pairing p: X X Y — Z, we define a map « + §: B — Z for any maps
a:B— Xand 3:B— Y by

a+8 =polaxpB)oly

This defines a pairing +: [B, X]| X [B, Y] — [B, Z].

Example 1.2. (1) Amap f: Y — X is cyclic if and only if 15 Lf [13].

(2) A G-space X is a Hopf G-space if and only if 1y L1y.

PROPOSITION 1.3. (1) Let f: X — Z and g: Y — Z be maps. Then f L g if and only
ifgLf.
(2) Let fo,fi: X — Z and gy, g1: Y — Z be maps. Suppose that fy ~ f, and gg >~ g).
Then foLgo if and only if fy L g.

Proof. These results are direct consequences of Definition 1.1.

THEOREM 1.4. Le'lf|iX] — Z, fzin — X, g YI — Zand g2: Y» — Y, be
maps. Then fi 1. g, implies (f; o f2)L(g) 0 g2).

Proof. Let u: X, x Yy — Z be a pairing for f; Lg,. Then the composite map
1o (fr X g2): X5 X Yo, — Zis the required pairing for (f; o f5) L(g; o g2).

THEOREM 1.5. Let f: X — Z, g:Y — Z and w:Z — W be maps. Then f1g
implies (wo f)L(wog).

Proof. Let p: X X Y — Z be a pairing with the axes f and g. Thenwopu: X XY —
W is a pairing with the axes wo f and w o g.

COROLLARY 1.6. (1) If f:A — X is a cyclic map, then f o g: B — X is a cvclic
map for any map g: B — A [13].

(2)Letf:X —Zand g: Y — Z be maps. If fL 1 0rif 1, 1g, thenf1g.

(3)If r: X — Y is a map with a right homotopy inverse and f:A — X a cyclic

map, then ro f:A — Y is a cyclic map [13, 5].

Proof. (1) Suppose that 1x 1f. Then we have 1x L (f o g) by Theorem 1.4.
)IffLllzorif 1, 1g, then we have f1(1,0g)or(l;0f)Lgby Theorem 1.4,
and hence f 1 g.

(3) Suppose that 1y Lf. Then we have (ro ly o h) L(rof) by Theorems 1.4 and
1.5, where h: Y — X is the right homotopy inverse map of r: X — Y. Since
roh =~ ly, we have 1y L(r of) by Proposition 1.3(2).

The following result is a generalization of Proposition 4.6 of Lim [5].
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PROPOSITION 1.7. Let f1: X1 — Zy, fo: Xo — 7, g1: Y1 — Zy, g2: Y2 — Z) be
maps. If fi Lg, and f, 1. g5, then (fy X f,)1(g1 X g2).

Proof. Let p): X; X Yy — Zj and py: Xo X Yo — Z; be pairings for fj L g; and
f>L g respectively. Then the composite map (1 X p2)o(lx, X TX 1y, ): Xj X X5 X
Y1 XYy, — X XY XX, XY, — Z| XZ, is the required pairing for (f; Xf>) L (g X g2).

Definition 1.8. ([11]) We call amap §:A — BV C a copairing with the coaxes
h:A — B and r: A — C if it satisfies the condition that

jol ~(hxryoNy:A—BxC

for the inclusion mapj:BV C — B x C.
Given a copairing §: A — BV C, we define amap o + 3:A — X for any maps
a:B— Xand 3:C— X by

a+B=vxolVp)od.

This defines a pairing +: [B, X] x [C, X] — [A, X].
Concerning the pairings + and +, we have the following results (Propositions
3.2 and 3.4 of [11]).

PROPOSITION 1.9. (1) Let X be a Hopf G-space. If 8:A — BV C is a copairing
with coaxes h:A — B and r: A — C, then

a8 =h@)+r @) and K@) +r(B)=r@)+h@)

in [A, X] for any elements a of [B,X] and 8 of [C, X].
(2) Let A be a co-Hopf G-space. If u: X XY — Zis a pairing with axesf: X — Z
and g:Y — Z, then

a+f = fula) + g&(B) and fla) + 8«(B) = g«(B) +f*(01)

in [A, Z] for any elements o of [A, X] and B of [A, Y].

THEOREM 1.10. Let f: X — Z, v:V — Z, g:Y — Vand w: W — V be maps.
Suppose that f Lv and g Lw. Then the following results hold.

(1){7zo(fVvog}Lvow).
(2)If0:A — XV Y is a copairing, then (f + vo g)L(vow).

Proof. Let y: X X V — Z be a pairing for f Lv and p,: Y X W — V be a pairing
for g1l w. We define a pairing p: (X V Y) X W — Z by

p=mo(ly Xmw)o(X1ly)XVY)XxW—-=XXYxW
—XXV—-2Z,
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where j: X V Y — X X Y is the inclusion map. Then p is a pairing for {7z o (f V
vog)} L(vow).

(2) By (1) and Theorem 1.4, we have {7z 0 (f V vog)of} L(vow), namely,
(f+vog)L(vow).

Let A be a co-group like G-space [14], that is, A is a homotopy associative co-
Hopf G-space with a homotopy inverse v: A — A, namely, 14 +v ~ x > v + 1.
As an application of Theorem 1.10 we have the following result. Related results
are Theorem 1.5 of Varadarajan [13], Theorem 2 of Hoo [4] and Proposition 4.13
of Lim [5].

THEOREM 1.11. ({13, 5, 6]) If A is a co-group like G-space, then G(A, X) is an
abelian subgroup of [A, X].

Proof. Setv = w = lyand X = Y = A in Theorem 1.10 (2), then we see
that G(A, X) is closed under the operation +. It also contains an inverse element
a ov for any element @ of G(A, X) by Theorem 1.4. Moreover, we see that G(A, X)
is contained in the center of [A, X] by Proposition 4.3 of Lim [6] or Proposition
1.92). (Setf = 1yand 3 = 1y.)

2. The homotopy sets of the axes.. Let v: X — Z be a map. We call a map
g:Y — Z v-cyclic if vLg. Then by the result of Proposition 1.3(2), we can define
the following set of the homotopy classes of the v-cyclic maps g: ¥ — Z;

vi(Y,Z) = {[gl: Y — Z|vLlg} C[Y,Z].

If v~ 1x: X — X, then (1x)*(Y, X) is just the Varadarajan set G(Y, X) in [13].

PROPOSITION 2.1. (1) If vlg formapsv:X — Zand g: Y — Z, then Im(g.: (A, Y]
—[A,Z]) CvHA, 2).

(2) For any maps v:X — Z and f: A — X, we have vhb(Y,Z) C (v Of)l(Y, 2).

Especially, for any map v: A — X, we have G(Y,X) C v-(Y, X).

Proof. (1) The relation vl g implies v_L(g o &) for any map h: A — Y by Theo-
rem 1.4.

(2) is proved similarly.

PROPOSITION 2.2. Let viX — Z be a map. If w.:Z — W and a:A — Y are

G-homotopy equivalences, then the following results hold.
(1) wa: vi(Y, Z) — (w o v) (Y, W) is an isomorphism.
(2) (1x X a)*: v:(Y,Z) — v (A, Z) is an isomorphism.

Proof. These results are immediate consequences of Theorems 1.4 and 1.5.

Remark 2.3. By Propositions 2.2 and 1.3(2), we know that the set vi(Y, Z) de-
pends only on the homotopy types of Y and Z and the homotopy class of v.
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THEOREM 2.4. If Z is a Hopf G-space, then v-(Y, Z) = |Y, Z) for any map v: X —
Z.

Proof. Since Z is a Hopf G-space, we have 1,1 1; and hence v_Lg for any map
g:Y — Z by Theorem 1.4.

Given a copairing #:A — BV C,amap a + 3:A — X is defined by o + 8 =
Vxo(axV B)o8 forany maps a: B — X and §: C — X (Definition 1.8). Thus a
copairing §: A — BV C in the topological spaces induces a pairing

+:[B,X] X [C,X] — [A,X]

in the homotopy sets. We shall now study the induced pairings in v* (Y, Z).

In the rest of this section, we work in the category of G-CW complexes [9,
10], because we use the G-homotopy extension property (G-HEP) in the proof of
Theorem 2.5. The result holds in the category of G-ANR with some conditions. See
Proposition 9.3 of [8]. The following theorem generalizes the results of Lemma
4.8 of [5] and Theorem 1.5 of [13].

THEOREM 2.5. Let f: X — Z, g1: Y, — Z and g,:Y» — Z be maps between
G-CW complexes. Then the following results hold.

(1)fLg) and flg, implies f1{7z0(g1V g2)}.

(2) Let 0:Y — Y| V Y, be a copairing. Then f 1 g, and f1 g, implies f L(g, +

82)-

Proof. (cf. proof of Theorem 1.5 of [13]) (1) Let y;: X X Y| — Z be a pairing
for f 1 gy and py: X X Y, — Z a pairing for f 1 g,.

Let us define a map

< prpp > XxYVh—2Z

by the following way. We can assume that the maps 1; and i, satisfy the following
condition by G-HEP;

wi| X X {*} =f = pa| X x {x}.

Then we define < pp,po > |X X (Y7 X {*}) = pand < pp,pp > |X X
({*} x Y1) = pp. This map < p;, up > is well-defined since they are equal when
restricted to X X ({x} x {*}) = X x {*}. The map < p, p> > is a pairing for

fl{vzo(g1V g)}.
(2) Define p: X X Y — Z by

=< pp>o(lxy XX XY —=Xx Y,V Y)—Z
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Then we have

pl{*} XY =x770(g1V g)o8 =g +g and pu|X x {x} =1.
This completes the proof.

Suppose we are given a copairing §: Y — Y; V Y. By Proposition 1.3(2) and
Theorem 2.5(2), we can now define the induced pairing

F (YL, Z2) D Vvi(Ya, Z) — vi(Y, Z)

byfi +fo=zo(fiVfr)ob.

If 0:Y — YV Y is a copairing, for example, co-Hopf structure, then 8 defines a
binary operation on v*(Y, Z). This is a generalization of Theorem 1.5 of [13];if v =
1x in the above pairing, then we see that the Varadarajan set G(Y, X) = (1 (Y, X)
has a binary operation. See Corollary 4.9 of Lim [5] and Theorem 1.11.

PROPOSITION 2.6. Let the spaces be G-CW complexes. Suppose that Y and B are
co-Hopf G-spaces. Then the following results hold.

(1) we: vi(Y, Z) — (w o ) (Y, W) is a homomorphism for any map w:Z — W.

(2) (ax 1y)*:v(Y,Z) — (voa) (Y, Z) is a homomorphism for any map a:A —

X.

(3) (1x x b)*:v(Y,Z) — v (B,Z) is a homomorphism for any co-Hopf map

b:B—Y.

3. The Dual Concepts. In this section we study the duals of the results in the
previous sections. We omit most of the proofs of the results in this section, since
they are given by dualizing the corresponding results.

We write AT r if there exists a copairing § : A — BV C with the coaxes h: A — B
and r: A — C (Definition 1.8).

Example 3.1. (1) A G-map r: A — C'is cocyclic if and only if 1, Tr [13].

(2) A G-space A is a co-Hopf G-space if and only if 14T 1,.

PROPOSITION 3.2. (1) Let h: A — B and r:A — C be maps. Then hTr if and
only if rTh.

(2) Let ho,h1:A — B and ro,r1:A — C be maps. Suppose that hy ~ h, and

ro ~ ri. Then hoTrg if and only if hy Try.

THEOREM 3.3. Let hj:A — By, hy: B — By, ri:A — Cy, ry: C; — C; be maps.
Then hy Try implies (h, o h))T(rp 0 ry).

THEOREM 3.4. Let h:A — B, rrA — Cand d:D — A be maps. Then hTr
implies (hod)T(rod).
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Let uz:A — B be a fixed map. We call a map A — C u-cocyclic if uTr. We
can now define the following set of the homotopy classes of the u-cocyclic maps
rA—c,

u'(A,C) = {[r]:A — CluTr}.
If u ~ 1,4, then (1,) T (4, C) is just Varadarajan’s DG(A, C) [13].
By Theorems 3.3 and 3.4, we have the following two propositions.

PROPOSITION 3.5. If uTr for maps u: A — B and r: A — C then lm(r*: [C, X] —
[A.X]) Cu'(A,X).

PROPOSITION 3.6. Let u:A — B be amap. If a:V — A and d:C — D are

G-homotopy equivalences, then the following results hold.
(1)a*:u"(A,C) — (uoa)' (V,C) is an isomorphism.
(2) (1zV d)y:u" (A, C) — u' (A, D) is an isomorphism.

The following result is a generalization of Lemma 3.4 of Lim [7].

PROPOSITION 3.7. Let hj: Ay — By, hy: Ay — By, 1Ay — Cy, 1Ay — C; be
maps. If hy Try and hy Try, then (hy V ) T(r V ).

Proof. Let 8,: Ay — B; V C) be a copairing for h; Tr; and 6,: Ay — B, V C;
for hy Try. Define §:A; V Ay — (B1 V By) V (C1 V Cy) by

0= (131 VTV ICZ)O(BI \Y 02):
Al vV A2—>(B| \Y C])\/ (BQV Cz)—>(Bl \Y Bz)\/ (Cl \Y Cg).

Then 6 is a copairing for (hy V ) T(r; V rp).

THEOREM 3.8. If A is a co-Hopf G-space, then u' (A, C) = (A, C] for any map
u:A— B.

THEOREM 3.9. Let h: A — B,r:A — C,u: B — U,d: B — D be maps. Suppose
that uTd and h'Tr. Then the following results hold.

(1) (wo)T{(dohxr)ol}.

(2)If u: D X C— Zis a pairing, then (uo h)T(doh + r).

Proof. (1) Let 81:A — BV C be a copairing for A'Trand §,:B — UV D a
copairing for uTd. We define a copairing §:A — U V (D x C) by

9 =(yVj)o®V 1)ob:A—BV C—UVDVC—UV D xO),

where j: DV C — D x C is the inclusion map. Then 6 is a copairing for (1 o
WT{dohxr)o}.
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(2) By (1) and Theorem 3.3, we have (u o h)T{u o(dohxr)yo\, } namely,
(uoh)T(doh+r).

Let Z be a group like G-space [14], that is, Z is a homotopy associative Hopf
G-space with a homotopy inverse v:Z — Z, namely, 1 + v >~ % ~ v + 1. Then
as an application of Theorem 3.9, we have the following result of Theorem 4.2 of
Lim [7].

THEOREM 3.10. ([7]) Let Z be a group like G-space. Then DG(A, Z) is an abelian
subgroup of [A, Z).

Proof. Set u = h = 14 in Theorem 3.9, then we see that DG(A, Z) is closed
under the operation +. The inverse element v o o is contained in DG(A, Z) for any
element o of DG(A, Z) by Theorem 3.3. Moreover, DG(A, Z) is contained in the
center of [A, Z] by Proposition 1.9(1) (Set h = 14 and 8 = 1y ). (cf. Corollary
3.100f [7].)

4. Operations and Whitehead Products. Throughout this section we assume
that G = {e}, the group of the identity alone. We assume furthermore that the
spaces are CW complexes so that we can use the homotopy extension property.
Then the fundamental group m;(X) operates on the homotopy set [A, X]. We find
the definition of the operation in [13, 14]. If ¢ is an element of 7 (X), then we have
an isomorphism

oy [A, X] — [A, X],

which is induced by the operation of ¢ on the homotopy set [A, X].

THEOREM 4.1. Let 0:A — BV C be a copairing. Let 3 be an element of |B, X]
and” of [C,X]. Then

o4(B +7) = o4(B) + as(Y)

for any o of T (X).

Proof. Let f, g and s be maps representing 3, ¥ and 0. We can choose homo-
topies F: B X [ — X and G: C x I — X so that

FIBx {0} =f, G|Cx {0} =g and F|{*} x1=5=G|{*} x I

We see that F|B x {1} = o4(8) and G|C x {1} = a4(7) by the definition of the
operation of 0. We define K: (BV C) X I — X by

K|Bx {*})xI=FandK|({*} x O)xI=G.
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K is well-defined by the properties of F and G. Define a homotopy H:A X [ — X
by a composition

H=Ko@ x1)):AxI— BV xI—X.
Then
H|A X {0} =xo(fVgod=p8+7 andH|AX {1} =0s(B +7).

Here we see that H|A x {1} = 04(3) + o4(7) by the definition of H, and hence
we have g4(8 +7) = 04(3) + gs(7).

THEOREM 4.2. Let v: X — Z be a map.

(1) The subgroup v,(X) operates trivially on v-(Y, Z).

(2) Let o be an element ova-(S| ,Z). Then o operates trivially on Im (v,: [A, X]
— [A, Z]) for any space A.

Proof. (1) Let [f] be an element of v(Y,Z) and pu:X X Y — Z be a pairing
for v.lf. For any element 0 = [s]:(/,{0,1}) — (X, %) of m(X), we define a
homotopy H:Y X I — Z by

H=po(sxX1ly)oT:YXI—=IXY—>XXY—Z
Then H|Y X {0} ~f ~ H|Y x {1} and H|{*} X I~ vos = v.(s). Hence we
have vi(0)s(f) = H|Y x {1} ~f.

(2) Suppose that ¢ = [s] and p: X x S' — Z is a pairing for v_Ls and [f] is an
element of [A, X]. We define a homotopy H: A X [ — Z by

H=po(f xprAxI—XxS —Z
where p: (I, {0,1}) — (S', x) is the projection. Then we have

H|A X {0} ~vof=v.(f)~H|AX {1} and H|{*} X[ ~5s0p.
It follows that o4(v.(f)) =~ H|A x {1} ~ v.(f). This completes the proof.

We denote by XA the reduced suspension of a space A, and A A B the smash
product A X B/ AV B of A and B.
Arkowitz [1] defined the generalized Whitehead product
[a,B]:2(AN B)— X

for any elements a: XA — X and 3: 2B — X.
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THEOREM4.3. Let f:3X — Zand g: LY — Z. Thenf L g ifand only if |f, g] = 0.

Proof. By Definition 1.1, we see that f_1 g if and only if there exists a pairing
w:XX X XY — Z such that u|2X V ZY ~ 7z 0 (f V g). The latter condition is
equivalent to [f, g] = 0 by Proposition 5.1 of Arkowitz [1].

PROPOSITION 4.4. Let v: ZX — Z be a map. Then

vi(EY,Z) = {[f: Y — Z|[v.f] = 0}.

Proof. By Theorem 4.3, we have the result.

The following theorem is a generalization of Theorem 3.2 of [13].

THEOREM 4.5. Let v:X — Z be a map and 3 an element of v (XY, Z). Then
[vi(ax), B] = O for any element a of [¥A, X].

Proof. Suppose that « = [f] and 3 = [g]. Since vl g, we have (v of)lg for
any map f: XA — X by Theorem 1.4. It follows that [v.(a),B8] = [vof,g] = O by
Theorem 4.3.

Varadarajan [13] defined the following subgroup of [XY, Z];

P(EY,Z)={Y € [ZY,Z] | [B,Y] = Oforall 8 €[X"Y,Z]
andalln > 1}.

Let v: X — Z be a map. We define

VXY, Z2) = {7y € [ZV.Z]| [v«(8),7] = Oforall B € [£"Y,X]
andalln > 1}.
WEY,2) = {7 € [ZY,Z] | [v«(B),Y] = Oforall 8 € [ZB,X]
and all space B} .
ve(r.2) = {Igl € [Y.Z] | vi(@) + g(B) = g«(B) + vul)
forall @ € [XA,X] and all 8 € [ZA, Y] and all space A}.

The above definitions are generalizations of Definitions 4.1 and 4.5 of [6].

THEOREM 4.6. Let v: X — Z be a map. Then the following results hold.
(1) P(ZY,2) c VWY, Z) CW(2Y, Z).

2)vhEY,Z) Cc W(EY,Z) C V(Y. 2).

(3)v(Y,Z) C vE(Y, 2).

Proof. (1) is a direct consequence of the definitions.
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(2) Lety be an element of v-(ZY, Z). Then [v«(8),7] = O for any element 3 of
[ZB, X] by Theorem 4.5 and hence 7 is an element of vW(2Y, Z).

(3) Choose an element [g] of v:(Y,Z), Let u:X X Y — Zbe a pairing with the
axes v and g. Then we have

V(@) + g4(B) = g«(B) + vul)

for any elements o of [2A, X], 3 of [¥A, Y] and any space A by Proposition 1.9(2).
Hence we have the result.

THEOREM 4.7. Let v:X — Z be a map. The homotopy sets vW(XY,Z) and
VP (ZY, Z) are subgroups of [ZY, Z].

Proof. (a) Let 8 = [f],Y = [g] € [ZY,Z] be the elements of V(2 Y, Z).
Then we have [vi(),3] = [vi(a),7Y] = 0 for any element o = [h] € [ZB, X]
and hence v,(h) Lf and v.(h) Lg by Theorem 4.3. Then we have v,(h) L(f + g) by
Theorem 2.5(2). It follows that [v.(a),3 +7Y] = 0 by Theorem 4.3 and hence
B +7 evWEy,2).

(b) Let Y = [g] be an element of v (XY, Z). Then we have [v,(«),Y] = 0 and
hence v.(h)Lg for any element o = [h] € [£B, X] by Theorem 4.5. It follows that
vi(h)L{go(—1sy)} by Theorem 1.4 and hence [v.(«), —Y] = 0 by Theorem 4.3,
since Y o (—1sy) = —7. Thus we have —y € vW(ZY, Z).

Moreover the set vW(ZY, Z) contains the zero element (the constant map). Thus
we have proved that the set vW(ZY, Z) is a subgroup of [XY, Z].

Similarly we have the result for v/'(ZY, Z).
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