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Abstract. We consider the family MC,; of monic centered polynomials of one complex
variable with degree d > 2, and study the map 5(1 :MCy — Kd C C¢/&, which maps
each f € MCy to its unordered collection of fixed-point multipliers. We give an explicit
formula for counting the number of elements of each fiber 5;] (%) for every e 1~\,1 except
when the fiber 5;1 (1) contains polynomials having multiple fixed points. This formula is
not a recursive one, and is a drastic improvement of our previous result [T. Sugiyama. The
moduli space of polynomial maps and their fixed-point multipliers. Adv. Math. 322 (2017),
132-185] which gave a rather long algorithm with some induction processes.
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1. Introduction
This paper is a continuation of the author’s previous work [14].

We first remind our setting from [14]. Let MP,; be the family of affine conjugacy classes
of polynomial maps of one complex variable with degree d > 2, and C?/&, the set of
unordered collections of d complex numbers, where G, denotes the dth symmetric group.
We denote by @, the map

o, MP; — 7\d C (Cd/gd

which maps each f € MPy to its unordered collection of fixed-point multipliers. Here,
fixed-point multipliers of f € MP,; always satisfy a certain relation by the fixed point
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theorem for polynomial maps (see §12 in [11]), which implies that the image of &, is
contained in a certain hyperplane AginC? /Gq.

As mentioned in [14], it is well known that the map &, : MP; — 1~\d is bijective for
d =2 and also for d = 3 (see [9]). For d > 4, Fujimura and Nishizawa have done some
preliminary works in finding #(®,' (1)) for A € A4 in their series of papers such as
[2, 3, 12]. Hereafter, #(X), or simply #X, denotes the cardinality of a set X. Fujimura
and Taniguchi [4] also constructed a compactification of MP;, which gave us a strong
geometric insight on the fiber structure of ®,. Other compactifications of MP,; were also
constructed independently by Silverman [13] and by DeMarco and McMullen [1]. For
rational maps and their periodic-point multipliers, McMullen [8] gave a general important
result. In a special case of [8], there is a famous result by Milnor [10] for rational maps of
degree two and their fixed-point multipliers. There is also a result by Hutz and Tepper [7]
for rational maps of degree three and their periodic-point multipliers of period less than or
equal to two. There are some other results [5, 6] concerning polynomial or rational maps
and their periodic-point multipliers. (See [14] for more details.)

Following the results above, in [14], we succeeded in giving, for every A =
A, ..., Aq) € Ag, an algorithm for counting the number of elements of dD{;l (%) except
when A; = 1 for some i. However, the algorithm was rather long and complicated. In this
paper, we make a drastic improvement to its algorithm; we no longer need induction
processes to find #(CD_1 (V) if we consider CD_I()_\) counted with multiplicity (see
Theorem I). Moreover, if we consider the family MC,; of monic centered polynomlals
of degree d and the map <I>d MC; — Ad, 1nstead of MP; and &, : MP; — Ad, we
can always give an explicit expression of #(d> d (X)) even when its multiplicity is ignored
(see Theorem II and Corollary III). Here, 5d :MCy; — 1~\d is defined to be the composite
mapping of the natural projection MCy; — MP; and ®,. Interestingly, the formula for
finding #(CI:'Jl () in Theorem I has the form of the inclusion-exclusion formula.

There are five sections in this paper. In §§2 and 3, we shall review the results in [14]
more precisely and state Theorems I, II, and Corollary III, which are the main results in
this paper. Section 4 is devoted to the proof of Theorem I and §5 is devoted to the proof
of Theorem II. The main part in this paper is the proof of Theorem I in §4, which consists
of a good deal of combinatorial argument. Compared with the proof of Theorem I, the
proof of Theorem II in §5 is relatively easy under the assumption of [14]. However, by
combining Theorems I and II, we directly have Corollary III, which is, in some sense, a
monumental achievement of our study.

2. Main result 1

In this section, we always consider <I>;1()_») counted with multiplicity and deal with
improvements to the algorithm for finding #(@Jl (X)). We first fix our notation.

For d > 2, we put

Poly, :=={f € Clz] |deg f =d} and Aut(C):={y(z)=az+b|a,beC, a#0}
Since y € Aut(C) naturally actson f € Poly, by y - f =y o fo v~ !, we can define its
quotient MP; := Poly,;/Aut(C), which we usually call the moduli space of polynomial
maps of degree d. We put Fix(f) :={z € C| f(z) =z} for f € Poly,, where Fix(f) is
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considered counted with multiplicity. Hence, we always have #(Fix(f)) = d. Since the
unordered collection of fixed-point multipliers (f'(¢))¢erix(s) of f € Poly, is invariant
under the action of Aut(C), we can naturally define the map &, : MP; — (o /64 by
Dy(f) := (f'({))¢eFix(s)- Here, &4 denotes the dth symmetric group which acts on cd
by the permutation of coordinates. Note that a fixed point ¢ € Fix(f) is multiple if and
only if f/(¢) = 1.

By the fixed point theorem for polynomial maps, we always have ZCGHX( nl/
(1 - f'(¢)) =0 for f € Poly, if f has no multiple fixed point. (See §12 in [11] or
Proposition 1.1 in [14] for more details.) Hence, putting Ay := {(A1,..., X q) € Cc |
Z?:l ]_[j#i(l —xj) =0} and Ag = Aq/6,4, we have the inclusion relation ®;(MP,;) C
Ag 4 /S4. We therefore have the map

o, : MP; — IN\d

by f +— (f’(;));eﬁx(f), which is the main object of our study.
In this paper, we again restrict our attention to the map ¥, on the domain where
polynomial maps have no multiple fixed points, that is, on the domains

Vii={(,.... ) € Ag | Aj £ 1forevery 1 <i <d} and Vy:=V;/Sy,
which are Zariski open subsets of A4 and Ad, respectively. Here, note that we also have
R |
Vi = {(Al,...,kd)e(Cd A # Lforevery 1 <i Sd’El——MZO}.
1=

Throughout this paper, we always denote by A the equivalence class of 1 € Ay in Ad,
that is, » = pr(1), where pr: Ay — A4 denotes the canonical projection. Hence, for A =
(A, - - .5 Ag) € Ay, we sometimes express A={A1,..., 4} € 1~\d. We never denote by
X the complex conjugate of A in this paper.

The objects defined in the following definition play a central roll in [14] and also in this

paper.
Definition 2.1. For A = (A1, ..., g) € V4, we put
[>2, LHu---un={1,...,d},
I ={L,..., I} I, # @ forevery 1 <u <|, ,
Zielu 1/(1 —X;)) =0forevery 1 <u <1

where Iy LI - - - LI [; denotes the disjoint union of Iy, . . ., I;. By definition, each element
of J(A) is considered to be a partition of {1, . . . , d}. The partial order < in J(A) is defined
by the refinement of partitions, namely, for I, I’ € J(1), the relation T < I’ holds if and
only if I is a refinement of T as partitions of {1, . . ., d}.

For A € Vyandfor I € T € J(X), we put A7 := (A})ier.

In the above definition, note that the condition / € I € J(1) for I is equivalent to

the conditions ¥ C I C {1,...,d} and ) ;.; 1/(1 —X;) = 0. Hence, we always have
Ar € Vg for A € Vg and I € I € J(A) by definition. Also note that #/ > 2 holds for every
Ieledl).

The following object is also very important in this paper.
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Definition 2.2. For A € V;, we put
I =30 UL, ..., d})
The partial order < in J(1) is naturally extended to the partial order < in J'()).

By definition, J’(A) is obtained from J(A) by adding exactly one element I :=

{{1, ..., d}}. Here, I is the unique minimum element of J’(A) with respect to the partial
order <. Moreover, I is considered to be a partition of {1, . . . , d} which, in practice, does
not partition {1, . . ., d}. We also have the equality

I>1,LU---UL={,...,d,
JN =3{n, ..., I} I, # @ forevery 1 <u <1,
Zielu 1/(1 — ;) =0forevery 1l <u <1

We already have the following theorem by Main Theorem III and Remark 1.8 in [14]
and by Theorem B and Proposition C in §6 in [14].

THEOREM 2.3. We can define the non-negative integer ey()\) for eachd > 4, . € V;, and
I € 3()), and can also define the non-negative integer sq(A) for each d > 2 and A € Vg4
inductively by the equalities

d-2

AENCEIEEY (eﬂ(x) - 11 k) 2.1
TeT(n) k=d—#1+1
ford =2 and ) € Vg, and
er(A) = H((#I —1)-ss1 (A1) (2.2)

Il

for d >4, A € Vy, and 1 € J(A). Here, in the case #1 =2, we put ]_[Z;s_#HH k=
d-2
k=d—1 k=1 _
If we consider CD;l (X) ‘counted with multiplicity’ for d > 2 and ) € V;, then we have

#D,' (M) = sa().

Remark 2.4. For d =2 or 3, we always have J(1) = @ for every A € V; by definition.
Hence, by equation (2.1), we have s2(A) = (2 —2)! =1 for every A € V, and s3(1) =
(3—2)! =1 for every A € V3. For d > 4, every er(A) and s5()) are determined uniquely
and can actually be found by equations (2.1) and (2.2) by induction on d, since 2 < #I < d
holds for I € I € J(1) with A € V.

In the rest of this paper, we always assume that er(A) and s;(A) are the non-negative
integers defined in Theorem 2.3.

We already made a minor improvement to the above algorithm by Main Theorem III in
[14] and by Proposition D in §6 in [14], as in the following.
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THEOREM 2.5. The non-negative integer ey(\) for h € Vg and 1 € J(\) defined in
Theorem 2.3 also satisfies the equality

#1—1

eﬂ(x)=<]_[(#1—1)!>— Z (q/(/\).]—[< ]_[ k)) (2.3)

Iel I'ed) Iel ~ k=#I—yx;(I)+1
P>L T #I
where we put x;(I) :=#({1I' €' | I’ € I}) for I' =1 and I € 1. Here, in the case
N _ #I—1 -1,

Remark 2.6. By definition, we always have Y, x;(I') = #I' for I’ > L.

Remark 2.7. We can also find s;4(A) only by using equations (2.1) and (2.3). The algorithm
using equations (2.1) and (2.3) is a little simpler than the algorithm in Theorem 2.3.

Remark 2.8. We present a rough outline of the proof of Theorem 2.5 in this remark, since
the proof can be an easy exercise for the proof of Theorem I in this paper. (See ‘Proof of
Proposition D’ on pp. 175-177 in [14] for details.) In the case where d = #[ and A = A,
equation (2.1) is equivalent to the following:
#1-1
#— D)= # — DsgrOp) + Y <eﬂ(x,). I1 k) (2.4)
TeT(hr) k=H#I—#1+1

Plugging equation (2.4) into [];c;(#/ — 1)! and using equation (2.2) carefully, we have
equation (2.3).

In this paper, we make a drastic improvement to the above algorithm as in the following.

THEOREM L. The non-negative integer sq(A) ford > 2 and A € Vy defined in Theorem 2.3
is expressed in the form

(d — Dsg(h) = Z ({—(d — Dyl ]_[(#1 - 1)!). (2.5)

I’ (V) Iel

Hence, if we consider CD;] (L) ‘counted with multiplicity’ for d > 2 and A € Vy, then we
have

#o 0 == > ({—(d—l)}#ﬂ—2~1"[(#1—1)!>. (2.6)

I’ (V) Iel

Theorem I is proved in §4.

Remark 2.9. By Theorem I, we no longer need induction processes to find #(CID[;1 ) if
we consider CIDJ1 (1) counted with multiplicity. We only need to find J’(1) and to compute
straightforward the right-hand side of equation (2.6).

However, there are some minor defects in the form of equation (2.6) comparing with
equation (2.1). By equation (2.1), we can easily see the inequality sz(A) < (d —2)!;
however, it cannot be easily seen by equation (2.6). The sum of the absolute value
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Y 1eyoy(d = DF72 - TT; ;@ — 1)!) in the right-hand side of equation (2.6) can be
much greater than (d — 2)!.

Remark 2.10. Each term in the right-hand side of equation (2.5) {—(d — D1
[1;e1(#1 — 1! is positive or negative, according to whether #I is odd or even. Moreover,
if [ € 3’(A) and I’ < I, then we automatically have ' € J’(A). Hence, equation (2.5) is
considered to be a kind of inclusion-exclusion formula.

Remark 2.11. Theorem I is derived from Theorem 2.3 with no extra information. Hence,
the proof of Theorem I is self-contained and requires no prerequisites under the assumption
of Theorem 2.3, whereas its proof is highly non-trivial. The proof consists of a good deal
of combinatorial argument.

3. Main result 2

In this section, we proceed to the next step, in which we discuss the possibility of improving
the algorithm for counting the number of discrete elements of CIJJl (1). Therefore, in this
section, @;l (%) is not considered counted with multiplicity; @Jl (A) is considered to be
a set. In this setting, we have already obtained an algorithm for counting the number of
discrete elements of @;1()_») by using {sy(A) |2 <d <d, A € Vy} in the third and
fourth steps in Main Theorem III in [14]. To review the result more precisely and to discuss
further properties, we first fix our notation.

The following objects are important in this section.

Definition 3.1. For A = (A1, ..., Aq) € V4, we put

PCKC{l,...,d}
A = 1K i,jeK=x=»xaj,
iekK, jell,....,d}\K =X #A;

Note that if we put &(A) =: {K1, ..., K}, then K, ..., K, are mutually disjoint,
and the equality Ky I ---II K, = {1, ..., d} holds by definition; and hence K(}) is a
partition of {1, . . ., d}.

Definition 3.2. 'We denote the family of monic centered polynomials of degree d by

d-2
MC,; = {f(z) =Zd+2akzk ap € Cfor0 <k 5d—2},
k=0
denote the composite mapping of MC,; C Poly, — Poly,/Aut(C) = MP; by p:
MC,; — MPd, and also denote the compos1te mapping of p:MCy; — MP; and

b, : MP; — Ad by CDd MC; — Ad, that is, q)d = ® 0 p.

In the above definition, the map p is surjective since every affine conjugacy class of
polynomial maps contains monic centered polynomials. Moreover, two monic centered
polynomials f, g € MCy, are affinely conjugate if and only if there exists a (d — 1)th
radical root a of 1 such that the equality g(z) = af(a"'z) holds. Hence, the group
{aeCla?'=1}=7Z/(d —1)Z naturally acts on MCy, and the induced mapping
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P :MCy/(Z/(d — 1)Z) — MPy is an isomorphism. Since MCy = C4=1, we also have

MP; = (Cd_l/(Z/(d — 1)Z). Here, the action of Z/(d — 1)Z on MCy is not free for

d > 3, and MPj; has the set of singular points Sing(MPy) for d > 4. Hence, in some sense,

the map p : MCy; — MP, can be considered to be a ‘desingularization’ of MP, for d > 4.
We already have the following theorem by Remark 1.9 in [14].

THEOREM 3.3. Ford > 2 and A € Vg, we put R(A) =: (K1, . .., Ky} and denote by g,
the greatest common divisor of #K1, ..., #Ku 1), #Ky) — L #K @y, . . ., #Ky for
each 1 <w < q. If gy, = 1 holds for every 1 < w < q, then we have
. sa(X) sa(A)
#Dy' (1) = = 3.D)

#KD! - #K)!  [gesoy @KV

where s4()\) is the non-negative integer defined in Theorem 2.3 and rewritten in Theorem 1.
Here, note that CIDJl (1) is not considered counted with multiplicity, and hence #(<I>;l )
denotes the number of discrete elements of @;1 ().

In the case of g, > 2 for some w, we also have an algorithm for finding #(@;1 (X)) in the
third and fourth steps in Main Theorem III in [14]. However, it contains induction processes
and is much more complicated than equation (3.1); and hence we omit to describe it again
in this paper.

As we already mentioned in Remark 1.9 in [14], we find that for d > 4 and for A €
Vg, the inequality g,, > 2 holds for some w only if A € ®y (Smg(MPd)) Since MCy is a
‘desingularization’ of MPy, it is natural to expect that the map <I>d =® 0p:MCy — Ad
is simpler than the map ®,; : MP; — Ad itself. In the following, we consider MC, instead
of MP,;, and also consider <I>d :MCy — Ad instead of ®; : MP; — Ad.

We now state the second main theorem in this paper.

THEOREM II. Ford > 2, A € Vg, and 5(1 :MCy — Kd, we have
(d —Dsa(d)

l_lxeﬁm #K)Y

where sq (M) is tl}f non-negative integer defined in Theorem 2.3 and rewritten in Theorem I.

Here, note that CIDJI (1) is not considered counted with multiplicity, and hence #(5;1 )
denotes the number of discrete elements of Cbgl (A).

#@,' () = (3.2)

Theorem II is proved in §5.

Remark 3.4. Theorem II holds for every A € V; with no exception, and has no induction
process. Hence, we can say that the fiber structure of the map Eﬁd ‘MCy — IN\d is simpler
than the fiber structure of the map &, : MP; — /N\d, or moreover we can also say that the
complexity of the map & : MPd — Agis composed of the two complexities: one of them
is the complexity of the map @, : MCy — A4 and the other is the complex1ty of the map
p : MC; — MP,. Therefore, in some sense, consideration of the map dDd is more essential
than that of the map &, in the study of fixed-point multipliers for polynomial maps.

Remark 3.5. Theorem II is proved by a closer look at Propositions 4.3 and 9.1 in [14].

Combining Theorems I and II, we have the following.
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COROLLARY III. Ford > 2, & € Vg, and @4 : MCy — Ag, we have
Zﬂej/(x)({—(d — -t [Lia® - D)

#@;'(L) =
d erﬁ(x)(#K)!
4. Proof of Theorem |
In this section, we prove Theorem I. We assume d > 2 and A = (Aq, ..., Ag) € Vg, and
denote by Iy = {{I, . .., d}} the minimum element of J’(A), which are fixed throughout

this section.
First we put

ery(A) == (d — D)sa (1)

for Ip = {{1, ..., d}} € J()). Then, equation (2.2) for I € J(1) is rewritten in the form
ex®) = [ einn). (4.1)
Iel

Here, {I} denotes the minimum element of J’(A;). Moreover, equation (2.1) is rewritten in

the form
d—1
ENOENCESNEEY <eﬂ(x) - T] k), 4.2)
IeJ() k=d—#I+1
which is also equivalent to the equality
d—1
d-nl= Y (mx) - 11 k)
Ied’' (V) k=d—#I+1

since for Iy € J'(1), we have e, (2) - HZ;;_#HOH k = e, (1) - ]_[Z;al_, k = eg,(1). Equa-
tion (2.5), which we would like to prove in this section, is also rewritten in the form

e, (W)= Y ({—(d—l)}#ﬂ_l-l_[(#l—l)!) 4.3)
Ied’' (L) Iel

Hence, to prove Theorem I, it suffices to derive equation (4.3); from equations (4.1)
and (4.2).

In the following, we show equation (4.3); by induction on d.

For d =2 or 3, we have sg(A) =1 and J'(A) = {Iy} for every A € V;. Hence, for
A € Vg, we always have

e (M) = (d — Dsa(A) =d — 1

and also have

> ({—(d — DY [T - 1)!) = {—d — Dyt T — 1!

IeF’ (A) Iel 1€l
={—-d-D}"' @d-1)=@Ed-1!.

Sinced — 1 = (d — 1)! for d = 2 or 3, we have equations (4.3), and (4.3)3.
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In the following, we assume d > 4 and show equation (4.3); by the assumption of
equations (4.3)2, (4.3)3, ..., (4.3)4—1, (4.1), and (4.2).

Foreachl € J(A) with A € Vy, weputl =: {I, ..., I;}. Then, by using equations (4.1)
and (4.3), for 2 < d’ < d, we have the following equalities:

l
e10) = [T ey =[] e )
u=1

Iel
I
- 1_[ ( Z [{_(#Iu - 1)}#]1“—1 . l_[ (#IL: _ 1)' j|>
u=l "I eI (y) e
: / (4.4)
e Guy) Led (hy) u=1 b
1
=) [( [ - 1)!) : < [Tt-ct, - 1)}““(]1,)1)}
T eJR) I'el e
-1

since we have the equality
{I{U--- UL | €My, ....LeT0}={T eI |I>1}

by definition. Here, since I > T holds for T € J(A), we have I € {' € J(A) | I' > T}.
Note that in equation (4.4), x;, (I') =#({I' €' | I’ C I,,}) is the function defined in

Theorem 2.5.
Substituting equation (4.4) into equation (4.2), we have
er, (1)
d—1
=@d-Dl- ) : > ( [T - 1)!) : <]_[{—(#1_1)}X'<“/>—1)}~ [T *
1eJ() ‘Tedp) " I'el Iel k=d—#I+1
U1
d—1
=@d-D- Y { [T } { > (]_[{—(#1 - 1)}“(“‘1)- I1 k}.
ed) - I'el Tedh) Iel k=d—#I+1

I<T
4.5)

Here, equation (4.3),, which we would like to prove in this section, is equivalent to the
equality

ey W) =@d-D'+ ) <{—(d -y T e - 1)!),
IeT(A) Iel
which is also equivalent to

ey(M) =d—DI+ > H ]‘[(#1’—1)!}.{—(d—l)}#ﬂ’—l}. (4.6)

red) = rer
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Hence, comparing equations (4.5) and (4.6), we find that to prove equation (4.3);, we only
need to show the following equality for each T' € J(A):

d—1

(@-DF=— 3 (]‘[{—(#1 - 1)}““’“) S
Tedp) el k=d—#I+1
I<T
Here, equation (4.7) is equivalent to the equality
d—1
2 ( [ k) : (l_[{—(#l— 1)})"““‘1) =0 (48)
Ted )  k=d—#I+1 Iel
I<TI
since for Iy € /(1) and I’ € J(A), we have Iy < I’ and
d—1 d—1
( I k) T - ®-t = ( [1 k) A= =D = (=@ - Dy
k=d—#Ty+1 I€l k=d

Hence, to prove Theorem I, we only need to show equation (4.8) for every d > 4, . € Vy,
and I’ € J(1). In the following, instead of expressing ;. . 1< for I' € 3(1), we simply
express ) ;_y, because if I is a partition of {1,...,d} and I < T for I' € J(1), then we
automatically have T € J'()).

To prove equation (4.8), we make use of the following.

Definition 4.1. For ' € J(A) with #I' = [ and for k € 7Z, we put

fuc= Y JTt-@1 — pye®-t,

I<T, #l=k I€l

Remark 4.2. Forl' € J(\) with #I' = [ and for I < I, we always have 1 < #I < [. Hence,
if k <0Oork > 1+ 1, then we have f;x = 0 by definition.

Example 4.3. Letus find f;; and f; for [ > 2 in this example.
Since {I | I < T, #I =1} = {I'}, we have

fu=TT=@r =y = T-@r - 1)~ = 1.
Iel Iell
Let us consider f7 next. Since {I | T < I', #I = 1} = {T}, we have

fir=[Jt=@1 = O = —@ - )",

I€ly

Example 4.4. Let us also find fa 2 in this example. For I’ € J()) with #I' = 4, we can put
I' ={I,, I, I3, I4}, and in this expression, we have {I | I < T, #1 =2} = {I, ..., I7},
where

L ={, bULUL), Ip={h I)U1I14}

I3 ={f HULUL}, Iy={l4 LHULII},

Is={L UL, LU}, Tg={L Ul LUIL), and I;={ UL, LLIH4).
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We put #1,, =: i, for 1 <u < 4. Note that the equality i + iz + i3 + i1 = d holds. We
have

[Tt=e1 = O~ = (=i = DY (—Ga+iz+ia — DP
IE]II

[Tt-1 = Dy~ = (—Gy + i = D71 (=G + i — D
1€l

for instance, which implies

4 4 4
Z ]_[{—(#1 — -1 _ Z(il tirtiztis—i,— 12> = Z(d — i, —1)?
u=l1 I€l, u=1 u=1
4
=4d-1*-2d-Dd+) i,
u=1
7

Do TT= = DO = iy 4o = D3+ ia = D + (i1 i3 = Dl +ia = 1)
u=>5 I€l,

+G1+ia—Dlr+iz—1) =2 Z iniv — 3d + 3.

1<u<v<4

Hence, we have

7
faz =) [Tt =y ®~!

u=1 I€l,

4
=4d—-1*=2d—-Dd+ Yy ir+2 Y iyiy—3d+3
u=1 1<u<v<4
4 2
=2d2—9d+7+(2iu> =3d*—9d +7.

u=1
Example 4.5. By a similar computation to Example 4.4, we have the following for / < 5:

pi=—d+1, fir=Ed—-1>% fir={-d-DP, fs1={-d-1)"

fa=1, fra=-2d+3, faa=3d"-9d+7, [fso=—4d+18d> —28d + 15,
friz=1, fa3 =—3d +6, fs3 = 6d*> — 24d + 25,
faa =1, fs4 =—4d + 10,
fss=1

The following is the key proposition to prove equation (4.8).

PROPOSITION 4.6. The number f defined in Definition 4.1 is a function of I, k, and d,
and does not depend on the choice of I € J(1) with #1' = 1. Moreover, for I, k € 7 with
[ > 2, we have the equality

Jiv1k = fih—1—d = k) fik.
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PROPOSITION 4.7. Admitting Proposition 4.6, we have equation (4.8) for every d > 4,
A € Vy, and 1 € J()). Hence, Proposition 4.6 implies Theorem 1.

Proof of Proposition 4.7. If #1' = 2, then we can put I' = {I;, I} and have {I | I < I'} =
{Iy, I'}. Hence, we have

d—1

Z( l_[ k) : (H{—(#I — 1)})(1(]1’)—1)

I<IV ™ k=d—#I+1 Iel
=1-{-@-DP '+ @—1D (—#H — DY~ - DY
=—@d-1D+(d-1)=0.

In the case where #I' > 3, we put #I' =: [ + 1. Then we have [ > 2 and have the
following equalities by Proposition 4.6:

d—1

Z( [1 k) ' (]‘[{—(#1 - 1)}X'<“’>—‘>
I<I’ N k=d—#I+1 Iel
I+1 d—1
= ( k') Stk
k=1 k'=d—k+1
I+1 d—1
= ( k’) “(Jrh=1—(d = k) fix)
k=1 “k'=d—k+1
I+1 d—1 I+1 d—1
= ( k/> k=Y ( I /) (d = k) fi
k=1 k'=d—k+1 k=1 > K'=d—k+1
I d—1 I4+1 d—1
=S (T #)ome (T #)
k=0 N k'=d—k k=1 “k'=d—k
1 d 1
<Hk/> fl0—< /)‘fl,l+l=0,
k'=d k'=d—(1+1)
which completes the proof of Proposition 4.7. O

In the rest of this section, we shall prove Proposition 4.6. We make use of the following
polynomial to prove Proposition 4.6.

Definition 4.8. For [, k € Z with [ > 2, we define J; (k) as follows: if k <Oork >1+1,
then we put J; (k) = @; if 1 < k <[, then we put

Ji(k) = {{Jl,.. . i) ‘ e ={1,....1}, }

Jv;/:(ZJforevery1<v<k
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where J; LI - - - LI J; denotes the disjoint union of Ji, . . ., Jx. Moreover, for [, k € Z with
[ > 2, we put

gLi(Xi, ..., Xp) = Z l_[ { - (ZX” - 1)}#1_1.

JeJi(k) JeJ ueJ
By definition, J; (k) is the set of all the partitions of {1, . .., [} into k pieces. Note that
the equality g; x (X1, . . ., X;) = O trivially holds fork <Qork > 1+ 1.
LEMMA 4.9. For ' € 3(\) with #1' =1 and for every k € Z, putting I' =: {I, . . ., I}
and #1, =: iy, for | <u <1, we have
fik = grxlin, ... ip). 4.9)

Proof. If k <0 or k> 1+ 1, then equation (4.9) trivially holds since both sides of
equation (4.9) are equal to zero. In the following, we assume 1 < k <.
By definition, we have

1([M)—1
fie= Y [Ji—#r—npe®-t= 3" 1‘[{—( > iu—1>}x .

I<I', #l=k I€l I<I', #l=k I€l 1<u<l, I,CI

Hence, putting

xi(@)—1
pXi, .. XD = Y ]‘[{—( > Xu—1>} :

I<I', #l=k I€l 1<u<l, I,CI

we obviously have g; (i1, . . ., i1) = fik.
Here, we can make a bijection J;(k) — {I | I < T, #I = k} by

J = {I—Iueflu | J e u]]}’

which implies that

x1@—1
gxXi,..., X)) = Z l—[ {—( Z Xu—l)}

JeJitk) Te{lUyes 1| JT} I<u<l, I,CI
1 HIM)—1

o (R It

JeJitk) Jel I<u<l, I, U 1,
#7-1
- Y M- (Zx-)] —aeon.

JeJitk)y Jel uelJ
Hence, we have equation (4.9). ]
LEMMA 4.10. The polynomial g1 (X1, . . ., X;) defined in Definition 4.8 is determined
only by | and k, belongs to the polynomial ring Z[X1, . . ., X;], and is symmetric in |
variables X1, . .., X;. Moreover, the equality deg g;x =1 — k holds for | > 2 and 1 <

k<L

Proof. The former two assertions are obvious by definition.
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The action of G; on {1, . .., [} naturally induces the action of &; on J; (k) for each k,
which implies that for every T € &;, we have g/ (Xc(1), . . ., Xz) = g1k (X1, ..., Xp).
Hence, g1 x (X1, . .., X;) is a symmetric polynomial in / variables X1, . .., Xj.

Since ZIGJ(#J — D) =1—-#]=1—k for every J € J;(k), we have deg g/ x <
I — k. Moreover, for J e J;(k) with 1 <k <1, the coefficient of each term of
[T)ei{—Cuey Xu — DY~ with degree I —k is positive or negative according to

whether / — & is even or odd. Hence, the terms with degree [ — k in g; x (X1, . . ., X;) are
not canceled, which implies that the degree of g; 1 (X1, ..., X;) is exactly equal to [ — k
ifl <k <l O

PROPOSITION 4.11. Forl, k € Z withl > 2, we have

gi+1k(X1, s X1, 0) = gre—1 (X1, o, X)) = (Xa + -+ X1 — gk (X, ..o, X0
Proof. First, we put

Jp® =T eJn@® | {I+1}el} and J7 (k) =T eIk | {+1} ¢}

for [ > 2. Then we have 3}+1(k) L 37, (k) = Ji+1(k) for every k. Moreover, we have
Jpg1 k) =@fork <lork zl+2,and312+l(k) =@fork <Qork>1+1.

For J € S}H(k), we can express J={Ji,..., Jg—1,{{ +1}}, where Jy L. -1
Ji—1 ={1,...,1}. Hence, we can make a bijection m :3}+1(k) — Jitk — 1) by

J = J\ {{/ + 1}}. Moreover, for J = {/ + 1} € J € J, (k), we have

R

uel

Hence, we have

#J—1 #J—1
> {-(Ze-)) - 21 {-(Xx)]
Jeg), (k) Jel uelJ Jeallﬂ(k) Jem(J) uelJ
#J—1
- 2 ()]
JeJik—1) JeJ uelJ
= gri—1(X1, ..., X1).
(4.10)
For J € Jip1(k), we can express Y ={J1,...,Jx} with {{ +1} C Ji, and in this
expression, we have {J1, . .., Jr—1, (Jx \ {{ + 1})} € J:(k). Hence, we can make a surjec-
tion 75 : JZZ_H(k) = Jik)y by I = {J\{l+1}|J €T} Foreach J={Jy,..., Ji} €
Ji(k), its fiber 712_1(,1]) consists of k elements, whichare {J, | | <v <k, v £V} U{Jy U
{l +1}} for 1 < v <k.Hence,foreachJ = {/J1,..., Ji} € Ji(k), we have
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= nl-(ge))

J/Eﬂ;l(,ﬂ) Jel uel Xi41=0
k #(Jy L{I+1)—1
-2z )
v'=1 uelJyL{l+1}
#J,—1
< I (zee)b ]
1<v<k, v#£v ueldy, Xi41=0
k #J, #7,—1
-{-(Ze-)f T I (T
v'=1 uedy 1<v<k, v#£v uedy
k #J,—1
|- (Z ) Of-(Z e
v'=1 uely v=1 uely,
k k #J,—1
[ 2{-(z -l o (Z e
v'=I uelty v=1 uely,
l #J—1
(T - (Zx-n))
u=1 Jel uelJ
We therefore have
#J—1
> T{-(Zx-1)]
Vediy k) T ueJ Xin1=0
#J—1
> x nf-(zx-)
Tei®) yeny @y JeI uel X141=0
1 #J—1 4.11)
- T (e I (S]]
JeJi (k) u=1 Jel uelJ
! #J—1
(50,211 (5)
u=1 Jeg (k) Je] uelJ
=—X1+- -+ X — g X1, ..., Xp).
By equations (4.10) and (4.11), we have
#J—1
griaXn ... X 0= Y ] { — (qu—1>}
JeF1k) JET uel X14+1=0
#J—1
> - (Xx-1)]
Jedl (b Jel uel
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Sl

Jedf, ) TV uet Xi+1=0
=gk—1(X1, ..., XD =X+ -+ X1 —bge(Xi, ..., X0),
which completes the proof of Proposition 4.11. O

LEMMA 4.12. For every I, k € Z with | > 2, there exists a polynomial h;x(Y) € Z[Y]
such that the equality

giXt, ..., X)) =h (X1 +---+ X)) (4.12)
holds. Moreover, for every l, k € Z withl > 2, the equality
hip14(Y) = hi g1 (Y) = (Y = k)h(Y) (4.13)

holds.

Proof. In the case where [ =2, we have g21(X1,X2)=—-(X1+X2—1) and
£22(X1, X2) = 1 by adirect calculation. Hence, putting 12 1 (Y)= — (Y — 1), ho2(Y) =1,
and ho i (Y) = Ofor k # 1,2, we have g2 4 (X1, X2) = hox (X1 + X») for every k € Z.

For I > 3 and for every k € Z, we define the polynomials /;(Y) inductively by
equation (4.13). Then we obviously have i (Y) =0 for k <0 or k >[4 1. Hence,
equation (4.12) holds for k < 0 or k > [ 4 1. In the following, we show equation (4.12)
for / >3 and 1 <k <! by induction on /. Hence, we suppose equation (4.12) for
every k € Z, and show the equality g;+1 (X1, . . ., Xi+1) = hj+1 (X1 + - - - + Xy41) for
1<k<l+1.

By the assumption and Proposition 4.11, we have

g+ (X1, ., X, ) =grp—1 (X, .., X)) - X+ -+ X =g (X, ..o, X))
=hya X+ + XD -+ X =D X+ -+ X))
=h (X +- -+ X))

Hence, putting Py x(X1, .05 Xig1) i = g1k (X150 Xip1) — b p (X1 + - +
Xi41), we have P41 x(Xq, ..., Xy, 0) =0. Moreover, by Lemma 4.10, the polynomial
Pk (X1, ..., Xi41) 1s symmetric in [ 4 1 variables X1, ..., X;41.

We denote by 0741m = 0141,m (X1, . . ., Xi41) the elementary symmetric polynomial
of degree m in [+ 1 variables Xi,..., X;41. Since P41x(X1,...,Xi41) is a
symmetric polynomial with coefficients in 7Z, we have Pryjx(X1,...,Xi+1) €
Zlo14+1,1, - - - » O14+1,1+1]. Moreover, since deg gi+1x =deghjp1x =14+1—k <[, we
have deg Piy1 4 <[, which implies that Pj11 (X1, ..., Xi41) € Zloi41.15 - - - O1414]-

Since o1y 1m(X1, ..., X1,0) =01 m(X1,...,X;) for 1 <m <[, we have a ring
isomorphism ¢ : Z[oj+1.1, - - ., 014111 = Zloy1, . . ., 017] by substituting X;11 = 0, and
under the map ¢, we have @(Pry1x) = P+1x(X1, ..., X7, 0) = 0. Hence, injectivity
of ¢ implies P41k (X1,..., X;+1) =0. We therefore have g1 x(X1, ..., Xi41) =
hi+1x(X1 + -+ -4+ X;41), which completes the proof of Lemma 4.12 by induction
onl. O]
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Proof of Proposition 4.6. By Definition 4.1, f is originally a function of d > 4, T’ €
J(A), and k € Z. However, putting #I' = [, 1" =: {I, ..., I;},and #I,, =: i, for 1 <u </,
we have by Lemmas 4.9 and 4.12 the equality

Sik =gk, ... i) =hpGr+- - - +i) = hie(d). (4.14)

Hence, fix is in practice a function of /, k, and d since the polynomial 4, (Y) depends
only on / and k.
Moreover, by equation (4.14) and Lemma 4.12, we have

Jivrk = hip1x(d) = hig—1(d) — (d — ki g(d) = fixk—1 — (d — k) fik
for every [, k € Z with [ > 2, which completes the proof of Proposition 4.6. O

To summarize the above mentioned, we have completed the proof of Theorem .

5. Proof of Theorem II
In this section, we prove Theorem II. Throughout this section, we always assume
A= (A1,..., ) € V4, and moreover assume that s;(1) is the non-negative integer
defined in Theorem 2.3.

First, we consider the case where d = 2. If d = 2, then the maps p : MC; — MP»
and &, : MP, — Kz are bijective. Hence, we have #(52_1(i)) =1 for every A € V,.
Regarding the right-hand side of equation (3.2), since s>(1) = 1 and (1) = {{1}, {2}}
for every A € V,, we always have

d—=Dsa@®) _ 2=Dsr() _ 1
[Tkeqp) #K)! TY :

Hence, equation (3.2) holds for every A € V5.
In the rest of this section, we consider the case d > 3. We denote by P41 the complex
projective space of dimension d — 1, and put

d
2§i=0

" d-1 | 4
Za) = @b €P Y (/A —r)ck=0 for 1<k<d-2
i=1

L1, - - ., &g are mutually distinct

We already have the following proposition by Propositions 4.3 and 9.1 in [14].

PROPOSITION 5.1. The equality #(X4(X)) = sq(X) holds. Moreover, we can define the
surjection w(A) : Lg(X) — @;1()_») by

@G f@Q=z4+pz—=-80) - (z2— ),

where —1/p = 2?21(1/(1 - )ti))gidil'
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We put

d
219'20

i) =3, ..., LpeC? | @ . |0 forl<k<d-2
1/(1 —A)e* =
El( / Vi —1 fork=d—1

{1, . - ., &g are mutually distinct

Then the natural projection id(k) — Xg4(1) defined by (¢1,...,80) > (C1:---:
¢q) is a (d — 1)-to-one map because for every (g;:---:&g) € g(A), we have
Zflzl(l/(l — Ai))gid_l # 0 by Proposition 5.1. Hence, we have

#(Ea() = (d — D#(Z4(W) = (d — Dsa(h). (.

We consider next the relation between fd(k) and 6;1 (X). We can define the surjection
T () — D710 by

Gt f@Q=z+@=80) - (@—¢&)

by lifting up the map w(X) : Xg3(A) — @;l(i) in Proposition 5.1. Here, since d > 3,
every polynomial f(z) =z+(z—¢1) -+ (z—&a) for ({1, ..., %) € q(2) is monic
and centered.

We put

GRO) :={0 €GylieK e &L = o(i) € K).

Here, note that we also have G(R(L)) ={oc € &4 | As;) = A; forevery 1 <i <dj}.
Moreover, G(£(A)) is a subgroup of &4 and is isomorphic to [[x RO Aut(K) =
HKGR(A) Suk - "

The group G(R(A)) naturally acts on X4(1) by the permutation of coordinates, and its
action is free. Moreover, for ¢, ¢’ € $4(1), the equality T (1) (¢) = T(A)(¢') holds if and
only if the equality ¢’ = o - ¢ holds for some o € G(£(1)), which can be verified by a
similar argument to the proof of Lemma 4.5(6) in [14]. We therefore have the bijection

T TaW/GRMW) = D),
which implies the equality

S #ER)  #Ed0)
HO )= 3600 ~ Menmy#K) o2

Combining equations (5.1) and (5.2), we have

(d —Dsa(V)

~_1,r _

which completes the proof of Theorem II.
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