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Abstract

We relate a previous result of ours on families of Diophantine equations having only trivial solutions with
a result on the approximation of an algebraic number by products of rational numbers and units. We
compare this approximation with a Liouville type estimate, and with an estimate arising from a lower
bound for a linear combination of logarithms.
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1. Introduction

In a previous paper [3], we proved that certain families of Diophantine equations have
only trivial solutions. In this note (Theorem 3), we show how to deduce from our
results on families of Diophantine equations [3] some results on the approximation
of an algebraic number by products of rational numbers and units. Since the proofs
rest on Schmidt’s subspace theorem, these results are noneffective. They improve
elementary estimates (Proposition 1) obtained along the lines of Liouville’s arguments.
A different type of estimate (Theorem 6), which is effective, is achieved by means of
a lower bound for a linear combination of logarithms of algebraic numbers.

2. A variant of the Liouville inequality

Rational numbers will be written p/q with g > 0 and gcd(p, ¢) = 1 (and with g =1
in case p =0). When « is an algebraic number of degree d, its minimal polynomial
will be denoted by

FX) =aoX? +a X + -+ ag e Z[X] (D)
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where ag > 0. In C[X], this polynomial splits as

fO=ay | |X =@y

where o in the product runs through the set of embeddings of the field K := Q(a) in
C. We denote by [@] the maximum complex modulus of the algebraic conjugates of «
in C:

[a]= m;lx lo ().

The absolute logarithmic height of « (see [7, Ch. 3]) is
h(a) =log ag + ) log max{l, lo(a)}.

The proof of the next result is close to that of Liouville.

ProrosiTioN 1. Let a € C be an algebraic number of degree d with minimal polynomial
asin (1). Then for any p/q € Q and for any unit € of Q(«@) such that ea # p/q,

I K1 . _ 1
a-=& |2 — with k) = —
q /el el 2@+ 1)
The conclusion can also be written: for any p/q € Q and for any unit € of Q(a) such
that ea # p/q,
K
lgea — pl 2 ———.
(qleD?-!

Proposition 1 holds for any algebraic integer ¢ lying in Q(«), not only units, provided
that we take into account the leading coefficient of the minimal polynomial of &.
Indeed, from [7, Proposition 3.14] (which follows from the fact that the norm of a
nonzero rational integer has absolute value at least 1 and which also follows from the
product formula), one deduces that for any algebraic number field K of degree d, any
element y in K and any rational number p/q with gy # p,

1

— >
v =l (Ipl + @)*~ '™

We prefer to restrict the situation in Proposition | to the special case where y = e« for
the sake of comparison with Theorems 3 and 6.

Proor. We assume that the rational number p/q € Q and the unit £ of Q(«) satisfy
ea # p/q and we aim to prove (a third formulation for) the conclusion of Proposition 1,

namely
K1

sa—E‘z
q

As we have just seen, this will complete the proof of Proposition 1.

q" 8d_1
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We consider the embeddings o of Q(«) into C; since @ € C, one of them is the
inclusion of Q(@) in C, which we denote Id. Letting

f0=a [ [X =) and Fo(X, V)= Y f(X/Y),

we can write

p
o — —

[

o#ld
Since g > 1, k; <1 and [g] > 1, the inequality that we want to establish is trivial if
lea — p/q| > 1. Therefore we can assume that |[ea — p/q| < 1, in which case, for every

IFo(p. 9)] = dog’ o(ea) - {;’] ®)

0-7

<lo(ea) — eal + 1 < 2[z@]+ 1 < 2[@]+ )&

o(ea) - P
q

By assumption €@ # p/q; hence, for each o, the Galois conjugate o(e@) of e is
distinct from o(p/q) = p/q, and therefore F.(p, q) # 0. Since F.(p, q) € Z, we have
|Fs(p, @)l = 1, and the conclusion follows. O

Proposition 1 is trivial when d = 1. In Section 3, we will show that this result is
not optimal when d > 3, in the sense that we can replace k; by an arbitrarily large
constant, provided that ¢ is sufficiently large. Consider the case d =2. Let « be a
quadratic number. The conclusion of Proposition 1 is still trivial if @ is not real. So
we suppose that @ € R and we denote by ¢ the fundamental unit greater than 1 of the
real quadratic field Q(a). We plan to investigate how close to a best possible one is the
lower bound exhibited in Proposition 1. For ease of notation we assume & > 0 without
loss of generality. There are two cases: if £ > 1, then we write & = €] with n > 0; while
if £ <1, then we write & = ¢;", again with n > 0. From Proposition 1 we infer, for all
p/q € Q and all n > 0, that

K
0 p’> 1

The next result shows that, infinitely often, these estimates cannot be improved: the
dependence on g is sharp in the quadratic case.

Lemma 2. Let € be the fundamental unit greater than 1 of the real quadratic field Q(a).
For any n > 0, with at most one exception, there exist a constant k, and infinitely many
rational numbers p/q such that

4 K2
ga——|<—=—,
alT e
and infinitely many rational numbers p/q such that
K
€ a— Pl< 22n.
q q-€

An admissible value for the constant is k; = €;/ V5.
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However this lemma does not give a satisfactory answer to the question of
optimality, because 7 is fixed and «, depends on n. In Section 4 we show that the
dependence on []is not sharp in Liouville’s estimate, even in the quadratic case.

Proor oF LEmma 2. The possible exception is n such that eja or €;"a is rational,
and the result follows from a theorem of Hurwitz (see, for instance, [4, Ch. 1,
Theorem 2F]). O

3. A refinement of Liouville’s estimate

Let a be an algebraic number of degree d over Q and let K be the field Q(«). In this
section, we plan to prove the following result.

Turorem 3. For any constant k >0, the set of pairs (p/q, &) € Q X LY such that

[Q(ea) : Q] =3 and

K
sa—g'sngd_l 3)

q
is finite.

Theorem 3 is trivial when d = 1 and when d =2. For the proof we can suppose
that d > 3. For « < kj, inequality (3) is a consequence of Proposition 1, and the set of
exceptional (p/g, €) has at most one element. The point is that Theorem 3 holds true
for any arbitrarily large constant x. The conclusion can also be stated as

(q[e)*llgell — +o0  as max{q, [e]} — +co.

We twist the minimal polynomial (1) of @ by a unit & of K by writing

fe0=a | [X=cea)) and Fu(X, V)= Y!fuX/ ).

Theorem 3 is a corollary of the following theorem whose proof can be found in [3].

TueoreM 4. For any integer k # 0, the set of triples (x,y, &) € Z* x 7 with xy #0
satisfying

[Qea): Q] =3 and Fe(x,y)=k
is finite.
Proor or TheorEM 3. Let k > 0 and let (p/q, &) € Q X Z}, satisfy (3). We have [g]> 1.
There is no restriction in supposing ¢ > k. Consider relation (2). For o # Id, we use
the upper bound

<lea — o(ea)| + <lea — o(ea)| + 1,

p p
‘a(ea) - = o — —
q q

which comes from a weak form of (3). Since

lea —o(ea)| + 1 <2[ea|+ 1 < Q[a]+ 1)€),
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we deduce, by taking into account (3), that

IFe(p, @)| < aog”

sa — 3‘(2@ + DIE! < agr2la) + DL
q

Theorem 4 allows us to conclude that the set of rational numbers p/q which satisfy (3)
is finite. o

To illustrate Theorem 3, let us make explicit the case of a cubic field whose unit
group is of rank one.

COROLLARY 5. Let @ be a real cubic number which has two Galois imaginary
conjugates. Let €y be the real fundamental unit greater than 1 of the cubic field Q(a).
For any constant k > 0, the set of pairs (p/q, n) € Q X Z with n > 0, such that

K

= 3./3n’
q €

p
q€,

‘a_

is finite, and the set of pairs (p/q, n) € Q X Z with n > 0, such that

K
< —

q

i

En
‘a _Pra
q

w

is finite.

Proor. In Theorem 3, take & = g5 with [¢]= ¢ for the first part of the statement of
Corollary 5, and & = ;" with[g]= 6(')'/ ? for the second one. O

4. Effective estimates

A sharp estimate from below for |e@ — p/q| in terms of [€] can be achieved in an
effective way by means of a lower bound for linear combinations of logarithms of
algebraic numbers.

THEOREM 6. Let K be a number field and let a« € K. There exists an effectively
computable constant k3 > 0 such that, for any unit & € L and any rational number
plq with ea # p/q,

s — s' > (logqa + 2))—K3 log maX“PLQvZ}' (4)

We will easily deduce Theorem 6 as a consequence of [7, Proposition 9.21], but we
can also deduce it from [1, Theorem 4.1] with an explicit value for k4. At the same
time we notice that Theorem 6 can be generalized to groups of S-units of a number
field in place of Z¥, which amounts to replacing Z by any finitely generated subgroup
of the multiplicative group of a fixed number field.
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ProrosiTion 7. Let m and D be positive integers. There exists an effectively computable
positive number k4 depending only on m and D with the following property. Let

Aty ..., Ay be logarithms of algebraic numbers; define a;=exp(d;) (1< j<m).
Assume that the degree of the number field Q(ay, . . ., a,) over Q is at most D. Let
b1, ..., by be rational integers, not all of which are zero. Further, let B, Ay, ..., A,

be positive real numbers. Assume that
log A; > max{h(a;), [4;], 1} (1<j<m)

and
B> max{|b1|, ey |bm|7 e}-

Assume further that the number
AN=bjA4+ -+ by,
is nonzero. Then
|A| > exp{—«4(log B)(log Ay) - - - (log A}

The following auxiliary lemma will also be used in the proof of Theorem 6.

Lemmva 8. Let K be a number field of degree d =r) +2r, and unit group of rank
r=ry+r,— 1, where ry is the number of real embeddings of K into R and r; is the
number of pairs of nonreal embeddings of K into C. Let €, . .., € be a basis of the
torsion-free part of the group of units Z, of K. Then there is a constant kg > 0 such
that, for any unit € of K written as

8=§6f‘ e
where ( is a root of unity in K and by, . . ., b, are rational integers,
max{lbil, . .., |b,l} < kg log[Z]. 5)

Proor oF LEmma 8. Consider the logarithmic embedding A of K* in R"*"2 given by

Ala) = (log |0'i(a’)|)1£i§r1+r2’

where o, .. ., 0, are the real embeddings of K into R and 07,41, . .., 0+, are the
pairwise nonconjugate nonreal embeddings of K into C. Denote by || - ||; the sup norm
on R"*"2_so that, for a € K*,

llA(@)ll =log[a].
The image of Z% under A is a lattice in the hyperplane H of equation

Xp 4+ Xy +2X 00+ + 2% 4, = 0.
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A basis of H is B ={A(¢}), ..., A(e)}. We denote by || - ||, the sup norm on H with
respect to the basis B. For & € Zy written as

— b b,
8—(;61 ...Er"

where ¢ is a root of unity in K and by, . . ., b, are rational integers,
lA(©)ll2 = max{[by], . . ., |b,l}.

Lemma 8 follows from the equivalence of the norm || - ||, and the restriction to H of
the norm || - ||;. More explicitly, we deduce (5) by looking at the absolute values of the
numbers b; obtained via Cramer’s formulas for the solutions of the system of linear
equations

bylogloj(e)l + - +bylogloj(e) =logloj(e)l (j=1,....,r+nr),
which has rank r since the regulator of K does not vanish. O

Proor or THEOREM 6. The estimate (4) we want to prove is trivial in the case

ea — d 2 M,
gl 2q

hence we may assume that the number y := gaq/ p satisfies

0<ly-1l<3,
and so the principal value Ay of the logarithm of y satisfies (see [7, Exercise 1.1.b])

0 <ol <2fy - 1. (6)

Let e, . .., € be a basis of the torsion-free part of the group Z¥ of units of K. Write

Szgefl ...ef’
where { is a root of unity in K and by, . . ., b, are rational integers. For 1 < j < r, select
a logarithm log €; of €;, and set

A1 =Ad9g—byloge —---—b, loge,

so that e*+' = Zag/p. We use Proposition 7 with m=r+1, 1;=loge; for 1 <j<r
and b,.1 = 1. The number «4 is a constant depending only on « and K, and we may
choose for Ay, ..., A, constants which also depend only on @ and K. Moreover, for
A,;1 and B, we take

A, =ksmax{lpl,q,2} and B =kelog(e]+ 1),

where again ks and kg are constants depending only on « and K. The upper bound for
max{|by|, ..., |b,|} follows from Lemma 8. We deduce that there exists a constant «7,
depending only on « and K, such that

|[d0] = |by log € + - - - + b, log € + A,41| > exp{—«7(log B) log max{|p|, g, 2}}. (7)
The result easily follows from (6) and (7). O
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5. Comparison with a result of Corvaja and Zannier

Denote by || - || the distance to the nearest integer: for x € R,

[|lx]] := min |x — n|.
nezZ

Let Q denote the field of complex numbers which are algebraic over Q. Following [2],
call a (complex) algebraic number ¢ a pseudo-Pisot number if:

(1) |1 > 1 and all its conjugates have (complex) absolute value strictly less than 1;
(ii) £ has integral trace Troe)/Q(é) € Z.

The main theorem of Corvaja and Zannier [2], whose proof also rests on Schmidt’s
subspace theorem, can be stated as follows.

THEOREM 9. Let T C GX be a finitely generated multiplicative group of algebraic
numbers, let a € GX be a nonzero algebraic number and let n > 0 be fixed. Then there
are only finitely many pairs (q, €) € Z X T" with § = [Q(¢) : Q] such that |agel > 1, age
is not a pseudo-Pisot number and

0 < |lagel] < W. ()

The special case =1, 6 =1 of Theorem 9 is a Roth-type estimate. The proof
we gave in Section 3 relies on our result on Diophantine equations in [3], which
is a consequence of Schmidt’s subspace theorem, while the proof of Corvaja and
Zannier in [2] uses Schmidt’s fundamental result on linear forms in algebraic numbers
directly. It is likely that an improvement of our result could be achieved by adapting
the arguments of [2], so one would expect to obtain a refinement of our conclusion
which would also include the statement of Theorem 9.

However, it turns out that in some very particular cases, Theorem 9 is weaker than
Liouville’s estimate (Proposition 1), hence weaker than our Theorem 3. Here is an
example. Assume in Theorem 9 that I is the group of units Z of a number field K of
degree d = 6 and that a € K. In this special case, for € € Z7, we may replace log[£] by
h(e) without spoiling the result, since

logle] < h(e) < dlogfe].

Hence Theorem 9 implies that for any n >0, there are only finitely many pairs
(g, &) € Z X L such that |age| > 1, age is not a pseudo-Pisot number and

1
0< ”CYqS” < EW
In other words, if |@ge| > 1 and age is not a pseudo-Pisot number, then for all pairs
(g, &) € Z XL , except for finitely many of them,

1
llagell > EW. )
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It may be observed that a more concise form of this statement is

dlog g + log |lage]|

lim inf
log g + log[e]

>0 asmax{q,[e]} — +oo,

where (g, €) € Z x Zx with |age| > 1 and age being not a pseudo-Pisot number.
In the case where the pairs (g, €) belong to a set in which[e'"'¢~! is bounded from
above, (9) is weaker than the lower bound

(gD llgaell = x

given by Liouville’s inequality (Proposition 1), hence it is weaker than the result which
one deduces from Theorem 3.

For the comparison with (4), let us consider a set of pairs (g, &) in which
(log |e))(log ¢)~" is bounded from above by a positive constant and at the same time
log [€](log g)~' (log log ¢)~! is bounded from below by a positive constant. In this case
one deduces from Theorem 6 that

llagell = exp{—«s(log log(Te] + 2)) log max{lgel, 2}}

where «s is an effectively computable constant depending only on @ and K. Hence in
this special case, the lower bound for [|ageg|| which we deduce from (4) is a power of
log(€]), while Theorem 9 yields a weaker lower bound, namely a power of [€]. Thus
Theorem 3 sometimes yields sharper estimates than Theorems 6 and 9 when g is large,
Theorem 6 is effective and may be sharper than Theorems 3 and 9 when [£] is large,
while Theorem 9 is most often sharper than Theorems 3 and 6 for an intermediate
range. However, we emphasize the fact that Theorem 9 has a wider scope, even if it
sometimes happens to be less strong than other results.
We conclude with two selected examples in which we take @ = 1.

ExawmpLE 10. Consider a cubic number field K with group of units of rank one and let
€ > 1 be the fundamental unit, so that Z} = {1, —1} x (&) and [€0]= €. Theorem 3
states that for any k > 0, there are only finitely many (n, ¢) € N? such that

K
”qe(r)l” <.
2
E()nqz

This means that the function
(g.n) — &"llgel

tends to infinity as max{qg, n} tends to infinity. Liouville’s inequality (Proposition 1)
gives only a lower bound for Eé”qzllqegll with an explicit positive constant. The equality
(8) cannot be used because ge; is a pseudo-Pisot number. The conclusion of Theorem 6
is

lgegll < n*o"g e oe"

for n > 2, which is weaker than the estimates that we deduced from Theorem 3.

https://doi.org/10.1017/51446788712000663 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788712000663

130 C. Levesque and M. Waldschmidt [10]

For an explicit example, let D be an integer greater than 1 and let w = VD3 -1>1.
The fundamental unit greater than 1 of the cubic field Q(w) is € =1/(D —w) =
D? + Dw + w?* (see [6]).

ExamprE 11. Let K be a number field of degree d. Assume that there are two
independent real units & > €; > 1 in K. Since €, € are multiplicatively independent,
the numbers log €], log €, are linearly independent over Q, hence Z log €; + Z log ¢, is
a dense subgroup of R and therefore the multiplicative subgroup of R generated by €,
e is dense. Hence there exists a sequence of units &, = € " such that 1 [2<¢g,<2.

1 &
The numbers a, and b, are positive integers which tend to infinity. Since

llog &,| = |a, log € — b, log & < log 2,

the limit of the sequence a,/b,, is (log €)/(log €;). For instance, one can take for a, /b,
the convergents of the continued fraction expansion of (log ,)/(log €;). The sequences

(10gW) and (logW)
n>1 n>1

a, log € b, log &

converge to the positive limit

(log loer|  log |0'€2|)
o:K—-C IOg €] IOg € )

For n sufficiently large, we have g, ]> ¢°. Liouville’s inequality from Proposition 1 is
(q[& )" llgeall = k1.
and Theorem 3 yields
(@[En )" llgeall — +o0  as max{g, n} — +oo,
while Theorem 6 gives the lower bound
llgenll = expi{—ks(log log[&,]) log max{g, 2}},

and Theorem 9 yields
dlog g +1log|lgenll

lim inf
log g +log[e&,|

as max{g, n} — +oo with ge&, being not a pseudo-Pisot number. Hence Theorem 6 is
sharper, when 7 is large, than the estimate which one deduces from Theorem 3 and
than the estimate which one deduces from Theorem 9.
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For an explicit example, let D be an integer greater than 1 and let w = VD* - 1> 1.
A pair of independent units of the biquadratic number field Q(w) is (see [5])

1 1
6=D"+w'=——— and & =—— =D+ D*w+ Duw’*+ o’
D? — 2 D-w
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