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Q, Spaces and Dirichlet Type Spaces

Guanlong Bao, Nihat Gokhan Go6giis, and Stamatis Pouliasis

Abstract. In this paper, we show that the Mobius invariant function space Q, can be generated by
variant Dirichlet type spaces D, induced by finite positive Borel measures y on the open unit
disk. A criterion for the equality between the space D, and the usual Dirichlet type space D is
given. We obtain a sufficient condition to construct different D, spaces and provide examples.
We establish decomposition theorems for D, spaces and prove that the non-Hilbert space Q,
is equal to the intersection of Hilbert spaces D ,,. As an application of the relation between Q,
and D, spaces, we also obtain that there exist different D ,, spaces; this is a trick to prove the
existence without constructing examples.

1 Introduction

Let D be the open unit disk in the complex plane C and let H(ID) be the space of
analytic functions in ID. The Mébius group Aut(ID) consists of all one-to-one analytic
functions that map ID onto itself. It is well known that each ¢ € Aut(ID) has the form

$(2) = e0,(2), 0u(2) = é

where 0 is real and a € D. Let X be a linear space of analytic functions on D which is
complete in a norm or seminorm || - | x. The space X is called Mobius invariant if for
each function f in X and each element ¢ in Aut(DD), the composition function f o ¢
also belongs to X and satisfies that | f o ¢|x = | f]x. L. Rubel and R. Timoney [20]
have shown that the maximal Mébius invariant function space is the Bloch space B,
which consists of the functions f € H(DD) satisfying

Ifl2 = sup(1 - [2[*)If"(2)] < oo.

The important space BM OA, the set of analytic functions on D with boundary values
of bounded mean oscillation (see [8, 12]), is also Mobius invariant. We refer to J.
Arazy, S. Fisher, and J. Peetre [4] for a general exposition on Mobius invariant function
spaces.

In 1995, R. Aulaskari, J. Xiao, and R. Zhao [6] introduced the Mdbius invariant
Q, spaces, which have attracted a lot of attention in recent years. For 0 < p < o0, a

Received by the editors July 20, 2016; revised November 16, 2016.

Published electronically March 9, 2017.

The corresponding author G. Bao was supported in part by China Postdoctoral Science Foundation
(No. 2016M592514) and NNSF of China (No. 11371234 and No. 11526131). N. G. G6giis and S. Pouliasis
were supported by grant 113F301 from TUBITAK.

AMS subject classification: 30H25, 31C25, 46E15.

Keywords: Q) space, Dirichlet type space, Mébius invariant function space.

https://doi.org/10.4153/CMB-2017-006-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-006-1

Q, Spaces and Dirichlet Type Spaces 691
function f € H(ID) belongs to the space Q, if
P
11, =sup [ 1 (P(1-lou(2)?) P dA(z) < o,
aed JD

where dA(z) = dxdy for z = x + iy. Clearly, Q; = BMOA. The space Q is equal
to the Dirichlet space D. By [5], we see that O, = B for all 1 < p < oco. The theory
of Q, spaces has been developing very well and can be considered satisfactory. There
are also several ways to generalize O, spaces (cf. [11,26,28]). See ]. Xiaos monographs
[24,25] for rich results of Q, spaces.

There exists a method to obtain all Mébius invariant function spaces. Let (X, || - | x)
be a Banach space of analytic functions in I containing all constant functions. Fol-
lowing A. Aleman and A. Simbotin [2], we denote by M(X) the Mébius invariant
function space generated by X. Namely, M(X) is the class of functions f ¢ H(ID)
with

Ifluco = sup £ ¢~ F(#(0)]x < oo.
¢eAut(D)
This construction gives rise to all Mobius invariant Banach spaces on the open unit
disk. To understand the Mdbius invariant function spaces BMOA and B well, we
recall the classical Hardy spaces and Bergman spaces. For 0 < p < co, H? denotes the
classical Hardy space of functions f € H(D) for which

1 2m A
Po=sup — 0\rde
su re < 00.
115 = sup [ 1f(re™)]
The Bergman space A? consists of functions f € H(ID) with

15 = [1r@PdaG) < .

It is well known (cf. [7,8]) that BMOA = M(H?) and B = M(A®) forall1 < p < oo.
Note that if p # g, then H? # H9 and AP # A4. In other words, both BMOA and B
can be generated by different analytic function spaces. Up to now, it is only known
that the space 9, , 0 < p <1, can be generated by the usual Dirichlet type space D, ,
which is the class of functions f € H(IDD) satisfying

15, = [If )P~ 12P)dAG) < .

It is natural to ask whether Q,, 0 < p < 1, can be generated by different analytic
function spaces. A positive answer will be given in this paper. We will denote by F
the set of finite positive Borel measures on D. Let 0 < p < oo and let 4 € F. We
introduce the Dirichlet type space D, , consisting of functions f € H(ID) such that

£, = [ (P Upp(2)dAG) < oo,
where
Uup(@) = [ (1= o)) dus(w).
We will prove that D, , € D,, for any u € IF. Combining this with a similar proof in
the book [10, Theorem 1.6.3], we see that D, , is a Hilbert space with respect to the

norm [f(0)* + || f[p,,- We will show that the space Q,, can be generated by variant
Dirichlet type spaces D, p.
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The paper is organized as follows. In Section 2, we prove that D, , € D, forany u €
IF. We characterize the measures u € IF for which the equality D, , = D, holds. We
also obtain a sufficient condition to construct different D, , spaces. Some examples
of different D, , spaces are given. In Section 3, we prove decomposition theorems
for D, , spaces. In Section 4, we give connections between D, , and Q,, spaces that
are new even on BMOA and the Bloch space. We show that Q, = M(D,,), 0 <
p < oo, for any u ¢ F. Consequently, the space Q, can be generated by different
analytic function spaces. We also prove that Q, = N,z Dy,p. In other words, the
non-Hilbert space Qp, 0 < p < oo, is equal to the intersection of a family of Hilbert
spaces. Applying the relation between Q;, and D, , spaces, we also obtain that there
exist different D, , spaces. Itis our hope that the theory of Q,, spaces can be developed
further in terms of the investigation of D, ,, spaces.

Throughout this paper, we will write a < b if there exists a constant C such that
a < Cb. Also, the symbol a ~ b means thata $ b S a.

2 Properties of Dirichlet Type Spaces D, ,

In this section, we consider the relation between D, , and D, spaces and provide a
method to construct different D, , spaces. Some examples of D, , spaces are also
given.

Theorem 2.1 Let y € Fand 0 < p < oo. Then the space D, , is always a subset of
D,. Furthermore, D, , = D, if and only if

- [wl?

1 p
(2.) sup D( ) du(w) < .

zeD |1 _EW|2

Proof Fix 0 <r<1landlety, = puy,n. Here, x is the characteristic function and
D={zeC:lz|<r}.

Note that

1-|w]*)?
2 nosl) = -y [ S )
and

(1-r)Pu(D)  r (A=|w})? du(w) < 2Pu(rD)
22p “Jm 1-zw|?P T (1-r)p
Consequently, g € D, ifand only if g € D, ;. Clearly, for any f € D, ,, one gets that

L @FUp(2d4E) < [ 1F/(@PULp(2)dAG).

Thus, D, , is always a subset of D,,.

Let (2.1) hold. It follows from equality (2.2) that D, ¢ D, ,. Hence, D , = D,.
On the other hand, let D, , = D,. The closed graph theorem yields that the identity
map from one of these spaces into the other is continuous. Thus, there exists a positive
constant C such that

(2.3) £+ flp,, < CUfOI+If]>,)
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forall f € D,. ForaeD, set

fa(z)=(1- |a|2)1+§ /Oz 0 _jg)ZW’ zeD.
By a similar calculation in [16, p. 684], sup,,.p, | fa |, < oo for 0 < p < co. Combining
this with (2.3) gives that sup . [ fa |5, , < 0o. Namely,
2
@) g2 0w f o) <=
Let E(a) = {z € D : |0,(z)| < 1/2} be a pseudo-hyperbolic disk centered at a. It is
well known that

1—|a|~1-za|~»1-||
for all z € E(a), and the area of E(a) is comparable with (1 - |a|)?. Furthermore, by
[29, Lemma 4.30],
[1-wz| ~ 1-wa
forall z € E(a) and w € D. Consequently,
1- 2\p 1- 2\p
[ Bl YN Bl YOS
D |1 - Zzw[?P|1 - az|**2p E(a) |1 —Zw|?P|1 — az|*+2P
1
T .
1= aw[?P(1—|a[)>*?

This, together with (2.4) shows that

sup D( L fw? )de(w) < o0,

aeD |1 - EVV|2
Thus, condition (2.1) holds. The proof is complete. ]
Remark (i) For 0 < p < o0, it is well known that
1\°?
(2)P(- ) dAE) = [ 17(2)P(log )" da
LI @Pra-lzP)yrdac) ~ [ 17(2)P(1og |Z|) (2)

forall f € D,. Replacing f by f o 0,,, w € D, in the above formula, making the change
of variables and using the Fubini theorem, one gets that f € D, , if and only if

L @e( (g ) ) aace) <o

Thus, the space D, is a Dirichlet type space with superharmonic weight studied by
A. Aleman [1]. A result similar to Theorem 2.1 with p = 1 was obtained by A. Aleman
(1], but the proof of Theorem 2.1 given here is different. We refer to [9] for the recent
theory of D, ;. It is worth mentioning that, except Theorem 2.1, our results on D, ,
and Q, spaces in this paper are new for all the range of p considered in the paper.
(ii) Let 8, be a unit point mass measure at a € D. For 0 < p < 1, Us, 5(2) =
(1-lo4(2)|?)? is a positive superharmonic function with zero boundary values on
the unit disk. From the Riesz decomposition theorem for superharmonic functions,

1-wz
Us, p(2) = /Dlog‘ p— |dvu(W),
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where dvq(w) = —AUs, ,(w)dA(w). However, [ —AUs, ,(w)dA(w) = 00,50 v, ¢
. In fact, for 0 < p < 1, U, is a superharmonic function. For p > 1, U, , is not a
superharmonic function and the space D, , is not of the Dirichlet type spaces studied
in [9].

In light of the study of inclusion relation between a class of M6bius invariant spaces
Qg (see [11, Theorem 2.6]), we give a method to find different D, , spaces as follows.

Theorem 2.2 Lety,veFand0< p< oo, If

U
(2.5) RICO N
lzl-1 Uy, p(2)
1-|w]* \? _

thenD, , £ D, p.

Proof By (2.5), weseethatD, , D, ,. SupposethatD, , =D, ,. Denote by Dg,p
the Banach space of functions g € D, , with g(0) = 0. Then IJ(V’)I, = Dg’p. The closed
graph theorem gives that there exists a positive constant C such that

.7) 1f1%,, < Clfl5,,
forall f e Dg)p. From condition (2.5), there exists a constant ¢ € (0,1) satisfying
Uy,p(2)
Uy,p(2) < 0
for t < |z| < 1. This, together with (2.7), shows that
L @PUp()dA)
<of [, W @OPU@aA) s [P iA)
t<|z|<1 |z|<t

<! [ @PU AR +C [ 1F OP @A),
Hence,

(2.8) fD ' (2)PU, p(2)dA(2) < 2C /‘ M @PUp()dAR), feD),

Let h € D, with h(0) = 0. Set h,(z) = h(rz), 0 < r < 1. A direct computation gives
that | h,||3 , < HhH?DP. Clearly, h, € D} . Inequality (2.8) yields that

277 2 p+l #(D) 2 p+1 u(D) 2
J, P 2P U p(2)dA(e) <207 C T i, <2070l

Using Fatou’s Lemma, we get that

2 p+l #(D) 2
Il <27 c AT,
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for any h € D, with h(0) = 0. Therefore, D, ¢ D, ,. Applying Theorem 2.1, we see
that D, =D, , and

1-|wl]* \?
d < 00,
28 o) )<

which contradicts (2.6). Thus, D, , & D, ,. We finish the proof. ]

The following estimates will be useful in the paper and can be found in [13, p. 9]
and [29, p. 55], respectively.

Lemma A (i) LetzeD and let 3 be any real number. Then

. 6 1 ifp <o,
1 n_
Jy zen * e 7B=0,
weryr FB>0
aslz| - 1°.
(ii) Supposez €D, c is real and t > —1. Then

a-ppy o he L e
b [L—gwprre SA) 08 leP fe=0,
[GEI A

aslz| > 1°.

Applying Theorems 2.1 and 2.2, we construct different Dirichlet type spaces D, ,.
Consequently, the investigation of D, , spaces is reasonable. Note that the spaces
Dyp> th €F, 0 < p < 00, contain polynomials. Thus, they are not trivial.

Example 1 For 0 < p < oo, let
du(w) =

Then y € Fand D, , & D,. In fact, Lemma A(ii), we see that y € F. For z € I, we
write that

1

WdA(W), 0<€<p.

D(z)={weD:|z-w|< %(1 -z}
Then D(z) is a subset of E(z) as defined in the proof of Theorem 2.1. We deduce that

1-|w* \? 1
sup D( [/ ) | dA(w) 2

2eD 1-zw2/ [1-w|>p+e
1
su l—r_Pf —dA(w).
P17 [ dAw)

0<r<1

If w € D(r), then
3

1
-(1-r)<|l-w| <=
Sa-n<l-wl<3

(1-7).
Thus,

1-|w]? \»? 1 _
su dA(w) 2 sup (1-1)7¢ = o0.
2 Jo(T2wp) owpredA) 2 sup -0
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This together with Theorem 2.1 implies that D, , & D,,.

The next examples are only valid for p > 1. In Section 4, using the theory of Q,
spaces, we will point out that for all 0 < p < oo, there exist Dirichlet type spaces D, ,
and D, ,, ph1, pi2 € Fsuch that Dy, , € Dy, i=1,2,and Dy, , # Dy, p.

Example 2 For p > 1, let
du(w) = (1= |wP)PdA(w) and  dua(w) = (1- |w]*)=dA(w),

where —1 < g < q < p - 2. Then py, y, € IF. Furthermore, D, , ¢ Dy, & Dp. In
fact, applying Lemma A(ii) yields that

1-|w]* \?
su ——— ) dui(w)=00, i=12,
ng ]D)(|1—Ew|2) ui(w) = o

U z
lim Uiep(2) # lim (1-[z))271 = 0.
lz=1 Uy, p(2) 21

By Theorems 2.1 and 2.2, we know that D, , $ D, » & D).

3 Decomposition Theorems for D, , Spaces

The theory of decomposition has appeared in many research areas and it is also im-
portant for the study of analytic function spaces. For every function in a given analytic
function space, it is interesting to write the function as a linear combination of func-
tions that are elementary in some sense. Decomposition theorems for the Bloch space
B, BMOA and Q,, 0 < p <1, were established in [18,19, 22] respectively. The purpose
of this section is to obtain decomposition theorems for D, , spaces. We also compare
decomposition theorems on different analytic function spaces.
For any z, w € D, the Bergman metric between z and w is given by

1, 1+]o(w)
,w) = -log ———=.
P = 3 8 o)
Fix r > 0. Denote by
D(z,r)={weD:f(z,w) <r}

the hyperbolic disk. A sequence {zj };2, in D \ {0} is called an r-lattice if
D= fj D(zg, 1)
k=1

and B(zi,z;) > r/2 for i # j. The last condition is usually expressed by saying that
{2k }i2, is §-separated. We refer to Zhu’s book [29] for these notations.

The following theorem is the main result of the section. One can compare it with
decomposition theorems of 9, spaces given in [22].

Theorem 3.1 LetpueF,0<p<2andb > p+1 Thereexists an ro > 0, such that for
any r-lattice {zy } ro, in D with 0 < r < ry, the following are true.
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() Iff € Dy,p, then there exists a sequence {Ay } € £* such that

1—|Zk|2 b
(3.0) f(z)=f(0)+ Zm(l ZkZ)
and
(52) > Il < Clfl, .

(ii) For any {Ax} € €2, the function f defined by (3.1) is in D, , and
1£1%,, < C X0 Al
k=1

Remark  The proof of Theorem 3.1 given here is invalid for p > 2, because we need
to use Lemma C.

Before proving Theorem 3.1, we give some auxiliary results. The following lemma
can be found in [29, p. 72].

Lemma B Suppose 0 < r < 1 and {z;}2, is an r-lattice. For each k there exists a
measurable set Dy with the following properties:

(i) D(zk,r/4) € Dy € D(zx,7) forallk > 1.
(iii) D = U Dy.

The following sharp inequality can be found in [15, Lemma 2.5] (see also [27,
Lemma 1]).

Lemma C  Supposethats> -1, r,t>0,andr+t—s>2. Ift<s+2<r, then

/|1_ Y gagwy < U

wz|"[1 - w(]! 1zt
forallz, { e D.

For v € IF, let L*(ID, dv) be the space of all measurable functions g on D with

lgl.00) = [, l8(2)Pdv(z) < .

To prove Theorem 3.1, we need to consider a certain operator on L?(D, U, ,dA) as
follows.

Lemma 3.2 LetpcF,0<p<2andb>max{2p-1, PTH} Then the operator
(1= |wP)*!
D |1-wz|t+

is bounded on L*(D, U,, ,dA).

Tg(z) = lg(w)|dA(w), geL*(D,U,,dA),
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Proof We prove the result by Schur’s test. Define a linear operator Ty on L*(ID, dA)
as follows:

Tuf(2) = fD H(z,w) f(w)dA(w), feL*(D,dA),
where
(L= wP)*™ | Upp(2)
T=zwr \ Upp(w)’
Fix a number f with max{p — b + 1,0} < f < min{p + 1,2 — p, b} and take the test
function
VUup(2)
h(z) = ———.
(1-1[z)*
Note that 8 € (0, b). Using Lemma A we get that

(3.3) fH(z w)h(w)dA(w) =/ Uy,p(2) f A=) ﬁdA(w)sh(z).

ZW|b+1

H(z,w) =

Notethatb >0>-landl-p-b<p-b+1<f <m1n{p+1,2—p}. Applying the
Fubini theorem and Lemma C, we deduce that

f H(z, w)h(2)dA(z2)
_ Q) (1= |2y
NGO S0 [ i dAG)

(-l -y
T SUp(w) Jo L-wire

Bear in mind (3.3) and the above inequality. Using the Schur theorem (cf. [29, Theo-
rem 3.6]), we get that Ty is a bounded operator on L*(ID, dA).
Forany g € L*(D, Uy, ,dA), let

=18(2)[\/ Uu,p(2).
Then

[ 18P0 (AR = [ 1Tuf(2)PdAE) s [ 1F(2)PdAG),

which gives the desired result. The proof is complete. ]

du(¢) » h(w).

As mentioned in Section 2, we let Dg) » be the Banach space of functions g € Dy,
with g(0) = 0. Suppose 0 <7 <1, p>0,b > p+1,and {2, }}2, is an r-lattice. Define
a linear operator S, ; on Dg’p by

oo b-1
(34) Sr,bf(z) = % Zf,(zk)u) |((1|Zk|) )b ’
k=1

where Dy is defined as in Lemma B and |D| is the area of Dy.

feDyp

Lemma 3.3 LetuclF,0<p<2 andb > p+1. There exists a small enough positive
constant ro such that if 0 < r < ro, then the operator S, ;, defined by (3.4) is bounded
and invertible on the Banach space D,‘l,p-
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Proof Let f « Dg,p. Then Theorem 2.1 gives that f € D,. Since b > p + 1, we
obtain that f € D;,_,. Applying the reproducing formula of Bergman spaces (cf. [29
Proposition 4.23]), we get

(1= |w)*!
f(z) = Wf (w)dA(w).
Combining this with Lemma B yields
/ ’ _ b S (1_|W|2)b71 !
F(2) = ($r6f) (2) = - kz::l D mf (w)dA(w)

b & , b-1
—;kglf (2k)| D |((1 |ﬁ| ))h+1'

Z. Wu and C. Xie [22, p. 395] proved that

A= wp)

1- /
) = @57 [ Sl nldae)
Note that b > p + 1> max{2p -1, pTH} Applying Lemma 3.2, we see that

L 172 = (80 P Uup(@)dAE) 57 [ [TF/(2)PUup(2)dA()
$PIflb,,.

which means that I - S, ; is a bounded operator on Dg) »- Here I is the identity oper-
ator. Hence,

I(I=Sep)flo,, STl flD,,

forall f € DY, ,. Thus, S, ; is bounded on D), u,p- 17 is small enough, then the operator
I-S, has norm less than one. By standard functional analysis, the operator S, ; is
invertible on D u,p- The proof is complete. ]

Proof of Theorem 3.1 (i) Let f € D, . Then the function g(z) = f(z) - f(0)
belongs to Dg) p- Using Lemma 3.3, we obtain that

6(2) = S,4558(2) = L S (she) () ipe o B)
AR nig " zr(1-zxz)?
-5 =)
k=1 Uy, p(zk) 1-Zkz

where

(S;58) (z)|Dx|
Ay = —rbS/ ARIVTRL ey
£ mzi (1= |zx[?) V(2
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Bear in mind that |Dg| » (1 - |zx|*)?. Applying Lemma B and the subharmonicity of
1(S,3,8)"I* (cf. [29, Proposition 4.13]), we get that

oo S D 2
ZM |2 Z |( rb(g) T§k|)2|)l k| Uﬂ,p(zk)

S $739) (2)P U, (2x)dA(2).
) BN C R CIEENTZE

By [29, Proposition 4.5] and [29, Lemma 4.30], we know that

1-|z| m1-|zx| ¥ 1—Zxz|, [|1-wz|~[1-wz,

for all z € D(zx,r/4) and w € D. Hence, U, ,(zx) & Uy p(2) for all z € D(zx, r/4).
Note that the operator S, is also bounded on Dg, - Consequently,

SIMPEY [ b G U (1A

s [105759) (PUp(2)AAE) 5 g1, = 11,

(ii) Suppose {A;} € €2. We consider the function f defined by (3.1). Forany z € D,
one gets that

& izl (1= Jzif?)?

f'(@)<by]

2/ Upp(z) 1-Zi2|!
S Az f (1-|w|*)b!
] ~— = dA(w
kz=:1 (1= |zx)\/Up,p(zi) /DGir/) 1= wzlb+! )

(1_|W|2)b—1< & |ARZKI XD (zkr/4) (w) )dA(w).

D [1=wz[P* N (1-|zk])\/Up,p (2x)

Set
|/\kzk‘XD ,r/4)(w
k=1 1_|Zk|)\/ w.p Zk
Then

/1 D(zg,r/4)(w
Sl dacn) s [ 58 SIA y o aac

& Akl

D)
it (1= 1zi])? Uy p(21) ID(200r74)

Up,p(w)dA(w)

8 Akl < oo
k=1
Combining the above estimates and Lemma 3.2, we see that

oo
115, s 1T8l72m,0,,44) S 181720,0, ,aa) S 2 1Ael* < oo.
k=1

The proof of Theorem 3.1 is complete. ]
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Let v be a positive Borel measure on the unit circle 0D). Motivated by the study
of cyclic analytic two-isometries, S. Richter [17] introduced a certain Dirichlet type
space D(v), which consists of functions f € H(ID) with

115 = 115 + fD ' (2)I*Py(2)dA(2) < o0,

where

Py(2) = /2” 1-|z| dv(t).

left —z|2 2m
Recently, the decomposition theorems for D(v) spaces were established in [14] as
follows.

Theorem D  Let v be a positive Borel measure on 0D and b > 2. Then there exists a
d-separated sequence {z;}2, in D such that the following are true.

(i)  Iff € D(v), then there exists a sequence {A;} in C such that
35 = f(0 Ai(1 —— -1
(35) 1) = FO) + 34,0 (= = 1)

and
> Mi1*Pu(z)) < Clf 115y
j=1

(ii) If a sequence {A;} € C satisfies that 372, |Aj|*P,(2)0y; is a v-Carleson measure,
that is,

(36) gujfpv(zj)v(zjnz $If Py, forall f eD(v),
then the series defined in (3.5) converges in D(v) and
Ty < €3 i)
Remark  We point out that condition (3.6) in Theorem D can be replaced by
> LR (z) < .
j=1

Comparing decomposition theorems stated in the section with that on other analytic
function spaces (cf. [18,19,22]), we can understand decomposition theorems on ana-
lytic function spaces as follows. Let X ¢ H(ID) be a Banach space. Roughly speaking,
there exists a sequence {z;}%, in D and a large enough number b such that the space
X consists exactly of functions of the form

f(2) = ZA( Sn

zjz

where {1;} satisfies certain condition depending only on the space X.
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4 Q, Spaces and D, , Spaces

As mentioned in Section 1, BMOA = M(H?) and B = M(AP) for1 < p < oo. If
0 < p <1, itis only known that Q, = M(D,). In this section, we show that, just like
BMOA and B, the Mébius invariant function space Q p» 0 < p <1, can be generated
by different analytic function spaces. In fact, Q, = M(D,,,) for any u € F. We also
prove that the non-Hilbert space Q, is equal to the intersection of Hilbert spaces D, .
Applying the relation between Q, and D, , spaces, we see that there exist different
Dy,p spaces.

To prove our main result in the section, we recall Q, o spaces. For 0 < p < 00,Q, ¢
is the class of functions f € H(ID) with

im [ 1f'(2)P(1- ea(2)) dA() =0.

By the characterization of lacunary series of Q, o and Q, spaces in [6], the Dirichlet
space D is strictly contained in Q,, o for 0 < p < co. K. Wirths and J. Xiao [21] proved
that Q; o is the closure of polynomials in the norm of Q,, and Q,, o is Mébius invariant
space in the strict sense of Arazy, Fisher, and Peetre [4].

The following theorem is new even for the classical function spaces BMOA and B.

Theorem 4.1 Let y € Fand 0 < p < oo. Then the following are true:
(D) Q& Dyyps

(i) Qp=M(Dy,p);

(iil) Qp =Nuer Dy,p-

Proof (i) For any f € Q,, applying the Fubini theorem yields that
LI @PU@dAE) = [ [ 1F@FQ-low(2)) dAE)dutw)

<uD)|fI5,.

Hence, Q, ¢ D, ,. Suppose that Q, = D, ,. From the closed graph theorem we
obtain that the norms of Q, and D, , are equivalent. Therefore, Q, and Q, ¢ are
Hilbert spaces. J. Arazy and S. Fisher [3] proved that the unique Hilbert space among
Mobius invariant spaces in the strict sense of Arazy-Fisher—Peetre [4] is the Dirichlet
space D. Thus, Q, ¢ = D contradicting the fact that D is strictly included in Q, ,.
Thus, Q, & Dy .

(ii) By Theorem 2.1 and (i) of the theorem, we know that Q, ¢ D, , € D,. This
implies that M(Q,) € M(D,,,) € M(D,). Note that M(Q,) = M(D,) = Q,. Thus,
Q,=M(Dy,p).

(iii) Since Q, & Dy, for any p € F, we obtain that Q) S Nyer Dy, p. Now let
feH(D)and f ¢ Q,. Then there exists a sequence {a, } -, in D such that

ﬁ” = ‘/]D |f,(Z)|2(1_ |0an(z)‘2)PdA(Z) > N

for any positive integer n. Set t, =1/2" and v = 3.7, £,0,,. Then

v(D) =) t,<oo and HfHZDv,, = tuPy = oo.
n=1 n=1
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This implies that f ¢ D, ;. Thus f ¢ Nyer Dy, p- The conclusion follows. [ |

In Section 2, we gave some examples of different D, , spaces only for p > 1. Ap-
plying (i) and (iii) of Theorem 4.1, we prove the existence of different D, , spaces for
every 0 < p < oo, without constructing examples.

Corollary 4.2 Let 0 < p < oo. There exist Dirichlet type spaces D, , and D, o, u1,
po2 €, suchthat Dy, , $ Dy, i=1,2,and Dy, p # Dy, p.

Proof By Theorem 2.1, D, , € D, forall u € Fand 0 < p < co. Combining this
with (i) and (iii) of Theorem 4.1, we see that there exists y; € I such that D, , & D).
Applying these facts again, we get the desired result. ]

5 Final Remark

The theory of Q,, spaces is very well developed. But there are still unresolved prob-
lems. For example, the problem of composition operators on Q, spaces for 0 < p < 1.
Let ¢:ID — ID be an analytic self-map of the unit disk. The function ¢ induces a com-
position operator C,, acting on H(ID) by the formula C, f = f o ¢. As pointed out in
[23,24], it is still an open question to characterize the boundedness and compactness
of the composition operator C, acting on Q,, 0 < p < 1, in terms of the function
properties of the symbol ¢.

Based on Theorem 4.1, we hope that the theory of Q, spaces can be developed
further in terms of the content of D, , spaces.
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