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Abstract

We establish sufficient and necessary conditions for the joint transitivity of linear iterates in a minimal topological
dynamical system with commuting transformations. This result provides the first topological analogue of the
classical Berend and Bergelson joint ergodicity criterion in measure-preserving systems.

1. Introduction - Main result
1.1. The joint ergodicity problem

Let (X, B, u) be a standard probability space equipped with an invertible measure-preserving transfor-
mation 7 : X — X (that is, u(TA) = u(A) for every A € B). We say that the quadruple (X, B, u,T)
is a measure-preserving system. In particular, the latter is called ergodic or weakly mixing if the
transformation 7 is ergodic (i.e., every T-invariant set A € B satisfies u(A) € {0, 1}) or weakly mixing
(i.e., the transformation 7' x T, acting on the Cartesian square X := X x X, is ergodic), respectively.
Given a weakly mixing measure-preserving system (X, B, u,T) and distinct nonzero integers
ai,...,aq, we have the following independence property of the sequences (7%"),,1 <i < d.!

Theorem 1.1 [25]. Let (X, B, u, T) be a weakly mixing measure-preserving system. Then, forany d € N,
any distinct nonzero integers ay, . ..,dq, and any fi, ..., fqg € L= (), we have

N

: i an aqgn —
JIE’MNHZ:;T froco T a= | fidies | fadu, (1.1)

where the convergence takes place in L*>(u).

This result, in particular its recurrence reformulation on B-measurable sets of positive measure, is
a crucial ingredient in Furstenberg’s approach in proving Szemerédi’s theorem (that is, every subset of
natural numbers of positive upper density contains arbitrarily long arithmetic progressions) by recasting
it as a recurrence problem.

IThroughout this paper, whenever a sequence is written as (a(n)), without specifying the range of n, it is understood as a
Z-sequence (a(n))nez.
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Later, in [5], Bergelson extended Theorem 1.1 to essentially distinct integer polynomial iterates. The
convergence of general multiple ergodic averages for various classes of iterates to the right-hand side
of (1.1), also known as the ‘expected limit’, developed to be a topic on its own (e.g., see [5, 7,9, 12, 13,
14,15, 19, 20, 21, 22, 30, 31, 32, 33, 39] for various results on polynomial and Hardy field functions of
polynomial growth); the one of joint ergodicity.

Definition 1.2. Let (X, B, u, T1, . . ., Ty) be ameasure-preserving system with commuting and invertible
transformations? and (aj(n))y,. .., (aq(n)), be integer-valued sequences. We say that (Tla ! (">)n, cee,

(T;d(") Ya are jointly ergodic (for ) if for any fi, ..., fa € L™(u), we have

N —

N

. 1

lim NZTfl(n)fl'...~T;d(")fd=/f1 d,ll‘..."/fdd/l, (1.2)
g X X

where the convergence takes place in L?(u) (i.e., the L?(u)-limit of the left-hand side of (1.2) exists,
and it takes the value of the right-hand side).

The first characterization of joint ergodicity is due to Berend and Bergelson.

Theorem 1.3 [4]. Let (X, B, u,T1,...,Ty) be a measure-preserving system with commuting and in-
vertible transformations. Then (T{" )y, ..., (T})n are jointly ergodic (for p) if and only if both of the
following conditions are satisfied:
(i) TiTj‘1 is ergodic (for w) forall 1 <i,j <d,i # j; and
(ii) Ty X --- X Ty is ergodic (for u®?, where u®? =y x - - - x 1 is the product measure in X?).
There is a plethora of analogous joint ergodicity characterizations for generalized linear functions [6],

polynomial functions [12, 15, 23, 24] and Hardy field functions [13, 16].
The objective of this article is to prove a topological counterpart of Theorem 1.3.

1.2. The joint transitivity problem

A ZK-system is a tuple (X, Sy, ..., Sk), where X is a compact metric space and S1, ..., S;: X — X are
homeomorphisms with §;S; = §;S; forall 1 <, j < k. Welet (Sy, ..., Sk) denote the group generated
bySl,...,Sk.

In order to state the result corresponding to Theorem 1.3 in the topological setting, we start with
the notion of joint transitivity; recall that a G s set is a subset of a topological space that is a countable
intersection of open sets.

Definition 1.4. Let (X,S;,...,S) be a Zk—system, Ti,....,Tqg € {S1,...,8k) and (a;(n)),...,
(aq(n)), be integer-valued sequences. We say that (7}"' my (T;d("))n are jointly transitive if
there is a G s-dense subset Xy C X such that for all x € Xj, the set

{(r" MWy . ,T;d(")x) ‘n ez}

is dense in X4 = X x--- X X (d times).” In the d = 1 case, we say that (T} (m), s a transitive sequence.

We call a Zk-system (X, S1,...,Sk) minimal if, for any point x € X, its orbit {Si"l . S;"kx :
(my,...,my) € ZF} is dense in X. A system is transitive if there exists a point x € X whose orbit
is dense; we say that any such point x is a transitive point (of (X, Si,...,Sk)). The pioneer work of
Glasner [26] established joint transitivity for sequences given by iterates of powers of a transformation

2Naturally, by this we mean that (X, BB, ) is a standard probability space and 77, ...,Ty : X — X are invertible measure-
preserving transformations with 7;7; = T;T; forall 1 < i, j < d.
*In [29], the authors call the family (7}", ..., T}") to be A-transitive. We use the term ‘joint transitivity’ to emphasize the

direct parallelism of Theorem 1.3 to Theorem 1.6 in the measure theoretic setting on ‘joint ergodicity’.
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in a minimal and (topologically) weakly mixing Z-system (X,T) (meaning that the product system
(X x X,T xT) is transitive).

Theorem 1.5 [26]. Let (X, T) be a minimal weakly mixing Z-system. Then, for any d € N, and distinct
nonzero integers ai, . . ., dg, the sequences (T*'"),, ..., (T%™), are jointly transitive.

Theorem 1.5 can be thought as the topological analogue of Theorem 1.1. This result was extended
by Huang, Shao and Ye in [29], who obtained topogically joint ergodicity results under weakly mixing
assumptions of several transformations but were able to deal with polynomial expressions and nilpotent
group actions. Some follow-up works on this line are given in [8, 41].

We are now ready to state our main result, which can be regarded as the topological version of
Theorem 1.3.

Theorem 1.6. Let (X,Sy,...,Sx) be a minimal system and Ty,...,Ty € (Si,...,Sr). Then
(T{ns - - s (T} are jointly transitive if and only if both of the following conditions are satisfied:

1) (X,Tl.‘lTj) is transitive forall 1 <i,j <d, i # j; and
() (X9, Ty x--- x Ty) is transitive.

Remark 1.7. As in the measurable case with Theorem 1.3, Theorem 1.6 provides a characterization for
all linear iterates.

Indeed, assuming that the iterate of the 7; is a;n + b;,a; € Z\ {0}, b; € Z,1 < i < d, noting that the
shifts by the b;’s do not affect the denseness of the orbits, we can use the Theorem 1.6 for the functions
T4 (which still belong to (S, ..., Sk)).

It is important to note that the problem in the topological setting differs significantly from the
one in the measurable setting as the dense G s subset of X might have zero measure. For example, a
minimal topologically weakly mixing system (X,7T) may exhibit a discrete spectrum with respect to
some invariant measure. In such a system, (T"),,, . .. (T%"),, are jointly transitive but not jointly ergodic.
In fact, any ergodic measure-preserving system is measurably isomorphic to a minimal and uniquely
ergodic topologically (strongly) mixing system (see [35]).

We also want to emphasize that Theorem 1.6 fails without the minimality assumption. Indeed, in [36],
Moothathu showed that there exists a nonminimal, strongly mixing shift (X, o) such that, for every point
x € X, the set {(o"x,0%"x) : n € Z} fails to be dense in X?. Because (X, o) is strongly mixing, the
Z%-system (X, o, o°%) satisfies conditions (i) and (i) of Theorem 1.6, but the sequences (o)., ("),
are not jointly transitive. It should be noted that there are no commuting transformations Sy, . . ., Sk that
generate a minimal action and such that o € (S, ..., Sk). One reason for this is, of course, Theorem 1.6,
but this can also be seen directly in Moothathus’s example, using the fact that the set of o-periodic
points of a given period have to be preserved by (S1, ..., Sx), which prevents minimality.

Due to Theorem 1.6 and recent developments in the theory of topological factors, we believe that
there will be numerous results in the joint transitivity problem in the near future.

Problem 1.8. Analogously to Theorem 1.6, obtain joint transitivity characterizations for iterates that
come from polynomial and Hardy field of polynomial growth functions, for which the corresponding
results in the measure theoretic setting are known.

In particular, we chose to state the following conjecture which is the topological analogue of
[15, Theorem 1.4]: a natural extension of the linear case.

Conjecture 1.9. Let (X, S1,. .., Sk) be aminimal system, T, ..., Ty € {S1,...,Sk)and p € Z[t]. Then
(Tlp(") ) PV (TI(”))n are jointly transitive if and only if both of the following conditions are satisfied:

6))] ((Tt._lTj)P("))n is transitive (in the space X) forall 1 <i,j < d, i # j; and
(ii) the sequence ((T) X - - - x Tz)P? ™), is transitive (in the product space X?).
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1.3. Structure of the paper

In Section 2, we recall some notions from the theory of dynamical systems. In particular, we provide
equivalent statements to joint transitivity (Lemma 2.1), and we list properties of dynamical cubes and
regional proximal relations.

In Section 3, we first characterize (in Theorem 3.1) regional proximal relations for product transfor-
mations, and finally, we prove Theorem 1.6 by an inductive argument.

2. Background material and useful facts

Definitions and conventions. For any Z*-system (X, Sy,...,Sx) and m = (my,...,my) € ZK, we
write Sy, = 7" - ... - S}, So, we may write a Z¥-system as (X, (Sy),nczx) Whenever we do not need
to stress the generators. With this convention, a Z*-system is minimal if for any point x € X, its orbit
{Snx : m € Z*} is dense in X. We adopt a similar notation for subgroups of Z*. If G C Z* is a subgroup,
then (X, (S;)mec) denotes the system given by the subaction of G.

We will use p to denote the metric on X, and slightly abusing notation, we will use p to denote the
metric on the product space X¢ as well, where p((x1, .. .,xq), (%75 +5x)) =sup; ;g P(Xi, X)).

Let (X, S1,...,S¢) and (Y, Ry,..., Ry) be two Zk-systems. We say that Y is a factor of X (or that X
is an extension of Y) if there exists a continuous and onto map n: X — Y (called the factor map from
XtoY)suchthat moS; = R; om forall 1 <i < k. By slightly abusing the notation, we will sometimes
use the same letter to denote the transformations that act on the space X and the factor Y. When r is a
homeomorphism, we say that the systems are fopologically conjugate.

There is a one-to-one correspondence between the factors and the closed invariant equivalence
relations on X. Indeed, we can associate a factor map 7: X — Y with the relation R, = {(x,y) : n(x) =
7(y)}, and conversely, given a closed invariant equivalence relation R, we can associate it with a factor
map X — X/R being the quotient map. A factor map m: X — Y is almost one-to-one if there exists a
G s-dense subset Q of X such that for any x € Q, 77! (7(x)) = {x}. A factor map 7: X — Y is open
if 1(A) C Y is open whenever A C X is open. Note that the latter implies that for any (x,x’) € R,
and € > 0, there exists § > 0 such that if p(x, y) < &, then there exists y’ € X with p(x’,y’) < € and
(3,¥") € Rx.

A system (X, S,...,Sk) is equicontinuous if the family of functions generated by Si,..., Sy is
equicontinuous. Any minimal equicontinuous ZX-system is topologically conjugate to a rotation on
a compact abelian group (see [2, Chapter 2]). The maximal equicontinuous factor of a ZF-system
(X,S1,...,8k), is the largest equicontinuous factor of it. That is, any equicontinuous factor of
(X, S1,...,Sk) is also a factor of the maximal one. The maximal equicontinuous factor of a minimal
Zk-system is induced by the regionally proximal relation RP« 71 (X) (see Section 2.2).

Let (X,S1,...,5¢) be a Z¥-system. A pair (x,y) is proximal if there exists a sequence (n;); in
Zk such that p(Sn;x,Sn,y) — 0 as i goes to infinity. The set of all proximal pairs is denoted by
P(X). It is well-known that P(X) C RPz« 7« (X) (see, for instance, [38]). A factor map 7: X — Y is
proximal if R, € P(X). Any almost one-to-one factor map between minimal systems is proximal (see
[2, Chapter 11]).

2.1. Equivalent definitions for joint transitivity

The following lemma provides a couple of equivalent definitions for joint transitivity. We will use this
lemma implicitly throughout this paper. Its proof is a direct generalization of [37, Lemma 2.8] (see also
[29, Lemma 2.4] and [36]).

Lemma 2.1. Let (X, Sy, ..., Sk) be aminimal Z*-system and (a1 (n)),, . . ., (aq(n)), be sequences with
values in Z¥. The following are equivalent:
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(i) There exists a dense G s subset Q of X such that the set
{(Sal(n)x’ cees Sad(n)x): ne Z}

is dense in X% for every x € Q.
(ii) There exists some x € X such that the set

{(Say(my*s -+ > SaymyX): n € Z}

is dense in X4,
(iii) For every nonempty open subsets U, Vi, ...,Vq of X, there is some n € Z such that

unS_gmVin---NS_q,mVa # 0.

Proof. The implication (i) = (ii) is obvious. We next prove that (if) implies (ii7). To this end, letx € X
be such that the set

{(Sul(n)x, cees Sad(n)x): ne Z}
is dense in X<. Then, for any m € 7k the set
X(x,m) = {(Sa,(n)+m¥, - - - Say(n)+mX): n € Z}

is also dense in X“. Now, for any nonempty open subsets U, Vy, ...,V of X, by the minimality of
(X,S1,...,Sk), we may find some m € Z¥ such that S,,x € U, and since X (x,m) is dense in X9 there
exists n € Z such that Sg, (4)+mx € V; forall 1 <i < d. Therefore, the set

Un S_al(n)Vl Nn---N S—ad(n)vd

contains the point 7,,,x; hence, it is nonempty.
It remains to show that (iii) implies (7). Let F be a countable basis of the topology of X and define

Q= ﬂ US—al(n)Vl N--NS_g,mVa.

It follows from (ii7) that Q is a dense G s set. Moreover, the set
{(Sal(n)x, ceey Sad(n)x): ne Z}

is dense in X¢ for every x € Q. O

2.2. Dynamical cubes and regionally proximal relations

The notion of the regionally proximal relation was introduced by Ellis and Gottschalk [18] in the 1960s.
Here, we will adapt a few notions from [17] to our setting.

Let (X, S1,...,Sk) be asystem and (G, G;) be a pair of subgroups of Z*. Recalling the definition
of S, forag e ZF from the beginning of Section 2, we define the space of (G, G,)-cubes as

QGI’GZ(X) ={(x,8¢,%,8¢,%,Sg,40,X) : x € X, 81 € G1,82 € G2} C X4,

(We remark that such definitions were initially introduced in [ 1 7], for the case where each G; is generated
by a single transformation.) Given x € X, and (G, G3), let

F61,G,(x) = {(Sg, X, Sg,X, Sg14¢,%) : 81 € G1,82 € G2} C X3,
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When G; is generated by a single element g;, we write Q, ¢, (X) simply as Q Se;+Se, (X); a similar

notation is used for Fg, g, (x). Given a single subgroup G of Z¥, we write

RPG(X) = {(x,S,x) :x € X, g € G} C X?

(this relation is called the prolongation relation in [3]). Note that if (X, (S;;)mec) is transitive (meaning
that there exists a point x such that {S,,x : m € G} is dense in X), then RPg(X) = X X X. Similarly
to [17] (or [27] for the case of a Z-action), we define the relation RPg, g,(X) as the set of points
(x,y) € X? such that (x,y,y,y) € 05,.6,(X). It should be noted that if (X, G) is minimal, then
RP¢ ¢ (X) is nothing more than the classical regionally proximal relation (see [2, Chapter 9] for more
information on this relation).

We need the following lemma.

Lemma 2.2. Let (X, S1,...,Sk) be a Z*-system and G 1, G» be subgroups of ZF.

(i) Let o: X* — X* be the map with o(a, b, c,d) = (a,c, b, d). Then 7(Q6,.6,(X) = 0¢,.c,(X).
(ii) Consider the system (RPg, (X), GS), where Gé is the action given by g(x,y) = (gx, gy), for all
g € Gy and (x,y) € X>. Then RPGZA (RPg, (X)) = Qg,.6,(X).
(iii) If H is a subgroup of Z* and RPg, (X) = RPg,(X), then 06,.0(X)=0¢, n(X).
(iv) If G|, G} and G\, G, are subgroups of ZF such that G| € Gy, and G/, C Gy, then QG§,G3(X) c
06,.6,(X).

Proof. (i) and (iv) follow directly from the definitions.

To show (if), first note that for all x € X, g1 € Gy, and g2 € G, the point (x, Sg, X, Sg, X, Sg,+g,X)
belongs to RPGZA (RPg, (X)) (here, we naturally identify this point with ((x, Sg1x), (Sg,X, Sg,+g,X))).
Therefore, Q, G,(X) € RPGZA (RPg, (X)). For the converse inclusion, it suffices to show that for any
(x,y) € RPg,(X) and any g, € G2, we have (x,y, Sg,x, Sg,y) € Qg, i,(X). Let € > 0 and choose
0 <6 <esothatifz,z” € X and p(z,z") < 6, then p(S,,2, Sg,2") < €. Wecanfindx’ € X and g € G4
such that p((x’, Sg,x"), (x,y)) < 6. It follows that (x", Sg,x’, Sg,x’, Sg,+g,X") is at distance at most € of
(x,y,Sg,x, Sg,y). Since € > 0 is arbitrary, we conclude that (x, y, S¢,x, Sg,y) € Qg, ¢, (X) as desired.

(iii) follows immediately from (i7). O

Corollary 2.3. Let (X, Sy, . .., Sk) beaZF-system and let G C ZF be a subgroup such that (X, (Sp)meG)
is transitive. Then, for any subgroup H of 7K, we have Q6.u(X) = Qz y(X). In particular,
RPG G (X) = RPzx 7 (X).

Proof. Note that by Lemma 2.2 (iv), the inclusion Q¢ g (X) S Qzk 7« (X) always holds. In addition,
if G is transitive, since RPG(X) = X X X = RPz (X), Lemma 2.2 (iii) implies that Qs p (X) =
Q7 (X). Using (i) and (iii) of Lemma 2.2, we get Q5 6 (X) = @z« 7« (X), from where RPg (X) =
RPzx 7« (X). m|

We remark that Corollary 2.3 could also be deduced by using a proof similar to that of
[17, Lemma 6.13].

Veech [40] proved that the regionally proximal relation is an equivalence relation for a minimal
system and an abelian action. The first part of the following, now classical, theorem can be found, for
example, in [2, Chapter 9], while the second one can be found in [38].

Theorem 2.4. Let (X, Sy, . .., Sk) be aminimal system. Then RPz« 7« (X) is an equivalence relation, the
system X [RPzx 7 is the maximal equicontinuous factor of X, and this factor is topologically conjugate
to a rotation on a compact abelian group.

Furthermore, if n: X — Y is a factor map between minimal Z* -systems, then mt X 7 (RPz 7 (X)) =
RPz« 7 (V).

“Note that RPg, (X) is invariant under this action since G| and G, commute.
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2.3. The O-diagram

The following is a classical theorem in the structural theory of topological dynamical systems and will
be very useful for our purposes. We state a version for Z¥, giving only the information we need for our
work. We note that this theorem is valid for general group actions. For further details, the interested
reader may consult [10, Chapter VI, Section 3] or [2, Chapter 14].

Theorem 2.5. Let (X, S1,...,Sr) and (Y,Ry,...,Ry) be two 7k -minimal systems and n: X — Y a
factor map. Then there exist two ZK-minimal systems (X,S1,...,S¢) and (Y, Ry, ..., Ry) and factor
mapsit: X — X,0: X — X, ¥: ¥ — Y such that the following diagram (which is called the O-diagram)

<

/g

i — >

N
AN

h<

is commutative, & and T are almost one-to-one, and 7 is open.

Theorem 2.5 says that, modulo almost one-to-one extensions, we may assume that the factor map is
open.

3. The proof of the main result
3.1. A characterization for the regional proximal relation for product transformations

The following is the main tool we use in the proof of Theorem 1.6 and can be interpreted as a topological
analogue of seminorm control in product spaces (see [ 15, Lemma 5.2] or [12, Lemma 3.4] for analogous
statements in the measurable setting).

Theorem 3.1. Let (X,Sy,...,Sr) be a minimal Zk-system and Ty,...,Tq € (Sy,...,Sk). Let
(Yi,S1,...,8k), 1 <i <d be factors of X, such that for all i, the factor map n;: X — Y; is open, and
Ry, CRPr, 1,(X). Forall1 <i <d, let (x;,y;) € Ry,. Then

(X153 X%2)s (V1 -+ -5 ¥a)) € RPrs ey, (XD).

Roughly speaking, Theorem 3.1 can be interpreted as saying that (X9 /RP7,x...xz, (X%), Ty X - - X Ty)
is a factor of (X/RPr, 1,(X) X - - X X/RPr, 1,(X), T X - - - XT4) (assuming that all the quotient spaces
are well defined).

The main ingredient in proving Theorem 3.1 is to show that if (x;, y;) € RPr, 1,(X) for some fixed
1 <i < d, then we may find a common time » such that a neighborhood of x; returns to itself under 7' ]"

for all j, while a neighborhood of x; visits a neighborhood of y; under 7;". This is done in Lemma 3.3.
We then use Lemma 3.3 repeatedly to move the point (xy,...,xg) to (y1,...,yq) by changing one
coordinate at a time.

In order to prove Lemma 3.3, we need the following lemma which shows that the set of visiting times
of x to a neighborhood of y under 7", when (x, y, x) € Fr r(x), contains the difference set of an infinite
sequence. The proof can be deduced from the proof of [28, Theorem 7.3.2] or by using arguments
from [40]. We give a proof for completeness.

Lemma 3.2. Let (X,T) be a Z-system and let x,y € X be such that (x,y,x) € Fr 1 (x). Then for any
open neighborhood U of y, there is a sequence (a;)ien C Z of integers taking infinitely many values
such that the set {n € Z : T"x € U} contains {a; —a; : j > i}.

Proof. Let € > 0be such that B(y, ) C U. Fori € N, set ¢; = €/2°. Construct a sequence (;);en, With
0 < §; < ¢ and a sequence (m;, n;);en in Z X Z as follows: Let ny, m; be such that p(T™'x, x) < €,
p(T™x,y) < €, and p(T"*™x,x) < €. Pick 0 < §, < € such that p(z,z’) < §, implies that
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p(T%z,T47") < e forall |a| < |ny|+ |m|. Take ny, my such that p(T"2x,x) < 62, p(T™x,y) < 6 and
p(T™*"2x x) < §,. (We highlight here that the numbers n,, m; can be taken to be arbitrarily large.)
Note that the definition of ¢, implies that

p(T"™ M x,x) < €1 + &, p(T™"M My x) < € + €&, p(T™ My x) < € + 6,

p (T2 iy ) < €1 + €, p(T™x,y) < € + €, and p(T™" My y) < € + 6.

So,if weset Ry = {ny,n;+m;}, Py = {m}, Ry = {na, no+my}, we have that p(T**’x, x) < €| + ¢, for
alla € Ryand b € Ry, and p(T%*“x,y) < €] + & forall a € R, and ¢ € P; (here, R stands for ‘return’
and P for ‘passage’).

The idea of the proof is that return times associated with large indices are compatible with return
times and passages associated with smaller indices. More precisely, inductively, suppose that we have
defined &;, m; and n; for all 1 <i < [ for some [/ € N, and for the set R; = {n;, n; + m;} and P; = {m;},
we have that if a = rj, +---+rj, withrj, € Rj,, j1 < ... < ji, then p(T%,x) < Zle €j,, and
p(TCx,y) < e + 25:1 €, ifce€ Pr, k < ji.

Let 0 < 6;+1 < €41 be such that p(z,z’) < 8;41 implies that p(T%z,T%7’) < €4 for all |a| < |ny| +
|mq|+---+|n;| +|m;|. Then choose n;y; and m;,1 such that p(T"+1x,x) < 841, p(T"H++Mi+1x x) < 541,
and p(T™*1x,y) < 041, and set Riy1 = {nip1, i1 + mg1 }, Pigp = {mi1}.

Weclaimthatifa = rj,+7,+ - -+rj,, withrj, € R, j1 < ... < ji <i+l,thenp(T,x) < X! €,
and p(T*x,y) < € + Zi:l €, ifc € Py, k < ji.

We only need to check the case j; = i + 1. Assume that r;y; = n;4 (the case riy; = niy1 + My
is identical). Since p(T™*x,x) < 0;41, and |a — niyi| < |ng| + |my| + -+ + |ng| + |m;|, we get
p(T%, T "i*1x) < €41. By induction, p(T% "i+x,x) < Zi;} €j,, so the triangle inequality implies
that p(T%x,x) < Zi:l €j,» as desired. The estimate of p(T“*“x, y) follows in a similar way.

Now set a; = nj. + Z;Zl (n; +mj). Note that we may further require the sequence (a;);en to take

. . . > > ; : i+l
infinitely many values (by choosing the n;’s and m;’s to go to 1nﬁn1ty) and iy = @i = il + X550
(nj+mj)+m;.1. Hence, we canrewrite this as a;4—a; = rl+l+1+Z] S Tj+c,wherer; € Rjandc € Pyyy.

It follows from the construction of the sequence {n;, m; : i € N} that p(T%*~%x,y) < Z;J;ll]:ll € < €,

which implies that 7¢+~%x € U, as was to be shown. O

Lemma 3.3. Ler (X, S1,...,Sk) bea minimale—system, Ti,...,Ta €{S1,...,8)yandn: X > Y an
open factor map with Ry C RPr, 1;(X) for some 1 <i < d. Letxy,...,xq,x] € X with (x;,x]) € Ry,
and U, be a neighborhood of z for 7 = x1,. .. ,xd,x;. There exist n € 7 such that Ti"le. N lef + 0 and
T;’ij NUy; #0forall1 < j<d.

Proof. The set ; of ¥ € X such that the set {(a, b,c) : (%,a,b,c) € Qr, 1.(X)} equals m(%) isa
dense G s set of points (see, for instance, [26, Lemma 4.5]). Since 7 is open, we can find ¥ € U,, N Q;
and § € Uy with (%,5) € R,. Because Ry C RPy, 7;(X), we have that (%, %, 7, %) € Qy, 1;,(X), and
since X € Q we obtain (%, ¥,%) € Fr,, Tl(x) By Lemma 3.2, the set {n € Z : T'X € Uy} contains
a set of the form {a, — a,» : r > r’} for some Z-valued sequence (a;);en takmg mﬁmtely many
values. In particular, the same is true for the set {n € Z : T*U,, N Ux # 0}. Let u be a Z*-invariant
measure on X. By the minimality of (Si,...,Sk), u has full support. Consider the product system
(Xp X -+ X Xg, B(X)®, u® Ty x -+ xTy) and U = Uy, X -+ X Uy,. Then u®¥(U) > 0, and so by
the proof of the Poincaré recurrence theorem, the set {n € Z : u® (U N (T} x --- x Ty)™"U) > 0}
must intersect nontrivially every infinite set of the form {a, — a,» : r > r’}. This implies that it has
nonempty intersection with {n € Z : T"U,, N Uy # 0}. Picking now an n € Z in the intersection, we

getthat 7;'Uy, N Uy, # 0 and T]T‘ij NU,; #0forall 1 < j < d, as desired. O
Proof of Theorem 3.1. Our goal here is to find, for every € > 0, a point (zy,...,z¢) and an integer n
so that (xp,...,xq) isclose to (z1,...,z4) and (yi,...,yq) is close to (T"zy,...,T"z4). We do so by

induction on the coordinates. To this end, fix € > 0 and set €; := €. Suppose that we have constructed
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€4lr...,€g > 0forsome 1 <r <d-1.Welet0 < € < €41/2 to be a number such that for
any z,+1 € X with p(y,41,2r41) < €&, there exists x/ | € X with p(x],,X+1) < €+1/2 such that
(x/,;»2r+1) € Ry,,,. The existence of such ¢, follows from the assumptions that (x,41,y,+1) € R
and that the map X — Y,.,; = X/R, ., is open.

For 1 < r < d, we say that Property r holds if there exist z;,...,z4 € X and n € Z such that

TTr+12

o p(xi,z;) <€ foralll <i<r;
o p(yi,zi)) <€ forallr+1<i <d;
o p(yi,T'z;) < € forall 1 <i <d.

By Lemma 3.3, setting x; = y;,1 < j < d,xi = x1, and U, = B(z,€;) for z = yi,...,¥Ya,X1,
for —n, we have that Property 1 holds. Now suppose that Property r holds for some 1 < r < d - 1.
Since (xy+1, Yr+1) € Ra,,, and p(yr+1, 2r+1) < €, by the construction of ¢,, there exists x;ﬂ € X with
p(xX) s Xr+1) < €41/2suchthat (x|, zr+1) € Ry, . Let ¢’ = min{€,41/2, €41 — € }. Take 0 < 6 < ¢’
such that for all x,y € X, if p(x,y) < 6, then p(T"x,T"y) < &’ (n is the one from Property r above).
By Lemma 3.3, there exist zi, . ,z:l € X and n’ € Z such that

o p(zi,z;) <dforalll <i<d,i#r+1;

o p(z,-,Ti”'zl’.) <dforalll <i<d,i#r+1;
°© p(x;+1’z;+l) <&

© p(zr+laTn_:,1Z;+1) <é.

r

Thenforalll <i <r,
p(xi,z}) < p(xi,zi) +p(2i,2)) < & +6 < €41
Forallr+2 <i <d,
p(viz) < p(yiszi) +p(2i,2)) < € +0 < €41
Moreover,
PXrit, Zpp) < POt Xy ) + 0 (X4 200) < €41/240 < €.
However, forall 1 <i < d,i # r + 1, since p(z;, Ti"'zi) < 6, we have p(T"z;, T,-"Jrnlzi) < ¢’ and so
oL T 2) < p(yi, Tz) + p(T 20, T 2) < € + 67 < €741

Finally, since p(z;+1, T:l_;lzr+1) < 6, we have that p(T",, z,+1, T:’:l"/zrﬂ) < ¢’ and so

p(})r+l, T:l:ln Zr+]) < p(yr+1,T;1+IZr+]) +P(Tr"+er+1, T:l:ln Zr+]) <& + 6 < €rtl-

In conclusion, we have that that Property r + 1 holds.
So it follows from induction that Property d holds, which means that there exist (z1,...,z4) € X d
and n € Z such that

p((xl, . ,xd), (Zl, . ,Zd)) < € and p((yl, P ,yd), (T]”zl, . ,ngd)) < E€.

Since e is arbitrary, we have that ((x1,...,x4), V1, -.,ya)) € RPrx..x1, (X9). O
As a consequence of Theorem 3.1, we have the following:

Proposition 3.4. Let (X, S1, ..., Sk) be a minimal Z¥-system and Ty, ..., Ty € {(S1,...,Sk). Suppose
that (X, Ty), . ..,(X,Ty) are transitive. Then (X9, Ty x- - -xTy) is transitive ifand only if (Y, Ty x- - -xT)
is transitive, where Y = X /[RPzx 7 (X).
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Proof. The ‘only if* part is straightforward. Now assume that (Y4, T} x - -- x T) is transitive. By the
O-diagram (Theorem 2.5), we may consider almost one-to-one extensions X, ¥ of X and Y, respectwely,
such that the projection 7: X — ¥ is open. Note that (X, T}),...,(X,T;) and (Y4, T} x --- x T;) are
also transitive because this property is preserved under almost one-to-one extensions (see [l]) We now
show that (X4, Ty x - - - x T) is transitive, which implies that (X%, T} x - - - x T,7) is transitive.

Note that since f( is an almost one-to-one extension of X, we have that X /RPzx 7k (X) and
X/RPz 7k (X) are conjugate, so we have that R is a subset of RPgx 7« (X). To see this, by
only assuming that & is proximal (which covers the almost one-to-one case), let g be the projec-
tion from X to X/RPg z«(X). It suffices to show that R, C RPg 7 (X). Let %% € X with
q(%) = q(&’). Then (6 (X),5(X')) € RPz 7« (X). By the second part of Theorem 2.4, we can find
(7,5") € RPgk 7« (X) such that (&(3), 7 (")) = (& (&), 7 (&)). It follows that (%, ¥), (¥, ) € P(X)
(the proximal relation on X). Since P(X) € RP« Zk (X), and this is an equivalence relation, we conclude
(%,%') € RPgzx 7« (X).5

Let U, V be nonempty open subsets of X¢. Our goal is to find m € N such that U N (T} x - - x Ty)™
V # 0. Then ﬁXd(U ) and 7% (V) are nonempty open sets, where #%¢ = 7 X --- X 7 (d-times). Since
(Y4, Ty x- - -xTy) is transitive, there exist (x1, .. .,x4) € Uandn € Zsuch that 79 (T/'xy, ..., T"x,4) €
ier(V). That is, there exists (x{,...,x/) € V such that (Ti”x,-,xlf) € Rzforalll <i<d.Lete >0
be such that B((x1,...,x4),€) € U and B((x{,...,x),€) € V. Take 0 < ¢ < € so that p(a,b) < ¢
implies p(T;"a,T;"b) < € for 1 <i < d. Thanks to the transitivity of 7;, using Corollary 2.3, we get
that RPzx 7« (X) = RP7. 7 (X) and thus Rz € RP;. 7 (X) forall 1 <i < d. By Theorem 3.1, we obtain

((Tl”xl, e ,Té‘xd), (I ) € RPT,x...ffd(Xd)~ Therefore,~there exist~ Vi,...,va) € X4 and
m € Z such that p((y1,...,ya), (T{'x1,...,T}jxq)) < 6 and p((T]"y1, ..., T'ya), (x],...,x})) < 4.
It foll(iws that (Tl‘”yl, el f;"yd) elU anii (7~"~lm+"fl_"y1:. .. ,Tg”"f;"yd) € V. Therefore, U N (T x

o x Ty)~(m+M)y £ 0. We conclude that (X9, Ty x - - - x T,7) is transitive. O

3.2. The proof of Theorem 1.6

In this last subsection we prove Theorem 1.6. We start with its forward direction, which is almost
straightforward.

Proof of the forward direction of Theorem 1.6. We use Lemma 2.1 implicitly throughout the proof.
Assume that (77")p, . . ., (T}), are jointly transitive. Equivalently, for all Vy, . .., V,; nonempty and open
subsets of X, there exists n € Z such that

VonT;"Vin---NT,;" Vg #0. 3.1

To show (i), pick any i # j, and let Uy, U; be nonempty opens sets. Setting V; = Up, V; = Uy and Vi = X
forall k € {0,...,d} \ {i, j}, it follows from (3.1) that 7;"V; N T].‘”Vj #0,0or Up N (Tl.‘lTj)‘”Ul # 0.
To show (i), pick any point x for which {(7]'x,...,Tjx) : n € Z} is dense in X. Then the point
(x,...,x) is a transitive point for T} X - -- X Ty. O

It remains to show the inverse direction of Theorem 1.6. To this end, we first need a couple of
statements. In particular, the first one will allow us to run an inductive argument.

Proposition 3.5. Let (X,Sy,...,St) be a minimal Z*-system, Ti,..., Ty € (Si,...,Sk), and
Ry = ToI[', ..., Rq =TT If (X,Ry),....(X,Ra) and (X, Ty X --- X Ty) are transitive, then
(X1 Ry x - - X Ry) is transitive.

Proof. Since (X,R3),...,(X,Ry) are transitive, by Corollary 2.3, we have RPg, g,(X) = ... =
RPg, g, (X) = szk 7k (X) which is an equivalence relation since (X,Si,...,St) is minimal.

SThis should be a well-known result; we chose to present its short proof (which simplifies the one of [11, Lemma 5.3] that
covers the Z case and almost one-to-one extensions) for completeness.
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By Proposition 3.4, it suffices to show that (Y¢~!, Ry x - - - X Ry) is transitive, where Y = X/RPzx 71 (X).
By Theorem 2.4, we have that (Y, S1, ..., S) is a rotation on a compact abelian group, and so we may
write T;(y) = y+¢; for a; € Y for 1 <i < d. We can choose a metric p on Y that is compatible with its
topology, such that Sy, . .., Sk act as isometries on Y. Since (X%, T X - - - x T) is transitive, we get that
(Y4, Ty x - - - x T,) is transitive, and hence minimal. (This holds because rotations are distal, and in this
class transitivity and minimality are equivalent conditions — for example, see [2, Chapters 2 and 5].)

Take y € Y and (ys, ..., yq) € Y47, Since (Y4, T X - - - x T;) is minimal, given € > 0, there exists
n such that p(y + nay, y) < €, and p(y + na;, y;) < €, forall 2 < i < d. It follows that

p(y+n(a;—ar),y) < p(y+n(a; —a1),y +na;) +p(y + na;, y;) = p(y,y + nay) + p(y + na;, y;) < 2€

for all 2 < i < d. As € > 0 is arbitrary, we get that (y;,...,yq) belongs to the orbit closure of

(y,...,y) € X4V under Ry X --- X Ry. Since y», . .., yq are arbitrary, this orbit closure is all of Y41,
We get that (Y4~!, Ry X - X Ry) is minimal, as it is the orbit closure of a point in an equicontinuous
system. Proposition 3.4 allows us to conclude. O

The following lemma is a generalization of [8, Lemma 2.9] (see also [34, Lemma 3]).

Lemma 3.6. Let (X, S1,...,Sk) be a ZF-system and Ty, ..., Ty € (S1,...,Sk). Let (Rj<j<n bea
finite sequence of continuous maps from X to X. Assume that (X¢,T; x - -- x T,) is transitive. Then for
all nonempty open sets V1, ..., Vy, there exists nj € Z,1 < j < N, and for each 1 < i < d a nonempty
open subset V; of V; such that

T

4

R;'W; CV foralll1 < j<N,1<i<d.

Proof. We use induction on N. Since (Xd,Tl X --- X Ty) is transitive, there exists n; € Z such that
Ti_"‘RI‘IVi NV;#0foralll <i<d.SetV, = Vl.(l) = Ti_"‘RI_IVi N V;. This completes the proof for
the case N = 1.

Now assume that for some N > 2, we have constructed nj,...,ny_; € Nwithn; < ... < ny_q,
and for each 1 < i < d a sequence of nonempty open sets V; 2 Vi(1> 2...2 Vl.(N_D such that

VR CViforalll < j<ml<m<N-11<i<d.

Let U; := RI‘VlVl.(N_l). Since (X9, T} x - - - x Ty) is transitive, there exists ny € N with ny > ny_; such
that 7, "V U; N V; # @ for all 1 <i < d. This implies that

VinT,"™ RV = v n TN, 2 0,
Let
‘/I(N) = Vi(N_l) N (Ti_nN R]_\]l)_lvi~

Then Vl.(N) c Vi(N_l) is a nonempty open set and Ti_""’ R&l Vi(N) C V;. Since Vl.(N) c Vl.(N_l), we also
have that

T,VR;'WN) Cviforalll < j < N-1,1<i<d.

L

This completes the induction step, and we are done by setting V; := Vl.(N). m}

Proof of the inverse direction of Theorem 1.6. There is nothing to prove when d = 1. Now we as-
sume that Theorem 1.6 holds for d — 1 for some d > 2, and we prove it for d. By Proposition 3.5,
conditions (i) and (ii) imply that (Xd_l,Tle_ Ix oo x TJT; 1) is transitive. However, we have that
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(T,-Tl‘l)_l (TjTl_l) = Tl.‘lTj is transitive for all 1 < i, j < d,i # j. So, by induction hypothesis, we have
that (12T, - . ., (T4T;')™), are jointly transitive.

Form = (my,...,my) € Z¥, recall that S, = S'I"1 .. .-S'Z".LetU, Vi,..., V4 be open and nonempty.
We wish to show that there exists n € Z such that

UnTy"Vin---nT,;"Vq 0.

Since (X, S1,...,Sx) is minimal, there exists a finite set F C Z* such that X = (U, S, U. By
assumption (ii) and Lemma 3.6, there exist nonempty open sets Vi,...,Vy and for all r € F, some
n, € Z, such that

(Ty X - XT)" (S X - xS (Vi x---XVg)) CVi X xVy
forall r € F. Since (1T, )", ..., (T4T7")™ are jointly transitive, we can find m = m(F) € Z such that
Vi (LITHY™ V00 (T T ™V, # 0.

Take x € V; such that "1 ™x € V; forall 2 <i < d, and write y = T;™x. Let r € F be such that
z:=8y € U.Then Tz = T"™ S,y = T[" S, (T,T7")"x € T" S, (V;) € V; forall 1 <i < d.
It follows that z € U N T, "™ vy - n T, "y, o
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