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A NOTE ON SHORTLY CONNECTED INVERSE SEMIGROUPS

S.M. GOBERSTEIN

Shortly connected and shortly linked inverse semigroups arise in the study of in-
verse semigroups determined by the lattices of inverse subsemigroups and by the
partial automorphism semigroups. It has been shown that every shortly linked
inverse semigroup is shortly connected, but the question of whether the converse
is true has not been addressed. Here we construct two examples of combinatorial
shortly connected inverse semigroups which are not shortly linked. One of them is
completely semisimple while the other is not.

1. INTRODUCTION

Let S be an inverse semigroup. The semilattice of idempotents of 5 will be
denoted by Es and the natural partial order on S by ^ . If x £ 5 , we denote by (x)
the monogenic inverse subsemigroup of 5 generated by x. Suppose that x € S and
g £ Es are such that g < xx~x and there is no / £ (x) satisfying g < f < i x " 1 . Then
we say that g is x-covered by xx"1. Now take a £ S and e < oo"1. Suppose that for
some n ^ 1, there exist eo, e\, ..., en £ Es such that e = eo < e\ < • • • < en — aa~l

and for any i = 1, . . . , n, e;_i is a;-covered by OJO^"1 where <n = e,-a (and hence
aiaj1 = ej). Then (eo, ei, . . . , en) is called a short bypass from e to aa~l. If for any
a £ 5 and any e < aa~x, there exists a short bypass from e to aaT1, 5 is said to
be shortly connected. Shortly connected inverse semigroups were introduced in [1] due
to their remarkable role in the study of determinability of inverse semigroups by the
lattices of inverse subsemigroups and by the partial automorphism semigroups (see [1]).
However their description appeared to be rather technical. Thus we also introduced in
[1] the class of shortly linked inverse semigroups which could be described much more
conveniently and which are also determined (under natural additional assumptions) by
their lattices of inverse subsemigroups.

Let 5 be an inverse semigroup. For o G S and e < aa~x, set Fe<* = {/ £ (a): e <
/ ^ aa~x}. We say that 5 is shortly linked if for any a £ 5 and e < oo"1, Fe%a is
finite. It follows that any inverse semigroup 5 such that E^ay is finite for every a £ 5 , is
shortly linked (for example, periodic inverse semigroups and, in particular, semilattices
are shortly linked). It was shown in [1] that any shortly linked inverse semigroup
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is shortly connected. When the results of [1] were reported at several seminars, the
question was raised whether the converse is also true. The purpose of this note is to
show that, in general, the converse does not hold; that is, there exist shortly connected
inverse semigroups which are not shortly linked.

2. T H E EXAMPLES

EXAMPLE 1: Let E = {eo, ei , e2, . . . , /o, / i , / j , . . . , 0} be a semilattice whose
diagram is shown in Figure 1. Let S = TE be the Munn semigroup of the semilattice
E [2, Section V.4]. As usual, we identify Es with E. It is easy to see that for all
integers m, n ^ 0, Eem ^ Een ? Efm Si Efn.

Figure 1

Moreover, the only isomorphism of Eem onto Een is <f>m,n, defined as follows (see [2,
Example V.4.6]):

0^m,n = 0, fk4>m,n = fk-m+n, ^k<t>m,n = ^k-m+n (k ^ m),

and the restriction of <j>m> n to Efm is the only isomorphism of Efm onto Efn. It is
easily seen that S is a combinatorial (that is, %-trivial) inverse semigroup with exactly
three 'Z?-classes: Do, Df0 and Deo (see [2, the proof of Proposition V.6.1]). More
specifically, Do = {0}, Do U D/o is the combinatorial Brandt semigroup [3, Section
II.3] whose set of nonzero idempotents is {/o, fi, fi, •••}, and Deo is the bicyclic
semigroup generated by a = <f>oti (so that aa-1 = eo and o - 1 a = e\). Since the set
2<o, a is infinite, S is not shortly linked. On the other hand, for any m ^ n > 0 and any
x E Deo and y e D/o such that M " 1 = em and yy'1 = fmy (0, fm, eTO) is a short
bypass from 0 to xx~x, ( /„ , en , en+i, . . . , em) is a short bypass from / „ to xx~l,

and (0, fm) is a short bypass from 0 to yy~* . Therefore S is shortly connected.
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Since the semigroup S in Example 1 contains a bicyclic subsemigroup, it is not
completely semisimple. In the next example we construct a completely semisimple
shortly connected inverse semigroup which is not shortly linked.

EXAMPLE 2: Let E be a semilattice given by the diagram in Figure 2.

Figure 2

Thus {eio, eoi; e2o, e n , eo2; . . . } is the semilattice of idempotents of the free mono-
genic inverse semigroup where for each m ^ 1, {e m _i , * : k = 0, 1, . . . , m} is the set of
all idempotents of that semigroup of weight m [3, Sections IX.1 and IX.2] (we denote
by e m n the idempotent which can be uniquely written in the form e m / n in the notation
of [3, p.408]). Moreover, {/io, /oi> /2o> /n> /»2) . . . , 0} is a primitive semilattice [3,
Definition II.4.2] and each fmn is covered in E by e m n (m, n ^ 0;m + n > 0). Define
a mapping a : Eei0 —> JEeoi as follows:

0a = 0, / m n a = / m - i . n + i . e m n a = e m _ i i n + 1 (m > 1, n > 0).

It is easily seen that a is an isomorphism of Eeio onto EeOi. Let S be the full inverse
subsemigroup of TE generated by a . Since Fo, a is infinite, 5 is not shortly linked. On
the other hand, one can easily check that S is a shortly connected combinatorial inverse
semigroup (we omit the details). Since S does not contain a bicyclic subsemigroup, it
is completely semisimple.
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