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RELATIONS BETWEEN MAHLER’S MEASURE AND
VALUES OF L-SERIES

GARY ALAN RAY

Introduction. Mahler’s measure is a natural generalization of Jensen’s
formula to polynomials in several variables. Its definition is as foliows:

1 m ﬁ" iv i ]
M(p)=exp[(2—w);fo o log|lp(e™, ..., €e")|dv, ... dp,].

The importance of Mahler’s measure for polynomials in several variables
lies in its connection to Lehmer’s classical question which can be phrased
in terms of Mahler’s measure for polynomials in one variable:

Given € > 0, are there any polynomials p with integer coefficients in one
variable for which 1 < M(p) <1 + €?

Surprisingly, Boyd [1] has shown that to answer this question, it is
necessary to investigate the larger question involving polynomials in
several variables.

An unexpected connection has also been discovered between Mabhler’s
measure and values of L-series. Smyth has shown that

3V3

log M(1 + z, + zy) = Y2 LQ2, x — 3) = L'(—1, X_3)
T

where x_; is the odd quadratic character of conductor 3. What makes this
so tantalizing is that next to nothing is known about L(s, x) when s and x
have opposite parity. In fact, Apery created a sensation by proving
recently that {(3) = L(3, x,,;,) is irrational. On the other hand, when s and
x have the same parity, the values can be written in terms of generalized
Bernoulli numbers and have great significance in the study of the
associated algebraic number field.

Thus the above comments provide the source of motivation for this
paper exploring the connections between Mahler’s measures and values of
L-series. We are able to find 6 polynomials with integer coefficients such
that the log of their Mahler measure is a known constant times L(2, x) for
the 6 characters associated to the imaginary quadratic fields Q(\/—N)
where N = 3, 4, 7, 8, 20 and 24. Our result when N = 7 is much deeper
than the other ones and depends on a new identity involving L(2, x_-).
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This identity is a special case of a more general relation involving sums of

dilogarithms.

In Section 1 we begin by recalling some facts about L-series and
polylogarithms. In Section 2, we introduce for each quadratic character x
a polynomial g (x, y) with integer coefficients such that the log of
Mahler’s measure M(g,) is expressible in terms of the dilogarithm
function. For the odd quadratic characters of conductors 3, 4, 7, 8, 20 and
24, we then show that

log M(g,) = (a rational number) X L'(—1, x).

The most interesting example is x = x_-, the character for the field
Q(\/—7). No polynomial with integer coefficients was previously known
which satisfies the above equality for this character. Our result follows as a
consequence of some new identities involving dilogarithms and L-series in
Sections 3 and 4. In the case of x = x_;, we show

) X SWOX) _ 3,6,
n=1 n 4

where cos(f) = —3/4. We use this identity to obtain the following
result:

(Ib) log M((y — *(x®* + x> + x + 1)
+ O+ 5+ D+ XD+ O+ 12y + DY)
8
=-L'(—1,x_9)
7 (=L x-7)
In the final section, we see how these identities involving Mahler’s
measure and L-series values for quadratic characters can to some extent be

generalized to arbitrary Dirichlet characters. Finally, I would like to thank
Dr. Neal Koblitz for his many valuable suggestions and encouragement.

1. Definitions and classical results. To fix notation, recall that the Gauss
sum for a non-trivial character x is defined as

N—1
00 = 2 xkKt

where

¢ = PN

The definitions of the Bernoulli numbers, generalized Bernoulli numbers,
and Bernoulli polynomials are respectively:
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B, = n! X coefficient of 1" in — 1
o —

)

x(a)re™
Pory eN! . 1’

N
B,, = n! X coefficient of "in

and

B,(x) = E (’;)B,.x"*".

i=0

Then fors = 1,2, 3,...,if x(—1) = (—1)’, we have

oy 17O (27 ) Box
L0 = (171 (N) s

In other words, L(s, x) is known explicitly when s and x have the same
parity.

On the other hand, the only case when L(s, x) is known explicitly if s
and x have opposite parity is when s = 1 and x is even. Suppose, for
example, that K = Q(1/N) is a real quadratic field with discriminant N
and fundamental unit €, and x, is the Dirichlet character of conductor
N associated to this field. The Dirichlet class number formula states
that

2h log €
VN
where # is the class number of K. Alternatively, (1a) can be rewritten using
the functional equation for L(s, x). We now recall how this is done.
When x is any primitive character, recall that the functional equation
for L(s, x) is
(Ib) (s, x) = OO — 5, %)

where

w(x) = (—i)*N""1(x)

(la) L(1, xy) =

and
Ws, x) = (N/m)"?T((s + a)/2)L(s, x).

Herea = 0if x(—1) = landa = 1if x(—1) = —1.
Using (1b) with x even and non-trivial, we see that L(0, x) = 0 and

(Ie) L0, x) = %L(l, X)-

If xis odd, L(—1, x) = 0 and
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, —it(x)N _
(Id) L(—1,x) = —"—LZ X
4
In the case of the even quadratic character xy,
(le) L0, xy) = hloge.

We now proceed to write equation (le) in terms of Mahler’s measure.
Recall that Mahler’s measure for a polynomial p in » variables is defined
as:

1 2 7 i ;
M(p):exp[w ,/0 ﬁ loglp(eo',...,eo") |df, ...dﬂn].

In the one variable case, if
) =a Iz — a),

Jensen’s formula shows that

M(p) = lagl TT lay.

loy|>1

Let k be a real quadratic field and let p, be the irreducible polynomial for
€. Then the conjugate of € is *=1/¢ so that

-1
(1) mn=u~o@+—)
€
Since € > 1, it follows from Jensen’s formula and (1f) that
1
(lg) log M(p) = ZL,(O’ Xn)-

In analogy with (1g). T. Chinburg [2] conjectured that for each odd
quadratic character x, there exists a polynomial p in 2 variables with
integer coefficients such that

(1h) log M(p) = (a rational number) X L'(—1, x).

He has shown that there exists a rational function p with this property.
The motivation for the conjecture comes from an example by Smyth

(see [1]).
L'(—1,x_3) = log M(1 + x + y)

where x_5(n) = 0, 1 or —1 depending on whether n = 0, 1 or 2 mod 3,
respectively. Smyth [9] has calculated Mahler’s measure for a large class of
polynomials. However, no polynomial with integer coefficients was known
which, for example, satisfies (1h) for the character x _;. We produce such a
polynomial as a consequence of our main results on linear relations among
twisted L-series.
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A twisted L-series for any periodic function f:N — C is defined by

S W)
Ls,f) = 2 =—
n=1 n
where p is any complex number of absolute value =1. We will show that
L,(s, x) can be analytically continued as a function of p to the complex
plane minus certain rays.
Recall that the polylogarithm function Li; is defined as

o0 Zn
Li(z) = 2 =
n=1 N

for|zl < lands = 1, 2,.... Notice that

Li(z) = —log(l — 2).

The branch of the log throughout this paper will be chosen so that
—a7 < Im(log(z) ) = =

The formula

N e

where the path of the integral is taken to be the line from 0 to z if
z & [1, oo) defines inductively an analytic extension of Li, to the whole
complex plane minus [1, co). In addition the improper integral

~ Li(t)
v / 0, dt
along the real interval [0, x] does converge so in fact (1i) defines Li , (z)
forallz € C,s = 1, 2,... (but it has a discontinuity if z crosses the ray

(1, c0) ). A good reference for polylogarithms is [3].
Suppose p is a complex number with |u| < 1,{ =y = €
any character of conductor N. Then

2 .
2m/N and x is

. [e%) n 1 N _
W) Ly = > X = > xGOLi(ut).

n—1 n T(X) k=1

Now it is clear that even though the series for L,(s, x) only converges if p is
in the unit disc, L,(s, x) can be defined on all of C by (1)), as a function of
p for fixed s > 1 and x. L,(s, x) is analytic on the complement of the union
of the N rays

(zlz = /85, + =1} fork =1,2,...,N.
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2. Computations of Mahler’s measure. In this section, for each character
X, @ polynomial fx(x, ») is defined. Then log M(/,) is computed in terms of
a linear combination of {L”K(Z, x) } for various p,’s. We will always assume
X 1s a primitive non-trivial Dirichlet character unless otherwise
indicated.

To motivate our defintion of f,, suppose that x is an even quadratic
character. Then by (1a)

(2a) \/NL(1,x) = 2hloge = log ¢ = —log

The last equality is a standard result (see p. 199 of [5] ). The products and
sums over k in this section will run from 1 to N.
We define for any character x which has even order,

p) = II (- zH,

x(k)=1
p) = II «a—zh,
x(k)y=—1

and

Six, ») = WP (x) — p(x).

Because x has even order, x takes on the values 1 and —1 the same
number of times. Therefore the degrees of p, and p, are equal. When x is
an odd quadratic character, we set

g =SSy

where the bar denotes complex conjugation of the coefficients of fx' Then
Py = P, and it follows that g, € Z[x, y] and g, factors as

Comparing this to the factorization of p, in (1f) and to (2a) shows the
analogy between the two variable polynomial g, and the one variable
polynomial p.. Note that

log M(g,) = 2 log M(/,),

as follows directly from the definition.
It will be shown that

px(x)ﬁx(x)(y -

log M(ffo) = (arational) X L'(—1, x_y)
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for N = 3,4, 8, 20, 24, and 7. The case N = 7 will use a special identity to
be proven in Section 4.

Let x again be any character of even order. Since fX(O, 0) = —1, we
have

1 2m 1 o . .
log M(f,) = o fo [; fo loglf, (€™, &%) |d02]d0,.
Since

log M(ax — b) = logla| + max{0, log |b/al },

computing the inner integral first gives

B )

logl'ﬁx(eig') | + max{O, log

Then
log M(f,) = log M(p,)

1 .
+ —{ > xk) Llogll - e"’lgkldo,}
27 Loy ===1

where § C [0, 27] is defined as the set of all 8, for which
Ip (@™ | = 15 1.
Since all the roots of p, lie on the unit circle,
log M(p,) = 0.
Suppose that {2 is written as a union of intervals U;[1y, |, 75]. Set
Bo= e

Then

1 Ty . :
(2b) log M(f) = - 2 xk) X f ,  logll — e’”'mdo,].

T & x(k)==*1 J

If we let L, (L,) be the line segment from 0 to e‘”(e“’) with 0 < a <
b < 27, and A the arc on the unit circle between ¢ and ¢, then

Liy(e") — Lix(e")

d d
=[ —log(l—x)—x—_/; — log(1 — x) =
, L :

b .
= f — log(1 — x)d—x = —if log(1 — &) a8,
A X a

since log(l — x) is analytic inside the unit circle. Thus (2b) becomes
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(2c) log M(f)
1 ,
=5 Re 2 ix(k) 2 [Lipu8*) — Liy(uy— &) 1].
T x(k)==1 J

Using (1)) with x a quadratic character, (2c¢) can be written in terms of
twisted L-series. In fact

ProposITION 1. If x = x_y is an odd quadratic character of conductor
N,

N
(2d) log M(f, ) - 2£ S (-
T

/T Re Ly (2, X p)-

Proof. Using (1j), factor out the Gauss sum 7(x) = i\/N from (2c) and
take the real part.

ProOPOSITION 2. When the conductor N = 3, 4, 8, 20, or 24,
8 — 2y

log M(g, ) =2log M(f, )= N L'(—1, x_yn)
Proof. When N = 3, 4, 8, 20, or 24, we will see that & = [0, 7] with
p, = 1 and p, = —1. Given that this is true,

1
(2e) log M(fX—N) = 57; \/N(Ll(z’ X-n — L2, x-n)

by Proposition 1. It is an easy exercise to show that for any character ¥,

@) Loys,0 = Q' "°x@) = DLGs. ).
Using (2f), the right hand side of (2e) becomes

\/N X~N(2)
(2g) o [2— : ]L(2,x~N)-

Finally, using (1d) we simplify (2g) to

4 —x_N2),,
log M(f, ) = —— = L(= LX)
Therefore,
8 — 2x_M2)
log M(g, ) = 2log M(fy ) = — =L~ 1. x_).

To complete the calculation recall that we need to show how to obtain
{v;}, the end points of the region (. It is easy to show from the class
number formula that if x = x_y, N # 3 or 4, then p,(z)/p(z) is
real-valued for all z on the unit circle.
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From this the {u;} must be roots of

ahy 29 i o o) A = 0
P(2) X X
and must lie on the unit circle.

A computation reveals that the only such roots when x = x_, and
N = 8, 20, or 24 are 1. A special computation for N = 3 and 4 reveals
the same roots.

In order to determine whether € corresponds to [0, 7] or [7, 27], note

that as z on the unit circle approaches {” for some residue r, Py approaches
0. Therefore

|px(2) | >

|P(2) |
on the upper half of the unit circle and & = [0, #]. Thus g, = 1 and
W = —1

The only other polynomial known which satisfies (1h) is g, . the
polynomial given in equation (Ib) at the beginning of this section. The
proof of (Ib) depends on (Ia) which in turn depends on the deeper results
in the next two sections.

As a consequence of our main result, we shall prove

THEOREM 3. Let x be an odd quadratic character of conductor N # 3 or 4
and let Ax(t) be the discriminant of fx(x, t) considered as a polynomial in x.
Suppose that for some real number y < 1, Ax(t) # 0 for all t between 0 and
y. Then for each t between 0 and y, fx(x, t) = 0 has M = ¢(N)/2 distinct
roots x = x,(t), x5(1), ..., xp,(t), all of which have absolute value one,
and

M A
N
S Re L2 0 = M1 5,
i=1 ! 2
where [i denotes the Moebius function from elementary number theory.
We now use Theorem 3 to derive the identity (Ia).
CoROLLARY 4. If
=3+ /=7
b= 4

then
. 3
(21)) ReL(2,x ;) = _ZL(Z’ X-7)-

Choosing x = x_7, a calculation shows
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S

ple—ax+ax2—x3=
where « = (—1 + /—7)/2 and
A() = =7 + 982 — 1337 + 98 — 7.

Ax(t) has only 4 roots; they are approximately .08, 12.6, .67 =+ .74i,
so A (1) # 0 fort < 0. Thus |x;(t)| = 1 forall# € (—o0, 0) and all i by
Theorem 3. Therefore if we choose t = —1, then

S =) =28 + x* —x =2
has roots at x = 1, pu, and g where
-3+ /-7
b=
4
By Theorem 3,

1
L(z’ X—?) + 2 Re Lp,(zs X~7) = _EL(zs X—7)
because Re L, = Re L; when x is real-valued. Thus
3
Re Lp,(zﬂ X—7) = —ZL(z’ X—7)-

If we set cos(f) = —3/4, then Re(u") = cos(nf) and (1.2i) is seen to be
equivalent to (Ia):

S SQM _ —3L(2, X)-

n=1 n

Surprisingly, no other relations (other than those which follow from the
Kubert identities, see [6],) with this simple form are known for other
characters besides x ;. We will examine reasons why x_- is so special in
Section 5.

Next we complete the proof of (Ib).

COROLLARY 5. With the notation as above,
8 ’
log M(g, ) = ;L(— 1, x-9).

Proof. When x = x_-, there are four roots of equation (2h), py(z) =
p(z) = 0, with z on the unit circle. They are =1, (=3 =+ V—7)/4. In
fact,

34 /=T

mo=1lp=p= 4 s by, = — 1l and py =
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Therefore, by Proposition 1,
log M(/,)

7
= % Re[L1(2, ) + L1(2,0 — L2, %) — Lz(2, %) ]

V7

=—L(2 X
T
by using the identities (2i) and (2f). From (1d) it follows that
4

log M(f,) = 5L’(*1, X)

and therefore
8
log M(gxq) = ;L’(— 1, x_7)-

Equation (Ib) follows by expanding g, in terms of powers of x and y.
The next two sections will be devoted to proving Theorem 3.

3. Linear relations among dilogarithms. In this section we produce
certain linear relations among dilogarithms. Theorem 11 gives the main
result, which will be used in Section 4 to obtain linear relations among
{L#,(z, x) } for fixed Dirichlet characters x. Theorem 14 gives the main
result in the next section, and Theorem 3 then follows when x is an odd
quadratic character.

We begin by recalling a well-known linear relation involving polylogar-
ithms, the multiplicative form of the Kubert identities. They have been
studied by Kubert and in a recent paper by Milnor, see [6]. Here is a
sketch of a derivation of these identities.

Set w = {,;. Then

M—1
1 — XM= H (1 ~w1x).
1=0
Take logarithms of both sides and integrate s — 1 times with respect to
dx/x from 0 to x. This gives

s—1

1 M—1
(3a) ——Li,(xM) = X Li(w'x).
M 1=0

We have ignored the fact that log(ab) = log(a) + log(b) does not hold for
all complex a and b because of the different branches of the log.
Nevertheless, (3a) is easily seen to be valid as long as |x] = 1 and when
s=Lx#&,1=0...,M— L
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These Kubert identities can be restated as a linear relation among
twisted L-series valid for all fixed s and x. To do this, replace x by {*x in
(3a), multiply by x(k), and sum from &k = 1 to N to obtain

M—1
x(M)
(3b) =T Lyl ) = EO Ly (s, %)-
If we set
x = ™ and
v 0O eZm’ny
I(x) = Li(&™) = 21 = Ll X,

then (3a) results in the usual form of the Kubert identities:

1 M—1
(Be) =t h(My) = 2 Ly + i/ M),

i=0

Milnor conjectures that all the Q-linear relations among /, for rational y
are generated by (3c). See [6] for a precise statement of this conjecture.

Suppose that one instead seeks, for fixed s and x, Q-linear relations
among {Lpl_(s, x) } with algebraic p, From (2i), we have one such
relation:

3
L2, x-7) + L2, x—7) = _EL(z’ X-17)

where

3+ /T

g 4

is not a root of unity. It is fairly easy to see that this relation does not
follow from (3b), no matter how x is chosen.

In this section we modify the previous argument. Our method is based
on the work of Rogers [7] for dilogarithms. We begin by picking a
collection of distinct non-zero complex numbers {a,, 8, } where there are
M a;’s and M B,’s chosen. Define

M M
p(x) = H (1 — ax) and p(x) = H (1 — Bx).

Set

q(x, 1) = (hx) = px)
and let
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(3d) g(x, 1) = dy (DX + ...+ dy(r) = 0

define a multiple-valued algebraic function. Since g(x, t) is a linear
polynomial in ¢ and p, and p, have no common factors, g is irreducible in
C[x, t]. For each complex number ¢ = y, (except for a finite number of
critical points), g(x, y,) is an Mth degree polynomial in x with M distinct
roots {x;(y,) }. The critical points ¢/, ¢, . . ., ¢, are the values of y, such
that either

dy(yy) = (_I)M()’o IT B — 11 a,) =20

or q(x, y,) has a multiple root.
At this point we state the two main theorems in this paper:

THEOREM 11. Suppose that {a,, B} are distinct non-zero complex
numbers such that

M

M
H Q. = H ,B,\
k=1 k=1
Then if y < 1, we have

M
> 2 [Liy(Bix,(»)) — Lix(ax;(»)) ]

i=1 k=1

M M
— X D [Lix(Bi/ey) — Lis(ay/a;)]

i=1 k=1

= 2] 3 M) ogd) + 3 Kp) tog 500 | — 4w
J !

for certain complex numbers {d;}, not depending on y, and certain
integers {W(y), N(y). N(y) ).

TrroREM 14. If y < 1 and x is a “‘regular” (see below) primitive Dirichlet
character of even order m and conductor N, then

m—1 m—1 m—1

2 AA
Sl 2 2 LM+ 2 2 LX)

m =1 podd,p=1 m bodd,b=1 ¢=0
M R
— 2w SN toad) + 3 K log x| — 4w
J i=1

The next two paragraphs outline the plan of the proofs of these two
theorems and explain some of the terms and notation used in their
statement.
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The first step is to rigorously define the M roots {x;(¢) } for all real z.
Then an operator 7; is defined for each i = 1,..., M so that

0
T = f 1)—
D) = Jo 1020
We take logarithms of both sides of 7p, (1) = p,(¢) and apply T; to each
term. Except for some difficulties with the branch cut of the logarithm,
this produces M equations:

dt.

M
Tog)(y) + 2 LisBxi(y)) — LirBi/a)

M
= 2 Liex () — Liay/a)

foreachi = 1,..., M. Lemma 6 and 7 handle the complications with the
branch cuts. The actual expression is somewhat more complicated. Next,
Lemmas 8, 9, and 10 show that T;(log)(y) converges and if

M M
k=1 k=1
then

M
2 Tlog)(y) = 0.

Thus if we sum the M equations from i = 1 to M, we obtain a linear
relation among dilogarithms. Theorem 11 gives the precise result.

In the next section, we use Theorem 11 to derive relations among
twisted L series at s = 2 for various characters. Choosing a primitive
Dirichlet character x with conductor N and even order m, we set

o, = {kand B, = ™
where ¢ = ¢*™N. The collection {r.} ({n,})1is the set of /| € Z/NZ such
that x(/) = 1 (x(/) = —1). The condition that I] o, = II B, can be
expressed as a condition on x; we then say that x is regular. Lemma 12
shows that many characters are in fact regular. The next step is to rewrite
sums of dilogarithms in terms of twisted L-series. Lemma 13 gives the
necessary computations but in order to simplify the statement of Theorem
14, we introduce the notation

N
Xo(m) = 2 X (kR
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Even though x is primitive, xb may not be primitive and therefore this
Gauss sum is not necessarily equal to (x” )Xb(n). Theorem 14 then follows
from Lemma 13 and Corollary 15 gives the special case when x is an odd
quadratic character. Lemma 16 and 17 refine the hypotheses of Corollary
15 so that the non-vanishing of Ax(z), the discriminant of fx(x, t) as a
polynomial in x implies that the log terms in Theorem 14 vanish; this gives
Theorem 3.

We begin the proof of Theorem 11 by defining the various branches of
the algebraic function defined by g(x, 1) = 0. Suppose that y, is not a
critical point. Then M distinct single-valued analytic functions x,(¢) are
determined by

q(x;(t),t) =0

for all 7 in a neighborhood of y,. Along any path yin C — {c¢},....¢,},
each x,(¢) can be analytically continued.

We choose y, = 0 and order these functions by setting x;(0) = 1/q,
(each q; is distinct). We then define the curve vy to lie along the real axis
but missing any critical points. Specifically, let ¢| < ¢;, < ... < ¢} denote
the pointsin {c|, . . ., ¢, } which are real. Since d,,;(0) # 0 and there are M
distinct roots when ¢t = 0, 0 is not a critical point. Let §,,...,8, be
semi-circles such that

8, = 8,(e) = {zllm(z) = 0. |z — ¢/l = ¢}.

Assume that e is chosen so that no other critical points lie between 8j and
the real axis. Define the path y = y(¢) to be

(—oo,cf —€) U s U...U§ U(c + € o0)

as in Figure 1.

’ ’
(4] (&) Cg

Figure 1. Analytic Continuation Path

We still denote by x,(¢) its analytic continuation along y. Letting € — 0, we
see that x,(¢) is now defined unambiguously for all real ¢t & {ci, ..., ci}.
Furthermore, as long as a’M(c/’-) # 0, we can set

x,-(cj’-) = li_r)(rg x,.(cj/’- + €
€

because the M roots vary continuously as ¢ varies. However if

vo = 1T ay/11 By

then d,,(y)) = 0 and some of the M roots become “infinite” and
disappear. Thus each function x;(¢) is continuous on the real line minus

Yo = Hak/n Bk
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and is analytic near every real point ¢t € {c}, ..., c,}.

From now on, fix a real number y and define /, to be the interval
between 0 and y, i.e., either I, = [0, y] or [y, 0]. We will assume y is chosen
so that '

yo = Il oy/11 By & 1,.
From ¢q(x, t) = 0, it follows that for each i,

M
kI_I (1 — ax, (1))
t =

1
» .
IT (= Bx)
k=1
Taking absolute values and logarithms of both sides of the above equation
produces

M

Re{ > flog(1 — ayx,(1)) — log(1 = Byx,(1))] — 1og(t)} = 0.
k=1

However, the imaginary part is not as simple. For ¢ # 0, define for each i

and r € I‘

B,(1)

1 M

= Im { > log(l — ayx,(1) — log(1 — Bx,(1))] — log<z)1}.
k=1

Thus B, is an integer-valued step function which can only change value

when x; crosses the branch cut of one of the functions log(l — a;x) or

log(1 — B, x). We have the following M equations:

M
(3e) X [log(1 — o, x;(t)) — log(l — B,x;(t))] = log ¢t + 2miB(t),
=1
fori =1,2,..., M.
We now define operators {7; } which will be applied to both sides of (3e)
for each i.

Definition. If C is a piece-wise differentiable curve from R to C then for
any integrable complex-valued function f for which the following integral
is finite, we define the operator
@)
C@)

dt.

. = [ o

Foreachi = 1,2,..., M, we will choose C(t) = x;(¢t) and apply the
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operator T, (which we abbreviate as T;) to both sides of equation (3e).
Before doing so we need to set up some notation and several lemmas.

Definition. If C is a complex curve and R any complex ray, we say C
crosses R at x if x € C N R and for all open intervals U along R with
x € U, UZ C N R. In other works, x is a crossing point if C intersects
R transversally, if C “touches™ R at one point x, or if C initially contacts R
at x and then continues along R.

Let us define
Joit) = —log(1 — ax;(¢r)) foralli and
a € {ag,....o5 BBy}

Let {t/}. j = 1,2,..., denote the set of values of  along the real axis such
that x;(z) crosses any one of the rays

R, ={zlz =r/la,r > 1}, a € {ay, B},

as in Figure 2.

x,‘(O)

Figure 2. Crossing Points
Define a/ = x,(¢/). Then we have

LEMMA 6. Each function x,(t) crosses each ray R, at most finitely many
times. If y and {ay, B, } are algebraic, then the complex numbers x,(y) and
{a!} are algebraic as well for all i and j.

Proof. We require the following definitions and two theorems from
Lojasiewitz [4] which we state only for R”, m =1, 2,....

Definition. A set E C R™ will be called semi-algebraic if there exist a
finite set of polynomials { p,, g,} in m variables with complex coefficients
such that

E = {x € R"|p,(x) = 0 and ¢,(x) = 0}.

THEOREM (Seidenberg). Suppose A and B are R™ and m:A X B — A is
projection onto the first coordinate. If E is contained in A X B, and E is
semi-algebraic, then so is w(E).

THEOREM (Lojasiewitz). Any semi-algebraic set consists of a finite union
of connected semi-algebraic sets.
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To prove Lemma 6, let us fix a € {a, B,} and define r/ = aal. Then
the points r/ which lie on the curve ax;(¢) and the ray {r > 1} are among
the solutions to

qg(x/a,t) =0 forx,t € R.
Therefore we apply the first theorem with 4 = B = R to the set
E={(x,y)|qgx/a,y) = 0,x € A,y € B}.

a(E) will be a semi-algebraic set by the first theorem and will consist of a
finite union of intervals (which could be single points) by the second
theorem. _

Since the a]’s were crossing points of the curve x; with the rays R,,
the collection {r/} lie among the end points of the intervals which
make up 7(E). Therefore there are at most finitely many points where x,(¢)
crosses each R,.

If we suppose that y and {«,, B,} are algebraic numbers, then the
coefficients of g(x, y) as a polynomial in x are algebraic as well. Thus each
x;(y) is algebraic. Also, an inspection of the proofs of the two previous
theorems from [4] shows that the polynomials which define #(E) must
have algebraic coefficients if g(x, y) does. Because the {rlf } are the end
points of the intervals which make up #(F), they are then defined by a set
of polynomial equalities with algebraic coefficients and so must be
algebraic numbers.

Since Lemma 6 implies the collection {a/} is finite, let j run from 1 to
w; for each i. We have

LEmMA 7. Fix a € {ay, B,}. For each i = 1, 2,..., M, the integral
T,(f,.)(y) converges and there exists a collection of integers {M} (y) },
J=0,1,...,w, such that

(3N Ti(fa)(¥) — [Liylax;(y)) — Li(ax;(0))]

= 2mi 2 Mj () log(aa).
j=1

Proof. We first show that the integral T;(f, ,)(y) converges. Looking at a
more general situation, let C(7) be any continuous function on /, which is
analytic in a neighborhood of all except a finite number of points in / and
which crosses [1, co) at most finitely many times. Further suppose that
C is analytic at each point #, where C(f;) = 1. We will first
show that

@)
C()

dt

[, 1oat — cay)
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converges. Then setting C(1) = ax;(r) will show that T;(f,;)(») converges
for each i.
Since log(1 — 1)/t is continuous except at ¢t = 1, we can bound this

integral if for each ¢, with C(¢;) = 1, we can bound

1y +8 C'(t

/“ ~log(l — (1)) £V 4

w ()
for all sufficiently small 8. This integral is bounded as long as C'(¢)/ C(¢) is
bounded near each point ¢, and the two integrals

)
I, = fo — arg(l — C(¢t + ty)))dt and

)
I, = fo — logll — C(t + 1) |dt

converge for 8§ sufficiently small.

To prove I, converges, choose § small enough so that for all ¢ between ¢,
and 7, + 8, C(¢) never crosses [1, co) and C'(¢)/C(t) is defined and
continuous. The former is possible since C crosses [1, co) only finitely
many times and the latter is possible since C is analytic near each 7. It
follows by our choice of & that the integrand of I, is continuous and
therefore /; converges.

For the second integral I,, note that for ¢ sufficiently near ¢,

1>1 — C@t + 15)] > clef

for some b and ¢ > 0. Since

()
ologe t b log|t|dt

is bounded for all §, we conclude that I, converges.

Now if we let C(1) = ax;(1), it follows that T;(f, )(») converges as
well.

To prove equation (3f), suppose that C(¢) is as before and C(0) = z,
C(y) = z;. Then

v C
A—MW~Cm)mw—Wﬂwn-%wwn
C(t)
] dt <0 dt
= fz() — log(1 — 1)7 + /0 — log(1 — Z)T

2 dt
~ / — log(l — 1) —

where the first integral is along the curve C, the second along the line L,
from O to z;,, and the third along the line L, from 0 to z, as in Figure 3.
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2]

29

Figure 3. Integration Path

Combining the first two integrals, we obtain

dr / d
3 - - 1) — — — log(l — 1) —
(3g) ruc log(1 — 1) ; p, — log( 1) ;

with the endpoints as before.

If none of the curves C, L, and L, crosses the branch cut [I, co), then
the integrands are analytic inside C U Ly, U L, and (3g) is 0. Now suppose
that only the curve C crosses [1, co) and it crosses transversally exactly
once at C(y,) as pictured in Figure 3. Divide C into arcs C; and C, and let
C be the real interval [1, C(y,) ]. Let

g(t) = lim log(l — (¢ + ix))
x—0"

and

h(t) = lim log(l — (¢ + ix)).
x—0

Then g(¢t) — h(t) = 2xi for t = 1 and by modifying the paths of the
integrals in (3g), it follows that (3g) equals

dt dt
(3h) i{ﬁ ORI f3h<t)7}

= +2mi log(C(y)))

for some choice of =+ sign, depending on which of L, or L, N C lies in the
upper or lower half plane.

If C crosses [1, co) several times, decompose C into a finite union of
curves UC; where the end points of each C; are consecutive crossing
points, say C(y;) and C(y; ), along [1, co). Then applying the argument
above shows that (3g) equals

27i 2% M log(C(y;))
J

for some integers M’. Finally, it is easy to see that this conclusion is still
valid if either C does not intersect [1, 0o) transversally at some points y;, or
L, or L, intersects [1, co).
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Therefore, if for each ¢« € {a, B,} and i = 1,.... M we
set C(1) = ax,(t), then C(y;) € {aa/} and we can choose integers
{M] (») } so that we obtain (3f):

Ti(Ja)(¥) — [Lix(ax,(y)) — Lix(ax,(0))]

= 2mi 2 M) (y) log(aa).
j=0

LEMMA 8. If' t # 1, then x,(t) # 0 for all i = 1, 2,..., M. Further,
suppose

M M
H a, = H ,Bk«
k=1 k=1

Then
M

M
I x@) =1/ 11
k=1

i=1
that is, the product of these functions of t is constant.

Proof. By gathering coefficients of powers of x in equation (3d), we see
that

—qx, t) = (—DMTT o =TI BM + ...+ (1 — 1) =0.

If ¢+ # 1, then the constant term of g(x, t) is not zero. Therefore none of
the roots {x,} can be 0. Given our hypothesis, we also have

11 M (-1 1
(1) = (—1 = .
e x,(t) ( ) (_I)M(H @, — tHBk) Hak

The lemma follows.

Recall that B; was defined by

1 M
B,(t) = e Im { > [log(1 — o x;(1))

T k=1

— log(l — Byx;(1))] — 10g(t)]}-
We also have
LEMMA 9. If 1 & I, then the integral T.(log)(y) converges and

;

(i) T(B)(y) = 2 S(») log(al)

Jj=1

+ N(y) log x,(y) + M(y) log(e,) + 2miW(y)
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for some integers {S(y), I‘I}i(y), M,-()’)a W(y) } which depend on y. (Note:
the number i in the factor 2mi should not be confused with the subscript i.)

Proof. We first show that T;(log)(y) must converge. Since 1 & I,y <1
and x;(¢) # O on I, by Lemma 8. We suppose that y < 0. Choose § > y so
that for all 7 in I, with § <z < 0, x(t)/x;(¢) is defined and continuous.

Set
x[(1) }
x;(1)

B = max{sup [log(?) |, sup

Recall that log was defined so that
—a < Im log(z) =

We see that |T.(log)(») | is less than or equal to

leog(t)i%dtl + /8—1 og(t) ’E; |

| s 20

ify < —1(@Gf —1 <y < 0, remove the third integral and let the limits of
the second be from 8 to y). The first integral is

=B||8] — 6|log|d| + im|8l|.

Using the inequality |a] + |b| = |a + bi|, the second integral is seen to
be
-l i - it
U logll Re 2 g — » f Im ﬁdzl
8 x;(1) 8 x;(t)

- xi(1) |
f& log|t| Im dt + o f& Re x,-(z)dt .

Notice that log|t| is negative on the entire range of integration. Therefore,
we can bound these four integrals if we can bound

[
¢ x; (1)
for all real c and d < 1.
Let C(¢) be the curve x;(¢) from x;(c) to x,(d). Then the techniques in

Lemma 6 easily show that C(z) crosses the ray (—oo, 1] at most finitely
many times. Therefore

I\

+

d x/
f O 4 - f % tog x,(d) — log x,(¢c) + 2miW;
< x;(1) €1
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where W is an integer depending on the winding number of C around 0.
This shows the second integral converges. Similarly, the third integral
converges and an easier argument shows that 7(log)(y) converges if
y > 0.

To prove (3i), recall that B;(¢) was an integer-valued step function which
could only change value if 1 € {¢/}, i.e., if ¢ is a point where x,(7) crosses
one of the rays R,. Let ¥, ) be the characteristic function on the interval
la, b]. Then

T(¥,,)(y) = log x;(b) — log x;(a) + 2miW;

if [a, b] € 1. Here W/ is an integer which depends on the winding number
of x,(t) around 0 as ¢ runs from a to b. W, will be 0 if x,(¢) never crosses
(—oo, 0). By expressing B; as a finite sum of characterlstlc funcuons
it follows that then there exists integers W(y), S’(y) j=1, , W), N
and M such that

Gi) T(BY(y) = 2 Sy logal) + 2miW(y) + N(») log x,(»)

Jj=1
~ M(») log x,(0).
Since x;(0) = 1/a;, the lemma follows.

LEmMA 10. If
M

M
H Q. = H BA
k=1 k=1

then provided y < 1
M

2 Ti(log)(y) = 0.

i=1
Proof. By Lemma 9, T.(log)(y) converges for each i if y < 1. Clearly,
M

> Topo) = [ 1o 3 [H0]a
i=1 i=1 x,‘(t)

Using the product rule, it is easy to see that
M ’
(H x{(’))

i=1

<o X
i=1x;(1) B

M
I %)

i=1

By Lemma 8, I x;(¢) is constant, so the ratio above is 0 for all values of ¢.
Therefore
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M
2 Tlog)(y) =0 ify <1
i=1

If we apply the operator T; to equation (3e), Lemmas 7, 8 and 9 show
that foreachi = 1,2,..., M,

(3K) T[§ log(1 — ayx,0)) — log(l — B ()]

— T(log)(y) — 2miT(B;)(»)
= X [Lix(Bux(1)) — Lix(ax;(1))]

k
- ; [Lir(Byx;(0)) — Lix(agx;(0))]

— T,(log)(y) — 2miN(y) log x,(y) + 47*W(y)

- 2771‘[1\2,@) log(a;) + E Si(y) log(af)]
J

— 2mi kE M, () log(eyal) — kE M} (») 1og(3ka{)] = 0.
J .
Summing (3k) over all values of i, the term

> T(log)(»)

1

will disappear by Lemma 10. Let us also reorganize the indexing of the
sums appearing in the last two lines of (3k). Let

{d} = ib{k {oy By f}

and choose integers {N,( ») } such that the last two lines of (3k) become
2mi ; N(») log(d)).

Finally, set

W) = W),

The main theorem of this section has now been proven:

THEOREM 11. Suppose that {a,, B,} are distinct non-zero complex
numbers such that

M M
II o = II Bk
k=1 k=1
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Then if y < 1, we have

M M
() 2 X [LiBix(v) — Lirex(1))]

M M
_ g} El [Lis(By/e;) — Liy(e/ ;)]

- 2m‘[ N(y)log(d) + Z N(») log x,-(y)] — 4 W(y)

J

for certain integers (]\G(y), &(y), W(y) } depending on y. Furthermore, if
{ay, B} and y are all algebraic numbers, then each d; and x;(y) is algebraic
as well.

Theorem 11 shows that certain linear combinations of dilogarithms can
be expressed in terms of elementary functions. It does not seem possible to
derive this result directly using the functional equations in Roger’s paper.
In any case, he does not consider how the branch cuts involved affect his
identities.

In the next section we will choose the a;’s and B,’s so as to obtain a
linear relation satisfied by {L”‘(Z, x) } for fixed x, in many cases without
any logarithm terms.

4. Twisted L-series identities. Let x be any Dirichlet character of
conductor N and even order m with m dividing ¢(N). Let

M = o(N)/m = #{k € Z/NZIx(k) = 1}

= #{k € Z/NZIx(k) = —1}.
We set
¢ =N ) = {8 - and (B} = - 1
That is,
p(z) =pfz) = I 1 —ztH
x(ky=1
and

) =p) = II a—zh.

x(k)=1
Note that both p, and p, have degree M = @(N)/m. Then set
Sx ) = q(x, ) = yp(x) — py(x).

Notice that this agrees with the definition offx given in Section 2.
We will now investigate when the condition
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M M
H Q. = H Bk
k=1 k=1

in Lemma 8 is satisfied.

To simplify notation, define r, (resp. n,) to be the k™ value of I = 1,
2,...N such that x(/) = 1, (resp. —1). In this case of a quadratic
character, r, (resp. n;) denotes the k™ residue (resp. non-residue).

Definition. Set
M M
L———-Erk and L/:Enk.
k=1 k=1
Then we will call a character x regular if N divides L — L'.
It follows immediately that if x is regular, then
Mo, = IT¢* = T ¢ =TI B,

so the conditions of Lemma 8 are satisfied. For example, if x is even,
L — L’ = 0, and this shows that all even characters are regular.

LEMMA 12. (a) If N is prime and x is odd, x is regular if and only if the
order of x is not N — 1.
(b) The odd quadratic character x _ y is regular if N # 3 or 4.

Proof. For the first statement, let g be a primitive root mod N. x is odd,
o)

L — L =2L modN,
and x is regular if and only if N|L. Let m be the order of x.

(N—1)/m—1 N—1

: 1 —g
myk
L= 3 @ -iTf  _ 0mean

k=0 1 —
aslongasm # N — 1.If m =N — I, then L = 1, and so N{ L.
The second statement follows from the Dirichlet class number
formula:

1| & 1
h = — kkl:—L—L’
NEI x(k)| = | |

if x is the character for any imaginary quadratic field

Q(V—N) # Q(v—1), Qv —3).
Given that x is regular, the conditions of Theorem 11 are satisfied and
we obtain
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() 3 X LoE"x () — LbEx())]
= 22 LHET) — L))
= 2771'[2 N(y) log d; + 2 N(y) log X,-(y)] — 4T W(y)
J i

forall y < 1.
We next investigate when the left hand side of (4a) can be expressed as a
sum of twisted L-series.

Definition. If x is any primitive character of conductor N, define
N
Xop(m) = 2 X (K™

If x is primitive and (b, 9(N) ) = 1, it is easy to show that x” is primitive
also. A well-known property of Gauss sums for primitive characters shows
that

Xp(n) = 1(x")x"(n) for all n.

Here 7 denotes the Gauss sum. However, X is not necessarily a multiple
of the character )2” if (b, o(N)) > 1, but it is periodic with period dividing
N. Even though ¥, is not a character, L,(s, X,) can be analytically con-
tinued as L, (s, x) was, namely

N
L,(s. Xy) = El X" (k) Lir(ug®).

It is easy to see that if |u| << 1, this definition agrees with the original
definition of a twisted L-series for the periodic function f = ¥,. Then,
for example when ¥ is primitive and X = X,

L(S’ )A() = T(X)L(S# X)

LemMMA 13. Let x be a primitive Dirichlet character of conductor N and
even order m. Let

M = o(N)/m = #{kix(k) = 1.
Recall that

{r.} = {Ix()) = 1} and {n,} = {lx(I) = —1}.
Forany p € Candany s = 2,3,...,

M m—1
2 \
(4o) 2 [Li™ — Liw™ ] == 2 L5 X)
k=1 m podd,b=1

https://doi.org/10.4153/CJM-1987-034-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-034-0

MAHLER’S MEASURE 721

and

M M
(4d) X X [Li(¢* ™) — Li(¢™ "]

i=1 k=1

m—1 m—1

2 %
== 2 L(s Kok
M ¢=0 bodd,b=1

Proof. 1t is easy to see that

"’E" L0k — {m/2x(k) if x(k) = =1,

bodd,b=1 0 otherwise.

Therefore if b runs over the odd integers from 1 to m — 1 in the following
sums,

[\ 9]
M
~

=
Y
x
N

-3 (2 S )

m podd

<

= 3 LG8Y — LG8 )

It

This proves (4c). ,
To prove (4d), we expand both sides using the series for Li (x). The nth
term of the left hand side is

(4e) {2 i‘—rin}{z g"k" _ gnkn}/ns.
i k
But an easy calculation shows

M

2 g—r,n —

1 m—1
i=1 m =0

X.(n)

and

M ) ¥
D e D P (ol
k=1 M k=1 bodd
Using the above equalities, (4e) becomes

I m—1

2 S A = )
= 22 xmx )/

m- ¢=0 boddb=1
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which is the nth term of the right hand side of (4d).

Our main result in this section can now be proven:

THEOREM 14. If y < 1 and x is a regular primitive Dirichlet character of
even order m and conductor N, then

m—1 m—1 m—1

2 A 2 AR
(40) —;2 > L2t X 2 L xx)

i bodd,b=1 M~ poddp=1 ¢=0

M
= 2m[2 N () logd) + 2 N(y) log x,-<y)] — 4r*W(y)
J i=

where
N = Tk O o)
() = U (¢ al)

and {W(y), N(y), ]Q(y)} are certain integers depending on y. Further-
more if y is algebraic, then all the d;’s are algebraic as well.

Proof. Simply apply Lemma 13 with s = 2 to equation (4a).

CoROLLARY 15. Let y < 1 and let x = x_y be an odd quadratic
character of conductor N > 4. Suppose that |x,(t)| = 1 for all t between 0
and y and each i. Then

M

(49 3 Re Ly, 20 - 2

2

L2,x)=0

where [i is the Moebius function.

Proof. Since x is quadratic, m is 2 and the indices b and ¢ run from 1 to 1
and O to 1, respectively. An argument from elementary number theory
shows that

k A
> N = )
(k,N)y=1
where [i(N) is the Moebius function of N defined as (—1)" if N =
PiDs - - - P, Where each p, is a distinct prime, i(N) = 0 if N is divisible by
a square. Therefore, Xy(n) = WN) if (n, N) = 1, X,Xo = MN)7(x)x, and
(4f) becomes

N 1
@) = 21002 0 + E2r00L2, 0 = S100L 2 X

T
i 2

= 2771'{2 N(y)logd + X N(y) log X,»(y)} — 4T W(y).
J 4
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Dividing (4h) by —7(x) = —i\/N and taking real parts gives

S Re 20 — %—)L(z %

i=1

27f A
= _W@Nf”) logld)| + 2 N(y) loglx,(») |}.
By hypothesis, |x;(z)| = 1 for all # between 0 and y. Therefore |4 =

for all j and |x,(y)| = 1 for all i. Thus, the right hand side of equatxon
(4h) is 0.

The following two lemmas will show that the hypothesis about the
absolute values of the algebraic functions x;(¢) can be replaced by a simple
condition on the zeroes of A,(¢), the discriminant of fx(x, t) as a
polynomial in x.

LeMMA 16. If x is any regular odd character and y is a real number, then
1/X is a root of q,(x, y) = 0 whenever x is.

Proof. Because x is odd, p(x) = p(x). Then
p(/x) _ I[Ia - {'7%)
p(l/xy 11 — ¢'/%)

(using a convenient abbreviation of notation)

CIE-

T I - ¢

_ L JI0 - 7%
IIa - "%

_ (p(x)) _5
p(x)
The last step used the regularity of x to show that ¢ETY = 1. Since y is
real, we have shown that 1/X is a root if x is.

LEMMA 17. Let x be a regular odd quadratic character. If A,(t) # 0 for all
t € I, then |x(t)| = 1 foralliandallt € I,

Proof By assumption A, (7) # 0 on [, so there are no real critical points
of the algebraic functlons defined by f (x, t) = 0 on this interval and
therefore each x,(¢) is analytic near every point of /,. Suppose that for
some x(t) € {xi(t) }. there exists a point y, € I, such that [x(y,) | # 1.
By Lemma 16, the function 1/Xx(¢) satisfies

fx():c(lT)’ z) = 0.
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By Lemma 8, x(¢t) # O on I,. Therefore, 1/X(¢) is analytic and must be
equal to one of the M algebraic functions {x;(z) } on the interval I,.
Furthermore,

x(yo) # 1/X(yo).

This implies x(¢) and 1/X(¢) are distinct; in fact, since A (1) # 0 on I,

x(t) # 1/x(t) for all + € I, But [x(0)| = 1 so
x(0) = 1/x(0), a contradiction. We conclude that |x,() | = 1 on the entire
interval Iy.

Lemma 17 applied to Corollary 15 completes the proof of Theorem 3
which we restate below.

THEOREM 3. Let x be an odd quadratic character of conductor N # 3 or 4
and let A, (1) be the discriminant of f,(x, t) considered as a polynomial in x.
Suppose that for some real number y <1, A,(t) # 0 for all t between 0 and
y. Then for each t between 0 and y, fx(x, t) = 0 has M = o(N)/2 distinct
roots x = x,(t), xy(t), ..., xp(t), all of which have absolute value one,
and

M A
(4i) § Re L, (2. X) = %\QL(?., X)-

Since 0 is not a root of Ax(t) and x;(0) # O for all i, there must exist an
open interval around 0 where the conditions of Theorem 3 are satisfied.
Since there exist infinitely many real algebraic numbers in every open
interval, we also have

CoROLLARY 18. There exist infinitely many collections {p;} of o(N)
algebraic numbers for each odd quadratic character x of conductor N such
that

oN)
(4)) § L,(2,x) = MN)LQ2, X).

Proof. Choose t to be a real algebraic number sufficiently close to 0 and
let

My = x;(1) and py; | = x,(1).
Then each ; is algebraic and since x is real,
L,  tL,=2ReL, .

The corollary then follows from Theorem 3.

We note that equation (41) seems to be valid whenever
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Ix ()] =1 for all i,

regardless of the hypotheses of Theorem 3. However, this has not been
proven. In fact, there are many examples when the numbers {x,(¢) } are all
roots of unity. For example, if 7 = 0, x;(0) = { " for all i. In this case, the
resulting identity (4i) does follow from the Kubert identities. There are

other 2examples when ¢ # 0. Here is one with x = x_, t ~ —4.79 and
ga i/ 12

(4k) %L(Z X))t L2, 0 + Le3(2, x) + L2, x) + L2, X)

+ L2, x) + Le-s(2, x) = 0.

Using (3b) with x = 1 and M = 3, 4, 6 and 12, we find that (4k) does
indeed follow from the Kubert identities after some simplification.

This leads to.the following question which we have not been able to
resolve:

If ¢ is chosen so that the roots of fx(x, t) are all roots of unity, then is
equation (4i) always valid and does this identity follow from the Kubert
identities?

5. Extensions of previous results. In this section, we first show that our
method of producing polynomials g, such that

log M(g,) = (a rational number) X L'(—1, x)

will apparently only work for those odd quadratic characters mentioned
before, namely x_3, X_4 X—7» X—g X—20 and x_,4. We start by
investigating the number of points z = p, on the unit circle such that

P2 /Fz) | = 1.

Let this number be n,. Recall that we computed Mahler’s measure from
equation (2d) by expressing each of the n, terms Re L, (2, x) as a rational
times L(2, x). Thus it seems reasonable to look at all odd characters of
even order with a small value of n,.

LEMMA 19. Let N be the conductor of an odd Dirichlet character x with
even order. If v, equals the number of sign changes in the sequence
{x(k) Ix(k) = =1} fork = 1,2,...,N + 1, then n, = »,.

Proof. As z approaches {" on the unit circle,

P2)
52
As z — ", the ratio approaches co. Thus there must be a point on the unit

circle between {" and {" where the ratio is 1. This corresponds to a sign
change in the sequence of x values.

— 0.
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ProprosITION 20. Fix positive even integers m and B. Then there exists
at most a finite number of odd Dirichlet characters x of order m such that
v, = B.

Proof. We will bound the conductors N of the characters which satisfy
the hypotheses. Since x has even order m, x takes on the values
+1 2¢(N)/m times as k runs from 1 to N. Therefore, for a given
B, the condition », = B implies there exist integers a and b with
1 = a < b= N + 1such that at all values k between a and b, either x(k)
i1s never —1 and x(k) equals 1 at least 2¢(N)/(mB) times or x(k) is never 1
and x(k) equals —1 at least 2¢(N)/(mB) times. In other words, there must
be a string of consecutive 1I’s or —1’s of length 2¢(N)/(mB) in the
sequence {x(k) [x(k) = *=1}fork = 1toN + 1.

Let ) denote the it conjugate of x in Q(x) = Q({,,)- Then

2 xV0k) =0

unless x(k) = =1. The Polya-Vinogradov inequality, [10], pp. 143-147,
implies that

b
E x(k)’ < /N log(N).

Therefore
b b _
Wl ZM x(k)‘ = lE AZ x‘”(k)l < g(m)\/N log(N).
x(tk)==*lk=a i k=a

By our choice of a and b:

20(N b
Gy 2 <| 3 x(k)l < VN log(N).
mB x(k)==*1k=a

Elementary estimates show

cN
log(N)

o(N) >

for some ¢ > 0. Thus

2VN. _ (og(v) 2.
mB

Since \/N grows faster than any power of log(N), for N sufficiently large
this inequality is false. Thus N is bounded and the number of characters is
finite.
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The estimates used above are much too crude to be practical however.
We could have used the character sum estimates of Burgess, but they
involve undetermined constants. Instead, by obtaining sharper estimates
for odd quadratic characters, we prove

PROPOSITION 21. The only primitive odd quadratic characters x with
n, = 2are X_3, X—4> X—g8> X—20> and X _o4. The only such x with n, = 4
are X _5 and xX_s.

Proof. When x is an odd quadratic character, it is easy to show the
inequalities:

o) log(N)

2N
if v, = 2 and
o(N) +2
4/N
if », = 4. If N is the conductor of x, N is the absolute value of the
discriminant of the associated quadratic field. Thus N = N’, 4N’, or 8N’

where N’ is odd and square-free. We will find the largest conductor N such
that

< log(N)

¢(N) + 2
4N

This will suffice for both cases v, = 2 and 4.
First we will bound w(N’), the number of prime factors of N'. Let

< log(N).

N = 11 p}.
Then
Ny =TT p} ' TI(p — 1)
SO
e ' Ty — 1) + 2 ,
4 T1 p™/? < log(IT p}’).

The left hand side increases faster than the right as n, increases. Therefore,
assume that n;, = 1 for all i. Clearly the left hand side is greater than or
equal to

2XA4X6X ... +2

A calculation reveals that if w(N’) > 4, the above inequality is false.
Hence w(N’) = 4.
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If N = 4N’, g(N) = 2¢(N’), and
o(N) + 1

4N

A similar calculation shows that «w(N’) = 4. This also follows if

< log(4N").

N = 8N'.
Secondly, a bound for N’ will be obtained. Suppose that N = N’. Since
w(N) = 4,
2 4 6 10 _ 32
N) =N 1 =1/p)=N-X-=-X=-X—=2Z2=N".
#V) ! R e A R TIET
Therefore
16
—\/N + 1
77

— < log(N).

N g(N)

A calculation shows N/ < 7360. If N = 4N’, N’ < 10510. Finally, if
N = 8N', N’ < 5260. All quadratic characters with conductor N in these
ranges were examined by computer. The final result is the statement of
Proposition 21.

The one character we have not examined previously is x = x_,s. There
are four roots of p (z) == p,(z) = 0 in this case: p;, p, and their complex
conjugates. However, none of these are roots of unity and it does not
appear possible to isolate the two unknown terms in equation (2d), namely
Re LM(2, x) and Re LHZ(Z, x), as we did for the single term Re L,(2, x)
when x = x_1.

Since we have found so few examples when Mahler’s measure gives a
rational times L'(—1, x), let us instead try to find polynomials fx in two
variables whose Mahler measure is a linear combination of derivatives of
L functions with rational or even algebraic coefficients. We can extend the
previous work directly to certain characters of even order m without much
additional work.

PROPOSITION 22. Let x be an odd character of even order m and conductor
N such that xb is primitive for all odd b less than m. Suppose that the region Q
defined in Section 2 as the set of 8 € [0, 2] such that

1p(e®) ] = |5 |
consists of the interval [0, w] with p;, = 1 and p, = —1. Then
m—1

4
(5b) log M(f) = — Re{ > Q-3 x”)}-

bodd,h=1
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In particular, (5b) holds if the conductor N of x is a Fermat prime and
m = @(N) or if N = 2% for a > 2 and the order of x is ¢(N)/2 = 2“2

Proof. Using equation (4c) and the fact that xb is primitive, we simplify
(2¢) and obtain

m—1

1
(5¢) log M(f) = —Re X irGN-Li2X") + L,2.X"])
mm bodd.b=1

The term L_ | can be simplified using (1.2f), producing
1 m—1
(5d) log M(f) = —Re 2 ("2 = DirxX" L2, X
ma bodd.b=1
Finally, the functional equation (1d) allows (5d) to be expressed in terms
of L’, as in (5b).

If N is a Fermat prime, then ¢(N) is a power of 2 and it is clear that
(b, (N) ) = 1 for all odd b less than ¢(N). Furthermore, since the order of
X is ¢(N),

P2V ()| = 1 (1 = $y2)/ (1 — §3'2) ] =1 |
precisely when z = ==1. It is then easy to show that & = [0, 7] and p; = 1
and u, = — 1. Therefore the conditions of this proposition are satisfied.

Suppose that the conductor N is equal to 2“ for a > 2. Then the group
(Z/NZ) has 4 elements of order 2, =1 and b where b = 52’ mod 2°.
Thus if x has order m = ¢(N)/2,

(=821 = § ")
1= = )

|pd2)/B2) | =

where { = {,a
A calculation shows that

lp(2)/pf2) | =1
if and only if
P)B2) = =P
Solving for z, we obtain two roots, z = =1 of
Se) € PEDE - AT AL 120

lying on the unit circle. We therefore find that Q consists of [0, 7] and so
p, = 1 and p, = —1. Thus the conditions of Proposition 22 are satisfied
in this case also. We remark that this provides infinitely many examples of
characters for which (5b) holds.

We now present an alternate way of generalizing our results in Section 1
to odd characters of even order greater than 2. Let F be Q(¥), that is the
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field containing the values of x. Let D be its different. Then for a fixed
element a € DF , define

n4(k) = Tr(a(k)) = 2 X (k),

where o) denotes the ith conjugate of a in F. By the definition of the
different, n, has integer values for all k. Finally, set

p() = 11 (= dam®@

N(k)>0

B = 11 = ¢am®

N(k)<O
and

fn‘, = Zzﬁ,“(zl) - Pn“(zl)-

The value of k in the products runs from 1 to N. It is easy to see that if x is
quadratic and a = 1 f = f,- As before, define the region £ < [0, 27] to
be the set of 8 such that

0 ~ i0
1Py (€)1 = 1B, (") ].
We then have

PROPOSITION 23. Let x be an odd character of even order. Suppose that §
consists of the interval [0, w] with py = 1 and p, = — 1. Then

(5f) log M(f,) = ]EV S a2 — UL 1 ),
J

Proof. A computation similar to the one in Section 2 shows that if
Q = [0, 7], then

1 Al ,
(5g) log M(f,) = 5= Re 2 ing(k)[—Lix(§") + Lin(=¥) ]

We write out the n'" term of the Taylor series for
N

E oK) Lin(ug):

1 )
(5h)y — X natou'e™”
n i

n
= % 2 a(./') 2 x(l)(k)gf/\'ﬂ
n” P
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o ‘ o
_ ;1_2 Z a('])T(X(J))XU)(n)~

J

Therefore setting p = -+1, from (5g) we obtain,

(51) log M(fna) = 2i Re 2 ia‘”T(x‘”)[—L,(z, ;7)) VL W]
™ J

5 Re 2 ia (@2 = DL, X)),
T J

From the fact that x is odd, it is easy to see that
N
kE1 (k) Lir(8")

is purely imaginary. Therefore, we do not need to take the real part in (51).
Thus applying (1d) to (51), we obtain (5f) and the proposition is proven.

Propositions 22 and 23 extend Corollary 2 by giving collections of
polynomials in two variables whose Mahler measure can be expressed as a
linear combination of derivatives of L functions with algebraic coeffi-
cients. However, fx and f,, do not have integer coefficients in general; the
coefficients would lie in the field Q(x). One could of course multi-
ply together all the conjugates of f, (or f,,a) to obtain a polynomial in
Zix, y].

There are many directions which could be pursued. One is to try to use
the generalization by Sandham [8] of the methods of Rogers to obtain
identities similar to (3k) with trilogarithms instead of dilogarithms. The
resulting relations would undoubtably be extremely complicated and
further progress is intimately tied to an old unsolved problem of finding
functional equations for general polylogarithms.

It would also be desirable to attack the following questions:

(i) Are there other “nice” identities for other characters besides x_4?

(i)) Do there exist polynomials p,(x, y, z) for each non-trivial even
quadratic character x such that

log M(p,) = (a rational number) X L'(—2, x)?

(iii) Finally, is Mahler’s measure the natural quantity to look at when
investigating these questions?
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