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Abstract

Let a, b and n be positive integers and let S = {x1, . . . , xn} be a set of n distinct positive integers. For x ∈ S,
define GS(x) = {d ∈ S : d < x, d | x and (d | y | x, y ∈ S)⇒ y ∈ {d, x}}. Denote by [Sa] the n × n matrix
having the ath power of the least common multiple of xi and xj as its (i, j)-entry. We show that the bth
power matrix [Sb] is divisible by the ath power matrix [Sa] if a | b and S is gcd closed (that is, gcd(xi, xj) ∈ S
for all integers i and j with 1 ≤ i, j ≤ n) and maxx∈S{|GS(x)|} = 1. This confirms a conjecture of Shaofang
Hong [‘Divisibility properties of power GCD matrices and power LCM matrices’, Linear Algebra Appl.
428 (2008), 1001–1008].

2020 Mathematics subject classification: primary 11C20; secondary 11A05, 15B36.
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1. Introduction

For arbitrary integers x and y, we denote by (x, y) the greatest common divisor of x
and y and by [x, y] their least common multiple. Let a, b and n be positive integers.
Let S = {x1, . . . , xn} be a set of n distinct positive integers. Let ξa be the arithmetic
function defined by ξa = xa for any positive integer x. Let (Sa) and [Sa] stand for the
n × n matrices whose (i, j)-entry is ξa((xi, xj)) and ξa([xi, xj]) respectively. We call (Sa)
the ath power GCD matrix and [Sa] the ath power LCM matrix. The set S is factor
closed (FC) if (x ∈ S, d | x)⇒ d ∈ S and gcd closed if (xi, xj) ∈ S for all integers i and j
with 1 ≤ i, j ≤ n. Obviously, an FC set must be gcd closed but the converse is not true.
Nearly 150 years ago, Smith [15] proved that

det([xi, xj]) =
n∏

k=1

ϕ(xk)π(xk) (1.1)

if S is FC, where ϕ is Euler’s totient function and π is the multiplicative function
defined for the prime power pr by π(pr) = −p. There are many generalisations
of Smith’s determinant (1.1) and related results (see, for instance, [1–14, 16–21]).
In particular, an elegant result was achieved by Hong et al. [8] stating that for
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any integer n ≥ 2,

det([i, j])2≤i,j≤n =

( n∏
k=1

ϕ(k)π(k)
) n∑

t=1
t is square free

tμ(t)
ϕ(t)

,

where μ is the Möbius function and an integer x ≥ 1 is called square free if x is not
divisible by the square of any prime number.

As usual, Z and |S| denote the ring of integers and the cardinality of the set S. Hong
[9] introduced the concept of greatest-type divisor when he solved the Bourque–Ligh
conjecture. For any integer x ∈ S, y is called a greatest-type divisor of x if

(y < x, y | z | x and y, z ∈ S)⇒ z ∈ {y, x}.
Let GS(x) := {y ∈ S : y is a greatest-type divisor of x in S} and let Mn(Z) stand for the
ring of n × n matrices over the integers. Bourque and Ligh [4] proved that (S) divides
[S] in the ring Mn(Z) (that is, [S] = B(S) or [S] = (S)B for some B ∈ Mn(Z)) if S is
FC. Hong [10] showed that such a factorisation is not true when S is gcd closed
and maxx∈S{|GS(x)|} = 2. The results of Bourque–Ligh and Hong were generalised
by Korkee and Haukkanen [14] and by Chen et al. [6]. Feng et al. [7], Zhao [17],
Altinisik et al. [1] and Zhao et al. [18] used the concept of greatest-type divisor to
characterise the gcd-closed sets S with maxx∈S{|GS(x)|} ≤ 3 such that (Sa) | [Sa] which
partially solved an open problem of Hong [10].

Hong [12] investigated divisibility among power GCD matrices and among power
LCM matrices. It was proved in [12] that (Sa) | (Sb), (Sa) | [Sb] and [Sa] | [Sb] if a | b
and S is a divisor chain (that is, xσ(1)| · · · |xσ(n) for a permutation σ of {1, . . . , n}), and
such factorisations are no longer true if a � b and |S| ≥ 2. Evidently, a divisor chain is
gcd closed but not conversely. Recently, Zhu [19] confirmed two conjectures of Hong
raised in [12] stating that if a | b and S is a gcd-closed set with maxx∈S{|GS(x)|} = 1,
then both the bth power GCD matrix (Sb) and the bth power LCM matrix [Sb] are
divisible by the ath power GCD matrix (Sa). At the end of [12], Hong also conjectured
that if a | b and S = {x1, . . . , xn} is gcd closed and maxx∈S{|GS(x)|} = 1, then [Sa] | [Sb]
in the ring Mn(Z). Tan and Li [16] partially confirmed this conjecture by proving that
[Sa] | [Sb] in the ring M|S|(Z) if a | b and S consists of finitely many coprime divisor
chains with 1 ∈ S and that such a divisibility relation is not true if a � b. However, the
conjecture still remains open.

Our goal is to present a proof of Hong’s conjecture. The main result of the paper is
the following theorem.

THEOREM 1.1. If a and b are positive integers such that a | b and S is a gcd-closed
set such that maxx∈S{|GS(x)|} = 1, then the ath power LCM matrix [Sa] divides the bth
power LCM matrix [Sb] in the ring M|S|(Z).

The proof of Theorem 1.1 is similar to that of Feng et al. [7] in character, but it is
more complicated. This paper is organised as follows. In Section 2, we supply several
preliminary lemmas needed in the proof of Theorem 1.1. Section 3 is devoted to the
proof of Theorem 1.1.
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One can easily check that for any permutation σ on the set {1, . . . , n}, [Sa] | [Sb]⇔
[Sa
σ] | [Sb

σ], where Sσ := {xσ(1), . . . , xσ(n)}. Without loss of any generality, we can always
assume that the set S = {x1, . . . , xn} satisfies x1 < · · · < xn.

2. Auxiliary results

In this section, we provide several lemmas that will be needed in the proof of
Theorem 1.1. We begin with a result due to Hong which gives the formula for the
determinant of the power LCM matrix on a gcd-closed set.

LEMMA 2.1 [11, Lemma 2.1]. If S is gcd closed, then

det[Sa] =
n∏

k=1

x2a
k αa,k, (2.1)

where

αa,k :=
∑
d|xk

d�xt , xt<xk

( 1
ξa
∗ μ

)
(d) (2.2)

and 1/ξa is the arithmetic function defined for any positive integer x by
(1/ξa)(x) := x−a.

LEMMA 2.2 [5, Theorem 3]. If S is a gcd-closed set and ( f ((xi, xj))) is invertible, then
( f ((xi, xj)))−1 = (aij), where

aij :=
∑
xi |xk
xj |xk

cikcjk

δk

with

δk :=
∑
d|xk

d�xt , xt<xk

( f ∗ μ)(d) and cij :=
∑
dxi |xj

dxi�xt , xt<xj

μ(d). (2.3)

LEMMA 2.3 [11, Lemma 2.3]. Let m be a positive integer. Then∑
d|m

( 1
ξa
∗ μ

)
(d) = m−a.

LEMMA 2.4 [7, Lemma 2.2]. Let S be gcd closed and maxx∈S{|GS(x)|} = 1. Let αa,k be
defined as in (2.2). If GS(xk) = {xk1} for 2 ≤ k ≤ |S|, then αa,k = x−a

k − x−a
k1

.

LEMMA 2.5. Let S be gcd closed and maxx∈S{|GS(x)|} = 1. Let αa,k and cij be defined
as in (2.2) and (2.3), respectively. Then [Sa] is nonsingular and [Sa]−1 = (sij)1≤i,j≤n with

sij :=
1

xa
i xa

j

∑
xi |xk
xj |xk

cikcjk

αa,k
.
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PROOF. Since [xi, xj]a = xa
i xa

j /(xi, xj)a,

[Sa] = D
( 1
ξa

(xi, xj)
)
D, (2.4)

where D := diag(xa
1, . . . , xa

n). By (2.1) and (2.4),

det
( 1
ξa

((xi, xj))
)
=

n∏
k=1

αa,k.

By Lemma 2.3, αa,1 = x−a
1 . For 2 ≤ k ≤ n, since maxx∈S{|GS(x)|} = 1, one may let

GS(xk) = {xk1}. By Lemma 2.4, αa,k = x−a
k − x−a

k1
� 0. So the matrix ((1/ξa)((xi, xj))) is

nonsingular. Now applying Lemma 2.2 gives
( 1
ξa

((xi, xj))
)−1
= (hij), (2.5)

where

hij :=
∑
xi |xk
xj |xk

cikcjk

αa,k
.

The desired result follows immediately from (2.4) and (2.5). �

We next recall some basic results on gcd-closed sets.

LEMMA 2.6 [7, Lemma 2.3]. Let S be a gcd-closed set with |S| ≥ 2. Let cij be defined
as in (2.3). Then

cw1 =

{
1 if w = 1,
0 otherwise.

Further, if GS(xm) = {xm1} for 2 ≤ m ≤ |S|, then

cwm =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−1 if w = m1,

1 if w = m,
0 otherwise.

LEMMA 2.7 [7, Lemma 3.1]. Let S be gcd closed and x, z ∈ S such that x � z. If
GS(x) = {y}, then (x, z) = (y, z).

LEMMA 2.8. Let S be gcd closed and x, y ∈ S with GS(x) = {y}. If a | b, then for any
z, r ∈ S with r | x, ya[z, x]b − xa[z, y]b is divisible by each of xa(ya − xa) and ra(ya − xa).

PROOF. We divide the proof into two cases.

Case 1: x � z. By Lemma 2.7, (x, z) = (y, z), which implies

ya[z, x]b − xa[z, y]b = ya zbxb

(z, x)b − xa zbyb

(z, y)b =
zb

(z, x)b xaya(xb−a − yb−a). (2.6)
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Since a | b,

xb−a − yb−a = (xa − ya)
(b/a)−2∑

i=0

(xa)(b/a)−2−iyai and
(b/a)−2∑

i=0

(xa)(b/a)−2−iyai ∈ Z.

Hence, (xa − ya) | (xb−a − yb−a). Then by (2.6), we deduce that ya[z, x]b − xa[z, y]b is
divisible by each of xa(ya − xa) and ra(ya − xa).

Case 2: x | z. Then [x, z] = [y, z] = z. It follows that

ya[z, x]b − xa[z, y]b = yazb − xazb = zb(ya − xa).

Since a | b, the desired results follow immediately. �

LEMMA 2.9. Let S be gcd closed and maxx∈S{|GS(x)|} = 1. If a | b, then all the elements
of the nth column and the nth row of [Sb][Sa]−1 are integers.

PROOF. The proof of Lemma 2.9 is divided into two cases.

Case 1: 1 ≤ i ≤ n and j = n. By Lemmas 2.5 and 2.6,

([Sb][Sa]−1)in =

n∑
m=1

[xi, xm]b 1
xa

mxa
n

∑
xm |xk
xn |xk

cmkcnk

αa,k

=
1
xa

n

n∑
m=1

[xi, xm]bcmn

xa
mαa,n

=
1

xa
nαa,n

n∑
m=1

[xi, xm]bcmn

xa
m

.

Since maxx∈S{|GS(x)|} = 1, we may let GS(xn) = {xn1}. Then by Lemmas 2.4, 2.6
and 2.8,

([Sb])[Sa]−1)in =
xa

n1
[xi, xn]b − xa

n[xi, xn1 ]b

xa
n(xa

n1 − xa
n)

∈ Z

as required.

Case 2: i = n, 1 ≤ j ≤ n − 1. Then

([Sb][Sa]−1)nj =

n∑
m=1

[xn, xm]b 1
xa

mxa
j

∑
xm |xk
xj |xk

cmkcjk

αa,k
=

∑
xj |xk

cjk

xa
j αa,k

∑
xm |xk

1
xa

m
cmk[xm, xn]b.

We claim that

γk :=
1

xa
j αa,k

∑
xm |xk

1
xa

m
cmk[xm, xn]b ∈ Z

for any positive integer k with xj | xk.
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If k = 1, then m = j = 1. In this case,

γ1 =
1
αa,1
· 1

x2a
1

· c11 · [x1, xn]b =
[x1, xn]b

xa
1
=

xb−a
1 xb

n

(x1, xn)b ∈ Z.

Now let k > 1. We can set GS(xk) = {xk1} since |GS(xk)| = 1. By Lemmas 2.4, 2.6
and 2.8,

γk =
1

xa
j αa,k

∑
xm |xk

1
xa

m
cmk[xm, xn]b =

xa
k1

[xk, xn]b − xa
k[xk1 , xn]b

xa
j (xa

k1
− xa

k)
∈ Z

as desired. This concludes the proof of the claim and of Lemma 2.9. �

Finally, we can use Lemma 2.9 to establish the main result of this section.

LEMMA 2.10. Let S be gcd closed and maxx∈S{|GS(x)|} = 1. Let S1 := S \ {xn} =
{x1, . . . , xn−1}. If a | b, then [Sb][Sa]−1 ∈ Mn(Z) if and only if [Sb

1][Sa
1]−1 ∈ Mn−1(Z).

PROOF. First, it follows from the hypothesis and Lemma 2.9 that all the elements of
the nth column and the nth row of [Sb][Sa]−1 are integers. So it suffices to show that

Aij := ([Sb][Sa]−1)ij − ([Sb
1][Sa

1]−1)ij ∈ Z (2.7)

for all integers i and j with 1 ≤ i, j ≤ n − 1.
To see this, define

euv :=
{

1 if xv | xu,
0 if xv � xu,

for all integers u and v between 1 and n. Then enj = 1 if xj | xn and enj = 0 otherwise.
Furthermore, for any integer m with 1 ≤ m ≤ n − 1, one has enm = 1 if xm | xn and
enm = 0 otherwise. We then deduce that

Aij =

n∑
m=1

[xi, xm]b
∑
xm |xk
xj |xk

cmkcjk

xa
mxa

j αa,k
−

n−1∑
m=1

[xi, xm]b
∑
xm |xk

xj |xk , xk�xn

cmkcjk

xa
mxa

j αa,k

=
cnncjn

xa
nxa

j αa,n
[xi, xn]benj +

n−1∑
m=1

cmncjn

xa
mxa

j αa,n
[xi, xm]benjenm

= enj
cjn

xa
j αa,n

( [xi, xn]b

xa
n
+

n−1∑
m=1

[xi, xm]bcmnenm

xa
m

)
:= enjAij. (2.8)

Let us now show that Aij ∈ Z. Since maxx∈S{|GS(x)|} = 1, one may let GS(xn) = {xn1}.
From Lemma 2.4, αa,n = x−a

n − x−a
n1

. However, by Lemma 2.6, for any integer m with
1 ≤ m ≤ n − 1, cmn = −1 if m = n1 and cmn = 0 otherwise. It follows from (2.8) and

https://doi.org/10.1017/S0004972722000491 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972722000491


[7] Power LCM matrices 37

Lemma 2.8 that

Aij =
xa

n1
[xi, xn]b − xa

n[xi, xn1 ]b

xa
j (xa

n1 − xa
n)

· cjn ∈ Z. (2.9)

Since enj ∈ {0, 1}, (2.8) and (2.9) yield (2.7).
The proof of Lemma 2.10 is complete. �

3. Proof of Theorem 1.1

We prove Theorem 1.1 by using induction on n = |S|.
For n = 1, the statement is clearly true.
Let n = 2. Since S = {x1, x2} is gcd closed, (x1, x2) = x1 and x1 | x2. It follows that

[Sb][Sa]−1 =

(
xb

1 xb
2

xb
2 xb

2

)
· 1

xa
2(xa

1 − xa
2)

(
xa

2 −xa
2

−xa
2 xa

1

)
=

(B −xa
1C

0 xb−a
2

)
,

where

B :=
xb

2 − xb
1

xa
2 − xa

1
and C :=

xb−a
2 − xb−a

1

xa
2 − xa

1
.

Since a | b, implying that a | (b − a), it follows that B ∈ Z and C ∈ Z, that is,
[Sb][Sa]−1 ∈ M2(Z). The statement is true for this case.

Let n = 3. Since S = {x1, x2, x3} is gcd closed, we have x1 | xi (i = 2, 3) and (x2, x3) =
x1 or x2. Consider the following two cases.

Case 1: (x2, x3) = x1. Then one computes

[Sb][Sa]−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

xb
1 xb

2 xb
3

xb
2 xb

2

xb
2xb

3

xb
1

xb
3

xb
2xb

3

xb
1

xb
3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
·

xa
1

xa
2xa

3(xa
2 − xa

1)(xa
3 − xa

1)

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x2a
1 xa

2xa
3 − x2a

2 x2a
3

x2a
1

xa
2x2a

3 − xa
1xa

2xa
3

xa
1

x2a
2 xa

3 − xa
1xa

2xa
3

xa
1

xa
2x2a

3 − xa
1xa

2xa
3

xa
1

xa
1xa

3 − x2a
3 0

x2a
2 xa

3 − xa
1xa

2xa
3

xa
1

0 xa
1xa

2 − x2a
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B + xa

3F −xa
1C −xa

1F
xa

3DF xb−a
2 −xa

1DF
xa

2EC −xa
1EC xb−a

3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,
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where B and C are as given earlier in this section, D := xb
2/x

b
1, E := xb

3/x
b
1 and

F := (xb−a
3 − xb−a

1 )/(xa
3 − xa

1). Since x1 | x2, x1 | x3 and a | (b − a), all of B,C,D,E and
F are integers. Hence, [Sb][Sa]−1 ∈ M3(Z). The statement holds in this case.

Case 2: (x2, x3) = x2. Then x2 | x3. We compute

[Sb][Sa]−1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
xb

1 xb
2 xb

3

xb
2 xb

2 xb
3

xb
3 xb

3 xb
3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ·
1

xa
3(xa

2 − xa
1)(xa

3 − xa
2)

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
xa

3(xa
2 − xa

3) xa
3(xa

3 − xa
2) 0

xa
3(xa

3 − xa
2) xa

3(xa
1 − xa

3) xa
3(xa

2 − xa
1)

0 xa
3(xa

2 − xa
1) xa

2(xa
1 − xa

2)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B −B + G −xa

2H
0 G −xa

2H
0 0 xb−a

3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ ,

where B is as before, G := (xb
3 − xb

2)/(xa
3 − xa

2) and H := (xb−a
3 − xb−a

2 )/(xa
3 − xa

2).
Since a | b and a | (b − a) imply that G ∈ Z and H ∈ Z, it follows immediately that
[Sb][Sa]−1 ∈ M3(Z). The statement is true for this case.

Now let n ≥ 4. Assume that the statement is true for the n − 1 case. In what
follows, we show that the statement is true for the n case. Since S is gcd closed
and maxx∈S{|GS(x)|} = 1, it follows that S1 := {x1, . . . , xn−1} is also gcd closed and
maxx∈S1{|GS1 (x)|} = 1. Hence by the inductive hypothesis, [Sb

1][Sa
1]−1 ∈ Mn−1(Z).

Finally, from Lemma 2.10, [Sb][Sa]−1 ∈ Mn(Z) as desired.
This finishes the proof of Theorem 1.1. �
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