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LINES ON HOLOMORPHIC CONTACT MANIFOLDS
AND A GENERALIZATION OF (2,3,5)-DISTRIBUTIONS
TO HIGHER DIMENSIONS

JUN-MUK HWANG® anD QIFENG LI

Abstract. Since the celebrated work by Cartan, distributions with small
growth vector (2,3,5) have been studied extensively. In the holomorphic setting,
there is a natural correspondence between holomorphic (2,3,5)-distributions
and nondegenerate lines on holomorphic contact manifolds of dimension 5. We
generalize this correspondence to higher dimensions by studying nondegenerate
lines on holomorphic contact manifolds and the corresponding class of distri-
butions of small growth vector (2m,3m,3m +2) for any positive integer m.

§1. Introduction

We work in the holomorphic setting. All manifolds and maps are holomorphic, unless
stated otherwise. Open subsets refer to Euclidean topology. A Zariski-open subset of a
complex manifold is the complement of a closed analytic subset. We use the following
terminology on distributions.

DEFINITION 1.1. A distribution on a complex manifold M is a vector subbundle D C
T M of the tangent bundle of M.

(i) Lie brackets of local sections of D give a homomorphism
Levi? : A\2D — TM/D,

called the Levi tensor of D.
(ii) There is a sequence of vector bundles, called the weak derived system of D,

D=09DcaD=0WDco?PDc-.-ca¥YpD=9"tVD
defined on a Zariski-open subset of M such that their associated sheaves satisfy
OB D) = [0(8WD),0(D)]+ 00" D)

for each 0 <i < d+1. We say that D is reqular at x € M, if the weak derived system
of D is a sequence of vector bundles in a neighborhood of z.
(iii) The sequence of integers

(rank(D),rank(@D),rank(a(Q)D), ... ,rank(a(d)D))

is called the small growth vector of D.
(iv) When D is regular at € M, the graded vector space

symb, (D) := &L, (09 D), /(8" VD),
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LINES ON CONTACT MANIFOLDS 653

has a natural structure of a nilpotent graded Lie algebra induced by Lie brackets of
local sections. It is called the symbol algebra of D at x.

In the celebrated paper [C], Cartan studied distributions on five-dimensional manifolds
with the small growth vector (2,3,5), commonly called (2,3,5)-distributions. Cartan inves-
tigated the local equivalence problem for (2,3,5)-distributions and many mathematicians
have developed this study further (see the references in [IKTY]). A remarkable development
in 1990s was the theory of abnormal extremals of (2,3,5)-distributions, originated from
geometric control theory (see [BH] and [Z] and the references therein). It associates a certain
contact manifold of dimension 5 to each (2,3,5)-distribution. By reinterpreting this result
from the viewpoint of complex geometry, the following one-to-one correspondence has been
discovered in Theorems 5.10 and 5.12 of [HL], where small growth vector is abbreviated to
S.g.v.:

distributions of | (Corr.1) [ nondegenerate lines on contact
s.g.v.(2,3,5) manifolds of dimension 5 ’

See Definition 3.8 for the precise meaning of the right-hand side. Note that nondegenerate
lines are called “contact unbendable rational curves of Cartan type” in Definition 5.8 of [HL].
A local version of this correspondence, where the right-hand side is replaced by Lagrangian
cone structures on contact manifolds of dimension 5 satisfying certain conditions, is given
in Theorem 3.1 of [IKTY]. From the viewpoint of [HL], the Lagrangian cone structure is a
local description of the VMRT of the nondegenerate lines (see Lemma 3.3).

In the current paper, we generalize this correspondence to higher dimensions as the
following one-to-one correspondence:

some distributions of | (Corr.m) [ nondegenerate lines on contact
8.g.v.(2m,3m,3m+2) manifolds of dimension 2m+3 |~

The major difference from the case m =1 is that the distributions on the left-hand side
are not determined by the small growth vector alone: their symbol algebras must be of
the form g4 (F') described in Definition 3.14, where F' is a nondegenerate cubic form on a
vector space of dimension m. For simplicity, we call distributions on the left-hand side g -
distributions. Our main results are Theorems 3.15 and 4.4, which give a precise statement
of the correspondence (Corr. m). When m = 1, the Lie algebra g (F) is determined by the
small growth vector because all nondegenerate cubic forms on a vector space of dimension 1
are isomorphic. Thus, g -distributions in dimension 5 are just (2,3,5)-distributions. There
is more than one isomorphism type of nondegenerate cubic forms when m > 2. So when
m > 2, the small growth vector alone cannot determine the type of our distributions. As
a matter of fact, when m > 3, there are nontrivial moduli of nondegenerate cubic forms
and the isomorphism types of symbol algebras of a g -distribution may vary from point to
point. A classical example of (Corr. m) is the following.

ExaMPLE 1.2. Let g be a simple Lie algebra, and let G be a complex Lie group with
Lie algebra g. Let X? be the adjoint variety of g, namely, the highest weight orbit of the
coadjoint representation on Pg¥, and let 2m + 3 be the dimension of X¥9. The variety X9
has a natural G-invariant contact structure and is covered by nondegenerate lines. The
space of lines on X9 C Pg"¥ is a rational homogeneous space Y¢ = G/P for some parabolic
subgroup P C G. If g is not of type A or C, there exists a G-invariant distribution D% C TY'9
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of rank 2m whose symbol algebras are isomorphic to g4 (F') for a homaloidal EKP cubic
F (using the terminology in Theorem 3 of [D]), which is the cubic form whose associated
cubic hypersurface is either

(i) the union of a hyperplane and a quadratic cone with one isolated singular point outside
the hyperplane, or
(ii) the secant variety of one of the four Severi varieties.

The correspondence (Corr.m) in this case is

distribution D? on Y? of lines on the contact manifold
s.g.v.(2m,3m,3m+2) X9 of dimension 2m + 3.

One interesting consequence of (Corr.m) is that there are many examples of holomorphic
contact manifolds covered by nondegenerate lines, which is already nontrivial when m = 1.
Another interesting aspect of (Corr.m) is its potential application in Riemannian geometry.
A well-known conjecture in complex geometry, which is equivalent to the LeBrun—Salamon
conjecture (page 110 of [LS]) on quaternionic-Kéhler manifolds, is that a Fano contact
manifold whose automorphism group is reductive is biholomorphic to an adjoint variety in
Example 1.2. There is an approach to this conjecture using lines on Fano contact manifolds
of Picard number 1 (see, e.g., [BKK], [K1], [K2]). The lines in this case are expected to be
nondegenerate (see Remark 3.9) and we have the associated g -distributions via (Corr.m).
We believe that it is important to understand the geometry of these distributions for this
approach to the LeBrun—Salamon conjecture. Note that, if the cubic forms are homaloidal
EKP cubics, it is already proved that the Fano contact manifold is an adjoint variety (by
Main Theorem in §2 of [M]).

Let us discuss briefly the content of the paper and the methods employed. The key
ingredients in establishing (Corr.m) come from deformation theory of rational curves, in
particular, the theory of VMRT, some standard results of which are recalled in §2. Section 3
discusses how to go from the right-hand side to the left-hand side of (Corr.m). The proof of
the main result, Theorem 3.15, is much more involved than the proof in the case of m =1,
because the structure of the symbol algebras of the distributions is more intricate in higher
dimensions. Its proof uses some special features of deformation theory of rational curves on
contact manifolds. Section 4 discusses how to go from the left-hand side to the right-hand
side of (Corr.m). The proof of the main result, Theorem 4.4, is a generalization of that of
Theorem 5.10 in [HL] to higher dimensions and the idea has originated from [Z].

§2. Unbendable rational curves and VMRT

DEFINITION 2.1. Let X be a complex manifold of dimension n, and let Douady(X) be
its Douady space parameterizing all compact analytic subspaces of X.

(i) A smooth rational curve P! 2 C' C X is unbendable if its normal bundle N¢ is iso-
morphic to O(1)%? @ O®(=1-p) for some nonnegative integer p <n— 1. Consequently,

TX|c=0(2)®0(1)%goen-1-p)

with TC C T X | corresponding to O(2). In this case, we denote by N (resp. TX|)
the subbundle of N¢ (resp. TX|¢) corresponding to O(1)®? (resp. O(2) ® O(1)%P).
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(ii) Let URC(X) be the subset of Douady(X) parameterizing all unbendable rational
curves on X. It is an open subset of Douady(X) because the vector bundle Ngo =
0(1)%? @ 09(»=1-P) on C = P! has no nontrivial deformation. Using the basic
deformation theory of rational curves (e.g., Main Theorem of [K3]) and H!(C, N¢) =0,
we see that URC(X) is an open subset in the smooth locus of Douady(X).

It is convenient to use the following notion.

DEFINITION 2.2. Let C be a complex manifold, and let £ be a vector bundle on C. For
a point z € C, denote by H°(C,£ ®m,) the vector space of sections of £ vanishing at z.
The homomorphism

jeté - HO(C,E@m,) - TV C®E,
is defined by taking the derivative at = of sections vanishing at z.
The following is well known (see, e.g., page 58 of [HM] and Lemma 3.3 of [HL]).

PROPOSITION 2.3. In Definition 2.1, let Y be a connected open subset of URC(X). Let
Y & Z 5 X be the associated universal family morphisms. Define the following distributions

on Z:
V = Ker(dp),
F :=Ker(dp),
T'=Va&F.

For the point y = [C] € Y corresponding to an unbendable rational curve C C X and a point
zep Hy) C Z, set u(z) =z €C.

(i)  We have the following natural identifications:

T,Y = H°(C,N¢),

T.7 =H°C,TX|c)/H*(C,TC ®m,),
V., =H°(C,N§ ®m,),
F.=HC,TC)/H°(C,TC ®m,) =T,C,

where the third (resp. fourth) identification is induced by the differential d,p:T,Z —
T,Y (resp. dop: 1.2 =T, X).

(i) Define T':=90T°. It is a vector subbundle of TZ and the Lie brackets of sections
induce a natural isomorphism of vector bundles ¢ : FQV — T1/T°.

(iii) The differential d,p sends T}/T? to N(J/{x C T, X/T,C such that in combination with
(i) and (ii), we have the commutative diagram

F.®V, = T,C®H°(C,N}®m,)
(R Lz
THTO A4 N,

where j, is the contraction of vectors in T,,C' with the image of

+
jetz© : HO(C,NE @m,) = TYC@ NG,
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(iv) We have isomorphisms F|,-1(,) = TC = O(2) and
V],-1(y) = Hom(TC, N} ) = O(-1)9™.
DEFINITION 2.4. In Proposition 2.3, the tangent map 7: Z — PT X sending z € Z to
[du(F,)] € PT, X is an immersion whose image C C PT'X is called the variety of minimal
rational tangents (to be abbreviated as VMRT) of the family Y. The fiber C, C PT, X at

x € u(Z) is called the VMRT at z. Often, we replace Y by a suitable connected open subset
to assume that C C PTX and C, are submanifolds in PTX.

NoTATION 2.5. Let W be a vector space, and let S C PW be a (not necessarily closed)
submanifold. For a point s € S, we denote by s C S the corresponding affine cones in W. Let
Ng be the normal bundle of .S in PW. The second fundamental form Ilg : Syrn2 TS — Ng
is a homomorphism of vector bundles. Let Dom(Ills) C S be the Zariski-open subset where
the image of Ilg is a vector subbundle N éQ) of Ng. Then we have the third fundamental
form

I, : Sym* 7,8 — Ng,. /NS

for each s € Dom(Illg). Denoting by T.S C W the affine tangent space of S at s, we
write N s,s for W/ T sS and N é22 for the vector subspace of ]\7575 such that we have natural
identifications

sts :/S\V(X)]/\}&S and Né?z :g\/@j\}éﬁz.

The following is well known (see, e.g., the proof of Proposition 1.4 in [H1] and Corollary
3.14 and Proposition 3.16 in [HL))

PROPOSITION 2.6. In Definitions 2.1 and 2.4, replace Y by a neighborhood of y to
assume that C and C, are submanifolds of PT X and the immersion T in Definition 2.4 is
an embedding. Let us identify Z with C C PT'X by the embedding 7.

(i) The affine tangent space T.C, C Tu X satisfies

fzcz = dz,u(,Tzl):
1.C,/T,C = N,

(ii) The natural isomorphism

A (7]u-1(2)) : Vo = HY(C,NE ®@m,) — T.C, =T)C®N,

L oy«  NE
coincides with jety © .
(iii) For a local section f of F and local sections vy,U2 of V near z € C with values vy,v2 €V,
at z,

([02, [F1, fll: mod T}') = f.®lle, .(v1,v2),

where the left-hand side is regarded as an element of ]ch,z = NC,z/N(JJr,x by (1) and
Proposition 2.3(iii), and f;@ stands for the contraction off; e F,=T,C with

Ie, - (v1,v2) € TYCONS), CTYC® N, ...
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(iv) Assume that z € C, is in Dom(Ilg,). Then T2 =0T = 0@ TY is a vector subbundle
of TZ in a neighborhood of p~1(y) in Z and

ﬁéi)z = (d.pu(72) mod @Cm)

as subspaces of Ncw,z = NC,:c/Naf
(v) In (), for a local section f of F and local sections Ty, 7,73 of V near z € C with values
v1,V2,v3 €V, at z,

([T, [T, [0, fl]]: mod T2) = f2 ®@1Me, - (v1,v3,v3),
where the left hand-side is regarded as an element of ]chz/]/\\féi)z by (iv), and £.®
stands for the contraction of f; e F, =1T,C with
e, - (v1,v2,v3) € TYC @ Ne, . /NS .

DEFINITION 2.7. In Proposition 2.3, define D, := H°(C, Ng) C T,Y. This determines
a distribution D C T'Y of rank 2m. For each x € C, define

U, := H°(C,0(x)),

the two-dimensional vector space of rational functions on C' with at most one pole at x and

define
V, = HC,N};®m,) C D,,
such that we have a canonical tensor decomposition Dy = U, @ V.

ProrosITION 2.8. In Definition 2.7, let 1, € U, be the constant function on C with
value 1. The differential d,p:T.Z — T,Y induces an identification T} /F, =D, such that

Moreover, when z € Dom(Ille, ), it induces an identification T2/F. = (0D),.

Proof. The identification T!/F, = D, follows from Propositions 1 and 8 of [HM] (see
Proposition 3.7 of [HL]). Then V, =1, ® V, follows from Proposition 2.3(i) and the
identification 7.2/ F, = (9D), comes from T2 =97 in Proposition 2.6(iv). 0

We skip the proof of the following two elementary lemmata.
LEMMA 2.9. In Proposition 2.8, let f € U, be a nonconstant rational function on C.
(i) The homomorphism
res, : \2H°(C,0(z)) = T,C
that sends 1, A f to

0

Res,(f dt) =,

esa (] )

where t is a local holomorphic coordinate on C centered at x and Res,(f dt) is the
residue of the logarithmic form f dt at z, is independent of the choice of the coordinate

t and gives a canonical identification of N2U, with T,C.
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(i) Write f, :=res,(1, A f) € ToC. For any vector bundle & on C and a section v €
HO(C,E®m,), let f,(v) € &, be the contraction of f, with jetS(v) € TYC®E,. Then

fo(v) = (f@v)(2) €&,
where f @v stands for the section of H°(C,E) under the natural homomorphism
U, @ H(C,£ ®@m,) — H°(C,€).
LEMMA 2.10. In Lemma 2.9, for any point x' € C different from x, define
A ={f €Us | fa') =0} C Us.
Then we have canonical isomorphisms
AY @Uyp =U, and AY @V, =V,

coming from multiplication by rational functions. Moreover, for any f € A;ﬁl and v €V, we
have f@v =1, ® fv under the two tensor decompositions Dy = U, @ Vy = Uy @ Vyr.

PropPOSITION 2.11. In Definition 2.7, for a local section f of F and ¥ of V near z € C,
denote by f € U, a rational function satisfying d.p(f.) =res;(1z A f) in Lemma 2.9 and
by v eV, =V, the value of U at z. Then

d.p([7,f].) = fOv mod1,®V,(CU,®V,=D,). (2.1)

Proof. The vector [U,f]z € T, Z is represented by a section w € H°(C,TX) by Propo-
sition 2.3(i). Regarding v as an element of H°(C, N} @ m,), Proposition 2.3(iii) says that

- - . N& e
(dpu([7, f]z) mod T, C) = f. @jety © (v) = f.(v) € N& .
This implies that the value w, at z of the section w of T'X | satisfies
(w, modT,C) = f.(v).

Since d.p([7,f].) in T,Y = H°(C,N¢) is represented by w modulo H°(C,TC), its value
modulo 1, ®V, = H°(C, Nc ® m,,) is just

(wy modT,C)e€ H°(C,N¢)/H(C,Nc ®m,) = N¢ ..

So the left-hand side of (2.1) is just f.(v) in Lemma 2.9(ii). Then Lemma 2.9(ii) says that
this is equal to (f ®v)(z), the right-hand side of (2.1). U

PROPOSITION 2.12. In Proposition 2.11, for ui,us € U, and vi,vs € V,, let u1 ®v1,us ®
vy be elements of Dy =U, ®V,. Then we have

Levin(ul ®v1,us ®va) = (u1 Aug) ®1e, . (v1,v2), (2.2)

where the second fundamental form ¢, . : Sym*V,, — T C ® (NC,x/NaI) is interpreted as
a homomorphism

Sym?V, — A?UY @ (H°(C,N¢)/H°(C,N})) = AUY @ (T,Y/D,)

via the isomorphism res, : T,C = A2U, in Lemma 2.9(i) and the natural isomorphism
HO(C,Nc/N}) = NC,x/Nax coming from N¢ /NG =2 0®(n—m=1),
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Proof. We may check (2.2) assuming u; = f and ug = 1,. It is a direct consequence of

([Go,[1, fl]: modV,) = f.®@Ie, .(v1,0) (2.3)

from Proposition 2.6(iii). In fact, the vector vy € V, is sent by d,p to the corresponding
element vy € V, = HY(C, N(Jg ®m, ), which is just 1, ®vs in U, ® V, = D,,. The vector [171,f]z
is sent to f®wv; modulo 1, ® V, by Proposition 2.11. Then the left-hand side of (2.3) is
equal to LeViD(UQ ® v2,u; ®v1). By Lemma 2.9, the isomorphism res, identifies f; with
—1, A f = —uj Aug. Thus, the right-hand side of (2.3) is

—(u1 /\Uz) ®Hcm72(vl,v2).
This proves (2.2). 0

PropoOSITION 2.13. In Proposition 2.11, assume that D is regular at y € Y. Then for
any f € Uy, v1,v2,v3 € Vg, the Lie bracket in symb, (D) satisfies

[]—m X v3, []—:r ®’U2,f®’l)1]] = (1z /\f) ®IIIcw,z(’U1,’U2,’l}3>,
where e, . : Sym>V, = TYC ® (chz/ﬁc(f),z) is interpreted as a homomorphism
Sym?V, — A2UY @ (T,Y/(0D),),

via the isomorphism res, : T,C = N2U, and the isomorphisms

Ne,o/ N, &' T2/ T2 ¥ T, Y/ (9D),.
Proof. The proof follows the same argument as the proof of Proposition 2.12, using
Proposition 2.6(v) in place of Proposition 2.6(iii). 0

83. From nondegenerate lines on contact manifolds to distributions with
symbols g4 (F)

DEerFINITION 3.1. Let X be a complex manifold of dimension 2m +3,m > 1, and let
H C TX be a contact distribution, namely, a distribution of rank 2m + 2 such that the
Levi tensor Levi®™ : A2H — TX /H gives a symplectic form, that is, a nondegenerate anti-
symmetric form, on each fiber of H,. The pair (X,H) is called a contact manifold. The
quotient line bundle £ :=TX/H is called the contact line bundle on X. An unbendable
smooth rational curve C' C X satisfying £|c = O(1) is called a line. Denote by Lines(X,#),
the open subset of URC(X) C Douady(X) parameterizing lines.

DEFINITION 3.2. Fix a one-dimensional vector space L, and let w: A’W — L be a
symplectic form on a vector space W of dimension 2m + 2.

(i) For a subspace B C W, define B+ := {w € W | w(w, B) = 0}.

(i) A subspace B C W is Lagrangian if B+ = B. In this case, the dimension of B is m+1.

(ili) A submanifold S C PW is Legendrian if its affine tangent space TA}S C W at every
point s € S is a Lagrangian subspace of W.

LEMMA 3.3. In Definition 5.1, choose a connected open subset Y C Lines(X,H) such
that C C PT X in Definition 2.4 is a submanifold.
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(i) For each line C C X, the normal bundle N¢ is isomorphic to O(1)®™ @ O®(m+2) gnd
H|c is isomorphic to O(2) ®O(1)9™ @ OP™ ®O(—-1). In other words, the integer p in
Definition 2.1 is ezactly m = % (dim X — 3).

(ii) For each xz € C, the VMRT C, C PT, X is contained in PH, and is Legendrian with
respect to the symplectic form Levi;{ on Hy.

Proof. From the well-known relation detTX = £L2(m+2) (e.g., from (2.2) of [LB]), we
have the isomorphism N¢ 2 O(1)9™ @ O®(m+2) Consequently,

TX|c=TC®Ne=0(2)a0(1)%" @ 0%m+2),

Since T'C = O(2), it must belong to the kernel of the projection TX|c — (L =TX/H)|c =
O(1). Since this holds for all lines represented by elements in the parameter space Y, we have
C C PH. By Proposition 2.6(i), @Cx/TxC = N&L,aw where x € C' and 2z =PT,.C € C,. It follows
that O(2)® O(1)®™ is contained in H|c. This gives H|c =2 O(2) & O(1)*" @ 0P 0 O(-1),
completing the proof of (i). By (i), any line is tangent to H, and C, C PH,. Moreover, the
Levi tensor gives a family of nondegenerate antisymmetric forms on the bundle H, that is,
a homomorphism

NHe = A2(0(2)20(1)*" a0 0(-1)) = L 2 O(1).

The subspace (O(2)® O(1)%™), is a Lagrangian subspace of H, with respect to this
antisymmetric form. As this subspace corresponds to the affine tangent space of C, at
PT,.C by Proposition 2.6(i), the VMRT must be Legendrian, proving (ii). O

DEFINITION 3.4. In Definition 3.1, let Y C Lines(X,H) be a connected open subset,
and let Y & Z & X be the universal family. Given z € Z, write = = pu(z),y = p(z) and
C = u(p~*(y)) C X. Using the symplectic form Levi’f on H,, define

R. = (T,C)" CHyand R} :=T.C, CR.CHa.

Then R C R are vector subbundles of the vector bundle H on Z, of rank m+1 and 2m+1,
respectively. Denote by ’Rg C Re C H|e the corresponding vector subbundles on C.

LEMMA 3.5. In Definition 5.4, we have the following.
(i)  The vector bundle R¢ (resp. RE) is isomorphic to the subbundle
02)20(1)®"™ @ 0% ( resp. O(2) @ O(1)%™)

of H|c from Lemma 3.5(i).
(ii) Ifse HY(C,TX|c) satisfies s, € Row for a point x € C, then s € H*(C,H|c).
(iii) Levi™ induces a perfect pairing of vector bundles on C

NG @Re/(TX|c)" — L]c.
Proof. Note that Levi™ gives a perfect paring
TC® (’Hyc/Rc) = C‘C = 0(1)

This implies (i). From (i), the quotient bundle TX|c/R¢ is isomorphic to O®2. The
assumption s, € R¢,, implies that s modulo R¢ defines a section of O9%? vanishing at
z. Hence, it vanishes identically. This shows that s € H°(C,H) = H°(C,R), proving (ii).
(iii) is immediate from (i). 0
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DEFINITION 3.6. A cubic form F € Sym® V" on a vector space V is nondegenerate if
{veV|F(v,v1,v2) =0 for all v1,v2 € V} =0.

DEFINITION 3.7. In Definition 3.2, let S C PW be a Legendrian submanifold. We say
that S has nondegenerate fundamental forms at s € S if the following are satisfied.

(i) The point s is contained in Dom(I1lg).

(ii) The image of the second fundamental form N éQS) is equal to 5 /T5S.

(iii) The third fundamental form Tl : Sym® TS — 8V ® W/5* is a nondegenerate cubic
form on TS in the sense of Definition 3.6.

(iv) For any vy,vy € TS, the element

Mg . (v1,v2,) € TY S@3Y @W/5*H
coincides with
Is,s(v1,02) €5V @ NY) = 5" @54 /1,8
via the natural isomorphisms
LTS = (T,5/3) ® L and W/s+ =3V oL
induced by w.

DEFINITION 3.8. A line C on a contact manifold (X,#) is a nondegenerate line, if for
some point x € C'; the VMRT C, at z has nondegenerate fundamental forms at the point
PT,C € C,. Let NDL(X,H) be the subset of Lines(X,H) parameterizing nondegenerate
lines. It is a Zariski-open subset in Lines(X,H).

REMARK 3.9. The conditions in Definition 3.7 may look technical, but actually they
hold at general points of a general Legendrian submanifold. For example, §3 of [LM] shows
that if the Legendrian submanifold S C PW is a smooth projective variety different from
a linear subspace, then S has nondegenerate fundamental forms at a general point s € S.
When (X,H) is a Fano contact manifold of Picard number 1, Theorem 1.1 of [K2] implies
that the VMRT at a general point is a smooth projective variety. Thus a general line is
nondegenerate in the sense of Definition 3.8, unless the VMRT’s are linear. It is expected
that the latter situation does not occur and [BKK] proposes an approach to exclude this
possibility.

PROPOSITION 3.10. In Definitions 3.8, assume that Y C NDL(X,H). Then the second
fundamental forms of the VMRT determine a surjective homomorphism II: Sym? Y — F¥ ®

R/R* and the third fundamental forms of the VMRT determine a surjective homomorphism
I : Sym®V — FY @ (H/R). In particular, we have

T =(dp) ™ (RY) CT.Z and T = (d.p) ' (R.) C T.Z
for any z € Z.

Proof. 1t is immediate from the definition of a nondegenerate line that the second and
the third fundamental forms of VMRT determine homomorphisms II and III, which are
surjective at general points of Z. By Proposition 2.3(iv) and (H|c/R¢) = O(—1) from
Lemma 3.5(i), the two homomorphisms are surjective at every point of Z. Then T2 =
(d.p)"H(R.) follows from Proposition 2.6(iv). [
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PROPOSITION 3.11. Under the hypotheses of Proposition 3.10, the two subspaces (0D),
and H*(C,H|c/TC) of T,Y = H°(C,N¢) coincide. Consequently, the two quotient spaces
T,Y/(0D), and

H°(C,L)=H"(C,N¢)/H®(C, H|c/TC)
can be identified in a natural way.

Proof. By Lemma 3.5(ii), the subspace T2 = (d,u) 'R, C T.Z in Proposition 3.10 can
be identified with

H(C,H)/H*(C, TC®m,) ¢ H°(C,TX)/H°(C,TC ®@m,)
under the identification in Proposition 2.3(i). Since d,p:T.Z — T,Y is the quotient map
H°(C, TX)/H°(C,TC ®m,) — H°(C,N¢),

the subspace (d,u) 'R is sent to H*(C,H|c/TC) C T,Y. This agrees with (D), because
d.p(T2) = 0D by Proposition 2.8. 0

LEMMA 3.12. In Proposition 3.11, define
I :=T/C®H(C.L&m,) = (T,/C)**® L,

and write Fy : Sym®*V, — I, for Il¢, .. For each pair x # ' € C, recall from Lemma 2.10
the one-dimensional vector space Ag’ of rational functions on C with pole at x and zero
at 7.

(i) There is a canonical isomorphism between (A% )23 @1, and L. For f € A* and j € I,
denote by f3-j the element of I+ corresponding to f3®j € (Ai/)®3 ® 1.
(ii) For any vy,vs,v3 € Vy and f € A,

f2-Fu(vi,v9,v3) =Fu (f o1, f-v2, fv3).

Proof. Fix a base point zp € C' and define a line bundle A on C whose fiber at z is A%°.
Then A is isomorphic to O(1). Let Z be the line bundle on C' whose fiber at z € C' is I,.
Then 7 is isomorphic to O(—3). Thus we have a canonical trivialization of the line bundle
A®3@T = I, x C, which shows (i).

Note that V|,-1(,) = O(—1)®™ from Proposition 2.3(iv). Thus the collection of the
homomorphisms F, for all z € C' gives rise to a surjective homomorphism between trivial
vector bundles Sym®(V®.A) — A®3®Z, which corresponds to F,, : Sym® V,, — I, under
the canonical trivialization A®? ®Z. This shows (ii). 0

ProproSITION 3.13. In Proposition 3.11, there are natural identifications:

(i) Dy=U,®V,,
(ii) (0D),/D, =AU, ®I1,®V,’, and
(iii) 7,Y/(0D)y = N*U, ® I, @ U,.

In particular, for any pair x # ' € C, there is a natural identification of N*U, ® I, ® U,
and N2Uy @ Iy @ Uy compatible with the identification (A§/)®3 ®1I, =1, in Lemma 3.12
and the identification A%, @ Uy = U, in Lemma 2.10.
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Proof. We have already seen (i) in Definition 2.7. (ii) is from (8D),/D, = T2?/T} in
Proposition 2.8, the identification A2U, = T,,C from Lemma 2.9, and

T2 T = (NG, @ L=V 0T CRL,
from Lemma 3.5(iii). (iii) follows from
T,Y/(0D), = H(C,L) = H*(C,L&m,) ® Uy,
where the first equality is by Proposition 3.11. 0

DEFINITION 3.14. Let U be a vector space of dimension 2, and let V be a vector space
of dimension m > 1. Fix a one-dimensional vector space I. Let g, = g1 @ g2 ® g3 be the
vector space defined by

g1:=U0aV, go:= (A’U)@IoVY, g3:= (A’U)®IeU.

Fix a cubic form F : Sym®V — I on V which is nondegenerate in the sense of Definition 3.6.
For v1,ve € V, define F,,,, €IQVY by

Fy v, (v) := F(v1,v9,v) € L.
We define a graded Lie algebra structure on gy := g @ go B gs by

[ul X vy, U2 ®1}2] = (Ul /\UQ) ®Fv1,v2 and (3].)

[[u1 ®v1,u2 @va],us @v3] = (U1 Aug) ® F(v1,v2,03) @ us. (3.2)

By the nondegeneracy of F, (3.1) implies [g1,81] = g2. Thus (3.2) is sufficient to determine
the Lie bracket [g1,g2]. It is easy to check that this gives a graded Lie algebra structure on
g+. Note that the Lie bracket [g1,g2] — g3 is independent of F' and satisfies

[(u1 Aug) V™, us ®@vs] = (U1 Aug) @ug @v*(vs3) (3.3)

for any wuy,us,u3z € U,vz € V and v* € I® V. Sometimes, we write g, = g4 (F) to indicate
that the Lie algebra structure depends on the cubic form F.

The following is the precise formulation of going from the right-hand side to the left-hand
side of (Corr.m) in §1.

THEOREM 3.15. Let (X,H) be a contact manifold of dimension 2m+3. Let C C (X, H)
be a nondegenerate line, and let y € NDL(X,H) be the corresponding point. Then the symbol
algebra symb, (D) of the natural distribution D on NDL(X,H) is isomorphic to g, (Fy) in
Definition 3.1/ for some nondegenerate cubic form F, on an m-dimensional vector space V.

Proof. Let F, : Sym®V, — I, be the cubic form given by
e, . : Sym®V, — (F))*?® L,

via the natural isomorphism V, =V, for a point x € C. Using Proposition 3.13, let us
identify symb, (D) with g, as graded vector spaces by setting U= U,,V =1V, and I = I,.
It suffices to show that the Lie algebra structure of symb, (D) agrees with that of g (Fy),
namely, it satisfies (3.1) and (3.2).

For any x € C and vy,v2 € V,, let Fy, 4, € I, ® V.Y be the contraction of F' = F, with vq,vs.
Fix a nonconstant rational function f € U,. For vq,v9 € V,., Proposition 2.12, combined with
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Definition 3.7(iv), says that in symb, (D),
(1. ®@v2, f QU] = (1a A f) @ Fypo, € (NUL) @ (I RV,).

Thus the Lie algebra symb, (D) satisfies (3.1) with F'=F,.
For vy,v2,v3 € V., Proposition 2.13 says

[1z K s, []-J: ®U2,f®U1H = (lw /\f) ®FI(’U1’U2’U3) ®1, (34)

as elements in (A?U,,)® I, ® U,. Thus, the Lie algebra symb, (D) satisfies (3.2) with F =F,
when ug = 1,. It remains to check (3.2) when w3 is a nonconstant function in U,.

For a given nonconstant function f € U,, let 2’ € C be the zero of f such that f € Ail in
the notation of Lemma 3.12. For vy,v2,v3 € V,,, we have wy,ws, w3 € V,» such that w; = f-v;
for i =1,2,3. Let h € A7, be the rational function % Then

1, v, =h®w; and 1, Qw; = f Qu; (35)

for i = 1,2,3, under the tensor decomposition H°(C, Néf) =U,®V,=Uy ®V,. From (3.4)
applied to the point 2’ € C,

[lr/ R ws, [1I/ R wa, h ®w1ﬂ = (1:70/ A h) QF (wl,wg,wg) ® 1, (3.6)

as elements of T,,Y/(9D), = (A*U, ) @ Iy ® U, By (3.5), the left-hand side of (3.6) is equal
to [f ®vs, [f ®v2,1; ®v1]]. On the other hand, the right-hand side of (3.6) is

(1a:’ /\h)@fg'Fw(Uly’UZ’v?))@lﬂ?/

by Lemma 3.12. Using the compatibility of the tensor multiplication by Aﬁ/ in the
identification (iii) of Proposition 3.13, this is equal to

f2'(1x’/\h)®Fx(U17027U3)®(f'1x’)
= (f/\11)®FI(v17v27U3)®f'
Thus, (3.6) gives
[f ®@vs,[f @2, 1, @u1]] = — (10 A f) @ Fy(v1,02,03) ® f.

This proves (3.2) when ug is a nonconstant function f € U,. O

§4. From distributions with symbols g4 (F') to nondegenerate lines on contact
manifolds

DEFINITION 4.1. Let D C TM be a distribution on a complex manifold M, and let
D+ c TV M be its annihilator.

(i) Consider the null space of the Levi tensor at y € M,
Null(Levif) ={veD,| Levif(v,u) =0 for all uw € D,}.

As y varies over M, the null spaces define a distribution Ch(D) on a Zariski-open subset
of M, called the Cauchy characteristic of D. It is easy to see that this is an integrable
distribution, defining a holomorphic foliation on the Zariski-open subset of M.

(ii) For each y € M and a € Dj C T;/ M, define the anti-symmetric form on D,,

aoLevin : /\2Dy —C
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and its null-space by
Null(aoLevif) ={veD,| OéOLeVi??(U,U) =0 for all w € D, }.

NOTATION 4.2. The projectivization PTVM of the cotangent bundle of a complex
manifold M has a natural Oppv(1)-valued 1-form 9™ such that Ker(9™) is a contact
structure on PTV M (see Notation 2.4 of [H2] for more details).

The following is Proposition 3.6 of [H2] (note that Levif is written as do (9™ |ppL) in
[H2]).

PROPOSITION 4.3. In the setting of Definition 4.1, the restriction 9M |pp. defines a
distribution H of corank 1 on the manifold PD+. For any y € M and any nonzero a € Dyl

with the corresponding point o € PD-

o » we have an isomorphism

Null(Levi?) = Null(« oLeVif) Cc D,
induced by the natural projection PD*- — M.

The following is the precise formulation of going from the left-hand side to the right-hand
side of (Corr.m) in §1.

THEOREM 4.4. Let D CTY be a distribution reqular at every point of Y such that the
symbol algebra symby(D) is isomorphic to g4 (F,) in Definition 3.1/ for a nondegenerate
cubic form F, for eachy €Y. Let W CTVY be the annihilator of 9D. Denote by o :PW —Y
the P!-bundle obtained by the projectivization of W. Then, for each y €Y, there exists an
open neighborhood OY CY of y and a submersion pu, : 0~ *(0OY) — XY of relative dimension m
onto a complex manifold XY equipped with a contact structure HY C T XY with the following
properties.

(i) The distribution of corank 1 on o~ *(OY) given by the restriction of ¥ to the
submanifold PW C PTV has the fiber at o € o~ 1(0OY) CPW equal to (dauy)’l(’HZ (@)

Y
(ii) For two distinct points o # ag € PW,,, the two vector spaces Ker(da, fty) C To,PVW

and Ker(da, tty) C To,PW satisfy
da, 0(Ker(da, p1y)) N da,o(Ker(da,py)) = 0.

(ili) The submersion p, sends the fibers of o to lines on (XY, HY).

(iv) The lines on (XY, HY) in (iii) form a (3m+2)-dimensional family, that is, all of their
small deformations on XY come from the p,-images of the fibers of .

(v) The lines in (iii) are nondegenerate.

We need the following two lemmata. We skip the proof of the first one, which is
straightforward. The second is well known (e.g., Lemma 3.5 of [K1]), but we reproduce
the proof for the reader’s convenience.

LEMMA 4.5. In Definition 3.1/, denote by s : A*(g1+g2) — g3 be the homomorphism
defined by the Lie bracket of g modulo g1 + go. It is independent of F and for any a € gy
the anti-symmetric form ao< on g1+ go satisfies

Null(ao¢) =at @V C g1,
where at = {u € U| a(u) = 0}.
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LEMMA 4.6. For a contact manifold (X,H) of dimension 2m+ 3 with the contact line
bundle L=TX/H, let C C X be a smooth rational curve such that L|c = O(1) and TX|c
is semipositive, that is,

TX|c=2O0(L)® - ®O0(lam+s)
for some nonnegative integers ly > -+ > loy13 > 0. Then Cis a line on (X, H).

Proof. Tt suffices to show that C' is unbendable. Let A : TX — £ be the quotient
homomorphism. Since TC = O(2) and L|c = O(1), we have A(T'C) = 0, which implies that
C is tangent to H = Ker()). Since det TX = L2(m+2) we have

ll+-~-+l2m+3:m+2. (41)
Let
FHEO(ky) @+ & Okams)

for k1 > -+ > kapmao. Since Levi’ gives symplectic forms on fibers of H with values in L,
we have

k1+komyz =kathkomyr = =kn+thkmiz=kni1+kn2=1

Thus k1 > - > kpy1 >1and 0> kyqo > -+ > koypao. Combining 2 < k; <y and k; <;
for 1 <i<2m+2 with (4.1), we conclude

llzklzz’ 12:"-:lm+1:k2:---:km+1:17
lmt2="""=lom+3=kmt1 =" kam+1 =0, kamya=—1.
Thus, C is unbendable. O

Proof of Theorem 4.4. By Lemma 4.5, for any y € Y, any a; # as € PW, and
corresponding nonzero vectors a; # as € W,, we have

dim Null(a; o Levigp) =m (4.2)
and
Null(a; o Levi)”) N Null(az o Levil”) = 0. (4.3)

Applying Proposition 4.3 with M =Y,D = D, D+ =W, (4.2) shows that the Cauchy
characteristic of H is a distribution defined on the whole P(9D)L. For each y € Y, we can
choose a neighborhood OY such that the space of leaves of the foliation Ch(H) in o~(0¥)
becomes a complex manifold X (e.g., by Lemma 5.6 of [HL]) and the quotient map becomes
a submersion p, : o~ (OY) — XV. Then H descends to a contact structure HY C TXY on
XV, satisfying (i). (ii) follows from (4.3).

To check (iii), let C' C X¥ be the image of p~!(y) under p,. Then LY|c = O(1) for the
contact line bundle £Y = TXY/HY by (i) together with the fact that 9™ |py, is Opp(1)-
valued 1-form. Since p,, is a submersion, the vector bundle TX¥|c is semipositive. This
shows that C is a line by Lemma 4.6.

To prove (iv), we need to check that there exists no arc A CY with y € A such that the
surface o~ !(A) is sent to a single curve in XY by p,. But if such an arc A exists, for two
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distinct point ay # ap € PW,;, we have

TyA C da, o(Ker(da, pty)) Nda, o(Ker(day 1y ),

a contradiction to (ii).

By (iv), after shrinking OY if necessary, we may regard OY as an open subset of
Lines(X¥,HY) and identify o~'(OY) with the open subset Z := p~!(0Y) in the universal
family. By Proposition 4.3 and Lemma 4.5, the distribution D is spanned by the images
of do(Ker(dapy)) for o € p7*(y). Thus D|ov agrees with the distribution D of Definition
2.7 under the identification of OY as an open subset of URC(XY). Let C := u, (0~ (y)) be
the line in (X¥,HY) corresponding to y. By Proposition 2.12, we see that Il¢_ . for a point
z € 07 1(y) satisfies (i) and (ii) of Definition 3.7. By Proposition 2.13, we see that Ill¢, ,
satisfies (iii) and (iv) of Definition 3.7. It follows that C' is a nondegenerate line. [

The arguments in the proof of Theorem 4.4 show that the constructions in Theorems
3.15 and 4.4 are the inverse of each other.

Competing Interests. The authors declare none.

REFERENCES

[BH] R. L. Bryant and L. Hsu, Rigidity of integral curves of rank 2 distributions, Invent. Math. 114

(1993), 435-461.
[BKK] J. Buczynski, G. Kapustka, and M. Kapustka, Special lines on contact manifolds, Ann. Inst. Fourier
72 (2022), 1859-1909.
[C] E. Cartan, Les systémes de Pfaff a cing variables et les équations auz dérivées partielles du second
ordre, Ann. Sci. Ec. Norm. Supér. 27 (1910), 109-192.
[D] I. Dolgachev, Polar Cremona transformations, Michigan Math. J. 48 (2000), 191-202.

[H1] J.-M. Hwang, “Geometry of minimal rational curves on Fano manifolds” in School on Vanishing
Theorems and Effective Results in Algebraic Geometry. Trieste, 2000, ICTP Lect. Notes 6, Abdus
Salam Int. Cent. Theoret. Phys., Trieste, 2001, 335-393.

[H2] J.-M. Hwang, Varieties of minimal rational tangents of unbendable rational curves subordinate to
contact structures, J. Math. Soc. Japan 74 (2022), 571-590.

[HL] J.-M. Hwang and Q. Li, Unbendable rational curves of Goursat type and Cartan type, J. Math.
Pures Appl. 155 (2021), 1-31.

[HM] J.-M. Hwang and N. Mok, Birationality of the tangent map for minimal rational curves, Asian J.
Math. 8 (2004), 51-63.
[IKTY] G. Ishikawa, Y. Kitagawa, A. Tsuchida, and W. Yukuno, Duality of (2,3,5)-distributions and
Lagrangian cone structures. Nagoya Math. J. 243 (2021), 303-315.

[K1] S. Kebekus, Lines on contact manifolds, J. Reine Angew. Math. 539 (2001), 167-177.

[K2] S. Kebekus, Lines on complex contact manifolds II, Compos. Math. 141 (2005), 227-252.

[K3] K. Kodaira, A theorem of completeness of characteristic systems for analytic families of compact
submanifolds of complex manifolds, Ann. Math. 75 (1962), 146-162.

[LM] J. Landsberg and L. Manivel, Legendrian varieties, Asian J. Math. 11 (2007), 341-359.

[LB] C. LeBrun, Fano manifolds, contact structures, and quaternionic geometry, Internat. J. Math. 6
(1995), 419-437.

[LS] C. LeBrun and S. Salaomon, Strong rigidity of positive quaternion-Kdhler manifolds, Invent. Math.
118 (1994), 109-132.

[M] N. Mok, “Recognizing certain rational homogeneous manifolds of Picard number 1 from
their varieties of minimal rational tangents” in Third International Congress of Chinese

https://doi.org/10.1017/nmj.2023.3 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.3

668 J.-M. HWANG AND Q. LI

Mathematicians. Part 1, 2, AMS/IP Stud. Adv. Math. 42, pt. 1, 2, Amer. Math. Soc., Providence,
RI, 2008, 41-61

[Z] 1. Zelenko, Nonregular abnormal extremals of 2-distribution: Existence, second variation, and
rigidity, J. Dyn. Control Syst. 5 (1999), 347-383.

Jun-Muk Hwang

Center for Complexr Geometry
Institute for Basic Science (IBS)
Daejeon 34126

Republic of Korea
jmhwang@ibs.re.kr

Qifeng Li

School of Mathematics
Shandong University
Jinan 250100

China
qifengli@sdu.edu.cn

https://doi.org/10.1017/nmj.2023.3 Published online by Cambridge University Press


mailto:jmhwang@ibs.re.kr
mailto:qifengli@sdu.edu.cn
https://doi.org/10.1017/nmj.2023.3

	1 Introduction
	2 Unbendable rational curves and VMRT
	3 From nondegenerate lines on contact manifolds to distributions with symbols g+(F)
	4 From distributions with symbols g+(F) to nondegenerate lines on contact manifolds

