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ABSTRACT

In the context of varieties of representations of arbitrary quivers, possibly carrying loops,
we define a generalization of Lusztig Lagrangian subvarieties. From the combinatorial
study of their irreducible components arises a structure richer than the usual Kashiwara
crystals. Along with the geometric study of Nakajima quiver varieties, in the same
context, this yields a notion of generalized crystals, coming with a tensor product.
As an application, we define the semicanonical basis of the Hopf algebra generalizing
quantum groups, which was already equipped with a canonical basis. The irreducible
components of the Nakajima varieties provide the family of highest weight crystals
associated to dominant weights, as in the classical case.

Introduction

Lusztig defined in [Lus91] Lagrangian subvarieties of the cotangent stack to the moduli stack of
representations of a quiver associated to any Kac—Moody algebra. The proof of the Lagrangian
character of these varieties was obtained via the study of some natural stratifications of each
irreducible component, and then proceeding by induction. The particular combinatorial structure
thus attached to the set of irreducible components made it possible for Kashiwara and Saito
in [KS97] to relate this variety to the usual quantum group associated to Kac—-Moody algebras,
via the notion of crystals. This later led Lusztig in [Lus00] to define a semicanonical basis of this
quantum group, indexed by the irreducible components of these Lagrangian varieties.

There is more and more evidence of the relevance of the study of quivers with loops. A
particular class of such quivers are the comet-shaped quivers, which have recently been used by
Hausel et al. in their study of the topology of character varieties, where the number of loops
at the central vertex is the genus of the considered curve (see [HR08, HLR13]). We can also
see quivers with loops appearing in a work of Nakajima relating quiver varieties with branching
(see [Nak09]), as in the work of Maulik and Okounkov about quantum cohomology (see [MO12]).

Kang et al. generalized these varieties in the framework of generalized Kac—-Moody algebras
n [KKS09], using quivers with loops. In this case, one has to impose a somewhat unnatural
restriction on the regularity of the maps associated to the loops.

In this article we define a generalization of such Lagrangian varieties in the case of arbitrary
quivers, possibly carrying loops. As opposed to the Lagrangian varieties constructed by Lusztig,
which consisted in nilpotent representations, we have to consider here slightly more general
representations. That this is necessary is already clear from the Jordan quiver case. Note that
our Lagrangian variety is strictly larger than the one considered in [KKS09] and has many more
irreducible components. Our proof of the Lagrangian character is also based on induction, but
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with nontrivial first steps, consisting in the study of quivers with one vertex but possible loops.
From our proof emerges a new combinatorial structure on the set of irreducible components,
which is more general than the usual crystals, in that there are now more operators associated
to a vertex with loops; see Proposition 1.11.

In a second section we study Nakajima varieties, still in the context of arbitrary quivers.
We construct Lagrangian subvarieties, and generalize the notion of a tensor product of their
irreducible components, introduced by Nakajima in [Nak01]. The geometric statements obtained
in the two first sections give the intuition of the way crystals and their tensor product should be
generalized, which is done in a third section. The algebraic definition and study of the crystal
B(o0) enable us to define a semicanonical basis for the positive part of the generalized quantum
group U™ defined in [Boz15|, where it is already equipped with a canonical basis, built via the
theory of Lusztig perverse sheaves associated to quivers with loops. We finally use our study of
Nakajima quiver varieties to produce a geometric realization of the generalized crystals B(\).

1. Lusztig quiver varieties

Let @ be a quiver, defined by a set of vertices I and a set of oriented edges Q = {h : s(h) — t(h)}.
We denote by h : t(h) — s(h) the opposite arrow of h € Q, and Q the quiver (I, H = QU Q),
where Q = {h | h € Q}: each arrow is replaced by a pair of arrows, one in each direction, and
we set e(h) = 1 if h € Q, e(h) = —1 if h € Q. Note that the definition of h still makes sense if
h € Q. We denote by €(i) the set of loops of Q at i, and call i imaginary if w; = |Q>i)] > 1,
real otherwise. Denote by I'™ (respectively, 1) the set of imaginary vertices (respectively, real
vertices). Finally, set H (i) = Q(i) U Q(i).

We work over the field of complex numbers C.

For any pair of I-graded C-vector spaces V = (V;)ier and V' = (V/);er, we set

E(V,V') = @ Hom(Vy (), Viiy)-
heH
For any dirPension vector v = (I/i)ie I, we fix an I-graded C-vector space V,, of dimension v, and
put E, = E(V,,V,). The space E, = E(V,,V,) is endowed with a symplectic form
wl/(xa ;U/) = Z Tr(e(h)xhx;—z),

heH
which is preserved by the natural action of G, = [];c; GLy,(C) on E,. The associated moment
map p, : B, — g, = @, End(V,); is given by

py(z) = Z e(h)xszh.
heH

Here we have identified g}, with g, via the trace pairing.

DEFINITION 1.1. An element z € E,, is said to be seminilpotent if there exists an I-graded flag
W= Wy=V,D DWW, ={0}) of V, such that for all k£ the vector space Wy /Wy is

concentrated on one vertex and

Tp(We) € Weyr if h €,
:L'h(W.) C W, if he Q.

We put A(v) = {x € p,1(0) | x seminilpotent}.
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LEMMA 1.1. The variety A(v) is isotropic.
Proof. We use the following general fact (see e.g. [KS94, §8.3]).

ProrosITION 1.2. Let X be a smooth algebraic variety, Y a projective variety and Z a smooth
closed algebraic subvariety of X x Y. Consider the Lagrangian subvariety A = T (X x Y') of
T*(X xY). Then the image of the projection ¢ : AN (T*X x 1TyY) — T*X is isotropic.

We apply this result to X = @ .o End(V,

Vs(h) I

Vi

,,t(h)), Y the I-graded flag variety of V,, and
Z={(z,W) e X XY | x(W,) C Wey1}.
In this case, we get
T*X = E,,
TY = {(W,§) €Y x g | {(Wae) € Wey1},

§= ) e(h)zpzp
A= (xawaé-) hezl'f " ’

Vh € Q,x1,(We) € Wey1 and zj,(We) C W,

Imgq = {erV

ty(x) = 0 and there exists W € Y such that
Vh € Q,2,(We) € Wey1 and z7(W,) C W,

and hence A(v) C Im g, which proves the lemma. O

1.1 The case of the Jordan quiver
This case is very well known. For v € N, we have

A(v) = {(z,y) € (EndC")? | z nilpotent and [z,y] = 0} = UTO*A(End(C”),
A

where O is the nilpotent orbit associated to the partition A of v (we write |\| = v). Therefore,
A(v) is a Lagrangian subvariety of (End C¥)?, and its irreducible components are the closures of
the conormal bundles to the nilpotent orbits.

1.2 The case of the quiver with one vertex and g > 2 loops
For v € N, A(v) is the subvariety of (End C*)?7 with elements (x;, y;)1<i<g Such that:

> there exists a flag W of C” such that x;(We) C Wey;1 and y;(We) C W,;
> Zlgigg[%,yi] = 0.

We will denote by €, the set of compositions of v, i.e. tuples ¢ = (ci,...,¢,) of N5g such
that
c| = Z crp = 1.
1<k<r

We will also often forget the index 1 < i < ¢ in the rest of this section, which is dedicated to
the proof of the following theorem.

THEOREM 1.2. The subvariety A(v) C (EndC¥)% is Lagrangian, its irreducible components
being parametrized by C,,.
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Notation 1.3. For (z;,y;) € A(v), we define Wo(x;, y;) = C¥; then by induction Wiy (x;, y;) is the
smallest subspace of C” containing »  x;(Wg(z;,v;)) and stable by (x;,y;). By seminilpotency,
we can define 7 to be the first power such that W,.(z;,y;) = {0}. Although r depends on (z;,v;),
we do not write it explicitly.

Let c(x;,y;) denote the composition associated to the flag We(z;, y;):

Wiy (i, y:)
ck(zs,y;) = dim ————~.
(i, i) Wi (i, yi)
For every c € C,,, we define a locally closed subvariety
. We_1(zi,vi) }
Alc) =4 (x5,4) € Aly) | dim ————== =c» C A(v).
(© = { () € A) | dim T8 )

Then, if § = (61,...,0,—1) € N""! let A(c)s C A(c) be the locally closed subvariety defined by

dim( M ker{¢ y§’“)5—5y§’““>}) = &,

1<i<g

where

(k) Wk—1($i,y¢))
e End| ———2~
yz ( Wk(xlu yl)

is induced by ¥; and

£ e H0m< Wi (24, ys) Wk—1($i,yi)>_

Wi (i, y:)" Wi, ys)
Set [ = cq; then

V (@0 1) € AC)s.
A(C)5 = (miv yi7%7577) Wl(xhyl) OX = CV?

B Wi(xs,y:) S v tand v xS C!

and 5
A(c)s = A(c)s- x (EndCH)9
(i, yi, X, B,7) = (B, yi)wys v+ (W) x)

where ¢™ = (ca,...,¢,) and 6~ = (d2,...,0,—1). Finally, let (A(c™)s- x (End Cl)g)qg denote the
image of 7 5.

<

PROPOSITION 1.4. The morphism 7.s Is smooth over its image, with connected fibers of
dimension v? + (2g — 1)I(v — 1) + 61 whenever A(c)s # 9.

Proof. Let (zi,yi,2) € (A(c™)s- x (End C)9)c 5. Let 20 and X be two supplementary subspaces
of C” such that dim X = [, together with two isomorphisms

B: 5t and 4:X5 CL
We identify x;,y; and z; with 8*(x;,y;) and 7*z;, and define an element (Xj;,Y;) in the fiber of
(x4, 9i, i) by setting

(X, Yo)w = (x4, 1),

(X4, Yi)x = (0, 2),

(X, YD)y = (ui, v;) € Hom (X, 20).
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Then
g

(X5, Y3) = 06 d(ui,v;) = ) (wivs + wizi — yiug) = 0
i=1
and, for £ € Hom(20, X),

Vi, Vug,  Tr(§(uizi — yiui)) = 0,
Vi, Vv,  Tr(§xv;) =0,

V(ui,vi), Tr(€p(ui,v)) =0 {
{Vz JNVug,  Tr((z:€ — Eyi)ug) =0,

¢

i

Vi, Vv,  Tr(Exiv;) =0,
zi€ = &Yi,
§x; =0,
Wl(:vl,yz) C kerf,
{Vi, zf f yz( )

i3

where (1) denotes the map 20/W (z;, ;) — X induced by &. Since (z;, s, z;) is in the image of
5, the image of ¢ is of codimension d1, and thus its kernel is of dimension (29 —1)I(v —1) + 0;.

Moreover, if we denote by ugl) the map X — 20/W(x;,y;) induced by w;, W1 (X;,Y;) =20
if and only if the space spanned by the action of (yi(l))i on y .Im ugl) is 20 /Wi (z;,v;). This
condition defines an open subset of ker ¢.

We end the proof by noticing that the set of elements (20, X, 3,) is isomorphic to GL,(C).
O

PROPOSITION 1.5. The variety A(c)g is not empty.

Proof. Fix W of dimension ¢ and define x; such that

xl(Wo) g Wo+1a

Wi /W1
Lwg_1 /Wy, 7 0.

We define inductively an element y; stabilizing W such that:

Wi /W1

(k+1) on Im(z 1" w, ) spans Wi /Wi1;

> the action of y;
> Specy;®) N Specy; *+t1) = @.

We finally set o9 = —x1,y2 = y1 and x; = y; = 0 for ¢ > 2. This yields an element (x;,y;) in
A(C)O. O

COROLLARY 1.6. For any c € C,, A(c)g is irreducible of dimension gv?.

Proof. We argue by induction on r. If ¢ = (v), we have A(c)g = A(c) = (End C¥)9, which is
irreducible of dimension gv?. For the induction step, Propositions 1.4 and 1.5 assure us that
A(c)p is irreducible of dimension

V2 + (29 — DI(v — 1) + dim(A(c 7)o x (EndCHY9)eo =12 + (29 — DI(v — 1) + g(v — 1)* + gl?,

since (A(c7)op x (EndC!)9)c is a nonempty subvariety of A(c™)g x (End C!)9, irreducible of
dimension g(v — 1) + gI? by our induction hypothesis. Moreover,

A(c)o — A(c)o
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being a principal bundle with fibers of dimension v? — I(v — ), we get that A(c)g is irreducible
of dimension

V42— Dy —1)+gv—1)>*+gl> = +1v—1) = g°. O

LEMMA 1.7. Let V and W be two vector spaces, and k > 0. For any (u,v) € EndV x End W,
we set
C(u,v) = {z € Hom(V, W) | zu = va},
(EndV x End W), = {(u,v) € EndV x End W | dim C(u,v) = k}.

Then we have
codim(End V' x End W) > k.

Proof. The restriction of an endomorphism a to a generalized eigenspace associated to an
eigenvalue 1 will be denoted by a, = nid+a,. As usual, the nilpotent orbit associated to a
partition § will be denoted by O.. We have

codim(End V' x End W)y,
= codim{(u,v) Zdim Cluq,vg) = k}

a?ﬁ

= codim{(u,v) > dim € (g, va) = k}

a€ESpec uNSpec v

= codim{(u,v) Za:dime(aa,ﬁa) = k}

(ﬂa,’f)a) < O)\a X Oua

= codim § u.0) | 373 (N,),0); =

Thus,
codim(End V x End W)y, > k
& Z(codim Oy, +codimO,, —1) > ZZ(XQ)J(M;)J
a & J
& (002 + T r - 1) = X T 000
1o i 7 a g
which is clear. O

PROPOSITION 1.8. If § # 0, we have dim A(c)s < gv?.

Proof. Tt is enough to show that if §; > 0, we have
dim(A(c™)s- x (End CH9)es5 + 61 < dim(A(c™)o x (End CH)9).
This is a consequence of the previous lemma (recall that g > 2). Indeed, if we set

(End V)9 x (End W)9)g = {(us, v;) | dim M;C(uy, v;) = k},
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we have

g
((EndV)? x (EndW)?), € [[(End V' x End W)y,
=1

for some k; > k, and thus

codim((End V)¢ x (End W)9); > ) codim(EndV x End W), > Y ki > gk >k O
i i
The following proposition concludes the proof of Theorem 1.2.

PROPOSITION 1.9. Every irreducible component of A(c) is of dimension larger than or equal to

gr2.

Proof. We first prove the result for the following variety:
]\(C) = {((xzayl)avv) € A(V) X Y;: | CL‘Z(W.) - Wo+1 and yl(Wo) C Wo}a

where Y. denotes the variety of flags of C¥ of dimension c. We use the following notation,
analogous to Lemma 1.1:

X ={(zi)1<icg € (EndC")9},
Z = {((wi)1<i<g, W) | 7;(We) S Wey1} € X x Ye.

We get

T*X = {(2i,yi)1<i<g € (End C¥)?9},
T*Y, = {(W,K) € Ye x End C” | K(Wa) C Wap1}

and
Z [xia y’L] = K7
T7(X xYe) =< (x4, 4:), F, K) | 1<i<g ;
£i(Wa) € Wy and g;(Wa) C W,

which is a pure Lagrangian subvariety of 7*(X x Y¢), of dimension gv? 4 dim Y. Since T*Y is
irreducible of dimension 2 dim Y¢, the irreducible components of the fibers of 7% (X x Y) — T*Y,
are of dimension larger than or equal to gv% — dim Y.. We denote by Aw the fiber above (W, 0),
and by P the stabilizer of W in G,,. Since GG, and P are irreducible, we get that the components
of

/N\(C) = Gl, Xp]\w

are of dimension larger than or equal to dim Y + (gv? — dim Y¢) = gv?.
We extend this result to A(c), noticing that

AQ) & A(Q)
(i, y5) = (24,45, We (T4, 9i))

defines an open embedding. O
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1.3 The general case
Denote by a; j the number of edges of Q such that s(h) =i and t(h) = j, and denote by

C=(20i5 — aij — aj;)
the Cartan matrix of Q. For every v, 3 € N/ and j € I, we put

<V7 5> = Zyiﬁh
el
ej = (0ij)ier-

DEFINITION 1.3. For every subset i € I and every x € A(v), we denote by J;(z) the subspace of
V., spanned by the action of  on @j# Vj. Then, for I > 0, we set

A()ig ={x € A(v) | codim TJ;(x) = le;}.

Remark 1.10. By the definition of seminilpotency, we have

icll>1

Indeed, if = € A(v), there exists an I-graded flag (Wy D --- D W,) such that (z, W) satisfies
Definition 1.1. Therefore, there exist ¢ € I and [ > 0 such that Wo/W; =~ Vj.,, and thus = €

Uk>l A(V)z‘,k~

PROPOSITION 1.11. There exist a variety A(v);; and a diagram

A()iy
qi,l Pi,l
AW)i A(v —lei)io x A(le;)
such that p;; and ¢;; are smooth with connected fibers, inducing a bijection

It A(v);; — Tir A(v —le;)io x Irr A(le;).

Proof. In this proof we will denote by I(V,V’) the set of I-graded isomorphisms between two
I-graded spaces V and V' of the same [-graded dimension. We set

o T € A(V)i,lv
Aw)ig = (,%,8,7) | X I-graded and J;(z) © X =V}, :
B e I(jz(.’lj), Vl/*lei) and ’Y e I(}:, We,)

and 5
A(V)i,l —> A(I/ — lei)i’o X A(lel)

PR\ (2, %, 8,7) = (Bula,)s 7+ (22)).

We study the fibers of p;;: take y € A(v — le;);0 and z € A(le;) and consider J and X, two
supplementary I-graded subspaces of V,,, such that dim X = le;, together with two isomorphisms

B € I(j, Vl/—lei) and v E I(%7 Wei)-
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We identify y and z with §*y and v*z, and we define a preimage x by setting xlg =y, x}i =z
and x}; =n € E(X,7). In order to get u,(z) = 0, n must satisfy the following relation:

o= eh)(ypnn+mpzn) = 0.

heH:s(h)=i

We need to show that ¢ is surjective to conclude the proof. Consider ¢ € Hom(J;, X;) such that
Tr(o(n)€) = 0 for every n. For every edge h such that s(h) =i # j = t(h) and every 7y, we have

0 = Tr(ypnné)
= Tr(&ypnn)-

Hence, &y; = 0, and Imy;, C ker{. Now consider a loop h € H (7). For every 7, we have

0= Tr((mn2g, — Ypnn)§)
= Tr(nn (258 — &yp))-

Hence, {y; = #;¢ and therefore ker¢ is stable by ;. As codimJ;(y) = 0, we get & = 0, which
finishes the proof. a

We can now state the following theorem, which answers a question asked in [Li].
THEOREM 1.4. The subvariety A(v) of E,, is Lagrangian.

Proof. Since this subvariety is isotropic by Lemma 1.1, we just have to show that the irreducible
components of A(v) are of dimension (v, (1 — C/2)r). We proceed by induction on |[v| =), v;,
the first step corresponding to the one-vertex quiver case which has already been treated: we
have seen that A(le;) is of dimension (le;, (1 — C/2)le;).

Next consider C' € Irr A(v) for some v. By Remark 1.10, there exist ¢ € [ and [ > 1 such that
CNA(v);, is dense in C. Let C = (Cy, C2) be the couple of irreducible components corresponding
to C via the bijection obtained in Proposition 1.11:

It A(v)iy — Tir A(v — le;)io x Irr A(le;).
We also know by the proof of Proposition 1.11 that the fibers of p;; are of dimension
(v,v) + (v —le;, (1 — C)le;).
Since g;; is a principal bundle with fibers of dimension (v,v) — (le;, v — le;), we get
dim C = dim C 4 (v — le;, (2 — C)le;).

But A(v —le;)i0 is open in A(v — le;), so we can use our induction hypothesis and the first step
to write

dim C = (v —le;, (1 — C/2) (v — ley)) + (leg, (1 — C/2)le;)

and thus obtain
dimC = (v, (1 - C/2)v). O
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1.4 Constructible functions
Following [Lus00], we denote by M(v) the Q-vector space of constructible functions A(v) — Q,
which are constant on any Gy-orbit. Put M = P, M(v), which is a graded algebra once
equipped with the product * defined in [Lus00, §2.1].

For Z € Irr A(v) and f € M(v), we put pz(f) = cif ZN f~1(c) is an open dense subset of Z.

If i € I'™ and (I) denotes the trivial composition or partition of I, we denote by 1;; the
characteristic function of the associated irreducible component Z; ;) € Irr A(le;) (the component
of elements  such that x;, = 0 for any loop h € Q(3)). If i ¢ I'™, we just denote by 1; the function
mapping to 1 the only point in A(e;).

We have 1;; € M(le;) for i € I'™ and 1; € M(e;) for i ¢ I'™. We denote by M, C M the
subalgebra generated by these functions.

LEMMA 1.12. Suppose that () has one vertex o and g > 1 loop(s). For every Z € Irr A(v), there
exists f € Mo(v) such that pz(f) =1 and pz(f) =0 for Z' #+ Z.

Proof. We denote by Z. the irreducible component associated to the partition (respectively,
composition) ¢ of v if g = 1 (respectively, g > 2). By convention, if g = 1, Z. will denote the
component associated to the orbit O. defined by

z € Oc < dimkerz’ = Z Ck-

1<k<i
If g > 2, we remark that by trace duality, we can assume that Z. is the closure of A, defined
by
($i7yi)1§i<g € Avc <~ dlmKZ = Z Ck,

1<kt

where we define by induction Ko = {0}, then K1 as the biggest subspace of M;z; ' (K;) stable
by (x;,y;). From now on, ¢ = (cy,...,c,) will denote indistinctly a partition or a composition
depending on the value of g. We define an order by

¢ < c if and only if for any i > 1 we have Z cr < Z .
1<k<i 1<k<i

Therefore, setting 1. = le, * -+ % 1c,, where 1; = 1., we get
r€Z, lu(x)#0 =  <c

For ¢ = (v), we have 1. = 1,, which is the characteristic function of Z., and we put 1. = 1. in
this case. Then, by induction,

Ie= ic - Z pZC/(ic)lc’

c/<c

has the expected property. |

Notation 1.13. > From now on, if ¢ corresponds to an irreducible component of A(|cle;), we
will denote by 1; . the function corresponding to 1. in the previous proof.

> For Z € Irr A(v),;, we denote by €;(Z) € Irr A(le;) the composition of the second projection
with the bijection obtained in Proposition 1.11. Note that |¢;(Z)| = 1.
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PROPOSITION 1.14. For every Z € Irr A(v), there exists f € Mo(v) such that pz(f) = 1 and
pur(f) =0 if Z' + 7.

Proof. We proceed as in [Lus00, Lemma 2.4], by induction on |v|. The first step consists in
Lemma 1.12. Then consider Z € Irr A(v). There exist ¢ € I and [ > 0 such that Z N A(v);; is
dense in Z.

We now proceed by descending induction on [. There is nothing to say if [ > v;.

Otherwise, let (Z', Z.) € Irr A(v —le; )0 x Irr A(le;) be the pair of components corresponding
to Z. By the induction hypothesis on v, there exists g € Mo (v — le;) such that p7(g) = 1 and
py(g9) =0if Z' #Y € Irr A(v — le;).

Then we set f= lic* g € Mo(v), and get:

e pz(f)=1;

o pu(f)=0if Z' € Irr A(v)\Z satisfies |e;(Z")| = ;

o f(z) =0if x € A(v); <, so that py(f) = 0if |e(Z")] < L.
If |e;(Z")| > I, we use the induction hypothesis on [: there exists fz € M, (v) such that pz (fz/) =
1 and pgn(fz) =0if Z" € Irr A(v)\Z'. We end the proof by setting

f=f= Y pzffz O

Z':|e;(Z7)|>1

2. Nakajima quiver varieties

Fix an I-graded vector space W of dimension A = ()\;);er. For any dimension vector v = (v;);er,
we still fix an I-graded C-vector space V,, = ((V,,)i = Vie, )ier of dimension v. We will denote by

(x, f,9) = ((xp)hem, (fi)ier, (gi)ier) the elements of the following space:

E(V,\) = E(V,V) ® @ Hom(V;, W;) € Hom(W;, V;)
i€l el

defined for any I-graded space V, and put E, » = E(V,, ) for any dimension vector v. This
space is endowed with a symplectic form

wl/)\((xv [ g)v (ml’ f/’g,)) = Z Tr(e(h)xhxlﬁ) + Z Tr(gifi/ - ggfi)v

heH iel

which is preserved by the natural action of G, = [[,c; GL,,(C) on E, ). The associated moment
map iy : By = g = @,c; End(V)); is given by

Nu,)\(xafvg):<gifi+ > G(h)xh$h>

heH:s(h)=i =

Here we have identified g}, with g, via the trace pairing. Put
Mo (v, A) = p1,,1(0).
DEFINITION 2.1. Set x : G, — C*, (gi)ier = [Lics det ™! g;. We denote by

Mo (v, \) = Mo(1, \) G,
M(v, A) = Mo (v, N) G

the geometric and symplectic quotients (with respect to x).
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PROPOSITION 2.1. An element (z, f,g) € Mo(v, \) is stable with respect to x if and only if the
only z-stable subspace of ker f is {0}. Set

M(”? )‘) = {(xvfag) S MO(V7 )‘) | (tha.g) Stab]e};
then M(v, \) = M(v, \) /G,

2.1 A crystal-type structure
DEFINITION 2.2. An element (z, f,g) € E,  is said to be seminilpotent if x € E, is, according
to Definition 1.1. We put

Lo(v, A) = {(=, f,0) € Mo(v, \) |  seminilpotent} C My (v, \)
and define L(v, A) € M(v,\) in the same way. Finally, set

Lo, N) = Lo(v, N) )Gy,
L, A) =L (v, \) G, = L(v, \) |G,

We will simply denote by (z, f) the elements of L, (v, A).

There is an alternative definition of £(v, \). Define a C*-action on M(v, \) by

tole, fog] = [t %, f,tg].
When the only oriented cycles of @) are the potential loops, we have
£, \) = {[z, £.9 3 Jim toa, f.g]}.

By the same arguments as in [Nak94, Theorem 5.8], we have the following result.
PROPOSITION 2.2. The subvariety £(v,\) C M (v, \) is Lagrangian.

When @ has cycles, this is a consequence of §§2.1 and 2.2.

DEFINITION 2.3. For every subset i € I and every (z, f,g) € Ms(v, A), we denote by J;(z, f, g)
the subspace of V,, spanned by the action of z & g on (EB#ZVJ) @ W;. Then, for [ > 0, we set

Mo(v, A)ii = {x € Mo(v, A) | codim T;(z, f, g) = le;}.

We define M(v, M), Lo(v, A);y and L(v, A);; in the same way. The quantity codim J;(z, f, g) being
stable on G,-orbits, the notation Mo (v, A); 1, M(v, A)i, £o(v, A)iy and £(v, A);; also make sense.

Remark 2.3.  — As in Remark 1.10, we have

Lo(v,\) = Lo(v, A)ig-

— Note that Lo(le;, 0) = A(le;).
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PROPOSITION 2.4. There exist a variety M, (v, A)iy and a diagram

Mo(Va >\)i,l

il il
Mo (v, A)ig Mo (v — lei, A)io X Mo(le;, 0)
such that p;; and q;; are smooth with connected fibers, inducing a bijection
Irr Mo (v, A)iy — Trr Mo (v — lei, A)io x Trr Mo(le;, 0).

Proof. In this proof we will denote by I(V,V’) the set of I-graded isomorphisms between two
I-graded spaces V and V' of the same I-graded dimension. We set

(.’Z’,f, g) € MO(”’ )\)’571
X I-graded and J;(z, f,g) ®X =V,
6 S I(ji(xafag)uvy—lei)

MO(V7)\)’i,l: (xufag’%an’y)

and 5
MO(V, )‘)i,l — MO(V — lei, )‘)LO X Mo(lei, 0)

bit (:L‘a fa g, X, ﬂa 7) = (5*(37]0’ g)ji(z,f,g)a 7*(1"7 fv g)f{)
We study the fibers of p; ;: take (z, f, g) € Mo(v —le;, A)ip and (2,0,0) € My(le;,0) and consider
J and X, two supplementary I-graded subspaces of V,,, such that dim X = le;, together with two
isomorphisms
Bel(3,V,_ie,) and e lI(X,Vi,).
We identify (z, f, g) and z with 5*(x, f, g) and v*z, and we define a preimage (X, F, G) by setting

Jow X
(X7 F, G)IJ@W = (xafag)a X‘|3g = z and

(X, )™ = (1,0) € E(X,3) ® Hom(X;, ;).

In order to get p, A(X, F,G) =0, (n,0) must satisfy the following relation:
Y 0) = > e(h)(@pmn + npzn) + gifi = 0.
heH:s(h)=i

We need to show that v is surjective to conclude the proof. Consider £ € Hom(J;, X;) such that
Tr(y(n,0)€) = 0 for every (), 6). Then we have for every edge h € H such that s(h) =i # j =t(h)
and for every np,
0 = Tr(zznné)
= Tr(npéay).

Hence, £x7 = 0 and Imz;, C ker{. We also have Tr(g;0;£) = 0 for every 6;, so we similarly get
Im g; C ker£. Now consider a loop h € H at i. We have for every ny

0 = Tr((@pnn — Mh23)8)
= Tr(nn(Ex, — 25€))

and hence £xj, = 2;¢ and therefore ker € is stable by z7. Since (z, f,g) € Mo(v —le;, N)io, we get
& = 0, which finishes the proof. O
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COROLLARY 2.6. We also have a bijection
lo(v, A)ig s Tir Lo (v, A)iy = Trr Lo (v — leg, A)io X Irr Lo(le;, 0).

Proof. The image of a seminilpotent element by p;; is a pair of seminilpotent elements, and the
fiber of p;; over a pair of seminilpotent elements consists in seminilpotent elements. O

2.2 Extension to the stable locus
We will often use the following well-known fact.

LEMMA 2.7. Consider y € EndJ and z € End X such that Specy N Specz =@. If Cly] -v =17
and Cz] -v' = X for some v € J andv' € X, then Cly® z] - v v =T @ X.

Notation 2.8. Let i be imaginary and put Q(i) = {b1,...,by,}. For every (z, f) € Lo(v, A), we

set 0i(z) = xj , where x stands for the duality

EndV — End V* = End(Hom(V, C))
ur> u* = [p— ¢oul

for every C-vector space V.
LEMMA 2.9. For every C € Irr A(le;), there exists x € C such that
W € Vi, Cloi(@)] - ¢ = Vg,

Proof. Tt is a consequence of §§1.1 and 1.2. If w; = 1 and A is a partition of [, denote by p the
conjugate partition of A. Let x € Oy be defined in a base

€= (€11, s€lprs v rCrls-sCrp.)
by
Juy 00 tily + Juy 0 0
0 0
Ty = .. 0 and a3 = A‘ | e 0
00 T, 0 0 b, 4,
where the t; are all distinct and nonzero, and
01 0-0
Lol
00 0
It is enough to consider ¢ with nonzero coordinates relatively to (e1,,,. .., eru,.) to get Clo;(z)]-

¢ =Vj;.. lfw; = 2, we use the proof of Proposition 1.5: in any irreducible component we can define
x such that there exists v such that Clzy, |- v = Vi, (2, corresponds to y; in the aforementioned
proof, zp, to x;). We get the result by duality. |

Remark 2.10. Note that the case w; = 1 is very well known, since it corresponds to the case of
the Hilbert scheme of points in the plane.
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DEFINITION 2.4. Set
LY =L A) € (Lo, A) =: Lo(N)
and define B(\) as the smallest subset of Irr Lo(\) containing the only element of IrrL,(0, ),
and stable by I, (v, )\);ll(—,lrr A(le;)) for v,i,l such that:
> e A—Ov) > —lifie I
> A+ ZheHi Vi(h) > 0ifi e Iim,
where H; = {h € H | i = s(h) # t(h)}.

LEMMA 2.11. For everyi € I'™, we write Q(i) = {bi1, ..., biw, }. For every C € B(\), there exists
(x, f) € C such that

(x, f) stable
Vi e Iima o e Wi @ <€B VVt(h)>v(C[0'i($)] - Bi(x, f)(di) = Vl’*i

heH,;

(2.12)

where ¥;(x, f) = f + ZhEHi T}

Proof. We proceed by induction on v, with the first step consisting in the case of C' € B(A) N
Irr Lo (les, A) for some [ > 0. If i ¢ '™, we have [ < ); by definition of B(\) and hence we can
find (z, f) € C such that (2.12) holds, since it is equivalent here to f injective. If i € I'™, we
have A\; > 0 by definition of B(\), and we can use Lemma 2.9.

Now consider C' € B(A) NIrr Lo (v, A);; for some v and [ > 0, and set (C1, Ca) = lo(v, A);1(C).
First assume that i ¢ I'™. Thanks to the induction hypothesis, we can pick ((z, f), z) € C1 x Ca
such that (z, f) satisfies (2.12). Following the notation used in the proof of Proposition 2.4, we
build an element of C satisfying (2.12) by choosing (7, #) such that 6 + >,z nn is injective
with values in a supplementary of Im(f; + >, c g, @n) in W; @ ker(Y_, g, @3): it is possible since
I+ (ei, A — Cv) > 0 by definition of B(\).

If i € I'™, take (z, f) € C} satisfying (2.12) and z € Cy such that

{Spec zp, , N Specz, , =¥
W € Vi, Cloi(2)] - ¢ = Vie,,

which is possible thanks to Lemma 2.9. Still following the notation of the proof of Proposition 2.4,
we build an element of C' mapped to ((z, f), z) by considering (7, #) such that

(0* s nZ) (61) =,
heH;
where ¢; € W' @ (®h€HiVIZ(h)) satisfies Clo;(x)] - Xi(z, f)(¢;) = T* (we use the induction
hypothesis), which is possible even if 3 = {0} since we have W @ (Dcp, Vi (h)) # {0} by

]

definition of B(A). Put m, ; =15, - = 0 for every j > 2, so that

$i(1,0) =0 a5 My, — My 2, = Y €(h)(@hmn + npzn)-
heH;

Hence, we can choose 7, , in order to satisfy the right-hand-side equation, since

Spec g, | NSpeczy, | =0 = (1, , = T, M, — M, 1 25,,) invertible.
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Thanks to Lemma 2.7, (X, F') € C satisfies
Cloi(X)] - Bi(X, F)(¢i) = V.

We finally have to check the stability of (X, F') to conclude the proof. Consider S C ker F stable
by X. We have S NJ = {0} by stability of (z, f); thus, S ~ S; and we see S as a subspace of
ker F' 0 (e g, ker Xp). But then S* is stable by 0;(X) and contains Im F* + 3, - Im X', and
thus ¢;. Hence, S* =V, and S = {0}. O

PROPOSITION 2.13. We have B(\) = Irr L()).

Proof. Thanks to Lemma 2.11, we have B(\) C Irr L(X). Consider Z € Irr L(v, A); ;\B(X) for some
[ > 0. We know (cf. [Nak98, Corollary 4.6]) that if i € I"®, we necessarily have [+ (e;,v —C\) >0
and, thus, by definition of B()\),

lo(v,A)ii(Z) € (Irr L(v — le;, A)\B(X)) x Irr A(le;).

If i € I'™ Z € IrrL(v, \);; necessarily implies \; + > hem; Viny) > 0, and we get to the same
conclusion. By descending induction on v, we obtain that the only irreducible component of
L(0, ) does not belong to B(A), which is absurd. O

COROLLARY 2.14. Take i € I'™ and assume that IrrL(v,\);; C B(\). We have the following
commutative diagram.

I I/,)\ i
Irr L(v, A)iy % Irr L(v — lei, A)io x Irr A(le;)

NJ( lw (2.15)
[(Vv)‘)i,l
Irr £(v, A)ig ———=——Irr £(v — le;, A)io x Irr Ale;)

Proof. By definition of stability, the action of G, on L(v, A) is free. O

2.3 Tensor product on Irr £

2.3.1 Another Lagrangian subvariety. Embed W in a (A + \')-dimensional I-graded vector
space, and fix a supplementary subspace W’ of W. We still denote by I(X,Y) the set of I-graded
isomorphisms between two I-graded spaces X and Y.

For every v € N/, denote by Z,(v) € Mo(v, A + \') elements (z, f,g) such that there exists
an I-graded subspace V' of V,, satisfying:

(i) =(V) CV;
(ii) f(V) S W;
(iii) gW e W') CV;
(iv) g(W) = {0}
and denote by V(z, f,g) the larger x-stable subspace of f~!(W) containing Im g. We will then
denote by Z, (v) C Zo(v) the subvariety of elements (z, f, g) such that

( f)|V><W and ( f)|(Vv/V)><(W€aW’/W)

VXV (Vo V)% (Ve V) are seminilpotents,
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where we have written V instead of V(z, f,g). We get a stratification of Zo(v) by setting, for
any v,/ such that v + 1/ = v,

Zo(v,v') = {(z, f,9) € Zo(v + V') | dim V (z, f,g) = v}.
Define the following incidence variety:
(2, f.9) € Zo(v, ),

ZO(Vvyl): (ZL‘,f,g,V/,ﬁ) V(.I‘ f7 ) / VV+V>
BelV (:rf, 9): Vo) x I(V', V)

By definition of V(z, f,g) (again denoted by V hereunder), we have

(Vo /V)x (WOW' /W
(z,f,9) € Zo(v) = (=, f)} va EVVE/BV)/ ) stable

and hence the following application is well defined:
- Z,(v,V) = Lo(v, \) x L/, X)
o VxWw V'x(WeW'/W
(. 1,9V 0) = B (@ N s D =),

PROPOSITION 2.16. The map T, is smooth with connected fibers.

Proof. Let (z, f) and (2/, f') be elements of Lo(v,\) and L(2/,\') and take I-graded spaces V
and V' of dimensions v and v/. Define (X, F, G, V’, 8) in the fiber T;((z, f), (z/, f')) by:

(i) BeI(V,V,) x I(V/, Vi)
(i) G =0@ 7, where

ve @Hom(W’ Vi)

el

(i) X =p* 2@ (B2 +n): VeV - VeV, where
n € D Hom (V). Vi)
heH
(iv) F=8*fa (B8*f'+0): VeV - Wae W', where
0 € @) Hom(V/, W;)

el

such that MV—H/,)\—Q—)\’(X, F, G) =0.

LEMMA 2.17. This equation is linear in the variables (1,7,0), and the associated linear map is
surjective.

Proof. We first identify z, 2’ and f’ with g*z, 3*2’ and 8*f’. Then the linear map ¢ = ({;) we
are interested in is given by

Ci(m,m,0) = 7if; + Z e(h) (wpmm + 1ph,)-

heH:s(h)=i

Take L € @, ; Hom(V;, V/) such that for every (7,7,6),

> Tr(¢(r,n,0)Li) = 0.

el
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Then, for every edge h such that s(h) =i, t(h) = j, we have for every 7y,
Tr(xznnli) — Tr(nhx;—le) =0.

But
Tr(npLixy) — Tr(npay Ly) = Tr(npLixy, — naxy Ly) = Te(np(Lizy, — 25 Ly)).

Hence, L;xj = x;—LLj, and thus Im L is stable by z’. Moreover,
Vi, V1, Tr(rflL;) =0= Vi, f/{L; =0=Im L C ker f’
and hence the lemma comes from the stability of (z/, f'). O
We have to check that V = V(X, F,G). It is easy to see that V' C V(X, F, G). Moreover,
FAW)={v+v e VoV | f)+00)+ f()e W)=V @ker f/

and hence, if Y is an X-stable subspace of F~1(W), Y/V is an 2’-stable subspace of ker f’. Since
(«', f') is stable, we have Y C V, and thus V = V(X F, G).
We have proved that the fiber T ((x, f), (2/, f')) is isomorphic to

GV—H/ > (C()\’,l/>+(l//,l/)+<l//,>\>—<IJ/,ZI>
and thus is connected. O
LEMMA 2.18. Consider (z, f,g) € Zo(v,/') and V = V(z, f,g). Then

(z, f,g) stable < (x,f)}“;ixvy stable

and we denote by Z(I/, V') the subvariety of stable points of zo(u, V'), and
3 V) = Zw, V) )G

Proof. The equivalence is a consequence of the following facts:
— the restriction of a stable point is stable;

— the extension of a stable point by a stable point is stable;
B . |(Voqur /V)x(WeW' /W) .
the point (z, f)I(VV+u//V)X(VU+,//V) is stable. O

THEOREM 2.5. We have the following bijection:
Irr £(v, A) x Irr £(v, ') L 3(v, V).

Proof. Define Z(v,1') as the variety of stable points of Z,(v,v’). We have the following diagram:

Z(v, ) —=L(r,\) x L(/, X)
3, ) —= &1, \) x £/, X)

where the rightmost vertical map is just the free quotient by G, x G,. The leftmost map being
a principal bundle with fibers isomorphic to

Gy x Gy x Grass], (v + V') X Gy,

we get our bijection thanks to Proposition 2.16 and Lemma 2.18. O
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Again, there is an alternative definition for 3(v, /), given in [Nak01]. Denote by  the C*-
action on 9 (v, A + ') induced by the one-parameter subgroup C* — GL(W & W'), t —
tidy @ idy. We have

MV, A+ X))~ | | M, A) x M, X)

v+v'=v

and
30,v) = {lz. 9] € Mv, A+ V) [ Tim tx [, f,9] € £, 2) x £/, ) }.

Hence, we also have, as in [Nak01, Proposition 3.15], the following result.
PROPOSITION 2.19. The subvariety 3(v,v') C M(v + 1/, A+ N) is Lagrangian.

The results of §2.2 lead to the following result, completing [Nak01, Proposition 4.3], which
deals with the case w; = 0.

PropoOsSITION 2.20. Consider i such that w; > 0 and [ > 0. If

Ai + )\; + Z Vi(h) > 0,
heH,;

we have a bijection N N
Irr 3(v);y — Irr 3(v — lei)io x Trr A(le;).

2.3.2 Comparison of two crystal-type structures.

Notation 2.21. For every X € Irr 3(v);;, we will denote by ¢;(X) € Irr A(le;) the composition
of the second projection with the bijection obtained in Proposition 2.20, so that |e;(X)| = [.
Note that if (X, X’) € Irr £(v, \) x Irr £(¢/, \'), the quantity €;(X ® X') makes sense thanks to
Theorem 2.5 and Proposition 2.20.

We will write Q(7) = {b; j }1<j<w, for ¢ imaginary, or (i) = {b;}1<j<w, if it is not ambiguous.

LEMMA 2.22. Let i@ be an imaginary vertex and assume that EheHi nyny > 0. For every C €
Irr £(v, A), there exist (v, f) € C, v € Im ),y xj, such that

Clag,] - v = Jilx, f).

Proof. We proceed by induction on v;, the first step being trivial. For the inductive step, we
can immediately conclude the proof if C' € Irr £(rv, A);; for [ > 0. Otherwise, C' € Irr £(v, ) 0,
but C € Irr £(v, A);; for some j € I and [ > 0. There exists a minimal chain (ji, Iy, Ck)1<k<s Of
elements of I x Ny x Irr £(—, \) such that:

- (jla I, Cl) = (.77 L, 0)7

— Cgq1 =pr1l(v —l1j1 — -+ = leJis N ji 1, (Ck), where pry is the first projection;

- Js =1
We necessarily have js—1 adjacent to ¢ and, by the induction hypothesis, the proposition is
satisfied by Cs, and thus by Cs_;. But then, thanks to Lemmas 2.7 and 2.9, the proposition is
also satisfied by Cs_2 for a generic choice of 7; (using the notation of the proof of Lemma 2.11,
where 7 is replaced by js—1). Hence, it is also satisfied by C' = C. O
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PROPOSITION 2.23. Let i be an imaginary vertex and consider (X, X') € Irr £(v, \) xIrr £(v/, X).
Assume that |e;(X")| < v} or 0 < A,. Then we have

(X @ X') = ¢(X').
Proof. Put (Y,C) = l(n,m);;(X), where | = |¢;(X)|. Take ((z, f), («/, f")) € X x X'. Consider
the equation (; = 0 used in the proof of Lemma 2.17:
nfi+ Y, e(h)(@pmn +npy) = 0.
heH:s(h)=i

Note that my,, = n;, xp, = z; and Tp = I (and the same with z'); take M, = 0, so that our
equation becomes ' '

T+ D mh = (T — 7))
heH; 1<y<w;

= —/
=T1Mm — My

if we also set n; = 0 for j > 2 (if any). Then we set

o @y W B,

heHi hEH—L'
- . 7 . !
n=r7i+ Z e(h)ns - Wi & @ Vug(h) = Vi,
heH; heH;
T = Z e(h)zy, : @ Vo = Vo
hEHi hEHl‘
n= O m: Vi, > D Vo,
heH; heH;

and our equation finally becomes
7z’ + 1T = Tim — mT;.
Consider the open subvariety of X x X', where:
(i) there exists v € V,, such that its image v € V,, /J;(z, f) satisfies
Clzywv, 3] - v = Vi /Ti(=, [);
(ii) @1, Z13,(a,5) and Ty|cri )3, (2,f) have disjoint spectra;

L

- (v') satisfy

iii) there exist v and v/ such that w = 7 (v) and w' = T
heH; “h heH,;
C[fil @ j,1] A W/ = jl(xv f) @ ji(xlv f/)7

which is nonempty, thanks to Lemmas 2.9, 2.22 and 2.7. Take:
- f=mand v € Im7; if A, > 0;
— 7 such that 7(v") = v if v} > |¢;(X’)| (possible since v’ # 0).
From Lemma 2.7, we get (with the notation used in the proof of Proposition 2.16)

C[X3,] -Im< > Xh) =V, @3, f).

heH;
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We have to check that we can choose 7 such that the equations (y,) = 0 are satisfied for every
h € H; (if X, > 0 and 77 = 7, just take n = 0). It suffices to set nhaz;—l(vg(h)) = —xhnﬁ(vg(h))
(possible since v} > |e;(X’)| and since we may assume that Ué(h) =0 if x;—l(vg(h)) = 0) and to set
n and 77 equal to zero on supplementaries of Cw’ and Cv’, respectively. We can finally choose 7,
such that 72’ + nZ = Zym — m &) (possible since Spec Z} N Spec Z; = ¥). Since

codim J;(z, f) > |e;(X")]
for every (z, f) € X ® X', the subvariety of X ® X’ defined by
codim J;(z, f) = |e;(X")]
is open, and we have shown it is nonempty; hence, the theorem is proved. O

PROPOSITION 2.24. Assume that \; = 0, |e;(X')| = v and >, g, ué(h) > 0. Then we still have
(X @ X') =e(X).

Proof. Thanks to the previous proof, the result is clear if there exists an imaginary vertex j
adjacent to i: the choice of Ty, and x%j’l with disjoint spectra enables to use n,, for (; =0 to
be satisfied (with the usual notation Q(j) = {bj1,...,bjw,})-

Assume that every neighbour of i is real. Following the previous proof, assume that 7 = nj,
is of rank 1 for some h : i — j. We have to check that (; = 0 can be satisfied. It is clear if
f} # 0: just choose 7; such that 7;f; = —e(h)zpny, and m, =0=1; if p € H;\{h}, so that (; =0
is satisfied. Otherwise, there necessarily exists an edge ¢ : j — k # i such that :1:; # 0 (if not,
VV/Q © V), Cker f’ would be z'-stable, which is not possible for every vertex j adjacent to 4 since

> heH, l/é(h)7> 0). Hence, it is possible to choose 7 so that €(q)ngzy = —e(h)xpny and n, =0 =1;
if p € Hj\{h,q}, and thus get ¢; = 0 satisfied. O

We have proved the following result.

THEOREM 2.6. Let i be an imaginary vertex and consider (X, X') € Irr £(v, \) x Irr £(v/, X).
We have R )
a(x @ x'y = {SU) IR e vy > O

€;(X) otherwise.

3. Generalized crystals

Let (—, —) denote the symmetric Euler form on ZI: (i, j) is equal to the opposite of the number
of edges of Q2 between i and j for i # j € I, and (i,7) = 2 — 2w;. We will still denote by I*®
(respectively, I'™) the set of real (respectively, imaginary) vertices, and by I'° C '™ the set
of isotropic vertices: vertices i such that (¢,7) = 0, i.e. such that w; = 1. We also set I, =
(I'® x {1}) U (I'™ x Nx1), and (¢, §) = (i, 5) if ¢t = (i,1) € I and j € I.

3.1 A generalized quantum group
We recall some of the definitions and results discussed in [Boz15, §2].

DEFINITION 3.1. Let F denote the Q(v)-algebra generated by (FE,),cr.., naturally NI-graded by

deg(E;;) = li for (i,1) € Ino. We put F[A] = {x € F | |z| € A} for any A C NI, where we denote
by |z| the degree of an element z.
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For v =) vii € ZI, we set:
> ht(r) =Y v; its height;
v, =[]v] if v = p(©1)/2,
We endow F ® F with the following multiplication:

(a®b)(c®d) = vl (ac) @ (bd)
and equip F with a comultiplication § defined by
(E;) = Z Uft/Ez‘,t ® By,
t+t'=1

where (i,1) € Io and E;o = 1.

PROPOSITION 3.1. For any family (v,),er,,, we can endow F with a bilinear form {—, —} such
that:

> {a,yh =0 if [x] # |y;
> {E,E,} =y, forallie€ly;
> {ab,c} ={a®b,i(c)} for all a,b,c € F.

Notation 3.2. Take i € I'™ and c a composition or a partition. We put B = Hj Ei, and
Vic = Hj Vic;- 1f i is real, we will often use the index ¢ instead of i, 1.

PRrROPOSITION 3.3. Consider (t,j) € I, x I'. The element

S nEVEE! (3.4)
ot/ =—(1,7)+1

belongs to the radical of {—, —}.

DEFINITION 3.2. We denote by U+ the quotient of F by the ideal spanned by the elements (3.4)
and the commutators [E;, E; x| for every isotropic vertex 4, so that {—, —} is still defined on
U™. We denote by U™ the quotient of U by the radical of {—, —}.

DEFINITION 3.3. Let U be the quotient of the algebra generated by Kii, E,F, (ieland.€ly)
subject to the following relations:
KK = K;K;,
KK =1,
K;E, = v E K;,
K;F, =v UV K;,
t t .
S (' EVEE =0 (jero),

t4t/=—(1,5)+1
> ) FEYRFRY =0 (jere),
tHt'=—(1,5)+1

[Ei,la Ej,k] =0 if (/L?j) = O)
[Fig, Figl =0 if (4,5) =0,
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[Eiy, Eix] =0 (i € I*),
[Fi, Figl =0 (i € I™).

We extend the graduation by |K;| = 0 and |F,| = —|E,|, and we set K, = [[, K;* for every
veZ R
We endow U with a comultiplication A defined by

A(KZ) =K, ® K;,

A(E;) = Z Uft,Ez',th'i ® By,
t+t'=l

A(E,l) = Z ’Ul-_tt/Fi’t X K—tiFi,t"
t+t/=1

We extend {—, —} to the subalgebra U0 C U spanned by (K*);c; and (E,),er,, by setting
{eK;,yK;} = {z,y}o®) for x,y € UT. . R
We use the Drinfeld double process to define U as the quotient of U by the relations

Z{a(l)v biz)}w(bay)a) = Z{a by tayw(be)) (3.5)

for any a,b € U 20 where w is the unique involutive automorphism of U mapping F, to F, and
K; to K_;, and where we use the Sweedler notation, for example A(a) = Z acy @ ag).

Setting = = w(x) for z € U, we define {—, —} on the subalgebra U~ C U spanned by
(F)).e1,, by setting {x,y} = {27,y } for any z,y € U~. We will denote by U~ (respectively, U)
the quotient of U~ (respectively, ) by the radical of {—,—} restricted to U~ (respectively,
restricted to U~ x U1).

PROPOSITION 3.6. Assume that
{E,E}el+v'N[v .
for every v € Io. Then we have U~ ~ U~

Notation 3.7. We denote by €;; the set of compositions c (respectively, partitions) such that

c| =1 if (i,i) < O (respectively, (i,i) = 0), and C; = | |5 Ci;- If @ is real, we just put C;; = {I}.
Denote by u — u the involutive Q-morphism of U stabilizing F,, F,, and mapping K; to K_;

and v to v

ProproSITION 3.8. For any imaginary vertex ¢ and any | > 1, there exists a unique element

a;; € UT|li] such that, if we set b;; = afl, we get:

1) Q)(Eiy[1>1)=Q){ai; |l >1) and Q(v){(Fiy |1 > 1) = Q(v)(bis | I > 1) as algebras;
(i) {aip, 2z} = {big, 2~ }—Oforanyze(@( WEik | k<I);
(iil) aig — By € Q)(Eix | k <) and by — F;p € Q(u)(Fyx | k <1);

)

)

(IV Qi = Q4] andb l—b”,
(v) d(aiy) =aip ®1+1®a;; and §(biy) =bj; ®14+1® b;y.

Notation 3.9. Consider i € I'™ and c € C;;. We set 7,5 = {ais,ai1}, aic = Hj ic; and T;c =
[, 7ic;- Notice that {a;c | c € €;;} is a basis of UT[li].
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DEFINITION 3.4. We denote by d; ¢, 6% : UT — U™ the linear maps defined by

d(z) = Z dic(z) ® a;c + obd,

CE@“
5(z) = ) aic®6"(x) + obd,

CE@H

where ‘obd’ stands for terms of bidegree not in NI x N¢ in the former equality, Ni x NI in the
latter one.

3.2 Kashiwara operators
PROPOSITION 3.10. Let i be an imaginary vertex, I > 0, c = (cy,...,¢,) € C; and (y, z) € (UT)2.
We have the following identities:

(i) 0% (yz) = 0% (y)z + v CWDyst (2);
(ii) [aig, 27 = 10{6i1(2) " K_ii — Ki;6%(2) ™ };
(111) 6i7l(ai,C) = Zk:ck:l U?leilai,c\cka

where ¢y = 0 and c\cx = (¢1,...,Ck,--.,C); the notation ¢ meaning that cj is removed from c.

Proof. The first equality comes from the definition of §*!, the second from the primitive character
of a;; and the formula (3.5) with @ = a;; and b = z~. The third comes from the definition of J;;
and the primitive character of the a; p,. O

DEFINITION 3.5. Define ¢;,: U~ — U~ by ¢{,(27) = 8% (2)~ for any z € UT,

ProproSITION 3.11. Set

o /
K = ﬂ ker e;
>0

for any i € I'™. We have the following decomposition:

U™ =P biKi

ceC;

Proof. Let us first prove the existence. Consider u € U™, and assume first that u is of the following
form: u = mbi7cm’ for some ¢ € €; and some m,m’ € X;. We proceed by induction on |c|. If
|c| = 0, we have mm/ € K; thanks to Proposition 3.10(1). Otherwise, set [y, 2]° = v~ (¥h12Dy 2 — 2y
for any y,z € UT. Thanks to Proposition 3.10(1), and since §°!(a;x) = &k, we have for any
y € M=o ker 6! and any k > 0

5[y, ai]°) = v E§ (ya 1) — 57 (@i ky)
— 'Uik(i"yD'Ul(i"yDy(si’l(ai7k) — 5i’l(ai,k)y
= 8 RGNy 5,y
=0.

Hence, the following equality:

c1(m|,i ° / —c1(mli !
U= 1(jm| )[m7 b@Cl] bivc\clm 4+ v 1(Im/ )b’i,clmbi,C\Clm
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along with the induction hypothesis allow us to conclude the proof, since |c\ci| < |c| and since
®c66i b;,X; is stable by left multiplication by b;,.
Then we prove the existence of the decomposition for a general v € U™, using induction on
—lu|. If u # 1, we can write
u = Z bu,

€l
for some finitely many nonzero u, € U~. Thanks to our induction hypothesis, we have

u = E bLbi,ch,c

LElso,cEC;

for some finitely many nonzero z,. € X;. Then

u = Z bi,(l,c)z(i,l),c+ Z bLbi,cZL,c

1>0,ceC; 11\ ({i} xNxo)
ceC;

and we have the result since b,b;cz,c is of the form mb;m’ for some m,m’ € K;. Indeed, it
is straightforward from the definitions that (5i’l(aj,h) = 0 for any I, h > 0 if j # i. Note that if
i ¢ I'°, the composition (I, c) is the composition ¢, where ¢| = [ and ¢} = c,_; if k > 2, but if
i € I'*°, (I, c) stands for the partition c U1,

To prove the unicity of the decomposition, consider a minimal nontrivial relation of

dependence
0= Z Qi cZc,
ceC;

where z. € X;. We have to consider separately the cases i € [ 50 and i ¢ I'*°. First, consider
i ¢ I'*°. Consider r maximal such that there exists ¢ = (c1,...,¢,) such that z. # 0. Using
Proposition 3.10(1) and applying repeatedly Proposition 3.10(3), we see that for any ¢’ € &,c
(with the convention (oc)r = c, (1)),

0= 62’7‘:/ ( Z ai,c”zc”>

et

— Z 5ivcl(ai,c//)zc//

c’et;

= Z 67:’C/ (ai7c”)ZC”

c"eBrc

g Z PC’,C” (’Ui)ZC//,

c’eB,c

where Po v (v) € Z[v]. The third equality is true by maximality of . Since (z¢7)creg,c # 0, we
have to prove that
Av) = det(chcn (U))c’,c”eerc #0 € Z[v]

to end our proof in the case (,7) < 0 (since then we have v; # 1). But, for any ¢’ = (c},...,c})
€ 6,c, one has, using Proposition 3.10(3),

PCIVCN(O) 75 0 = (C;,, R ,Cll).
Hence, A(0) # 0, and in particular A # 0.
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We finally have to prove the uniqueness in the case (i,7) = 0. Write a relation of dependence
of minimal degree:
0= Z @i N2\

AEC;

where z) € K . For any A and [ > 0, set m;(\) = |{s: A\s = [}|, and denote by A\l the partition
obtained by removing one of the A\s = [ when m;(\) > 1. Hence, m;(A\l) = my(\) — 1. We have,
thanks to Proposition 3.10(1,3),

gt (Z ai,)\ZA) = Z mi(A)a; a\2x

AEC; AeC;

= Z @i, {(mu () + 1)z}

HEC;

which contradicts the minimality of the first relation. Note that the proof is easier in this case
because we are dealing with partitions and hence the quantity p U is ‘uniquely defined’. a

The following definition generalizes the Kashiwara operators (see e.g. [KS97, Lemma 2.3.1]).

DEFINITION 3.6. If ¢ is imaginary and z = Zceei bicze € U™, set

D bicie % if i ¢ I'so,
R ( ) c:c1=l
€ii\z) = /
b A .
Z Tnll()bi’)\\lZ)\ if ¢ € I'°,
AeC;
Z bi,(lyc)zc ifi ¢ Iiso,
~ cel;
fia(z) = I .
—————bi iz if i €I,
)xEZC’i ml()\) + 1 v

where m;(A) = [{s: As = 1}].

Remark 3.12. Note that the fact that v; = 1 for isotropic vertices makes this case somehow
degenerate. The use of partitions instead of compositions, or the presence of square roots in the
above definition, are consequences of this particularity. The importance of these square roots will
become clear in the proofs of Lemmas 3.33 and 3.34. Note that we need to consider an extension
of Q for these square roots to be defined.

3.3 Definition of generalized crystals

Denote by P the lattice Z!, still endowed with the pairing (—, —) defined by (e;, e;) = d; j, where
ei = (0;;)jer for every i € I. We will also denote «; instead of Ce;, where C' = ((,7)); jer still
denotes the Cartan matrix associated to Q.

DEFINITION 3.7. We call Q-crystal a set B together with maps

wt: B — P,
€ :B — CU{—o0},
¢i B —> NU{£o0},
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e fi i B—>BU{0} iel™,
éin, fii:B—BU{0} i€I™ >0

such that for every b,b' € B,
(A1) (es, wt(b)) > 0if i € I™;
(AQ) Wt(éub) = Wt(b) + oy if éub #0;
(A3) wt(fib) = wt(b) — lay if fi b # 0;
(Ad) fib=1V & b=¢é,b;
€(b) —1 ifi eI,

(A5) if €;;b#0, €(€;;b) =< (b)\l  if i € I"™\I"*° and | = €;(b)1,
e(DI\l  if i e '
(86) i o 20, e(Fut) = { (0 08 ST

€ (b) + (e;, wt(b)) ifie I,
(A7) ¢i(b) = ¢ +00 if i € I'™ and (e;, wt(b)) > 0,

0 otherwise,
where, for ¢ € I'®, we write €; 1, f;jl instead of ¢&;, ﬂ and €;, fi,l instead of éé 1 ff ;- Also, as earlier,
(1, (b)) stands for the partition ¢;(b) U1 if i € I*. S

Remark 3.13.  — We will use the following notation: wt; = (e;, wt).

— Note that this definition of ¢; already appears in [JKKO05]. Also note that since we will only
be interested in normal crystals (see Definition 3.9), we require |¢;| and ¢; to be nonnegative,
except if ¢ = —oco, in which case we set |¢;| = —oo0.

— Set €ic = €ic,...€ic, and fic = fic, ... fic, for every c = (c1,...,¢.). Set ¢ = (cp,...,c1)
if w; > 2,¢c=cif w; <1. We have

ficb=V ob=2¢cb.
Ezample 3.14. For every vertex ¢, we define a crystal B; by endowing €; with the following maps:

wt(c) = —[cas,
&(c) =c,
€j(c) = —o0 if j#i,
c—1 ifielandc>1,
- c\l ifieI"™\I® and = ¢;(b)1,
ei,l(c) = Csl ifie Iiso7\ ( )1
0 otherwise,

s fowl ifierr,
fule) = {(l,c) if i € 1™,

We will denote by (0); the trivial element of C;.

DEFINITION 3.8. A morphism of crystals By — Bs is a map B; U {0} — B2 U {0} mapping 0
to 0, preserving the weight, ¢;, and commuting with the respective actions of the é,, f, on B;

and Bs.
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DEFINITION 3.9. A crystal B is said to be normal if for every b € B and i € I, we have
€i(b) = max{c | & (b) # 0},
¢i(b) = max{lc| | fic(b) # 0}.

DEFINITION 3.10. The tensor product BB ' ={b@b' | b€ B,b € B’} of two crystals is defined
by:

(i) wt(b@V') = wt(b) + wt(b');

)
(i) if i € I, (b @ b') = max{e; (1), ;(b) — wt; (V') };
L o e if ¢i(b) = eV,
(iii) if i e I'™, (b V) = {q(b) it u(b) < |es(V))]:
(iv) ifi € I, ¢;(b®@ ') = max{¢;(t/) + wt;(b), #i(b) };
e g ey — d Pi0) i @i(D) = lei(V)],
o e aeen = {00 002 0
| o (b)) i Gt >l
(vi) for every ¢ = (i,1) € Ioo, €,(bR V) = {éb(b) 2V if ¢ < |alb):
.. . F A b®fb(b/) if Qsz(b,) > |Ez(b)|7
(vii) for every ¢ = (i,1) € Ioo, fL(bRDV) = {ﬁ(b) SV if gi(H) < |eib)].
Remark 3.15. Note that when i is imaginary, the condition ¢;(b") > |€;(b)] is equivalent to
¢i(b') = +oo0 or [¢;(V)) =0 and €;(b) = —o0],

and ¢;(b) = |e;(b)| is equivalent to ¢;(b') =0 = |&;(b)]-
PROPOSITION 3.16. B ® B’ is a crystal if B' is normal.

Proof. Note that the result is already known if I'™ = ¢ and hence we just have to check the
axioms of Definition 3.7 that concern imaginary vertices. Axioms (A1), (A2), (A3) and (A7) are
clearly satisfied.

To prove that (A4) is satisfied, we first consider b and b such that é;;(b ® V') # 0. If
$i(b') > lei(b)], we have €;;(b®@ V) = b® & ,(V). The crystal B’ being normal, ¢;(&; (")) >
since f;1€;1(') = b’ # 0. But i is imaginary, so by definition ¢;(é;,(¥')) € {0,400}, and we get
¢i(€;1(b')) = 4o00. Also by definition, |e;(b)| < 400 and hence we get

fiab@enh) =b® fenb =bav.

If ¢i(V') < |ei(b)], we have &;;(b @ V') = é;;(b) @V, where |€;(€;;(b))| = |ei(b)| — I is necessarily
nonnegative by definition of €;. Also, ¢;(b’) cannot be equal to +0o and hence is 0, and

fiaia(d) @) = fi1(611(b) @Y =b@ .

Assume now that f;;(b®@b') # 0. If ¢;(V') > |e;(b)], we get f (b V) =b® fi b If €;(b) = —o0,
we have ¢;(f; b)) > €;(b). Otherwise, we necessarily have ¢;(b') = +o0. But

wii(fiu(0) = wti (V) — Uei, i) > wti(V)
since (e;, a;) < 0 for every i € I'™. Hence, ¢;(fi (b)) = +o00, and

Eab@ fut) =b@ e fik =b@V.
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If ¢; (1) < |ei(b)], then fi (b@¥) = fi(b) ® ¥, where

lei(fia(0))] = les(B)] +1 > |ei(b)] > 6s(V)
and hence B .
Eii(fiab)@V) =€ 1(fi, (b)) @V =bV.
From the definitions and the proof of (A4) above, it is easy to check that

. NG Ei(éi7 b/) if Gl(b X b/) = Ei(b/),
(G (b® b)) = {ei(éi;b) if es(b @ b) = 4(b)

and hence (A5) is satisfied by B&B' since it is by B and B’. For the same reasons, (A6) is satisfied,
except if ¢;(b') = |e;(b)|, which can only happen if both are equal to 0 (we still consider i € I'™).
But then ¢;;(b') = 0, so there is nothing to prove. Otherwise, we would have fi’lé“b/ =0 #0
and hence ¢;(¢€;;b') = +oo by normality. But then

Wti(b/) = Wti(éi’l(b/)) — l<67;, O[Z'> = Wti(éi7l(b/)) >0
would imply ¢;(b") = 400, which contradicts the assumption. a

3.4 The crystal B(oco)

3.4.1 Algebraic definition. Let A C Q(v~!) be the subring consisting of rational functions
without pole at v~! = 0, and £(o0) be the sub-A-module of U~ generated by the elements
fu ces fLS.l, where ¢, € I, and the operators fL are those defined in Definition 3.6 together with
the original ones for ¢ =i € I'. Define the following set:

= x L(00)
B(OO) = {le "'fLs -1 ’ Lk EIOO} C m
The following theorem will be proved in §3.6.

THEOREM 3.11. The Kashiwara operators are still defined on B(co), which is a crystal once
equipped with the following maps:

wt(b) = > _via; if [b| = v € =NI,
iel
€i(b) = max{c | & (b) # 0}.

We have the following characterization, analogous to [KS97, Proposition 3.2.3].

PROPOSITION 3.17. Let B be a crystal, and by € B with weight 0, such that:

(i) wt(B) C — 3 ier Noy;
(ii) the only element of B with weight 0 is by;

(iii) €(bo) =0 for every i € I;
(iv) there exists an embedding V; : B — B; @ B for every i € I;
(v) for every b # by, there exists i € I such that W;(b) =c®1b for somet/ € B and c € €;\{(0);};

vi) for every i, the crystal B, = m;W;(B) is normal, where 7; is the second projection B; @ B — B.
Y Vi i

Then B ~ B(0).

)
)
)
)
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Remark 3.18. The crystal structure we consider on B’ is the following: if i’ € B!, we set €,(b’) =0
(respectively, £.(V') = 0) if, with respect to the structure of B, &,(b') € B\'B} (respectively,
[(V) € B\B)).

Proof. First note that we necessarily have W;(by) = (0); ® bo, thanks to (1). Let us show that
for any b € B\{bp} there exists ¢ € I, such that é,(b) # 0. Consider i € I such that ¥;(b) =
c®V for some b’ € B and nontrivial ¢ € €;, and assume that ¢ is imaginary since the result is
already known from [KS97, Proposition 3.2.3] when ¢ is real. If b = by, since ¢;(by) = 0, we have
€ic, (b) = c\c1 ® by # 0. Otherwise, by induction on the weight, we can assume that there exists
t € I, such that é,(b) # 0. If . = (4, 1) for some real vertex j, we get €,(b) # 0. If v = (4,1) for

some imaginary vertex j, we have to prove that ¢;(b') = +00 to get to the same result. But we
have b = f;,€;,0' # 0 and hence ¢;(€;,(b')) # 0 by normality of B’. Since (j,7) < 0, we have

wt; (V) = wt;(8,(b) — i{ej, a5) = wt;(€5,(0)) > 0;
hence, ¢;(b') = +o0, and
\I/i(éjyl(b)) = éjJ(C ® b/) =c® éjJ(b/) #0,
which proves that €;,;(b) # 0.

Hence, any element can be written b = f,, ... f,,(bo) for some ¢, € I. The end of the proof
is analogous to the one given in [KS97]; one just has to replace I by I, (which is countably
infinite). O

3.4.2 Geometric realization.

Notation 3.19. From Proposition 1.11, we have the following bijections:

€

Irr A(v)y Irr A(v — leg)io % €y,

~

where v € P* =N/ i€ 1,1> 0. Set, for c € €,

II‘I’AZ'J: |_| IITA(V)i,l?
vePt

It A(v)ic = ) (TIrr Ay — leg)io x {c}),
IrAjc = |_| It A(v)ic,

vePt

Irr A = |_| Irr A(v)

vePt

and denote by €; . and JEi,c the inverse bijections

€ic:Irr Ay Irr Ajo @ fic

induced by &;;. Then, for every [ > 0, we define

€il = |_| fi,c\léi,c :Ir A — Ir AL {0},
ceCy

fz’,l = f.i,(l) LJ (|_| fi,(l,c)éi,c> cIrrA - Ir AU {0},

ceC;

where ﬁc\l =0if w; > 2 and | # ¢, or if w; =1 and my(c) = 0.
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It is obvious from the definitions that we have the following result.

PROPOSITION 3.20. The set Irr A is a crystal with respect to wt : Z € Irr A(v) = —Cu, ¢; the
composition of | |;. ; and the second projection, and €, f;; the maps defined above.

The duality A — A, z — z* induces a bijection * : rr A - Irr A, Z — Z* preserving the
grading. Following [KS97], we note that
€ = *€jk,
€l = %€ 1%,
f;l = *fi,l *
Note that €;(Z) is the dimension of the largest subspace of [,y ker 7, stable by (21 )nem;, for

a generic element z € Z. We will denote €/™**(Z) instead of €;(Z) when ¢ = €/(Z). We have
the following result, corresponding to [KS97, 5.3.1] when i is real.

PROPOSITION 3.21. Consider Z € Irr A(v) such that €;(Z) = c # 0 for some imaginary vertex i,
and set Z = €] (Z). Assume that wt;(Z) > 0. We have:

() €(2) = ei(2);

. (e.(2)) = € (2)
(ii) {N*max( (Z)) 6(7) for every 1 € I

Proof. The proot is actually simpler than in the real case. Indeed, in the proof of Proposition 1.11,
consider y € Z* and z € c* (we abusively identify Irr A(le) with €;;). We want

0="> wamn+ > [(Wann — mnzs) + (unni — m3zn)])-
heH; heQ(i)

Note that

0< Wtz(Z) = Z Vi(h) — (7,,7,)(1/Z - ’CD S 0< Z Vi(h)

heH’i heHl

since (i,1) < 0, and since it is impossible to have > ;.. v4(n) = 0 and v; — [c| > 0. Hence, there
exists ho € H; such that vy, > 0. We have Spec(zy,,) N Spec(y,) = @ for a generic choice of y, z,
where hy € (7). But then the map

Nhy 7= YnyMha — Tha Zhy
is invertible, and we can generically choose 7y, so that
dim C(z;, | h € H;) - Imny, = |c].

This proves that €;(Z*) = €;(Z*) and hence (1). The second statement directly follows from the
proof of (1). 0

THEOREM 3.12. We have Irr A ~ B(c0).

Proof. Set ¥;(Z) = €(Z) ® &™(Z), which is clearly injective. By Proposition 3.21 and
the definition of our generalized crystals, ¥; is a morphism. Note that we have V(é&;;(Z)) =
éi(e5(2)) ® Z if wt;(Z) = 0. By Remark 1.10 (or its dual analog), the condition (5) of
Proposition 3.17 is satisfied. The condition (6) is satisfied because it is clear that f;;(Z) ¢ B} if

¢i(Z) = 0. Hence, we get the result. O
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3.4.3 Semicanonical basis. The following proposition is proved in [Bozl15].

PROPOSITION 3.22. There exists a surjective morphism @ : U;Zl — M, defined by
Eiqw— 1;; ifie ™,
E,—~1; ifi e I'®.
Thanks to Theorem 3.12, we now have the following result.

THEOREM 3.13. The morphism ® is an isomorphism: szl S5 M.

Proof. The family (fz)zenra is clearly free, so we have
Trr A(v)| < dim Mo (v) < dim U, [v],

the latter inequality being true thanks to Proposition 3.22. From Theorem 3.12, we have
[Trr A(v)| = dim U, [v]; hence, (fz)zenra is a basis of Mo, and @ is an isomorphism. O

DEFINITION 3.14. The semicanonical basis of U;;l is the pullback of (fz)zerrA-

3.5 The crystals B(A)
3.5.1 Algebraic definition. We will use the fundamental weights (A;)icr defined by (i, A;) =

0;; for every i,j € I. Note that the isomorphism P = Y ZA;, e; — A; maps «; to i. We use
this isomorphism to identify Y ZA; with P and Y NA; with P*. We call dominant the elements
A € PT, which are the ones satisfying (i, \) > 0 for every i € I.
DEFINITION 3.15. We denote by O the category of U-modules satisfying:

(i) M =€D,cp My, where My, = {m € M | Vi, K;m = vDm};

(ii) for any m € M, there exists p > 0 such that zm = 0 as soon as z € Ut[v] and ht(v) > p.
For any A € P, we define a Verma module

U

M)\ = - €0
*) Soer  UB + 3 U(K; — vN)

and the following simple quotient:

U= V()=

where M (A)~ is the sum of all strict submodules of M(A). We will denote by vy € V(X)) the
image of 1 € U.

Remark 3.23. Note that thanks to Proposition 3.10(2), we have a triangular decomposition, and
thus M(\) = U~ vy.

We have the following proposition, generalizing the case ¢ € I*®.

PROPOSITION 3.24. Assume that (i,A) > 0 for some imaginary vertex i. Then we have the
following decomposition:

V(A = P bicKs,

ceC;
where K; = [, ker Ej ;.
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Proof. Let us first prove the existence. Consider v € V()), and assume first that v is of the
following form: v = ub; 2z for some c € €;, u € U™ satisfying [a;;, u] = 0 for every [, and z € K.
We proceed by induction on |c|. First note that if (7, |u|) = 0, since ¢ is imaginary, one necessarily
has

supplu| € {j € I'| (i,5) = 0}
Hence, [u,b;;] = 0 for any [ (whether 7 is isotropic or not) and we get the result by induction.
Otherwise, (i, |u]) > 0, and we set
l= C1,
[u, b;]° = ub;; — R(v)b;jju for some R € Q(v),
2 =biae,z € V(N
For any k£ > 0, we have
[ai’k, [u, b“]o]z’ = 5l’kTi’l{u(K,li - Kli) - R(U)(K,li - Kli)u}z’ [Cf. Definition 3.10(2)]

= 8 pmigud (VTR — LRy _ R(v) (v Bl gl i) yy o

=0
if

v_l(iﬂu) — fvl(in“‘)

R(v) = ——Gremm — gl

which is possible since
(@, Jul + p) = (5, ) + (i, Ju]) + (G = A) > (i, ) + (i, p = A) 2 0.
We have used that since ¢ is imaginary, we have
p—A€—-NI= (i,u—A) >0.
Hence, the following equality:
v = [u, b 1]b; o\c, 2 + R(0)bi 1ub; c\c, 2

along with the induction hypothesis allow us to conclude the proof since |c\c1| < |c| and since
Dece, bi,Ki is stable by left multiplication by b; ;.

Then we prove the existence of the decomposition for a general v € V(X),, using induction
on > (Ai — p;). If v # vy, thanks to Remark 3.23, we can write

v = Z b,
LEIoo
for some finitely many nonzero v, € V(\). Thanks to our induction hypothesis, we have
v = Z bLbi,ch,c
LEIs0,cEC;
for some finitely many nonzero 2, € X;. Then

v=" bigozanet D, bbicac

1>0,ceC; 1€I0\({i} XNx0)
ceC;

and we have the result since b,b; cz, ¢ is of the form ub; .z already treated. Indeed, thanks to
Proposition 3.10(2), [a;,bj %] = 0 for any I,k > 0 if j # 1.
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To prove the unicity of the decomposition, consider a minimal nontrivial relation of

dependence:
0= Z bi,cza
ceC;

where zc € V(A),4(c[s N Ki. We have to consider separately the cases i € I 50 and ¢ ¢ I'*°. First,
consider 7 ¢ I'*°. Consider r maximal such that there exists ¢ = (cy,...,¢,) such that z. # 0.
Set, for any k € [1,r],

Cck = (clv o 7Ck71)7

C>p = (Ck+1> s 7CT‘)

with the convention ¢y = = c~,.. Then, if [ > 0, we get the following from Proposition 3.10(2),
where by convention b; g = 1:

(@i, bic) = Tiy Z bico (K _1; — Kij)bjc.,

k:ck =l

2|esl —2l|es g
=T Z bic\e, (Vi MK i —v; TR KG).

k:CkZl
Then, since z. € K,
2l|es | —2lles k|
;i 1bicze = Ty Z bicve, (Vi MK i —v; TN ) 2
k:Ck:l

_ igitlearli) _ Gintearli
= Til Z bz}c\c;C (v (optlesl) _ ot |C<k|z))zm
k:ck:l

where c<p, = (C<p, k). We see that for any ¢’ € &,.c (with the convention (oc)x = ¢, (1)), since 7
is maximal, we have

0= Qg ¢/ § bi,c”zc” = Q! § bi,c”zc“ = Ti.c § Pc/,c“ (U)Zc”7

el "€Grc "€Grc
where P o(v) € Z[v,v 1. Since (2c7)eree,c # 0, we have to prove that
A(v) = det(Po e (v))er cres,c # 0 € Zv, v "]
to end our proof in the case (i,7) < 0. Note that A — (u + |c|i) € NI; hence, since 7 is imaginary,
(i, o+ |c|i) = (4, A) + (4, p + |cli = A) > 0.

Then, for any ¢’ € &,.c, one has

max {deg(Py o)} =deg(Pog) = 3  cxli, i+ cxi) =m,

c’e6,c
T 1<k<r

which is only reached for ¢’ = ¢’. However, this is not true if m = 0, which can only happen if our
initial relation of dependence is of the form b; ;2 = 0, with (¢, u + li) = 0. But, if (¢, u + li) = 0,
the module generated by b; ;2 is a nontrivial strict submodule of V() since, for every k& > 0 and
J# 1

a; kbigz =0

a; kb2 = bijaj k2.

Hence, the relation of dependence b; ;2 = 0 is actually trivial by definition of V().
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Otherwise, the application &,c — &,c, ¢’ — ¢ being a permutation, the degree of A is
|&,c|m > 0, and in particular A # 0.
We finally have to prove the uniqueness in the case (i,7) = 0. Write a relation of dependence
of minimal degree:
0= Z bz’,uzua

vel;

where z, € V(A),,4pi N K;. For any [ > 0, we have, thanks to Proposition 3.10(2),

aig Z bivz, = Z my (V)7 (v ) - Ul(i’”))bi,u\lzu

vee; vet;
= Ti,l(U_l(i’u) _ vl(i,u)) Z bi,z//{(ml(l/) + 1)zl

V' eC;

which contradicts the minimality of the first relation. Note that we can assume that (i, ) # 0:
otherwise, we would again have an initial trivial relation of dependence (more precisely, for every
v we would have b; ,z, =0 € V())). O

This proposition allows us to define Kashiwara operators €,, fL on each V' ()\), exactly as in
Definition 3.6.

DEFINITION 3.16. If i is imaginary and v =} e biczc € V(A), set

(> bioeze if § ¢ I,
N ( ) c:c1=1
ei,l v) = .
DRV mll(”) bz if i€ T,
KVEGZ‘
( Z bi,(l,c)zc if ¢ ¢ Iiso7
~ cel;
fig(v) = Z l ,
——— biuz, ifie I
\veC; m[(V) + 1

The following result will be proved in § 3.6.

THEOREM 3.17. Assume that A is dominant. The Kashiwara operators, along with the maps

wt(m) = p if m € V(A),,

€i(m) = max{c | & (m) # 0},

induce a structure of crystal on

‘B(A) = {ﬁl ....]ELSU)\ ‘ L € Ioo} C ’U_LI(LA())\)’

where

)= 3 Afy.. Fuon

Llyeeesls
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Remark 3.25. These crystals are normal: consider m € V()), and ¢ imaginary (again, the case
of real vertices is already known). We have already seen that we necessarily have (7, ) > 0 since
A is dominant. If (4, ) = 0 for some imaginary vertex 4, then a,b;ym = b; ja,m for any ¢ € I
(use Proposition 3.10(2) if ¢ = (4,1)). Hence, for any ! > 0, the submodule of V() spanned by
b;ym is a strict submodule, and we get fum = 0.

Otherwise, (i,1) > 0 and, for every p/ € —NI, since (i,i) < 0, we get

(i, p 1) = (i, ) + (i, 1) = (4, 1) > 05
hence, max{|c| | b;cm # 0} = +o0.
3.5.2 Geometric realization.

Notation 3.26. Consider A dominant. We have the following bijections:

li1

Irr £(v, A)iy

Irr £(v — leg, N)io x Cips

~

each time the left-hand side is nonempty (cf. Proposition 2.13). Set, for c € €;,

Irr £(N)iy = |_| Irr £(v, Ny,
veP+

Irr £(v, A)ic = (;ll(lrr L(v —lei, N)io x {c}),
Irr £(A)ic = |_| Irr £(v, A)ic,

vepP+
Irr £(A) = |_| Irr £(v, \)

vePt

and denote by €; . and fi,c the inverse bijections
ic:r €(\)ic ————=Tir £(\)io : fic

induced by [;;. Then, for every [ > 0, we define

Eii= | | ficei@ic : Trr £(0) — Trr £(\) L {0},
ceC;

fir=Ffip U <|_| fi,(l,c)éi,c> cTrr £(0) — Irr £(\) U {0}

ceC;
with the same conventions as in Notation 3.19.

The following result is a direct consequence of Proposition 2.13.

PROPOSITION 3.27. The set Irr £(\) is a crystal with respect to
wt: b€ Irr £(v,\) —» A\ — Cv,
€; the composition of | |, l;; and the second projection, and é;, fi,l the maps defined above.

Remark 3.28. Thanks to Proposition 2.13 and the classical case, we have, for every i € I,

¢i(b) = max{lc| € N | fic(b) # 0}.
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Indeed, for b € Irr £(v, A), it is impossible to have v; > 0 and A; + >, c 5. vyn) = 0; hence,
Ait D vy >0 (e, A= Cv) >0,
heH;

and Irr £(\) is normal.

In an analogous way, one can equip I3 with a structure of crystal, thanks to
Proposition 2.20, and get the following result.

THEOREM 3.18. The crystal structure on Irr 3 coincides with that of the tensor product
Irr £(\) @ Irr £(N).

Proof. This is a direct consequence of Theorem 2.6 along with the proofs of Propositions 2.23
and 2.24. O

We will see in §3.6 how the previous theorem leads to the following result.
THEOREM 3.19. If X is dominant, we have the following isomorphism of crystals: B(\) ~ Irr £(\).

3.6 Grand-loop argument
To prove Theorems 3.11, 3.17 and 3.19, one has to generalize Kashiwara’s grand-loop argument
to our framework (see [Kas91]).

Instead of giving the whole grand-loop argument, we give a few lemmas that yield its
generalization.

Notation 3.29. When working with a A-lattice £, we will write m = m/ instead of m = m/+v~1L
for any m,m’ € L.

The following result is about the tensor product.

LEMMA 3.30. Consider two dominant weights A and X', and (m,m') € L(X) x L(X'),s. Then, for
every imaginary vertex ¢ and | > 0, we have

m® biym’ if wt;(m') > 0,
biym @m'  otherwise.

big(m@m') = {

Remark 3.31. Note that since €;(m) # —oo in this situation, this is exactly Definition 3.10(7).

Proof. We have already seen that when i € I'™, since y/ — N € —NI, we have

(i, ) = (&, N) + (i,4" = XN) > 0
We have also already seen that thanks to Proposition 3.10(2), if (¢, 4') = 0, then a,b; ym’ = b; ja,m’
for every ¢« € I,. Hence, b;ym’ = 0 since the module spanned by b; ;m’ is a strict submodule of
V(X'). Hence,
bi(m ® m') =b;me K_;ym' +m® bum'
Uil(i”u/)bi,lm @m +m® buml
_ {m ® byym’  if wti(m') >0

biym ®m' otherwise.
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LEMMA 3.32. Consider i € I'™ and | > 0. We have T =1/lifi e I's°, 7;1 = 1 otherwise.

Proof. First note that for any i € I'™ and [ > 0, {E;;, E;;} = 1 is required by Proposition 3.6.

Assume moreover that 1

(B By = ]] T o

1<k

which is consistent with [Boz15, Theorem 1]. Then, when i € I'*°, we have an isomorphism
from the ring of symmetric functions A = Z[zy, k > 1] to Z[E;;,1 > 1] mapping the elementary
symmetric functions ¢; to v~V QEZ-’Z and such that the pushforward of {—,—} is the Hall-
Littlewood scalar product (still denoted by {—, —}). Asking for a;; to be primitive and to satisfy
Ei; —a;; € Q)[E;, k <] means that the power sum symmetric functions p; are mapped to
v=/2(~1)"""a;,. Since the Hall-Littlewood scalar product satisfies {p;, pi} = (lv™/(1 —v7),
we get

ot o 1/1

Tig = {ain, a1} = 210l 1_ol—

11,

as expected.
If i ¢ I'°, let us prove that a;; = E;; by induction on [. Write

Q5] — Ei,l = Z Aclj c
ceCi, \{(D}
for some a € Q(v). By Proposition 3.8, for every ¢’ € C;;\{(l)}, we have
Z aclaic, aict = —{Eis,aic}

ceC; N}
= _{5(Ei,l)7 A ey ® ai,c’\c’l}

— A E E

=Y { i,c) 0 Qic) }{ IAISANAE CLz'7c’\c’1}
22 kg1

=Y | | {Ei,cgca ai,c;}

i
! !

_ —’UZ CkCri1 .

- i i,c),

0

by the induction hypothesis and since (i,7) < 0. We have also used that 7, , = {Ejx, a;;} since
{aig,air — Eir} = 0. Also, note that

det({aic, aic}ecee, N @)y =1

since
{aic,aic} = {ai,cl @ A e\ey s I_I(Gz‘,c;v ®1+10 a’i,c;c)}
c .
= Z v {ai,c\cpai,d\c;}
ki) =c1
= 6c1 N {ai,c\cl ; ai,c/\c;c}
* = Occ/-
Hence, we get ac =0, which implies that 7;; = {a;, Ei } = {Fi;, Ei ) = 1. O
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The following lemma deals with the behaviour of the generalized Kashiwara operators
regarding our Hopf bilinear form {—, —}.

LEMMA 3.33. For any u,v € U~ and (i,1) € I, {fiju,v} = {u, & v}
Proof. We can assume that v = b; .z for some z € K;. If ¢ € 1 im js not isotropic,

{figu, v} = {bu, v}
= {biy @u,0(bicz)}
= 7ii{u, 6" (bicz)}
= 70{u, 6" (bic)z} [cf. Definition 3.10(1)]
{u, 6" (b o)z} [cf. Lemma 3.32]
= 3 0" Hu,bjaq2}  [cf. Definition 3.10(3)]
k:cp=l
= {u, bi,c\qz}
= {u, & v}.

This computation also proves the case ¢ € I'®, [ = 1, which is already known. If ¢ is isotropic,
v="b;j,zand u=b;, 2,

{fi,lua U} = 1 {bi,lua U}

)+

)+ 1 {bi1 @ u,d(biyz)}

. i7l .
o)+ 17'171{?,6,(5 (biyvz)}

[
= |2
o~ o~ t o~

)+ 1Tz‘,l{u7 5" (b )z}

[l
j

= m%’,lml(’/){ua bi,l/\lz}'

We see by induction that {f; u,v} = {u,& v} = 0 if v # 1/ Ul. Otherwise, we get, thanks to

Lemma 3.32,
= fmy (v .
{fiau, v} = ll( ){Ua bi,u\lz} = {u, &, v}. o

In order to get an analogous result regarding the lattices £(\), first note that there exists
for each A € PT a unique symmetric bilinear form (—, —) on V() satisfying

(Kiu,u') = (u, K;u'),
(bigu, u') = —(u, K_iazu’) ifi € =
(biu, ') = (u, K_ja;u’) ifie I,
v

o1 _
(vp, ) =1

for every u,u’ € V(X) and (4,1) € I. Then we have the following result.

2037

https://doi.org/10.1112/50010437X1600751X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1600751X

T. BozEC

LEMMA 3.34. For every u,v € £(\) and (i,1) € Ino, (fiqu,v) = (u, & v).

Proof. Assume that v = b; .z for some nontrivial ¢ and some z € K; NV (X),. Note that we have
already seen that (,4) > 0, and that b;;2 = 0 if (i, ) = 0. Hence, we assume that (i, 1) > 0,
otherwise there is nothing to prove. If w; > 2, we have

(f.i,lu7 U) = (bi,lu7 U)
= _(uaK—liai,lv)
= —(% K_ja; lbicz)
= <u K ;74 Z 72”°<le — 2l|c<kKli)bi,c\ckZ> [cf. proof of Proposition 3.24]

kck l

(v; 2okl g, 2l|°<’“|)bi7c\ckz> [cf. Lemma 3.32]

Z
k)Ck l

kckl

(p2leselFallessl 2iGi) _ v1_21|c<k|)bi7c\%z)
kck z
= (u, b0\, 2)
= (u, € 1v).
Thanks to the proof of Proposition 3.24 and Lemma 3.32, the same can be proved if w; = 1.

To that end, consider v = b;,z and u = b; sz for some partitions v, 7’ and elements z, 2’ € X,
assuming again that z € V/()),. We have

(fiqu,v) = m(bz 1, V)

=~ = (u, K_j;a;v)
= -\ ————(u, K_j;a;1b; ,2)
==\ = (u, Ky ymy(v) (K i — Kii)bi\i2)  [cf. proof of Proposition 3.24]

my (V') + 1

— l ml(u)
=\ ) +1 (U, I (K21 — 1)bl-7l,\lz> [cf. Lemma 3.32]

l m(V) . _oigip)
= — ? J— 1 .
my(V') + 1 (u, l (v Jbisi2

l ml(u)
my(v)+1 1

(U, bi,u\l'z)'

Tterating this computation, we see that (f;ju,v) = (u,&v) = 0 if / Ul # v. Otherwise, we get

ml(y)
l

(fiJU,U) =

(U, bi,u\l'z) = (U, éi,lv)'
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The case ¢ € I™ is already known, but we reproduce the proof adapted to our conventions. The
following can be proved by induction:

(B, F) =m0 ™ UKy — 0" K Y.
Then note that if u = f"ug and v’ = fl*uf),, where ug, uj, € K;, it is easy to prove that
(fiuu') = (F™ Vg, Fuf) = 0

ifm+1#nIlfn=m+1and v € V(N),, we get

R L
_ [;] w — - vKiEiFi(")u())
= [711] (u, Uilv_ UK_iTi(v*"“K_i — v”lKi)ﬂ(nl)%)
= [:L] <u K - v"‘lKi)ZTi(n_l)u())
_ [i] u, Uflv, U(Ufn+1vf2(i,,u+i) _ v"l)Fi("l)u6>
_ (u v—n+25_—j<i_,u;) — " Fi(n—l)u6>
)
= (u,Fi(nfl) o)
= (u,éu)
We have assumed that (i, u + i) > 0, since otherwise we would have u/ = 0. O

The previous lemmas make it possible to reproduce step by step the original Kashiwara’s
grand-loop argument (see [Kas91, §4]).

We also want to prove Theorem 3.19, using the same kind of argument as in [NakOl,
Corollary 4.7]. To that end, the characterization of the crystals B(A) given by Joseph in [Jos95,
§6.4.21] has to be generalized. We first need two definitions.

DEFINITION 3.20. A crystal B is said to be of highest weight X if:

(i) there exists by € B with weight A such that €,by = 0 for every ¢ € I;
(ii) any element of B can be written f,, ... f, by for some 1} € In.

DEFINITION 3.21. Consider a family {B) | A € Pt} of highest weight normal crystals B, of
highest weight A, with elements by € B satisfying the properties of the above definition. It is
called closed if the subcrystal of By ® B, generated by by ® b, (i.e. obtained after successive
applications of the operators €, and fL) is isomorphic to By,

Our previous lemmas, along with the definitions and properties given in the previous sections,
make it possible to generalize the proof of [Jos95, §6.4.21] and we get the following result.

PROPOSITION 3.35. The only closed family of highest weight normal crystals is {B()\) | A € PT}.

2039

https://doi.org/10.1112/50010437X1600751X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1600751X

QUIVERS WITH LOOPS AND GENERALIZED CRYSTALS

Then it is easy to see that {Irr £L(\) | A € Pt} is a closed family of highest weight normal
crystals: thanks to Proposition 2.20, Remark 2.3 adapted to 3 and Theorem 2.6, the arguments
given in [NakO1] can be reproduced and we get Theorem 3.19. Alternatively (but similarly), the
original proof given by Saito in [Sai02] can also be generalized to our framework.
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