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p-adic Simpson correspondences for
principal bundles in abelian settings

Ben Heuer®, Annette Werner, and Mingjia Zhang

Abstract. We explore generalizations of the p-adic Simpson correspondence on smooth proper rigid
spaces to principal bundles under rigid group varieties G. For commutative G, we prove that such
a correspondence exists if and only if the Lie group logarithm is surjective. Second, we treat the
case of general G on ordinary abelian varieties, in which case we prove a generalization of Faltings’
“small” correspondence to general rigid groups. On abeloid varieties, we also prove an analog of the
classical Corlette-Simpson correspondence for principal bundles under linear algebraic groups.

1 Introduction

Let K be a complete algebraically closed non-archimedean field over Q,. Let X be a
connected smooth proper rigid space over K and fix a point xy € X(K). Let 7t'( X, x¢)
be the étale fundamental group of X, i.e., the symmetry group of all connected finite
étale covers of X. The starting point of p-adic non-abelian Hodge theory is the question
how to relate continuous representations

78X, x0) = GL,(K)

to Higgs bundles on X. The guiding question of this article is to what extent one can
generalize this theory from GL, to more general groups. We provide evidence that the
correct generality is given by rigid group varieties, the p-adic analogs of complex Lie
groups. The question we set out to investigate is the following.

Question 1.1 For which rigid groups G can we find a reasonable condition “??”
on G-Higgs bundles so that there is a “p-adic Corlette-Simpson correspondence with
G-coefficients”

{contiquous homomorphismS} - {G—Higgs bundles on X}?
(X, x0) = G(K) satisfying ??

For the definition of G-Higgs bundles in this setting, see Definition 2.18. Based on
known results for G = GL,,, one can divide this problem into two steps, using Scholze’s
v-site Xy:
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2 B. Heuer, A. Werner, and M. Zhang

Question 1.2 For which rigid groups G can we expect to have an equivalence of
categories

@ {G—torsors on Xv} = {G—Higgs bundles on X}?

In a second step, the relation to the fundamental group is furnished by the pro-
finite-étale universal cover X — X, a n7'(X, xo)-torsor in Xy. Indeed, forming the
pushout of X — X along continuous representations of 717* (X, xo) defines a natural
functor

continuous homomorphisms
{ ﬂft(X,xo) - G(K) } — {G-torsors on XV}.

Question 1.3 For which rigid groups G is this functor fully faithful?

As many aspects of p-adic non-abelian Hodge theory are still conjectural (even
for G = GL,), understanding specific cases gives important guidance for further
investigations. In this article, we achieve progress in several directions with an abelian
flavor: First, we answer all three questions for commutative G. Second, when X is an
abeloid variety, we answer Question 1.1 for linear algebraic G and Question 1.2 for
“small” objects and general rigid G. We also show that Question 1.2 has a positive
answer for linear algebraic G on any smooth proper X.

This gives some evidence for what to expect for general G: We can deduce from our
results conditions on the logarithm for G which are necessary to understand the Betti
side of the desired theory, as well as sufficient conditions that answer Question 1.3 in
general. This gives some concrete indications of how to formulate a conjectural p-adic
Corlette-Simpson correspondence for principal bundles. We now outline our results
in more detail.

1.1 Previous results

Our study is motivated by the following previous results:

1.1.1 The case G = G,

In the case G = G, the answers to these questions are given by the Hodge-Tate short
exact sequence of p-adic Hodge theory of Faltings and Scholze [32, Section 3]

2)  0-H,(X,G,) » Hom (78 (X, x0), G4 (K)) -~ H'(X, Q% (-1)) - 0.

It is easy to see that G,-Higgs bundles are classified by H}, (X, G,) x H°(X, Q% (-1)),
so any splitting of this sequence induces an equivalence as in Question 1.1: Here
for G = G,, there is no condition on the Higgs bundle side. Second, we have
Hom, (78(X, x0), G4 (K)) = H.(X,G,) in this case by the Primitive Comparison
Theorem, answering Question 1.2. We therefore think of Question 1.1 as generalizing
(2) to more general coeflicients G. This explains the name “p-adic non-abelian Hodge
theory”.
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1.1.2 The case G = GL,

For vector bundles, i.e., G = GL,, an answer to Question 1.2 has recently been given
in [18], where it is shown that there is a p-adic Simpson correspondence

(3) {Vector bundles on Xv} 5 {Higgs bundles on X }

Here a Higgs bundle is a pair (E, 8) of an analytic vector bundle E on X and an Ox-
linear homomorphism 6 : E - E ® Q% (-1) such that 6 A 6 = 0. Towards Question 1.1,
following Faltings” influential work [10], one can embed continuous homomorphisms
of 1¥'(X, x) into the category of “generalized representations”, which in the language
of Scholze’s diamonds can be interpreted as the vector bundles on X,. The equivalence
(3) thus leads to a fully faithful functor

{continuous homomorphisms

(4) 74(X, x) > GL, (K) } - {nggs bundles on X}.

Conjecturally, the essential image should admit a description in terms of a p-adic
replacement for the condition in the complex theory that the Higgs bundle is semi-
stable with vanishing Chern classes, thus yielding a “p-adic Corlette-Simpson corre-
spondence”. Known instances include the case n = 1 where G = G, [19, Theorem 1.1],
and the case when X is an abeloid variety [20, Theorem 1.1], where the essential image
is the category of pro-finite-étale Higgs bundles: Here, a G-bundle is called pro-finite-
étale if it is trivialised by the cover X - X, and a G-Higgs bundle is pro-finite-étale
if its underlying G-bundle is. In general, however, the problem of determining the
essential image of (4) currently seems wide open.

One reason why it is fruitful to study (4) by passing to v-vector bundles is that
both categories in (3) localize, so that it makes sense to analyze their relation for not
necessarily proper X. This reinterprets p-adic non-abelian Hodge theory as the study
of v-topological G-torsors on rigid spaces.

1.1.3 The case G = GL,(0")

An interesting special case is the rigid group GL,(O*) € GL,(0O). In this case,
G-torsors on X, are equivalent to locally finite free O*-modules, which are also called
“integral v-vector bundles”. Such objects have recently been studied by Min-Wang
[28] to investigate integral structures in p-adic non-abelian Hodge theory.

1.1.4 General rigid G

In [17, Theorem 1.2], it is shown that a sheafified version of (1) holds for any rigid group
G on any smooth rigid space X. Moreover, [17, Theorem 6.5] gives a local version of (1).
This produces some evidence that p-adic non-abelian Hodge theory for rigid groups
is a promising new line of investigation, which was our initial motivation for studying
Questions 1.1, 1.2, and 1.3.
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1.1.5 Vanishing Higgs field

Beyond G = GL,, Question 1.1 has previously only been studied in the case of Higgs
field 6 = 0 for reductive groups G when X is a curve: In this case, Hackstein has con-
structed a functor from certain G-bundles to continuous representations 7 (X, x) —
G(K) in [13], based on the work of Deninger—Werner [9].

1.2 The case of commutative G

It is clear that an equivalence as in (1) cannot exist for any rigid group G: For example,
for the open subgroup G} < G, given by the open unit disc, it is known that the
“integral Hodge-Tate sequence”

0~ Hiy(X,G}) - Homees (1 (X, x), G (K)) ~ H' (X, Qi (-1))

is only left-exact, and that describing the image on the right is in general difficult.
With this in mind, our first main result is a sufficient and necessary condition for
commutative G under which we can answer Question 1.2 and Question 1.3: We call a
commutative rigid group G over K locally p-divisible if it admits an open subgroup
U ¢ G such that [p]: U —» U is surjective (see Definition 6.8). For example, G is
locally p-divisible whenever [p] : G — G is surjective. In particular, any commutative
connected algebraic group is locally p-divisible.

Theorem 1.4 (Theorem 7.4) Let X be a connected smooth proper rigid variety over K.
Let G be a commutative rigid group over K that is locally p-divisible.

(i) Choices of an exponential map for K and a flat By | E*-lift of X induce an equiva-
lence

{G—torsors on XV} = {G-Higgs bundles on X}
(ii) The above functor restricts to an essentially surjective functor

{continuous homomorphisms } N { pro-finite-étale }
' (X, x) - G(K) G-Higgs bundles on XJ*

This is an equivalence if moreover G admits an injective morphism into GL,,.

The assumption on G to be locally p-divisible is also necessary. The crucial point is
that the morphism log. : G — Lie G has to be surjective.

To our surprise, the functor in (ii) fails to be fully faithful in general: There is an
unexpected relation to the phenomenon of pro-finite-étale uniformization of abeloids,
see Proposition 5.19. This shows that already for commutative G, Question 1.3 can be
very subtle.

As an important tool in the proof of Theorem 1.4, we prove a rigidity lemma for the
universal cover X (Lemma 5.7), and we show that any pointed map from a connected
smooth proper rigid space to a rigid group G factors through a maximal abeloid
subvariety of G (Theorem 5.8).

The choices in Theorem 1.4 (1) are the same as in [18]. The choice of a flat BgR/fz—
lift can be thought of as a choice of splitting of (2). There is a canonical such choice
if X comes with a model over a local field. The exponential map is a choice of a
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continuous group homomorphism exp : K — 1+ mg splitting the p-adic logarithm,
see Definition 6.1. As we show in Theorem 6.12, this induces compatible splittings of
log, for all locally p-divisible commutative G, generalizing Faltings’ result that this
holds in the linear algebraic case.

1.3 The Tannakian approach

The obvious problem in answering Question 1.1 is that currently, little is known about
the condition “??” even in the case of G = GL,,. However, one case which is understood
is when X is an abeloid variety: By [20, Theorem 6.1], there is an equivalence of
categories between finite-dimensional continuous representations of the Tate module
of X and pro-finite-étale Higgs bundles on X, depending on similar choices as in
Theorem 1.4. The first natural strategy to go beyond GL, in this case is to leverage the
Tannakian formalism, following Simpson’s approach in complex non-abelian Hodge
theory [39, Section 6]: In fact, Simpson shows that one can deduce from the Corlette-
Simpson correspondence for GL, a generalization for linear algebraic groups G by
using the Tannakian formalism. We show that a Tannakian argument also works in
p-adic geometry: For any linear algebraic group G over K, there is an equivalence of
categories

exact tensor functors }

{G-Higgs bundles on Xét} = {RepK(G) — Higgs(X)

where Rep(G) is the category of algebraic representations of G and Higgs(X) is the

category of Higgs bundles on X. We show that in the p-adic case, one needs to impose

some further conditions on X to ensure that the notion of “pro-finite-étale” bundles

can be captured by a Tannakian perspective, but these are satisfied for abeloid varieties.
We use this to deduce from [20, Theorem 1.1] the following result.

Theorem 1.5 (Theorem 3.1)  Let X be an abeloid variety and let G be a linear algebraic
group over K, considered as a rigid group. Then choices of an exponential map and a flat
B/ E2-lift of X induce an equivalence of categories

{continuous homomorphisms } N { pro-finite-étale }
7 (X,0) > G(K) = \G-Higgs bundles on X

The same strategy will also work e.g., for curves once the correct condition ??
in Question 1.1 is worked out in this case. Recently, Xu has made progress in this
direction [43].

1.4 The p-adic Simpson correspondence for small bundles

When translated to the analytic setting, the first step in Faltings’ p-adic Simpson
correspondence for GL, on curves [10, Section 2] would be to consider the local
case that X is an affinoid smooth rigid space with a toric chart. In this situation,
he constructs a “local p-adic Simpson correspondence”, which, translated to our
v-topological setup, can be interpreted as an equivalence of categories

(5) {small v-vector bundles on X } = { small Higgs bundles on X }
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Here, on either side, smallness is a technical condition which roughly means that the
objects are p-adically close to trivial. This correspondence does not extend beyond
“small” objects.

In a “globalization” step, Faltings then chooses a flat lift of a semi-stable model of X
to Ainr/E* and reinterprets the local correspondence in terms of this lift. This allows
him to glue the correspondences on a small covering under certain conditions.

This “small correspondence” in terms of a lift has since been the subject of extensive
studies: At least in the case of semi-stable reduction, it can be regarded as being
completely understood following the work of Abbes—Gros and Tsuji [1, 41], and more
recently Liu-Zhu [24] and Wang [42] in the rigid analytic setting.

The local correspondence in terms of toric charts admits a generalisation to
G-torsors for general rigid groups G [17, Theorem 6.5]. In order to produce evidence
that this can be globalized, we also prove a special case of the “small correspondence”
for general G.

Theorem 1.6 Let X be an ordinary abeloid variety over K. Then any choice of anti-
canonical p-divisible subgroup D ¢ X[p™] induces an equivalence of categories

{small G-torsors on Xv} = {small G-Higgs bundles on X}.

For this, we use that the datum of D induces a particularly well-behaved kind of
global perfectoid Galois cover X, - X which locally plays the same role as Faltings’
toric chart.

This provides evidence that a “small correspondence” exists more generally for any
rigid space X and any rigid group variety G. In general, this seems difficult to construct
with current methods: For example, in [1, 24, 42], the correspondence is constructed
in terms of period sheaves, and we do not know how to adapt these to general G.
That being said, when G has good reduction, the approaches of [27, 2] might offer a
geometric strategy to construct such a functor, by considering G-bundles on Bhatt-
Lurie’s Hodge-Tate stack.

Notations and conventions

o p:afixed prime number.

+ K:acomplete algebraically closed non-archimedean field extension of Q,. We write
Ok for its ring of integers and my for the maximal ideal of Ok.

o Spa(K): the adic space Spa(K, Ok). Similarly, for an adic space Spa(R,R*), we
suppress the integral subring R* from notation if it equals R°, the subring of power
bounded elements in R.

o B: the closed unit disc over K, i.e., Spa( K{X), Og(X)). We write D for the open unit
disc B(|X] < 1) over K.

o Perfg ,: the category of perfectoid spaces over Spd K, with the 7-topology, where T
can be ét, proét or v. Let Perf }}ffT be the subcategory of affinoid perfectoid spaces.

« By a rigid (analytic) space over K, we mean an adic space locally of topologically
finite type over Spa(K). By [22, (1.1.11)], there is an equivalence of categories r from
quasi-separated (resp. separated) rigid spaces in the sense of Tate (which we shall
call “classical rigid spaces”) to quasi-separated (resp. separated) adic spaces in the
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sense of Huber. As separatedness will never be an issue in our considerations, this
usage of the terminology of “rigid spaces” will be harmless.

o Let f: X — Y be a morphism of classical rigid spaces in the sense of Kiehl. If f is
proper in the sense of Kiehl [4, Section 9.6.2], then r(f) : r(X) — r(Y) is a proper
morphism of adic spaces in the sense of Huber [22, Definition 1.3.2], see [22, Remark
1.3.19(iii)]. Since we wish to use some results from the classical theory, we shall for
simplicity define a “proper morphism of rigid spaces” to be one that is locally on the
base of the form r( f) for a (Kiehl-)proper morphism of classical rigid spaces. This
convention is harmless, because one can show that r( f) is proper if and only if f is
proper. This direction is more difficult, and as we do not know a complete reference
for it in the literature, we sketch the argument (c.f. [33, footnote 3 on p. 12], [22,
Remarks 1.3.18-19]): Without loss of generality, f admits a formal model F. Suppose
that r(f) is proper, then the arguments in [21, Bemerkung 3.11.17, Bemerkung 3.11.18,
Proposition 3.12.5] do not require the Noetherian assumption and show that F is
proper. By [40, Corollaries 4.4 and 4.5], it follows that f is proper. That being said,
we will not use the fact that “r(f) proper implies f proper” in this article, and only
mention it to justify our convention.

« Scholze’s diamond functor (-)© of [36, Section 10.2] attaches to any analytic adic
space over K a v-sheaf on Perf ,, and this assignment is fully faithful on seminor-
mal rigid spaces over SpaK, c.f. [36, Proposition 10.2.3]. We will therefore freely
switch back and forth between smooth rigid spaces and their associated diamonds.
In particular, we will often drop the diamond symbol from notation for simplicity,
unless confusion might arise.

+ X, (X being an adic space over K): the v-site of the diamond X, or equivalently
the slice category Perfy , xo. We denote by v the natural map Xy — Xer.

o All G-torsors are equipped with left G-actions.

o We use Hom, to denote the set of continuous group homomorphisms and corre-

spondingly we use H}, to denote continuous group cohomology sets.

o For a commutative rigid group G over K, we use G[p"] to denote the sub-rigid
group of p"-torsion elements, and we denote by G[p*°] the v-sheaf lim G [p"]-

2 Rigid group theory

We start with structural results on rigid group varieties that we will need throughout.
These are of some independent interest. We begin by recalling some technical back-
ground.

2.1 Local structure, Lie algebra, and logarithm

Definition 2.1 A rigid group G over K is a group object in the category of adic spaces
of locally topologically finite type over Spa(K).

We refer to [11, Section 1] and [15, Section 3] for some background on rigid group
varieties. One relevant fact is that since K has characteristic 0, any rigid group variety is
automatically smooth [11, Proposition 1]. For this reason, it is harmless in the following
to switch back and forth between the setting of adic spaces over K and that of locally
spatial diamonds over K.
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Example 2.2 (1) For any algebraic group G, over K, the adic analytification G§” is
a rigid group over K. In particular, we have the rigid groups G%", G4, and GL},"
for any n. As we will work exclusively in the analytic category, we will drop the
—" from notation throughout when this is clear from context.

(2) For any smooth admissible formal group scheme & over Ok, the adic generic
fibre G is a rigid group. We say that G has good reduction if it is of this form.
For example, the adic generic fibre of the affine formal additive group is an open
subgroup G} < G, that can be described as the closed unit disc B with additive
structure.

(3) For any finite dimensional K-vector space V, we have a rigid group V ® G,
defined as the rigid analytification of Spec(K[V"]). This defines a fully faithful
functor

- ®k G, : {finite dimensional K-vector spaces} — {rigid groups over K}.

We call a rigid group a rigid vector group if it is in the essential image.

(4) A proper connected rigid group is called an abeloid variety. These are the p-adic
analogs of complex tori. There is a good structure theory of abeloid varieties due
to Liitkebohmert [25], generalising Raynaud’s rigid analytic structure theory of
abelian varieties.

Definition 2.3 For any rigid group G over K, we define its Lie algebra to be
Lie G := ker(G(K[X]/X?) - G(K)).

This is a finite dimensional K-vector space which inherits the structure of a Lie algebra
of dimension dimg Lie G = dimG. We will denote the associated rigid vector group by

g:=LieG ®x G,.
This represents the v-sheaf on Perfx defined by Y — Lie G ® O(Y).

For any r € |K|, let us denote by B(r) the closed rigid disc of radius r. Then we have
the following result about the local structure of rigid groups.

Proposition 2.4 ([15, Corollary 3.8.]) Let G be any rigid group over K. Then G has a
neighbourhood basis of the identity (Gy ) ke of open subgroups Gy € G of good reduction
whose underlying inverse system of rigid spaces is isomorphic to (B(|p*|)?)ken for d =
dim G.

We can describe the system Gy more explicitly using the Lie algebra exponential
and logarithm. We now summarize the construction, for a more detailed discussion,
see [15, Section 3.2]. Let G be a rigid group over K, and let Gy be any open rigid
subgroup of good reduction. Then the Lie algebra of the formal model of G, induces
an integral subgroup g* c g of the Lie algebra of G whose underlying rigid space is
isomorphic to B(1)“.

For any k € Q., let g := pFg*, then by [15, Proposition 3.5] there is « > 0 such
that for any k > a we have the Lie algebra exponential

exp:gr > G
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of rigid groups. We denote by
Gy = exp(gk)
the image of gy, this is an open subgroup of G. Then:

Lemma 2.5 ([15, Lemma4.20])  (Gy) kg, is a neighbourhood basis of the unit section,
consisting of open sub-rigid groups for which exp has an inverse mapping
log : Gk 5 Ok-
Recall that a linear algebraic group is an algebraic group that admits a faithful

algebraic representation, i.e., a Zariski-closed homomorphism into GL,, for some n.
We have the following analog in rigid geometry.

Definition 2.6 'We call a rigid group H linear analytic if there is an injective homo-
morphism of rigid groups H - GL,, for some .

Using Ado’s Theorem, one can show that every rigid group is locally linear analytic.

Proposition 2.7 ([15, Corollary 3.9]) Let G be any rigid group. Then there is a rigid
open subgroup Gy € G of good reduction that is linear analytic. More precisely, we can
find a homomorphism of rigid groups Gy — GL,, that is a locally closed immersion
and that identifies the subgroups (Gg)ksq from Lemma 2.5 with the preimages of
1+ pFM, (OF).

This sometimes allows us to reduce local statements about G to the case of GL,,.
2.2 The center

As for algebraic groups, there is a good notion of a central subgroup in rigid group
theory.

Definition 2.8 For any connected rigid group G over K, the center Z(G) is defined
as the kernel of the adjoint morphism (see [15, Section 3.1])

ad: G - Aut(g)
By definition, Z(G) < G is a Zariski-closed normal subgroup of G.

Lemma 2.9 Let G be a connected rigid group.

(1) Z(G) is commutative and Z(G)(K) is the center of G(K).
(2) There exists a linear analytic group H for which there is a left-exact sequence

1-Z72(G) > G- H.

Proof (2) is immediate from the definition, since Aut(g) = GL,. For (1), let g€
G(K) and consider the homomorphism
cg:G—>G, hwghg™.

This is the identity if and only if g is in the center of G(K). Since G is connected,
cg is the identity if and only if it is the identity in a neighbourhood of 1 € G. By [15,
Theorem 3.4], it follows that ¢, = idg if and only if the induced morphism on tangent
spaces ad(g) = Lie(cg) : Lie G — Lie G is the identity, i.e., if g € Z(G)(K).
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To see that Z(G) is commutative, it suffices to show that the following morphism
of rigid spaces is constant:

Z(G)x Z(G) - Z(G), g hw ghg'h™".
This we can check on K-points, where it follows from the first part. ]

Remark 2.10 'The connectedness assumption is necessary: For example, if G is any
étale rigid group, not necessarily commutative, then ad is trivial.

2.3 Rigid groups as v-sheaves of topological groups

Let G be any rigid group. Then its associated v-sheaf inherits the structure of a v-sheaf
of groups on Perfg, and thus more generally on the “big” category of small v-sheaves.
In this subsection, we show that one can in fact endow this with the structure of a
sheaf of topological groups in a natural way.

Let Gy € G be an open subgroup of good reduction with an embedding G, = GL,,
as in Proposition 2.7, inducing a cofinal system of open neighbourhoods (Gy)isq-
Without loss of generality, by replacing Gy with Gy, we can assume that we already
have an embedding

p: Gy = GL,(O").
For any quasi-compact small v-sheaf T, we can define a topology on G(T) as
follows: for each m € N, endow GL, ((O*/p™)(T)) with the discrete topology and
+ _1; + [ m
GL,(0*(T)) =lim _ GL,((0"/p™)(T))

with the inverse limit topology. The subspace topology on Go(T) inherited from
GL,(O*(T)) extends to a topological group structure on G(T') in a natural way.

Proposition 2.11 Let T be a quasi-compact small v-sheaf. There is a unique structure
of a topological group on G(T) such that Go(T) is an open subgroup. This topological
structure makes G into a v-sheaf of topological groups on Perf?ffv.

We note that this group structure is independent of the choice of p. This follows
from the fact that p is a locally closed immersion. But we will not need this.

Remark 2.12 The quasi-compactness assumption is necessary to get the correct
topology: For example, for G = G, and T = G,, the natural topology on G,(G,) =
O(G,) is not the linear one induced by G} (G, ) = G} (K) = Ok, which would be too
fine.

The proof of Proposition 2.11 relies on the following Lemma.

Lemma 2.13  The system of open subgroups (G )ken of G satisfies the following: For
any k > a, any quasi-compact v-sheaf T and any s € G(T), there exists some j € N such
that

G;(T) csG(T)s™.
Proof The statement is true for T = Spa(K) since then ¢;: G » G, h > sgs™' is a
homomorphism of rigid groups. By [15, Lemma 3.10.3], we more precisely know that
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¢; sends Gj into Gy if ad(s) sends g; into gy. This is because ad(s)(g;) € gx implies
that the following diagram commutes:

ad(s)
gj — Ok

J’exp J’exp

G; —— G.

It follows that also for more general affinoid perfectoid T, the inclusion
ad(s)(g;(T)) < gk (T) implies that sG;(T)s™" € Gx(T), since this is a statement that
we can check on K-points. The same statement for quasi-compact small v-sheaves
follows by covering T by finitely many affinoid perfectoids. The Lemma now follows
from the fact that any choice of Ok-basis of go(K) = O% induces an isomorphism
Aut(g)(T) = GLy(O(T)), and any O(T)-linear map f:O(T)? - O(T)? is
continuous, hence p/O*(T)¢ ¢ f~(p*O*(T)?) for some j. ]

Proof of Proposition 2.11 We endow each G(T) with the topology for which a
system of open neighbourhoods of the identity is given by (Gx(T))ken. To see that
this defines the structure of a topological group, we need to see that the preimage W
of g- Gx(T) under m : G(T) x G(T) - G(T) is open. For any (r,s) € W, let j be as
in Lemma 2.13 for the section s, then

rGj(T)-sGk(T) € rsGx(T)Gi(T) < gGi(T).

Thus W contains the open neighbourhood rG;(T) x sGi(T) of (r,s) € W.
The continuity of the inverse follows similarly from Lemma 2.13 by

(sGk(T)) ™" = Gk (T)s ™' 257'G;(T).

Hence G(T) is a topological group. It is then immediate from the construction that
G, regarded as a diamond, is a presheaf of topological groups which is a sheaf on the
level of groups. It therefore suffices to see that for any quasi-compact small v-sheaf and
any v-cover {T — T} by quasi-compact small v-sheaves, the short exact sequence of
groups

0-G(T) > G(T) > G(T x7 T)

is an equalizer in the category of topological groups, ie., that G(T) carries the
subspace topology of G(T). This subspace topology is defined by the open subgroup
of G(T) obtained by pullback of Go(T) € G(T). But this is precisely Go(T) by the
sheaf property of Gy. It thus suffices to verify the statement for G = Gy, for which we
can reduce to GL,,, where the statement is clear. [ ]

Lemma 2.14  For any compact Hausdor{f space S and any quasi-compact v-sheaf T, we
have

Map($ x T, G) = Map,,(S, G(T))

where G(T) is endowed with the topology from Proposition 2.11.
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Proof Evaluation defines a map
ev:Map(S x T,G) - Map(S,G(T)).

Foranymapy : S x T — G, to see thatitsimage ¢ : S — G(T) is continuous, it suffices
to check this for profinite S since any compact Hausdorff space admits a surjection by
a profinite set (automatically a quotient map). Note that the preimage ¢ (G (T))
is given by those s € § such that the restriction of y to {s} x T factors through G.
Assume s is such a point, then the preimage ¢! (Gy ) is an open sub-v-sheaf U ¢ S x T
containing {s} x T. We need to see that there is an open neighbourhood s € V ¢ §
such that V. x T c U.

For this we use that {s} x T = Ny V x T, for V running through open and closed
neighbourhoods of s in S. Then

(NyVxT)n(SxT\U) = @.

Since S x T is quasi-compact, there is some V as above such that V x T ¢ U. This
shows that ¢ ! (G, (T)) is open. We deduce the case of ¢ ' (gGx(T)) forany g € G(T)
using instead the morphism S x T'— G defined by v - g”!. Hence ¢ is continuous.
We now construct an inverse of ev on the set of continuous maps ¢ : S - G(T).
Write G(T) = ug;Go(T) for a set of coset representatives g; of G(T)/Go(T), then
¢ is the disjoint union of maps S; — g:Go(T) where S; := ¢~ (g;Go(T)) is such that
S = uS;. By translation, we can again reduce to the case of maps S - Go(T'). Here the
result follows from G, = B¢ by the following Lemma. ]

Lemma 2.15 The following evaluation map is bijective:
ev: Map(8 x T, B) > Map, (S, 0*(T)) = lim Map,,,(S,0"/p"(T))

Proof Itis clear from universal properties that the last map is bijective. For the first,
it suffices to prove this for affinoid perfectoid T. Using first the universal property of B
in adic spaces, and then the explicit description of fibre products in perfectoid spaces,
we have

Map(S x T,B) = 0" (Sx T) £ 0 (8)®0,0*(T) = Map_,.(S, 0*(T)).

To see that this almost isomorphism is an honest isomorphism, recall that a function f
inO(Sx T)isin O*(S x T) ifand onlyifitis < 1atevery point of S x T Since we have
IS x T| = |S| x |T|, this is equivalent to asking that for every s € S, the specialization
f(s) € O(T)isin O*(T), or in other words that f lies in Map_,,(S, 0*(T)).

It remains to see that the mappings are inverse to each other. This is because two
maps in Map(S x T, G) agree if and only if they agree at every s € S, or in other words,
there is an injection G(S x T) = [],cs G(s x T). Indeed, let S’ be the set S endowed
with the discrete topology. Then the morphism of adic spaces h: S x T - Sx T
induces an injection Ogx — hOgryr. [ ]

2.4 G-torsors and G-Higgs bundles

Throughout this section, let G be a rigid group over SpaK as before. Since G is
smooth, it is harmless to identify G with its associated locally spatial diamond. We
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may therefore also regard G as a (small) sheaf on the v-site of locally spatial diamonds
over K.

Definition 2.16

(1) Let X be any locally spatial diamond, and let 7 = v or 7 = ét. A G-torsor on X; is
a sheaf E on X, with a left action m : G x E — E of the group G such that locally
on X;, there is a G-equivariant isomorphism

G-—E

where G acts via left-translation on itself. The morphisms of G-bundles are the
G-equivariant morphisms of sheaves on X,. We also call E a G-bundle on X.
(2) We denote the category of G-bundles on X, by Bung (X,).

There is also a geometric notion of G-bundles, which is equivalent, see Appendix
to Lecture 19 in [36]. The set of G-bundles on X, up to isomorphism is naturally
isomorphic to HL(X,G). We refer to [15, Section 3.3, Proposition 3.6] for more
background on the notion of G-torsors on diamonds.

In order to go from G-bundles to Higgs bundles, we moreover need a good notion
of differentials. We therefore specialize to smooth rigid spaces.

Definition 2.17  For any smooth rigid space X over K, we set Q := Q! X| xic(—1), where

(-1) is a Tate twist, considered as a sheaf on X¢;. The reason to include this Tate twist
is that there is then a canonical identification Q = R'v, O for v : Xy - X¢t.

Definition 2.18 Let X be a smooth rigid space and G a rigid group over SpaK. A
G-Higgs bundle on X is a pair (E, 8) consisting of

+ a G-bundle E on X¢t, and
« anelement 6 € H(X, Q ® ad(E)) such that 6 A 6 = 0,

where ad(E) := g x° E is the adjoint bundle of E, with G acting on its Lie algebra g
via the adjoint representation. The condition 8 A 6 = 0 can be understood as saying
that in terms of any local choice of basis of 5, the coefficients of 8 commute with each
other with respect to the Lie bracket on ad(E) induced by g.

A morphism of G-Higgs bundles (E,, 6;) — (Ey, 01) is a morphism of the underly-
ing G-torsors ¢ : E; - E, such that the induced map Q ® ad(E;) - Q ® ad(E, ) sends
91 to 62

Remark 2.19

(1) Note that since any morphism between G-bundles is an isomorphism, it follows
that any morphism of G-Higgs bundles is an isomorphism.

(2) In the case of G = GL,, the category of GL,-Higgs bundles has the same objects
as the category of Higgs bundles of rank #, but the morphisms are given only by
the isomorphisms of Higgs bundles.

(3) For the reader who would like more motivation for the definition of G-Higgs
bundles, we refer to the proof of Proposition 3.5.

If the rigid group is commutative, the notion of G-Higgs bundles simplifies sub-
stantially, because the underlying torsor and the Higgs field can be disentangled.
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Lemma 2.20 Let G be a commutative rigid group. Let X be any smooth rigid space.
Then:

(1) A G-Higgs bundle on X is a pair (E, 0) consisting of a G-torsor E on X and a
section 8 € H(X,g® Q).

(2) The set of morphisms between two G-Higgs bundles (Ey, 61) and (E,, 0,) is empty
unless 0, = 0,, when it is the set of morphisms between the G-torsors E, and E,.

(3) For any G-Higgs bundle (E, 8), we have Aut(E, 0) = G.

Proof (1) Since G is commutative, the adjoint representation G — GL(g) is trivial,
hence

gx®E=G\(gxE)=gx (G\E) =g.

(2) This follows from part (1) since the induced morphism g x¢ E; - g x® E, is
identified with the identity on g.
(3) This follows from (2) which implies that Aut(E, 8) = Aut(E) = G. Here the last
identification uses again that G is commutative.
|

For the rest of this subsection, let us assume that G is commutative. Then for any
locally spatial diamond X and 7 = ét or v, the set H(X, G) of G-torsors on X; up to
isomorphism has a natural group structure. This comes from the following functorial
construction.

Definition 2.21 Let E; and E, be G-bundles on X,. Following [37, Proposition 7], we
consider the product E; x E,. This carries the natural structure of a G x G-torsor. We
let

E ®% Ey = G x"C (E, x E,)

be the pushout of E; x E; along the multiplication map m : G x G - G. This defines
a natural symmetric tensor bifunctor,

- ®% - : Bung(X,;) x Bung(X,) — Bung(X;),

natural in G and in X. For any G-torsor E let E™' be the pushout of E along the inverse
map -1 : G - G, then there is a natural isomorphism E ®° E™! = G.

2.5 The pro-finite-étale universal cover

The reason why we have set up the formalism of G-torsors not only for smooth rigid
spaces but for more general locally spatial diamonds is that we naturally encounter
examples of the latter when dealing with Question 1.1. Namely, we will need the p-adic
analog of the complex universal cover which we now recall from [16, Definition 4.6].

Definition 2.22 (1) Let X be a connected smooth proper rigid space over K and fix
a base point xy € X(K). The pro-finite-étale universal cover of X is the diamond

X:= lim X’
im
X' —-X
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where the projective limit is indexed over the category of connected finite étale
covers X’ — X together with a lift x” € X’(K) of x,. Then X — X is a pro-étale
torsor under 7{'(X, x), the étale fundamental group of X. It comes with a
canonical lift of x, that we also denote by x,.

(2) We call a G-bundle E on X or X pro-finite-étale if the pullback of E along X -
X is a trivial G-bundle. We call a G-Higgs bundle (E, 6) pro-finite-étale if the
underlying G-bundle E is pro-finite-étale.

Example 2.23 If X = A is an abeloid variety, then A = lim AL represented by

[N],Ne
a perfectoid space [3, Theorem 1]. The statement about torsors means in this case that

in the category of diamonds, we have A = A/TA, where TA = 7{'(A,0) is the adelic
Tate module.

Example 2.24 By [19, Theorem 1.1], an analytic line bundle on an abeloid variety
A is pro-finite-étale if and only if it is translation invariant and the associated point
x € AY(K) in the dual abeloid variety A" is topologically torsion. This means that there
is N € N such that xN?" - 1for n — oo for the natural non-archimedean topology on
AY(K).

3 The Tannakian approach for linear algebraic groups

In complex geometry, the non-abelian Hodge correspondence of Corlette and
Simpson can be extended from GL, to any reductive group. In fact, for any linear
algebraic group G, the equivalence of categories between G-representations of the
topological fundamental group and semi-stable G-Higgs bundles with vanishing
Chern classes can be deduced from the statement for GL,, by the Tannakian formalism
[39, Section 6].

The goal of this section is to show that the Tannakian formalism can also be
leveraged to deduce various instances of the p-adic non-abelian Hodge correspon-
dence for linear algebraic G from the (in part still conjectural) case of GL,. In
particular, we obtain a p-adic Corlette-Simpson correspondence for G whenever the
correspondence for GL,, is known. We note that this approach only stands a chance
to work for linear algebraic groups, and does not generalize to more general algebraic
or rigid analytic groups (for example, any homomorphism from an abelian variety to
GL,, is clearly trivial).

Our main result in this section is the following partial answer to Question 1.1 for
abeloid varieties, which we will deduce using the Tannakian formalism from the case
of GL,, treated in [20]

Theorem 3.1 (Corlette-Simpson correspondence for G-bundles) Let X be an abeloid
variety. Let G be the analytification of a linear algebraic group G*8 over K. Then
choices of a flat Bl /E*-lift X of X and of an exponential (see Definition 6.1) induce
an equivalence of categories

N pro-finite-étale

{continuous homomorphisms } { }
~ \G-Higgs bundles on XJ’

(X, 0) - G(K)
where G(K) is equipped with the topology induced from that on K.

For the proof, we begin by setting up the Tannakian formalism in this context.
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Definition 3.2 (1) For any rigid group G which is the analytification of a linear alge-
braic group G*'¢, we denote by Rep . (G) the tensor category of finite dimensional
algebraic representations of G*®.

(2) For any topological group 7, let Repy (1) be the tensor category of continuous
representations of 77 on finite dimensional K-vector spaces.

Proposition 3.3 Let X be any sousperfectoid space in the sense of [36, Section 6.3.1],
or any rigid space. Then for any G as in Definition 3.2.(1), there is an equivalence of
categories

~ [ exact tensor functors
{G-undeson xa} = (S fn )

natural in X, where Bun(Xy, ) is the tensor category of vector bundles on Xg.

Proof Inthe sousperfectoid case, this is [36, Theorem 19.5.2]. In fact, the proofin loc.
cit. only uses the sousperfectoid assumption to guarantee sheafiness of the structure
sheaf on the étale site, hence it still works in the Noetherian setting of rigid spaces. m

Proposition 3.4 Let mw be any topological group. Then there is an equivalence of
categories

{continuous homomorphisms } N { exact tensor functors }
m— G(K) ~ \Repy (G) — Repy(m)S°

Here on the left hand side, the set of morphisms p; — p, between any two continuous
representations is given by the set of g € G(K) such that gp1g™" = p,.

Proof Given a continuous homomorphism f : 7 — G(K), we obtain an exact tensor
functor on the right hand side by sending any representation (V, p : G — GL(V))
to

an (g
(V. & G(K) =5 GL(V)(K)
where G(K) and GL( V) (K) are endowed with their topologies from Proposition 2.11.
Conversely, denote by K-Vect the category of finite dimensional topological
K-vector spaces. Then for any exact tensor functor # in the set on the right hand side,
its composition with the forgetful functor to K-Vect gives an exact tensor functor

Fg : Repg(G) 4 Repy(m) Lo, K-Vect = Bun(Spa(K)gt)-

By Proposition 3.3, this amounts to a G-bundle E on Spa(K).

Since E is necessarily trivial, any element of 7 gives an automorphism of this tensor
functor and hence an automorphism of E.

This defines a map of sets

f:m— Autg(E).

Since the group structure on 7 is compatible with compositions of such automor-
phisms, f is in fact a group homomorphism. Since E is trivial, we have Autg(E) = G,
but there is no canonical such isomorphism. Instead, we can regard G’ := Autg(E) as
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an inner form of G. But note that we have a natural equivalence of groupoids

homomorphisms 7 — G'(K)}
into inner forms G’of G

{homomorphisms m— G(K )} = {

as the natural functor is clearly fully faithful and essentially surjective. All in all, we
have thus defined functors

{cts. homomorphismS} {exact tensor functors from}
n = G(K) Repy(G) to Repy ()

e, {homomorphisms n - G(K )}

The construction is clearly natural in G. We can therefore now choose any closed
embedding p : G*'8 < GL,, to compare F with Fgr,. For GL,, it is clear that the first
arrow is an equivalence, with quasi-inverse given by evaluating at the identity GL,, —
GL,. Thus the essential image of Fgy, is given by the continuous homomorphisms.
Since p is a closed immersion, its K-points p(K) : G(K) < GL,(K) exhibit G(K)
as a closed subspace of GL,(K), and it follows that a homomorphism 7 - G(K) is
continuous if and only if the composition 7 -~ G(K) = GL,(K) is. By naturality in G,
this shows that the essential image of Fg is given by the continuous homomorphisms.

That the other composition of the above functors is also equivalent to the identity
easily follows from the observation that # can be reconstructed from the data of Fg
and f. [ ]

We have the following rigid analytic analog of the discussion in [39,
Section 6, p. 68]:

Proposition 3.5 Let X be a smooth rigid space. Then there is an equivalence of
categories

{ G-Higgs bundles on Xét} o { exact tensor functors)}'

Rep (G) — Higgs(X
where Higgs(X) is the tensor category of Higgs bundle on X.

Proof There is clearly a functor from left to right defined by pushout of any given
G-Higgs bundle along representations G - GL,,. To construct an inverse, since both
sides satisfy étale descent, we may localize and assume that X = Spa(R) is affinoid and
Qﬂ( is finite free, with a chosen basis 6, ..., §,. Let € be an object on the right hand
side and consider the composition

F:Rep(G) s, Higgs(X) — Bun(Xg)

with the forgetful functor. By Proposition 3.3, this defines a G-bundle F on X¢;.

The datum of the Higgs field given by & amounts to assigning to each §; an
endomorphism 0; y : F(V) — F(V) for any representation G - GL( V'), functorial
in V and compatible with tensor products, such that 6; y and 8; v commute for all i, j
and all V. This is the same as the datum of commutative endomorphisms 6, : ¥ - F
of the tensor functor J. We can identify these endomorphisms with automorphisms
1+ 0;¢ over R[¢]/e*. Using that automorphisms of F correspond to elements of G’ :=
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Autg (F), we see that such data correspond to elements in the kernel of the reduction
map G'(R[e]/e*) = G'(R), hence to elements of the Lie algebra of G’ = Autg (F).
One easily checks that this Lie algebra is Lie(G’) = F x¢ g = ad(F). This shows that
we may regard 0y, ..., 0, as commutative elements of () ® ad(F), which is the same
as a G-Higgs field on F. ]
Definition 3.6 We denote by HiggsP™!(X) the category of pro-finite-étale Higgs
bundles on X, and by Higgs%mfét (X) the category of pro-finite-étale G-Higgs bundles
on Xgt.

The following is then the rigid analytic analog of Simpson’s Tannakian description
of the category of semi-stable Higgs bundles with vanishing Chern classes.

Lemma 3.7 Let X be any connected smooth proper rigid space for which X from
Definition 2.22 is sousperfectoid, e.g., X could be an abeloid variety. Then there is an
equivalence of categories

. profét N exact tensor functO,rS
nggSG (X) {RepK(G) N HiggSPrOfet(X)}.

Proof It suffices to prove that the pro-finite-étale assumptions on both sides are
identified under the equivalence in Proposition 3.5. It thus suffices to prove the
statement for G-Higgs bundles replaced by G-bundles. For this we use Proposition 3.3
for both X and X. By functoriality, this says that the morphism X — X induces a
commutative diagram:

- exact tensor functors
{G-bundles on Xét} — {RepK(G) N Bun(Xét)}

1l +

= ~ exact tensor functors
{G—bundles on Xét} — {RepK(G) . Bun(fét)}'

Taking essential preimages of the identity objects in the bottom row, we deduce that
the top row identifies pro-finite-étale G-bundles with tensor functors into pro-finite-
étale objects in Bun(Xg;), as we wanted to see. |

We now have everything in place to prove Theorem 3.1.

Proof of Theorem 3.1 When G = GL,, for some 7 € N, the theorem holds by [20,
Theorem 1.1], which moreover says that we have an exact tensor equivalence

Repy(m(X,0)) = Higgs"**(X).

The general case now follows from the combination of Proposition 3.4 and
Lemma 3.7. ]

Finally, let us mention that the Tannakian formalism also applies to G-torsors on
X

Proposition 3.8  Let X be any diamond over K, then there is an equivalence of categories

exact tensor functors }

{G—bundles on XV} = {RepK(G) ~ Bun(X,)

where Bun(X,) is the category of v-vector bundles on X.
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Proof It is clear that we have a functor from left to right defined by pushout. To see
that this is an equivalence, we use that by definition, any diamond admits a v-cover
7:Y — X such that Y xx Y is again perfectoid.

Let F : Repi (G) — Bun(Xy) be an exact tensor functor. Then

m*F : Repy(G) - Bun(X,) - Bun(Yy)

is still an exact tensor functor. Since Y is perfectoid, we have Bun(Y;) = Bun(Ys) by
[23, Theorem 3.5.8] (see also [36, Lemma 17.1.8]). We can therefore invoke Propo-
sition 3.3 to see that n*F corresponds to a G-bundle € on Y. By functoriality of
Proposition 3.3 and naturality in the sousperfectoid space, the canonical isomorphism
over Y xx Y

y:pin'F = pyn*F

corresponds to an isomorphism ¢ : p; € => p3&. Similarly, the cocycle condition
for y ensures the cocycle condition for ye on Y xx Y xx Y. Hence y¢ defines a
descent datum for a G-torsor along the v-cover Y — X. This defines the desired
G-bundle on X,. ]

As an application, this allows us to answer Question 1.2 for linear algebraic groups:
Namely, it shows that Faltings’ p-adic Simpson correspondence for proper smooth
curves [10] generalizes to linear algebraic groups. More generally, the same is true for
the p-adic Simpson correspondence of smooth proper rigid spaces of [18].

Theorem 3.9 Let X be a smooth proper rigid space over K. Let G be any linear algebraic
group over K. Then choices of a flat B}, | £*-lift X of X and of an exponential for K induce
an exact tensor equivalence

{G—bundles on XV} = {G—Higgs bundles on Xét}.

Proof The category of G-torsors on X, is equivalent to the category of G-torsors
on Xpresr by [15, Corollary 1.2]. For G = GL,, the result therefore holds by [18,
Theorem 5.1], which moreover says that in this case, the correspondence is an exact
tensor functor. The case of general G follows by the Tannakian formalism using
Proposition 3.8 and Proposition 3.5. |

We have thus answered Question 1.2 for linear algebraic G, and Question 1.1 for
linear algebraic G on abeloid varieties.

4 The small correspondence

In this section, the aspect of the p-adic Simpson correspondence for which we explore
generalizations to general rigid groups G is the “small” correspondence in the “global”
setup. That is, we allow X to be any smooth adic space, not necessarily proper or toric.

The starting point of our discussion is the local p-adic Simpson correspondence
for small G-bundles constructed in [17, Theorem 6.5]. We first explain in what sense
this is functorial with respect to perfectoid abelian Galois covers (c.f. Definition 4.14
below). While it is in general impossible to find such perfectoid covers globally, we
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explain at the example of abelian varieties how one can use this to construct instances
of a small correspondence for G-bundles in the global setting.

In order to explain the setup, we first recall that in Faltings’ setting [10], the local
p-adic Simpson correspondence relies on the following notion.

Definition 4.1 Let U be an affinoid smooth rigid space. A toric chart of U is an étale
morphism ki : U — T to some affinoid torus T = Spa(K(T;', ..., T*')) which is a
composition of rational opens and finite étale maps. We call U toric if a toric chart
exists.

The setup of our small correspondence can be divided into a local and a global one.

Setup 4.2 (Local Setup) Let U be a toric smooth rigid space. We assume that
f: U > U

is a pro-étale Galois cover in Scholze’s pro-étale site Uproe of [31, Section 3] satisfying the
following:

(1) U is affinoid perfectoid.

(2) The covering group Ay of f is isomorphic as a profinite group to Zg ford :=dimU.
(3) The following natural Cartan-Leray map associated with fis an isomorphism:

Hom,(Ay, O(U)) - HL (Ay, 0(Us)) — Hy (U, O).

Here the first morphism is induced by Homs (A, O(U)) = HL (Ay, O(U)),and
the second map is always an isomorphism due to the assumption that U, is affinoid
perfectoid.

Example 4.3 Given a toric chart h: U - T¢, pullback along h of the affinoid
perfectoid torus T, — T¢ induces a pro-étale cover U, — U. This satisfies Setup 4.2
by [31, Lemmas 4.5 and 5.5]. That being said, we note that we only assume in Setup 4.2
that U is toric, but we do not assume that f is related to any chart.

Setup 4.4 (Global Setup) Let X be a smooth rigid space. We assume that
[ Xeo > X

is a perfectoid pro-étale Galois cover in Xprosc With covering group Ax for which there
is a basis of Xet given by affinoids U on which Ue := Xoo xx U — U satisfies Setup 4.2.
We call such morphisms f quasi-toric.

Example4.5 If X is an abeloid variety of dimension d, then the cover X = l(iil[p] X -

X is a perfectoid T,X-torsor [3, Theorem 1]. While T, X = Zf,d does not have the
correct rank to satisfy Setup 4.4, we have the following result in case of ordinary
reduction, i.e., when the étale part H® of the p-divisible group H of the formal
Raynaud extension associated with X (the formal group scheme whose generic fibre
is the maximal semi-abelian subgroup of X of good reduction) is & (Q,/Z,)". In this
case, we call any subgroup of X[p*°] anticanonical if it is isomorphic to its image in
the generic fibre of H.

Lemma 4.6 Let X be an ordinary abeloid variety. Fix any anticanonical p-divisible
subgroup D € X[p*] of rank d. Its Tate module T, D < T, X is a submodule which cor-
responds to a Ay := T, X /T, D-torsor Xoo — X. This satisfies the conditions of Setup 4.4.
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Proof We first explain why X, is perfectoid. If X has good reduction, this can be
seen as in [3, Lemma 2.13]. Let X, be the formal model of X/D,,. The transition map
X, - X, is the quotient by the canonical subgroup, which reduces to the relative
Frobenius mod p. Thus Frobenius is surjective on the mod p fibre of l(iiln X, hence
X is perfectoid.

The general case follows from the one of good reduction via Raynaud uniformi-
sation by the same argument as in [3, Proposition 4.3], replacing [p] in [3, diagram
(5)] with the canonical isogeny X/D,, - X/D,,_;. This shows that X, = lim X/D, is
perfectoid.

Since X is ordinary, the Hodge-Tate map admits a factorization

Hom(T,X, K) HT

Hom(T,C,K)

» HO(X,Q'(-1))
Y

where T, C ¢ T, X is the Tate module of the canonical p-divisible subgroup, the map
on the left is the restriction, and the dotted map is an isomorphism. Since D is
anticanonical, the composition T,C —» T, X — Ax is an isomorphism, so it follows
that the map

Hom(Ax, K) » Hom(T,X,K) -~ H(X, Q'(-1))

is an isomorphism. Let now U € X be any affinoid subspace such that Uo, = Xoo xx U
is affinoid perfectoid. Using that QY is a trivial vector bundle in the case of abelian
varieties, it then follows by applying — ®x O(U) that also the following map is an
isomorphism

Hom(Ax, O(U)) - Hom(T,X,0(U)) - H*(U,Q'(-1)) = H,(U, 0).
]

Remark 4.7 With more work, one can in fact show that there exists a cover satisfying
Setup 4.4 for any abelian variety X, not necessarily ordinary. After replacing X by an
isogenous abelian variety, we can reduce to the case that X is principally polarized. It
then follows from [33, Corollary II1.3.12] that X is p-power isogeneous to an abelian
variety X’ that admits a canonical subgroup (see [33, Definition I11.2.7] for the notion
of canonical subgroup in this case). For any choice of anti-canonical p-divisible
subgroup (D, € X'[p"]) nen, the tower of canonical isogenies lim X'/D,, then has
the desired form. But we will not use this fact in the present paper. It is plausible that
a cover satisfying Setup 4.4 exists more generally for abeloid varieties.

In order to construct the small p-adic Simpson correspondence in the setup of
Setup 4.4, we now first need to deal with the local situation.

Lemma 4.8 Let f: Uy — U beas in Setup 4.2. Then for any n > 1, there is y > 0 such
that for any s € N, the kernel and cokernel of the natural map

1+ Hg(Ax, 07 (U)/p*) = Hi(Ax, 07 (Uso) [p*)
are pY-torsion. The same is true for 1" : H!, (Ax, 0 (U)) - Hl(Ax, 07 (Us)).
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Proof The Cartan-Leray sequence for Us, — U induces a commutative diagram

H(Ax, O(U)) —— H{(Ax, 0(Us)) —— H{(U,0)

I I I

H (Ax, 07(U)) —— Hes(Ax, 07 (Uw)) —— Hy(U,07)
The horizontal maps on the right are (almost) isomorphisms because RT, (Uoo, OF) £
0" (Us ) due to the assumption that U, is affinoid perfectoid. For n = 1, the compo-
sition of the top row is an isomorphism by assumption. It follows that the top map is
an isomorphism for general n. This is because Cartan-Leray is compatible with cup
products in group cohomology, respectively sheaf cohomology, and the cup products
induce isomorphisms
Hi (Ax, O(U)) = A"He (Ax, O(U)),  H{(U,0) = A"Hy(U,0),

where the last equality follows from [31, Lemma 5.5] using that U is toric.

To see that the bottom composition is an isomorphism up to bounded p-torsion
cokernel, we use again that U admits a toric chart. Considering the Cartan-Leray
sequence of the associated toric affinoid cover, this shows that there is an injective
map

A"OY(U)Y - H™(U,0%)

with pP-torsion cokernel for some f8 > 0. This shows that p# - 1" factors through a
map j: H' (Ax, 0F(U)) - A"O*(U)%. As H" (Ax, O (U)) = A"O*(U), the map
j is @ morphism between finite free O*(U)-modules which is an isomorphism after
inverting p. Hence it is injective with p°-torsion cokernel for some & > 0. Setting
y := B+ J, we get the desired result for 1". The statement for ! follows from this by

long exact sequences. u

Let now G be any rigid group over K. Following the notation in Section 2.1, we fix
an open subgroup Gy of G of good reduction and let k > 0 be such that that the Lie
algebra exponential exp : gx — Gy converges and is an isomorphism. In this setting,
we can now generalise the technical notion of smallness from [17, Section 6].

Definition 4.9 Let U, - U be as in Setup 4.2 and let y > 0 be as in Lemma 4.8. Set
¢ :=10- max(y, k).

(1) We call a continuous representation p:Ay — G(U) an f-small cocycle if
it factors through G.(U). We denote the category of f-small 1-cocycles
by ZL™(Ay,G(U)), where the morphisms p; — p, are given by {ge
G(U)lgprig™ = p2}-

(2) A G-bundle on U, is said to be f-small if it admits a reduction of structure group
to G.. We denote the category of f-small G-bundles on U, by Bung* (Uy).

(3) A G-Higgs bundle (E, 8) on Uy is said to be f-small if E is trivial and there is a
trivialisation E = G with respect to which 0 is in the image of the chain of maps
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1 ~
HTlog:Homes(Ay, Ge(U)) — Homes (Au, gc(U)) = H\ (Ay, ge(U))
HT ~ -
- Hits(AU’QC(UOO)) - Hir(U’QC) - RIV*QC(U) - HO(U’ gc®Q).
We denote the category of f-small G-Higgs bundles on U by Higgsg" (U).

Remark 4.10

(1) We emphasize that one way in which these notions depend on f is that ¢ depends
on f. Note that we have not characteried the y in Lemma 4.8 uniquely. This is on
purpose, as we need some leeway to increase c later on. It would be more precise
to call the above notions “f-c-small”, but we shall drop this for simplicity.

(2) The reason for the factor 10 in the definition of ¢ ultimately lies in the appearance
of the same factor in [17, Remark 6.8]. The constant 5¢ appears in [17, Proposition
5.5], and an additional factor of 2 is picked up in the globalization step as explained
in detail in [17, Remark 6.8]. That being said, we are not aiming for an optimal
value of c. For most purposes, the important point is simply that ¢ only depends
ony.

The three notions of Definition 4.9 are related as follows.

Lemma 4.11
(1) Pushout of the Ay-torsor f : Us, — U along any f-small 1-cocycle defines a functor
Zew" (Au, G(U)) — Bung” (Uy).
(2) Sending an f-small 1-cocycle p to (G,HTlog(p)) defines a functor
Z¢$" (v, G(U)) ~ Higgsg" (U).
Proof Part (1) is clear from the definitions. Note that any morphism between f-small
1-cocycles induces an isomorphism between the attached v-G-bundles. For part (2),
we just need to verify that 6 := HTlog(p) is a Higgs field. Since Ay is commutative,
it follows from [15, Lemma 3.10] that the image of p under log in the above sequence

lies in Homs(Ay, g.(U)) [=-1=0, Going through the almost isomorphisms, it is clear
from this that its image 6 in H°(U, g, ® Q) is a G-Higgs field. ]

Proposition 4.12  Let Uy, — U be as in Setup 4.2. Let G be a rigid group with setup as
in Definition 4.9. Then the functors of Lemma 4.11 define equivalences of categories

Bun™(Uy) < 253 (Ay, G(U)) — Higgsi™ (U).

cts

Proof This is part of [17, Theorem 6.5, Remark 6.8]: More precisely, the axiomatic
conditions detailed in [17, Remark 6.8] are satisfied in Setup 4.2 by Lemma 4.8. [ ]

Definition 4.13 We call the composition
LS/ : Bung™(Uy) — Higgs{" (U)
the small p-adic Simpson correspondence on U attached to f.

Next, we explain the naturality of LSy in f. For this we need morphisms of Galois
covers.
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Definition 4.14 Let f:X. — X and g: Y, — Y be quasi-toric coverings with
Galois groups Ax and Ay. A Galois-equivariant map 5 : f = gisatriple f = (¢, u, i)
consisting of a group homomorphism ¢ : Ax - Ay and a commutative diagram

Xoo —2 Yoo
bl
X ——=Y,
such that i is A x-equivariant with respect to the Ax-action on Y, via ¢.

Proposition 4.15 Let f:Xo > X, g: Yoo > Y, h:Zo — Z be quasi-toric covers
andlet B = (@, u,0): f = gand ' = (¢',u’,4") : g = h be Galois equivariant mor-
phisms. Let G be a rigid group and let y > 0 be large enough such that Lemma 4.8 holds
for f, g, and h.

(1) The equivalence LSy ¢ is natural in f: There is a natural isomorphism of functors
apg : LSy ou* = u* o LS, making the following diagram 2-commutative:
LS
Bund™(Xy) — Higgss" (X)
|
LS
Bun{"(Y,) — Higgsi"(Y).
(2) « is compatible with composition: For the Galois-equivariant map B’ o f3, we have
Aprop = U aps o ag.
Proof For (1), we need to produce naturals isomorphisms making the diagram

LS;: Bund™(Xy) +— 253" (Ax, G(X)) — Higgsi™(X)

cts

u{ ”WT “ﬁ

LS, : Bun{™(Yy) «—— 253"(Ay, G(Y)) — Higgs?™(Y)

cts

2-commutative. For the commutativity of the left square, starting from a 1-cocycle
p:Ay - G(Y), we need to find a natural isomorphism between the two G-bundles
on Xy

Xoo x** G and X xy (Yoo x2¥ G)

where to form the second contracted product we push out g: Yo, = Y using p, and
for the first, we push out f : Xo, - X along the composition

Ax B Ay B G(Y) S G(x).

This is the functoriality of the Cartan-Leray construction. Presenting each of these two
G-bundles as quotients, we have by equivariance and universal properties a natural
morphism

(Xoo x G)/Ax = (X xy Yoo x G)[Ay = X xy (Yoo x G)/Ay

of G-torsors, which is necessarily an isomorphism.
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For commutativity of the right square, it suffices to check commutativity of the
diagram

Homew (Ay, Gi(Y)) 2% FO(Y, g, ® )

J(u* l“*‘ﬂ*

Homegs(Ax, G (X)) %% HO(X,g. ® Q)

where HTlog was defined in Definition 4.9. This is immediate from functoriality
of log and the functoriality of the Cartan-Leray map applied to g.. This concludes
part ().

For part (2), it is clear that (' o 8, u’ o u, 4’ o it) is a Galois-equivariant map, and
it suffices to prove the composition property for the left and right squares in the above
diagram. For the right hand side, this is clear. For the left, by construction, the natural
transformation aprop COMeES from

(Xoo X G)[Ax = X xz (Zoo x G) [ Az
whereas ag: o ag comes from the composition
(Xoo x G)[Ax = X xy (Yoo x G)/Ay = X xz (Zoo x G)[A,
It is clear from the universal properties that these two morphisms agree. [ ]

Given this naturality, we can now glue the local small p-adic Simpson correspon-
dences.

Definition 4.16 Let X be a quasi-compact smooth rigid space. Let f : X, - X bea
quasi-toric cover as in Setup 4.4.

(1) A G-bundle V on X, is called (étale) locally small with respect to f if there is an
étale cover h : X — X by an affinoid X as in Setup 4.2 such that b, : X xx X - X
and h3: X xx X xx X — X are also as in Setup 4.2, and such that #*V is small
with respect to f : Xoo xx X — X, and similarly 4}V and h? V are also small. We
denote the category of locally small G-bundles on X, by Buns™(X,).

(2) A G-Higgs bundle (E, 0) on X is called (étale) locally small with respect to f if
there is an étale cover X — X by an affinoid as in (1), such that h*(E, 0) is small
with respect to f and hZ (E, 8) and h (E, 0) are also small in this sense. We denote
the category of locally small G-Higgs bundles on X by HiggslcSm (X).

Theorem 4.17  Let X be a smooth rigid space over K with a Galois cover fas in Setup 4.4.
Then the local equivalences with respect to f glue to an equivalence of categories

S?m : Bun™(X,) — Higgslém(X).

In particular, we obtain such a correspondence for ordinary abeloid varieties as in
Lemma 4.6.

Proof This is a formal consequence of Proposition 4.12 and Proposition 4.15. As
descent arguments in the context of the p-adic Simpson correspondences are subtle
in general, we now verify this in detail. Let V be a locally small G-bundle on X, and
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let h : X - X be a cover as in Definition 4.16.(1). Then by Proposition 4.12 we have an
equivalence

¥ := LS7: Buni™ (X,) — Higgs:™ (X).

fr

Let fz be the pullback X x X X x x Xoo = X x X X and 51m11arly f3 the pullback to X x X
X X x X, then by assumption we also get ¥ := LS~ on X xy X and ¥; := LS~

Consider the Cech nerve of the cover X — X. We write the low degree
projections as

Ry Xxx XL Xy X5 X

and write ;i for the i-th projection X xx X xx X - X.Hence 7; = p1© p1z and so on.
The maps f, f and f; induce Galois equivariant maps of quasi-toric covers over these.
We denote the resulting isomorphisms & from Proposition 4.15 induced by p;, p;j, 7;
by the corresponding subscripts, i.e., «, etc.

The pullback V := h* V carries a natural descent datum ¢ : p} V = p3 V, satisfying
the cocycle condition p35¢ o p,¢ = piz¢. We need to show that the isomorphism

-1
“r1 ¥2(9)

y:pi¥(V) — ¥ (piV) — ‘Pz(sz) — pﬂ’(V)

satisfies the cocycle condition p3;y o pi,y = p{;y and hence provides a descent datum
for ¥ (V') along X — X. For this we first claim that the following diagram is commu-
tative

¥ (p129)

Y3 (mi V) 3 (m3V)

J’anl J’“nz
*— —1

* o 12%py % P Y2(9) g Phat%p, fad
¥ (V) *}3 PR (pr V) 2 phWa(ps V) 2 m3 (V)

and analogously for p;, replaced by p,3 or pis. If this is the case, note that the bottom
map is p7, v, so this implies that
P3V 0 Py = &, 0 ¥3(pi50) © oc;i o, 0 ¥3(piag) 0
= tn, 0 ¥3(pi39) © 4z = pisy
as desired. To see the claim, we use that by Proposition 4.15.(2), the relation m; = p; o

P12 implies that we have a,,, = p,a,, o «p,,. Hence the above diagram reduces to

\IIS(T[;_"‘/:) ¥3(p129) ‘{,3(7_[;V)

l‘xl’lz J(“Plz

* * P ¥2(9) + 35
P ¥a(ps V) il e P2 (p3V).

This commutes by Proposition 4.15.(1) and hence we are done.
The same argument also works in the other direction for ¥~ [ ]

https://doi.org/10.4153/50008414X2400110X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2400110X

p-adic Simpson correspondences for principal bundles in abelian settings 27

Example 4.18 Let X, — X be an anti-canonical cover of an ordinary abeloid variety
as in Lemma 4.6. While it is in general difficult to make the implicit constant ¢ in
Definition 4.9 and hence it Definition 4.16 more explicit, we can always find interesting
examples of locally small G-bundles on X, illustrating the power of Theorem 4.17:

« Any étale-locally free G-bundle V on X is clearly locally small. Unravelling the
construction, we have S¥™ (V) = (V,0). This example is the reason why we use
étale localisation in Definition 4.16 rather than analytic localisation.

« The proof of Lemma 4.6 shows that one can always find an affinoid cover XX
such that X and the double and triple fibre products Xz and X; satisfy Setup 4.2.
Taking y > 0 such that Lemma 4.8 holds for X, X, and X3, we see that for ¢ > 0,
any continuous representation p : Ax - G.(K) defines alocally small G-bundle V,
on X by pushout of X, - X along p. Describing the underlying G-bundle of the
associated Higgs bundle S}sm (V,) is a non-trivial task already for G = G,,.

5 Pro-finite-étale torsors

In this section, we move on to Questions 1.1 and 1.3. We therefore study G-torsors for
the v-topology which become trivial on the pro-finite-étale cover of Section 2.5.

Let X be a connected smooth proper rigid space over K with a fixed point x €
X(K), and denote by X - X the diamantine pro-finite-étale universal cover as in
Definition 2.22, which is a 7 := 75*(X, x¢ )-torsor. The main goal of this section is to
prove:

Theorem 5.1 Let X be a connected smooth proper rigid space over K with a fixed base-
point xo € X(K). Let G be a rigid group variety. We consider the natural functor of
groupoids

{continuous homomorphisms } { pro—ﬁnite—étale}
5 —
(X, x0) = G(K) G-torsors on X )"

p o X xmXmde g

sending a continuous homomorphisms p to the pushout of X — X along p.

(1) If G is connected or commutative, then this functor is essentially surjective.

(2) It is fully faithful if there are no non-constant morphisms X — G. For example this
happens if G is linear analytic, i.e., admits an embedding into GL,, for some n.

Here as in Proposition 3.4, the morphisms p; — p, between two continuous
representations on the left hand side are defined as the set of elements g € G(K) such
that g- p1(y) - g% = pa(y) forall y € 78(X, xo). In the case that G = GL,, this means
that the morphisms are the isomorphisms between representations.

Remark 5.2 'While we do not know if (1) holds for any G, the fully faithfulness in (2)
can fail in general. We refer to Proposition 5.19 below for a concrete example.

Remark 5.3 Recall that 78t (X, xo) is defined in terms of connected finite étale covers
of X. In rigid analytic geometry, there is also a second fundamental group, namely the
de Jong fundamental group nf J(X, xo), defined in terms of a different kind of étale
covers which are not necessarily finite. While one can show that it is still possible to
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attach G-torsors on X, to continuous representations of T[f” (X, x0), this will typically
not result in a fully faithful functor, because the analog of the universal cover for
7% (X, x) has many global sections.

Proof of Theorem 5.1.(2)  Itis clear that the displayed £unctor is well-defined. If there
are no non-constant maps X — G, this means that G(X) = G(K) and hence

Hy(m,G(X)) = Hiyy (1, G(K)) = Homes (m, G(K))

as the m-action on G(K) is trivial. In the case G is linear analytic, since GL, (X )¢
M, (X) = O(X)"™" = K"™", every map X — GL, is constant. It follows that G(X) =
G(K) as well.

Theorem 5.1.(1) is more difficult and will take us the rest of this section.
5.1 Cocycles

In order to describe the G-torsors on X that are trivialized by X, we will study the Cech
nerve of the 7-torsor X — X. As a first step, we now reduce this to a computation of
group cohomology. In doing so, to simplify notation, let us drop the underline in the
notation of the diamond 7, i.e., we freely move back and forth between profinite sets
and their associated diamonds.

Lemma 5.4 Let G be any rigid group, and let n € N if G is commutative, and n € {0,1}
otherwise. Then there is a natural isomorphism

H"(X > X, G) = Hiy,(m, G(X)),
where G(X) is endowed with its natural topology via Proposition 2.11.

Example 5.5 Let us clarify our conventions for non-abelian cocycles. Since 7 acts on
X from the left, the induced action on G(X) is a right-action. For n = 1, the l-cocycles
defining H}, (7, G(X)) are therefore concretely the morphisms

pimx X->G
for which the natural diagram expressing the relation
6) p(y1-y2,x) = p(y1 y2%) - p(y2, %)

commutes. The equivalence relation defining H' is then defined by declaring that two
such cocycles p; and p, are equivalent if and only if there is a morphism ¢ € G(X)
such that

(7) p1(ysx) = p(yx)pa(y, x)p(x) 7"

Proof Since X — X is a 7-torsor, the (n +1)-fold fibre product of X with itself
over X is isomorphic to 7" x X. Hence cocycles in the Cech cohomology set with
G-coefficients H" (X — X, G) are given by morphisms of diamonds

p:"xX - G.

Via Lemma 2.14, such morphisms p correspond to continuous morphisms 7" —
G(X). By a standard computation, the Cech cocycle relation is identified for Galois
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covers like X - X with the cocycle condition of continuous group cohomology,
and the equivalence relations defining the cohomology on both sides agree via this
identification.

Let us give some more details of this identification for » =1 in the non-
commutative case, for which we do not know a reference in the literature. We use
the isomorphisms

(8) xX 5 Xxx X, (y,x) = (yx,%)
axax X > Xxx X xx X, (y1, 2, %) = (192, y2x, X).

It is a straightforward calculation that this identifies the projections p;; : X xx X xx
X - X xx X with the maps Pij X T X X — 7 x X defined as follows
Plz()’l,)/z,x) = (Yl,)’zx)) P23()/1>)/2,X) = ()/z,x), P13(Y1,)’2,X) = (YlYZ)X).

By definition, 1-cocycles in H'(X — X, G) are now given by sections p € G(X xx X) =

G(rx %) = Map,,,(m, G(X)) satisfying piy(p) - pis(p) = pis(p): Via the above
identifications, this translates to

p(y1-y2,%) = p(y1, y2)p(y2, x)

for all y;, y, € 7, x € X, which is precisely the same as in Equation (6).

Finally, the equivalence relation defining H'(X - X, G) isgiven by saying that p; ~
paifthereis ¢ € G(X) suchthat p; = pi(9)p2pi (@)~ "where p1, ps : X xx X - X are
the projections. When we identify these projections with maps 77 x X — X via (8), this
equivalence relation gets identified with (7). ]

Consider now the map G(K) — G(X). Since the 7-action on G(K) is trivial, this
induces a natural map

Hom (7, G(K)) - Hi (1, G(X))
defined in terms of geometric 1-cocycles by sending
pr(1xX>G, yxrp(y)).
The key result that we need for the proof of Theorem 5.1.(1) is the following.

Theorem 5.6  Let G be any connected rigid group, X any connected smooth proper rigid
space. Then the following natural map is surjective:

Homey (7, G(K)) — He (1, G(X)).

We currently do not know if the connectedness assumption on G is necessary.
However, we will see in Theorem 5.14 that it can be removed in the commutative case.

For the proof of Theorem 5.6, we first need some preparations. We start by
discussing a variant of the classical Rigidity Lemma from algebraic geometry for X.

5.2 A rigidity lemma for universal covers

The classical rigidity lemma in algebraic geometry says that any morphism between
K-schemes f : X x Y — Z where X is irreducible and proper with a K-point x,, Y is
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irreducible with a K-point y, and Z is any scheme, and such that f(X x {y,}) is a
single point, factors through the projection X x Y — Y. The analogous statement also
holds in the rigid analytic setting [26, Lemma 7.1.2].

We need an analog of this statement for X. This will be weaker because X is not in
any sense “irreducible”. For example, in the case of the Tate curve X, we easily verify
from the explicit description of [3, Theorem 4.6.3] that any open neighbourhood of the
identity in X contains an open subspace of the form Z, x B"P*, which is manifestly
not irreducible as it has many connected components.

We therefore need to prove an analog of a slightly weaker version. If the irre-
ducibility assumptions in the algebraic rigidity lemma are dropped, one can still
deduce that f factors through the projection on X x U where U C Y is an open
neighborhood of y,.

Lemma 5.7 (Rigidity Lemma) Let Y be a diamond and let Z be any adic space over K.
Assume that there is a K-point yo € Y(K) and let

f:)A(:xY—>Z

be any morphism of diamonds such that f(X x yo) = zo := f(x0, yo) is a single point.
Then there is an open neighbourhood yo € U C Y such that f|s,, factors through the
projection to U composed with a morphism of diamonds U — Z.

Proof We first observe that the statement is quasi-pro-étale-local on Y (note that
we may lift the base-point y, € Y(K) to quasi-pro-étale covers since K is algebraically
closed), so we may replace Y by an affinoid perfectoid space.

Let now zg € V € Z be an affinoid open neighbourhood of zy = f(xo, yo). Passing
to complements, let W := (X x Y)\f~(V). Since X - X is a proper morphism of
diamonds in the sense of [34, Definition 18.1], the morphism X — Spa(K) is proper,
thus so is the projection q : X x Y — Y. It follows that g(W) ¢ Y is closed. Let U be
the complement. By assumption, we have y, € U, and it follows from the definition
that f restricts to a map

XxU-V.

Since V' is affinoid, this is determined by its global sections. But by [19,
Proposition 3.9], O(X x U) = O(U). Hence this restriction factors through the
projection to U. u

5.3 Morphism from proper rigid spaces to rigid groups

The goal of this section is to prove the following structural result for rigid groups.

Theorem 5.8 Any rigid group variety G admits a maximal abeloid closed subgroup
A C G. This satisfies the following universal property. Any morphism ¢ : X - G from
an irreducible proper rigid space X with 0 € im(¢) factors through A ¢ G. Moreover,
A € Z(G®), the center of the identity component of G.

The most important step in the proof is the following Lemma.

Lemma 5.9 Any morphism ¢ : X — G from an irreducible proper rigid space X with
0 € im(¢) factors through some closed abeloid subgroup A < G.
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The proof relies crucially on the notion of “analytic subsets” of a rigid space Y as
introduced in [4, Section 9.5], that we now recall. To avoid confusion with the “analytic
topology”, we are instead going to call these “Zariski-closed” subspaces, namely Z ¢ Y
is called Zariski-closed if for any affinoid open U C Y, the subspace Zn U c U is the
zero-locus of a set of elements f;, ..., f; € O(U). Equivalently, Z is the image of a
closed immersion defined by a coherent sheaf of ideals in Oy [4, Section 9.5 Corollary
7]. Given a Zariski-closed subspace Z C Y, it is always possible to endow it with the
induced-reduced structure by replacing any coherent ideal defining Z with its radical
[4, Section 9.5.3, Proposition 4].

The notion of Zariski-closed subspaces has good localisation properties, i.e.,
whether a subspace is Zariski-closed can be checked analytic-locally, and the pullback
of a Zariski-closed subset under a morphism X — Y of rigid spaces is again Zariski-
closed [4, Section 9.6.3, before Lemma 4]. Moreover, we have the following result due
to Kiehl.

Proposition 5.10 ([4, Section 9.6.3, Proposition 3]) Let f : X - Y be a proper mor-
phism of rigid spaces. Then the image f (M) of any Zariski-closed subset M € X is again
Zariski-closed.

Proposition 5.11 Let X, Y be rigid spaces over K. Assume that X is proper and Y is
separated over K, and let f : X — Y be a morphism of rigid spaces. Then fis proper and
f(X) endowed with its induced reduced structure is a proper rigid space.

Proof Since X is quasi-compact, we can without loss of generality assume that Y is
quasi-compact. Then by [5, Corollary 5.10(a)], f has a formal model f : X — 9). Since
Y is separated, ) is separated (see e.g., [22, Remark 1.3.18(i) and Remark 1.3.19(ii)]).
We now use that by [40, Corollaries 4.4 and 4.5], the following are equivalent for a
morphism g of formal schemes:

(1) gis proper,

(2) the rigid generic fibre of g is proper,

(3) the special fibre go of g over the residue field k is proper.

This first shows that X is proper. Arguing mod p" for every n, it now follows from [8,
Tag 01W6] that f is proper, hence in a second step we deduce that f is proper.

To see that f(X) is proper, we may replace Y with f(X) and assume that f is
surjective. We can now use the functorial reduction map red : Y(K) — (k) induced
by 2), which is surjective by [4, Section 71.5 Theorem 4], to see that surjectivity of f
implies surjectivity of the special fibre fo : Xy = 2)o. Then by [8, Tag 03GN], Q) is
proper, hence Y is proper. |

As studied in [6], there is a good notion of irreducible subspaces of rigid spaces. A
non-empty subspace Z ¢ X of a rigid spaces is called irreducible if it cannot be written
as the union Z = V; UV, of two Zariski closed subspaces Vj, V; ¢ Z, see [6, Lemma
2.2.3]. One checks as usual (c.f. [8, Tag 0379]) the following fact.

Lemma 5.12 Let f: X - Y be any morphism of rigid spaces. Then the image of any
irreducible subspace is irreducible.

Let now X be any irreducible proper rigid space, G a commutative rigid group, and
let us consider a morphism ¢ : X - G containing 0 in the image. Then for any n € N,
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we define a morphism
¢n: X" > G, (le'waxn) = Z?zl(_l)i(/’(xi)'

Let Z, € G be the image of ¢,. The fibre product X" is still proper, and since K is
algebraically closed, it is also still irreducible by [6, Lemma 2.2.3]. Since G is separated,
¢, is proper by Proposition 5.11, hence Z,, is Zariski-closed by Proposition 5.10. We
can endow it with its induced-reduced structure, so Z,, is a reduced rigid space. The
key technical result is now.

Lemma 5.13 Let ¢ : X — G be a morphism from an irreducible proper rigid space to a
commutative rigid group containing 0 in the image, and let Z,, be as above.
Then each Z,, is proper. The Z,,’s form an ascending chain

ZoCZ1CZyC ...
of equidimensional irreducible Zariski-closed subspaces of G. This chain stabilises.

Proof That the Z, is proper follows from Proposition 5.11. Since X" is irreducible,
Z, is irreducible by Lemma 5.12. That the Z,’s form an ascending chain follows from
the assumption that 0 € im(¢). Let e € X(K) be any preimage of 0 under ¢, then the
diagram

x5 G

j}dx{e}

Xn+1 Pn+1 el

commutes, and thus Z,, € Z,,,;.

By [6, paragraph before Lemma 2.2.3], any irreducible rigid space is equidimen-
sional, meaning that for fixed n, the Krull dimension dim O, , of the stalks is constant
for all z € Z,(K). Since G is a rigid space, we know that dim O, , < dim Og,, < oo,
from which it follows that there is n € N such that the dimension of Z,, is the same
for all m > n. Then Z, € Z,, is an analytic subspace of the irreducible rigid space Z,,
which is equidimensional of the same dimension as Z,,. By [6, Corollary 2.2.7], it
follows that Z,, = Z,,,. |

Proof of Lemma 5.9:  Since X is irreducible, it is in particular connected, so we can
without loss of generality assume that G is connected by replacing G with G°. We can
further reduce to the case that G is commutative by the rigid version of a standard
argument in classical algebraic geometry. We consider the morphism of rigid spaces

fiXxG>G, xgm0(x)gp(x) g

This satisfies f(x,1) =1 for all x € X. Hence the rigid analytic version of the rigidity
lemma [26, Lemma 71.2] gives an open neighbourhood 1€ U € G on which f|xxu
factors through U. Since f(x¢, g) = 1forall g € G by assumption, we find that f|xxu =
1. It follows that for any K-point z € X(K), the induced morphism of rigid spaces

-1

y:G—>G, g~ o(z2)ge(z)7'g
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restricts to Y|y =1 on the non-empty open subspace U. As G is irreducible, y is
uniquely determined by y|y. This shows that ¢ = 1 on all of G. Thus ¢ factors through
Z(G).

Hence we may assume that ¢ : X — G is a morphism to a commutative rigid group
containing 0 in the image. By Lemma 5.13, it follows from this that there is a proper
rigid space Z = UpenZym = Z, for n > 0 with the property that ¢ factors through
a closed immersion X - Z — G. Moreover, by construction, Z contains 0 and the
diagram

ZxZ —— Z

L

GxG —"— G

commutes, where the top line is the map induced by the natural morphism Z,, x

Zon = Zan-
Due to the alternating sign, Z is also closed under inverses. Namely, the morphisms
Zyn = Zny1 induced by the map X" - X1, (x1,...,x,) = (e, x1,...,%,) induce a

morphism Z - Z over [-1]: G > G.

All in all, it follows that Z € G is a rigid subgroup of G. As it is proper and
irreducible, in particular connected, it is an abeloid subvariety of G by the structure
result of Liitkebohmert [25, Theorem I], as we wanted to see. ]

Proof of Theorem 5.8 Let A, B € G be any two closed abeloid subgroups. Then A x B
is still smooth proper and connected. By Lemma 5.9 we find that the map

AxB->GxG35 G,

factors through an abeloid subvariety C ¢ G that contains A and B. It follows that the
union of all abeloid subvarieties of G is an abeloid subvariety. Now the theorem follows
from Lemma 5.9. ]

5.4 Cocycles from homomorphisms: The commutative case

With these preparations, we can now prove Theorem 5.6 for commutative G (not
necessarily connected). More precisely, we can prove:

Theorem 5.14  Let G be any commutative rigid group, X any connected smooth proper
rigid space. Then the following natural map is surjective:

Hom (7, G(K)) - H. (, G(Xv))

cts

Proof Consider the evaluation morphism
G(X) 22 G(K)

at the fixed base point x, € X. This is a surjective group homomorphism, which is split
by sending g € G(K) to the constant map X — Spa(K) 5, G(K). Denote by §(§)°
the kernel of thishomomorphism evy,, this is the subgroup of those morphism X - G
that send x to 0. Since G is commutative, the splitting of ev,, now induces a short
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exact sequence

9) 0> G(K) = G(X) > G(X)° > o,

where ¢ sends ¢ : X — G to the map ¢° making the following diagram commute:

X *2.q

H T@(IO)

X 2.

We note that ¢ is a group homomorphism since G is commutative. Observe now
that the first morphism G(K) — G(X) in the exact sequence is clearly 7-equivariant.
Consequently, G (X )° inherits a natural quotient action (note that the action of 77 does
not preserve G(X)° as a subspace of G(X)). Explicitly, the quotient action of 77 on
G(X)°® is defined by letting y € 7 send ¢ to the morphism ¢" defined by making the
following diagram commutative:

X *2.q

'VT Tw(wmo)

(10) X 5 aq

Recall now from Proposition 2.11 that G(X) has a natural topology defined by a
system of open neighbourhoods Gy (X) where (G ) ke is a system of subgroups of G.
When we endow G(X)° € G(X) with the natural subspace topology, then the section
¢:G(X )~—> G(X)° is continuous. Indeed, it is immediate from the definition that
¢~ (Gr(X)°) 2 Gk(X).

In summary, this shows that (9) is a short exact sequence of topological 7-modules.
We deduce that there is an exact sequence

(11) Homes (7, G(K)) = Hiy (1, G(X)) = Hey (1, G(X)°).

More explicitly, this can be interpreted as follows: any geometric 1-cocycle 7 x X —
G can be written as a product of a continuous map 7 - G(K) obtained by specialising
at xo (not necessarily a homomorphism) and a morphism p : 7 x X - G such that
p(y,x0) =

We wish to see that the last term in the exact sequence vanishes. The crucial
point is:

Lemma 5.15 'The subspace topology of G(X)° ¢ G(X) is the discrete one.

Proof Let Gx € G be any affinoid open subgroup isomorphic to B as in Propo-
sition 2.11, then the topology of G(X) is defined by decreeing that G (X) is open.
But Gi(X) 2 B4(X) = O%. Hence Gx(X)nG(X)° = {0} is open, and G(X)° is
discrete. [ ]

Lemma5.16 Let ¢ : X — G be a morphism in G(X)?°, then there is an open subgroup
U ¢ 7 such that the action of U as defined in Equation (10) fixes ¢.

https://doi.org/10.4153/50008414X2400110X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2400110X

p-adic Simpson correspondences for principal bundles in abelian settings 35

Proof We apply the rigidity lemma 5.7 to the morphism
Xxm=>G, (3y) = 9(yxo)e(yy) "o (y)

and find an open subgroup U of 7 such that the restriction to X x U vanishes. By the
diagram defining the action on G(X)°, this implies that ¢ = ¢ forall y € U. [ ]

Lemma 5.17  For any continuous 1-cocycle p : m — G(X)°, there is a connected finite
étale cover X' — X with Galois group Qyx such that p factors through X' x Qx/. Hence
the following map is surjective
Hyo(m, lim G(X')%) > Hyo(m, G(X)°),
XX
where G(X')° := ker(G(X') o, G(K)) is endowed with the discrete topology.

Proof By Lemma 5.15, p is continuous from a profinite set to a discrete set. It follows
that it has finite image. Using Lemma 5.16, this shows that p factors through (G(X)°)Y
for some open subgroup U ¢ 7. Shrinking U further, we may assume that it moreover
factors through 77/U. This shows that
lim H'(Qx:, G(X)?) > Hy(m, G(X)°)

X=X
is surjective. By [29, Proposition (1.2.5)], the left hand side equals
Hits(”’li_f)nx,_)XG(X,)O) u
Proposition 5.18  Let G be any commutative rigid group and X any connected smooth
proper rigid space. Then H. (7, G(X)°) = 0.
Proof By Lemma 5.17, it suffices to prove that H' (7, li_r)nX, M G(X")°) = 0. By The-
orem 5.8, there is a maximal abeloid subvariety A € G, and we have G(X")° = A(X")°.
Consider now the short exact sequence of sheaves on X

(V]
0> A[N]-A— A—0.
Taking cohomology over X’ — X, this gives a long exact sequence
0~ A[NJ(X') > A(X") > A(X') > He (X', A[N]).
The first term is equal to A[N](K) since X’ is connected. Using that [N]: A(K) —
A(K) is surjective, it follows that we obtain a left-exact sequence

0~ a(x")° Bh A(X')° > HY (X, A[N)).

Taking the colimit over X' — X, the last term vanishes since every class in
H'(X’, A[N]) defines a finite étale torsor over X’ and is thus killed by some finite
étale cover of X. It follows that
L1 Iyo ~ : 7\o0
[N]: lim A(X')° 5 lim A(X)
X=X X'-X

is an isomorphism. In particular, lim A(X")° is a Q-vector space. By [29, Propo-
sition (1.6.2.c)], it follows that H., (7, li_n)lX, ; A(X")°) =0, as desired. ]

cts

Theorem 5.14 now follows from the exact sequence (11) and Proposition 5.18.
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5.5 The case of general G

Building on the commutative case, we can now deduce the case of connected rigid
groups G.

Proof of Theorem 5.6  The key idea is to use the exact sequence from Lemma 2.9

0 2Z(G) - G % Aut(g),

where Z(G) is the center as in Definition 2.8.

Working in the category of pro-étale sheaves on Perfy, we denote by H the sheaf
theoretic image of G in Aut(g). Then we have a short exact sequence of sheaf of groups
on Perfg ,roet

0-2(G)-» G- H-0.

Evaluating this over X and over K, we get a commutative diagram of 7-equivariant
maps

0—— Z(G)(X) — G(X) — H(X) —— 0

I [ d

0 — Z(G)(K) —— G(K) —— H(K) —— 0.

The map H(K) - H(X) in the right column is an isomorphism. This follows from
the fact that H ¢ Aut(g) = GL,, for n = diim G, and GL,, (X) = GL,(K).

The rows of this diagram are still exact: the bottom row is exact by surjectivity of
G — H and the fact that Spa(K) is strictly totally disconnected. The top row is right
exact by surjectivity in the bottom row. We now take continuous group cohomology
of 7 with coefficients in the above diagram. Since Z(G)(X) ¢ G(X) is a commutative
normal subgroup, by [38, Chapitre I, Proposition 43], we get a commutative diagram
of pointed sets

0— H!

cts

(1. 2(G)(X)) » Hiy(m.G(X)) » Hiys(m H(X)) » Hi,(m,2(G)(X))

cts cts

I I 1 I

(m,2(G)(K)) + Hys(m, G(K)) + Hy(m H(K)) + He(m, Z(G)(K)).

cts cts

0- H(l:ts

The leftmost horizontal arrows have trivial kernel since G (K) — H(K) is surjective
and thus so is G(X)™ - H(X)™ = H(K)”™ = H(K).

By Theorem 5.14 the leftmost vertical arrow is surjective. We also have injectivity
of the rightmost vertical arrow: Using the sequence (9), its kernel identifies with
Hey, (71, Z(G)®), which is trivial by Proposition 5.18.

Now the crucial point is that Z(G)(X) € G(X) is even a central subgroup. By [38,
Chapitre I, Proposition 42], it follows that the maps

Hey (7, G(K)) ~ Heo(m, H(K)) and  H,

cts

(7, G(X)) - Heyy (m, H(X))

cts
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are in fact torsors under the group H. (7, Z(G)(K)). We can therefore argue as in the
proof of the 5-Lemma to see that the second vertical arrow from the left is surjective
as well. [ ]

Combining Theorem 5.6 and Theorem 5.14 completes the proof of Theorem 5.1. m

5.6 A counter-example

Itis not in general true that the functor from Theorem 5.1 is fully faithful. For example,
this fails if the natural map Homc (7, G(K)) = H., (71, G(X)) (which is surjective
by Theorem 5.6) is not injective. We now give an example where this happens. Let
us assume for simplicity that G is commutative. Then by the long exact sequence of
group cohomology for Equation (9), the kernel of this map can be identified with the

cokernel of
G(X) — Ho(n, G(X)").

Unravelling the explicit description of the 7-action on G(X) in (10), we see that the
second term is the set of g € G(X)° for which y*g — g € G(K) for any y € 7. This can
be non-trivial, even in very good cases, as the following example demonstrates.

Proposition 5.19 Let both X = A and G = B be abelian varieties, considered as rigid
analytic spaces. Assume that Hom(A, B) = 0, but that there exists an isomorphism AS
B. Then the composition

p:m'(A,0)>AS>B—>B=G

defines a non-trivial element in ker (Homeys (1, G(K)) — Hh (i, G()Af))) In particu-

cts

lar, the functor of Theorem 5.1 is not fully faithful in this case.

There are plenty of examples of abelian varieties A and B satisfying the assumptions
of Proposition 5.19 by the main result of [14]. For example, we can take A and B to be
any non-isogeneous simple abelian varieties of good reduction whose special fibres
are isogeneous.

Proof We first note that p = 0 would imply that A - B sends 7'(4, 0) to 7{'(B, 0)
and hence would induce an isogeny A — B, contradicting the assumptions. Hence
p#0.

On the other hand, by [14, Theorem 1.9], we have

G(X)° = Hom(A4, B) = Hom(4, B),

where the last equality holds by [14, Proposition 3.8, Corollary 3.10]. Observe now that
by definition, the 7-action on G(X)° as described in (10) is such that 7 acts trivially
on homomorphisms. It follows that

H(7,G(X)°) = Hom(A, B) # 0

which is non-trivial by assumption. All in all, this shows that p comes from G(X)° via
the boundary map. Thus the kernel of Homs (7, G(K)) — HL, (7, G(X)) does not
vanish. u
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Remark 5.20 Regarding the setting of Proposition 5.19, we note that already
G-torsors on X,, are an interesting category when G and X are both abelian vari-
eties. For abelian varieties A and B over K considered as rigid spaces, the Raynaud
uniformization

0>-A—-E—->A-0

associated with A induces a homomorphism Hom(A, B) - Ext'(A, B) - H'(A, B).
If A has totally degenerate reduction, this map has non-trivial image. Hence, in this
case there exist analytic B-torsors over A which are not algebraic, since every Zariski-
B-torsor over A is trivial by [37, Section 4, Lemme 4]. It seems an interesting question if
there exists a classification of all analytic/étale torsors in this setting which is analogous
to the complex analytic characterization of torus bundles over tori [30], and how this
changes for the v-topology.

6 The p-adic Lie algebra exponential for commutative rigid groups
6.1 Recollections on the p-adic Lie group logarithm

Let L be any non-archimedean field extension of Q,. We will later take L = K
algebraically closed, but for now we can work more generally. Recall that in p-adic
arithmetic, the p-adic logarithm defines a left-exact sequence of topological groups

1
0 ppe(L) >1+my Ly
This can be upgraded to a short exact sequence of rigid group varieties in the étale
topology [7, Section 7][16, Lemma 2.18]
0= pp - D(1) -G, -0,

where for any a € L, we denote by D(a) the open rigid unit disc around a. There is a
partial splitting of log given by the p-adic exponential

n

exp:pimp = 1l+mp, x> Y005
where o = ﬁ for p > 2 and « =2 for p = 2. This can again be upgraded to a homo-
morphism of rigid groups
exp : p*ID(0) — D(1).

But in contrast to the complex case, the exponential series does not converge on all
of L. Indeed, the logarithm sequence of rigid groups is never split as any morphism
from G, to D(1) is constant. Instead, one can only obtain non-canonical splittings on
L-points.

Definition 6.1 By an exponential map for L we mean a continuous group homomor-
phism

exp:L—>1+my

which splits the p-adic logarithm log : 1 + m; — L and is a continuation of the canon-
ical p-adic exponential on the open subgroup p*my C L.
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Lemma 6.2 An exponential map exp : L - 1+wy exists if Hy, (Spa(L), yp) = 1. In
particular, it exists if L is algebraically closed.

Proof It suffices to find a group-theoretic splitting of log extending exp, this will
automatically be continuous if it extends exp on p*my. To find this splitting, we
consider the long exact sequence

.. = Hom(L,1+my) - Hom(p®my,1+my) — Ext'(L/p*mg,1+my)

We claim that the last term vanishes. If L is algebraically closed, this is because 1 + m;,
is divisible, in particular injective (c.f. [43, Section A.2.1]). In general, since L/p*m,
is a Z,-module, it suffices to prove that 1+ m; is p-divisible. For this we consider the
sequence on Spa(L)et

)
1—>,u1,—>1+mLO*i>1+mLO*—>1.

Since H},(Spa(L), ) =1, this shows that 1 + m is p-divisible. ]

An exponential is one of the choices that Faltings makes in [10] to define his p-adic
Simpson correspondence on curves. In the process, Faltings shows that the datum of
exp induces an exponential map for any commutative algebraic group. The goal of
this section is to prove a generalization of this statement for rigid analytic groups, see
Theorem 6.12 below.

We now switch back to the algebraically closed field K. From now on, we assume
that G is a commutative rigid group over K.

Lemma 6.3 Let G be a quasi-compact commutative rigid group over K. Then G[p" ] is
a finite étale group for each n € N.

Proof By [ll, Lemmel],any homomorphism f : G — H ofrigid groups such that the
induced map Lie(f) : Lie G — Lie H is bijective is étale. It follows that [p"] : G - G is
étale, so G[p"] is étale. On the other hand, G[p"] is Zariski-closed in G, because it is
the pullback of a Zariski-closed subset1 € G along [p"] : G — G (see also [11, Exemple
2]). It follows that for any affinoid open U ¢ G, the intersection G[p"] n U is affinoid
of dimension 0 in an affinoid, hence finite. As G is quasi-compact, it follows that G[ p" ]
is finite. u

For any commutative rigid group G, we have the topologically p-torsion subgroup.
Definition 6.4 ([19, Proposition 2.14])  The topological p-torsion subgroup G ¢ G is

the image in v-sheaves of the morphism Hom(Z,, G) SalNyel

We note that this was written as G(p™) in [19]. A priori, G € G is a v-sheaf, but
we can also regard it as a rigid group, which we can use to give a more canonical
description of the logarithm map of Lemma 2.5.

Proposition 6.5 ([11, Section 1.6] and [19, Proposition 2.14]) Let G be a commutative
rigid group.

(1) The v-sheaf G is representable by an open subgroup G € G.

(2) There is a unique homomorphism

logG:G\—>g,

such that Lielog,, : Lie G — Lie G is the identity. We have kerlog,, = G[p*].
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Assume moreover that there is an admissible formal group & over Ok with adic generic

fibre G = QS;‘Id as defined in [35, Section 2.2]. Then:

(3) The identity component G° is isomorphic to (QS")ff] where &" is the formal
completion at the identity.

(4) There is a ‘connected-étale” short exact sequence of rigid groups

1G>G~ (8[p™]) > 0.

Proof Parts (1) and (2) are contained in [19, Proposition 2.14.1 and 2]. We reprove
(2) to justify the statement about Lielog. By Lemma 2.5 and [15, Proposition 3.5],
there is an open subgroup Gy € G for which there exists an injective homomorphism
log, : Go — g with the desired property. For any smooth affinoid algebra R and any
x € G(R), one has x?" € Gy(R) for some n € N. Since g is uniquely divisible, we can
define log(x) = pi” log, (x”") € g(R).

Part (4) can be deduced from the connected-étale sequence of the p-divisible group
&[p™] over Ok by [11, Corollaire 13]. Alternatively, we can give a v-sheaf-theoretic
argument which also shows (3). By the proof of [19, Proposition 2.14], G c G is the
sub-v-sheaf on Perfg given by sheafification of

(R,R") » {x e 8(R") | x mod mg € &(R* /mg)[p*]},
whereas by [35, Proposition 2.2.2] and the definition of formal completion, (®A)f7d is
the sheafification of

(R,R") = {x e 8(R") | x =1mod mg in &(R*/mg)}.
Since (& )Zd is an open disc by [35, Lemma 3.1.2], in particular connected, this shows
(6A)j‘7d ¢ G°. On the other hand, since R* /m is reduced, we have

G(R" [mx)[p] = B[p=]%(R" [mx) = &[p]*(R")
by Henselian lifting. This exhibits (&” )*,‘,d as the kernel of a natural map G —
(6[p“]ét)f1d from a rigid group to an étale group. Hence G° € (QSA);d. [ ]
There is also a version of G which incorporates torsion coprime to p.

Definition 6.6 ([19, Definition 2.5, Proposition 2.14]) There is a unique open
subgroup Gtt C G that represents the image of the morphism of v-sheaves

Hom(Z, G) = G. We call it the topological torsion subgroup of G. The natural
inclusion G - G" identifies G with an open and closed subgroup of G, and the
cokernel is given by the union of all coprime-to-p-torsion points of G.

Lemma 6.7 There is a left exact sequence of rigid groups, functorial in G

log
0= Gior — G"' — 9,

such that log . induced the identity on tangent spaces. Here Gyor =lim _ G[N].

—>NeN

Proof This follows from Proposition 6.5(2). We have G = G - Gy, and define log, =
0 on Gior. [ |
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6.2 Criteria for log_ to be surjective

The goal of this subsection is to prove the following characterisation for when the
logarithm morphism is surjective.

Definition 6.8

(1) Following Fargues [11], we say that G is an analytic p-divisible group if G = G and
[p]: G — G is finite surjective.

(2) More generally, we say that a general rigid group G is locally p-divisible if it
contains an open subgroup U that is an analytic p-divisible group.

Example 6.9

(1) Let G be a commutative connected algebraic group. Then by Rosenlicht’s the-
orem, it is an extension of an abelian variety by a product of G, and tori.
It follows that [p]: G — G is surjective, since this is true for abelian vari-
eties, G, and tori. By Proposition 6.10 below, it follows that G is locally
p-divisible.

(2) Any extension of locally p-divisible groups is locally p-divisible.

(3) The closed unit disc with its additive structure, G = G, is not locally p-divisible.
It is topologically p-torsion, so G = G, but clearly [p] : G — G is not surjective.

Proposition 6.10 Let G be a commutative rigid group over K. Consider the statements:

(1) [p]: G = G is surjective finite étale,

(2) [p]: G — G is surjective,

(3) [p]: G — G is surjective,

(4) G° is an analytic p-divisible group,

(5) G islocally p-divisible,

(6) there exists an open subgroup U C G on which [p] : U — U is surjective,

(7) log,; : G — g is surjective.

Then (1) = (2) = (3) = (4) < (5) < (6) < (7). If 1o (G) is finite, we have (1) < (2). If
G is quasi-compact and connected, we have (4) < (1), so in this case all statements are
equivalent.

Remark 6.11 We suspect that quasi-compactness is not necessary for (4) = (1) to
hold.

Proof of Proposition 6.10 (1) = (2) is trivial.
(2) = (3): For any point x € G(C, C*) with values in an algebraically closed non-
archimedean field extension (C, C*) of K, there exists some y € G(C, C*) such that

[p](y) = x. But then [p"](y) = [p"](x) = 0,50 y € G(C,C").

(3) = (6): Trivialas G < G is open.

(4) = (5): We set U = G° which is by assumption analytic p-divisible.

(5) = (6) is trivial.

(6) = (7): Since (2) = (3), we may replace U by U. By Lemma 2.5, the image M :=
log(U) is then an open subgroup of g. If [p] : U — U is surjective, then so is [p]:
M — M. But the only open p-divisible subgroup of g is the whole group.

(3) = (4): It is clear that U := G° satisfies U = U. By the Snake lemma (applied

in the category of v-sheaves), the cokernel of [p] : G° — G° is equal to the constant
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group given by the cokernel of the map G[p] - 7o(G)[p]. But any morphism from
G° to a constant group vanishes. Thus the map [p] : U — U is surjective. It is étale by
[11, Lemme 1].

It remains to see that this map is moreover finite. For this, it suffices by [11, Lemme
5] to prove that U[ p] is finite. More precisely, as it is a p-torsion abelian group, U[p] is
necessarily isomorphic to (Z/pZ)®" for some index set I, and we need to see that I is
finite. We first note that [ p] being surjective implies by choosing successive preimages
of basis elements under [p] that U[p"] = (Z/p"Z)®", hence

U[p™] = (Q,/Zy)®".

Since we already know that (3) = (7), it follows that we have a short exact sequence
of rigid groups

0— (QP/ZP)GBI - U-g-0.

We claim that U being connected forces |I| < oo. To see this, let m :=dimG +1
and consider the pushout V of U along any surjective morphism (Q,/Z,)®" —
(Qp/Zy)™, so that we have a commutative diagram of rigid groups

| |

0 —— (Qu/Z,)™ %

g > 0

g > 0.

0 —— (Qp/Zp)®" » U g

Then V is still connected, being the image of a surjective map U — V. Since it is
by definition an extension of analytic p-divisible groups, V' is clearly itself an analytic
p-divisible group. By [11, Théoréme 7.2], this implies that m = rtk(V[p>]) <dim V =
dim G, as we can discard the first summand in loc. cit. since V is connected. This
implies that |I| < dim G. Consequently, U[ p] is finite, as we wanted to see.

(7) = (4): For this we consider the morphism of short exact sequences

0 —— G°[p™] y GO % g > 0
T[p] T[P] T[p]
0 —— G°[p™] G %, g 0.

For each 1, denote by Q, the cokernel of [p] : G°[p"] = G°[p"] (sheaf-theoretic, e.g.,
in v-sheaves). Since G°[p"] — Spa(K) is étale, it is a constant rigid group, and hence
so is Q,. It follows that the cokernel Q = h_r)n Q. in the diagram is a constant rigid
group. Hence any homomorphism from the connected group G° to Q is trivial. This
shows that the middle vertical map is surjective. This proves the result because (3) =
(4).

(2) = (1): Assume that 7¢(G) is finite. Then without loss of generality, we may
assume that G is connected. The morphism [ p] is étale by [11, Lemme 1]. Since (2) =
(4), we know that G[ p] is finite. Hence (1) follows from [11, Lemme 5].

Assume now that G is quasi-compact and connected. Then:
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(4) = (2): We use Liitkebohmert’s structure result [25, Theorem I]. This says that
there is an extension T — E — B of a quasi-compact group of good reduction B by a
rigid torus T such that G = E/M for some lattice M ¢ E. We will use this to reduce to
the case of good reduction. Namely, it is clear that [p] : G — G is surjective if and only
if [p] : B — B is surjective. On the other hand, we have

G=Ex(M®Q,/Z,).
We deduce that G° = E°, and this is itself an extension
0->T—>E >B —>0.

We deduce that [p] : B® — B° is surjective if [p] : G° - G° is surjective.

We have thus reduced to the case that G has good reduction. The reduction G is then
a commutative connected algebraic group, hence an extension of an abelian variety by
a product of tori and additive groups. We need to see that the additive part vanishes,
then [p] : G — G is finite surjective, so the same is true for [p] : G — G by [4, Section
6.3.5, Theorem 1].

Assume for a contradiction that G contains a subgroup isomorphic to G,. By
Proposition 6.5(4), G° is the analytic p-divisible group associated with the connected
part of the p-divisible group of G over Og. Consequently, we have a morphism of short
exact sequences

1 — G°(K) —— G(K) —— G(k) —— 1

1] [MT ]

1 — G°(K) —— G(K) —— G(k) —— 1.

If G contains a factor of G, then the kernel of [p]: G(k) - G(k) contains a copy
of k. As the kernel of the middle map is finite, this means by the Snake Lemma that
the cokernel of the first map is non-trivial. This contradicts the assumption that G° is
p-divisible. [ ]

6.3 Exponentials for G induced by exponentials for G,,

We can now prove the main result of this section. Namely, a choice of an exponential
exp : K = 1+ mg for the group G,, induces compatible choices of exponentials for all
locally p-divisible rigid groups G.

Theorem 6.12  Let K be a complete algebraically closed extension of Q, and let G be
a locally p-divisible commutative rigid group over K. Then the choice of an exponential
exp : K — 1+ mg for G, induces a continuous homomorphism

exp : Lie G » G(K)
splitting log . from Proposition 6.5(2). The association G ~ exp; is natural in G.

This generalizes a result of Faltings, who considered the case of commutative
algebraic groups [10, p. 856]. The latter are locally p-divisible groups by Example 6.9.
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Proof By Proposition 6.10, the group G° is an analytic p-divisible group in the sense
of Fargues [11]. By [11, Théoréme 3.3], there is then a natural Cartesian diagram of rigid
groups

G° —— Hom(A(1),G,,)

J’ -
log lﬂgl : exp
g —— Hom(A(Q1),G,),
functorial in G, where A := T,(G°)". With this at hand, we can argue as in [43,

Proposition A.1.2]: The chosen exponential induces a section of the right map on
K-points, thus we obtain a section of the left map on K-points by Cartesianness. ®

7 The Corlette-Simpson correspondence for commutative G
7.1 Recollections on the Hodge-Tate short exact sequence for G, and G,,

Assume that X is a proper, smooth rigid space over K. Set O = R'v, O = QL (-1). We
fix a base point xg € X(K). In this situation, we have by [32, Section 3] the Hodge-Tate
sequence

(12) 0 - H,\(X,G,) -~ H(X,G,) - H'(X,Q) - 0

in which the middle term can be naturally identified as Hy(X,G,) =
Hom (75 (X, xo), K) via a Cartan-Leray spectral sequence for the universal cover
X - X (cf. [16, Proposition 2.8.1, Proposition 4.9]). As we now recall, in general, the
sequence doesn't split canonically. However, a splitting can be functorially induced
by an additional choice.

Definition 7.1 Let X be a smooth proper rigid space over K. By a (flat) B, /&-lift of
X we mean a flat morphism of adic spaces X — Spa(Bj/¢*) with an isomorphism
X XSPQ(BER/EZ) Spa(K) l> X.

We note that such a datum always exists. There is a canonical choice if X admits a
model over a discretely valued subfield K, ¢ K with perfect residue field.

Proposition 7.2 ([12, Proposition 72.5])  Any choice of a By | E*-lift X of X induces a
splitting of (12). This splitting is functorial in (X, X).

7.2 General commutative G

There is an analogous story when we replace G, by the group G,,. By the main result
of [16], there is a short exact sequence

(13) 0 - H,\(X,G,,) » H(X,G,) > H(X,Q) -0

classifying the discrepancy between v-line bundles and étale line bundles in terms
of the additional datum of a Higgs field. This time, the splitting requires not only a
Bz /&*-lift X, but also the datum of an exponential exp as in Definition 6.1, providing
a continuation of the Lie group exponential for G,.
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We now prove an analog of the short exact sequence (13) for general commutative
rigid groups, thus giving a generalization of the Hodge-Tate sequence (12) and the
multiplicative Hodge—Tate sequence (13) to a large class of commutative rigid groups.

Theorem 7.3 Let X be a connected smooth proper rigid space with a base point x €
X (K). Let G be a commutative, locally p-divisible rigid group (see Definition 6.8) over K.

(1) The Leray spectral sequence for v : Xy — X applied to the sheaf G induces a short
exact sequence of abelian groups, natural in G,

14)  0- HY(X,G) - H\(X,G) 1% 1O(X, &) @k Lie G - 0.

(2) Choices ofa Bl /§*-lift of X (Definition 7.1) and an exponential for K (Definition 6.1)
induce a natural splitting sq of HTlog. This is functorial in the following sense:
For any 6 € H°(X, ﬁ) ®k Lie G, these choices induce a v-G-torsor Vy on X with
HTlog(Vy) = 6, and for any homomorphism of commutative locally p-divisible
rigid groups f : G — H a natural isomorphism

G~
Vo x7 H — V(Lic £)(8)-

Proof By [17, Corollary 4.3], the Leray spectral sequence for v : X, - X applied to
G gives a left-exact sequence

0 - H(X,G) - H\(X,G) - H°(X, Q) ® Lie G.

In Theorem 5.1, we have seen that every homomorphism p : 7(X, x¢) - G(K)
induces a class in H! (X, G). Since 7¢'(X, xo) is profinite, it follows from [19, Proposi-
tion 2.14] that the image of p is contained in G"(K). Composition with the logarithm
map log : G — g from Lemma 6.7 induces a commutative diagram

. lo .
Hom(7'(X, x0), G*(K)) —=- Hom(7'(X, x,), Lie G)

| b

H\(X,G) Tlog H'(X, Q) ®x Lie G
where the right vertical map is induced by applying — ® Lie G to
HT : Hom(7' (X, x0),K) = H:(X,0) - H'(X, Q).

Here the first identification comes from the Cartan-Leray sequence for O
along X — X.

Now the choice of a B} /£*-lift of X induces a splitting of the Hodge-Tate sequence
(Proposition 7.2) and hence a splitting of the right vertical map. By Theorem 6.12, an
exponential for K induces an exponential map exp; : Lie G — G(K) that splits the top
horizontal map. In particular, both maps are split surjective. Thus HTlog is also split
surjective, with a splitting induced by the above choices.

The naturality in G is then immediate from the naturality of exp; in Theorem 6.12,
and from the fact that the left vertical map is given via Theorem 5.1 by the functo-
rial construction of sending p to the pushout V, of p along the 7§(X, xo)-torsor
X - X. ]
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We can deduce our final main result, the p-adic Simpson correspondence for
commutative G, giving answers to each of Questions 1.1, 1.2, 1.3 for commutative G.

Theorem 7.4  Let X be a connected smooth proper rigid variety over K with a base point
xo € X(K), and let G be a commutative locally p-divisible rigid group over K.

(1) Choices of an exponential exp for K and a By | €*-lift X of X induce an equivalence
{V—G—torsors on X} = {G-Higgs bundles on X}

of groupoids that is natural in G and in (X, X).
(2) In case that every morphism X — G is constant (for example if G is linear analytic),
this restricts to an equivalence of groupoids

{continuous homomorphisms } ~ { pro-finite-étale }
' (X, x0) > G(K) G-Higgs bundles on XJ

Proof For simplicity, we write 7 for 7t'( X, xo) below.

For (1), we observe that it suffices to construct a functor from left to right that
induces a bijection on isomorphism classes. Indeed, note that since G is commutative,
the automorphism group of an object on either sideis G(X) = HY(X, G) = H% (X, G)
by Lemma 2.20. By Theorem 7.3.(2), the choices of an exponential for K and a B} /¢-
lift X of X induce a section s of the map HTlog in (14), and hence an isomorphism

H(X,G) = HL(X,G) x H'(X, Q') ® Lie G,

which moreover can be upgraded to a functorial construction: For any v-G-torsor V,
consider its class in H!(X, G). Applying HTlog, we obtain 6 € H(X, Q') ® Lie G.
Theorem 7.3.(2) uses the choice of lift and exponential to give us a v-G-bundle Vj on
X with HTlog(Vy) = 6 = HTlog(V) in a functorial way. Now let E be the v-G bundle
V ®° V!, cf. Definition 2.21. Since HTlog is additive with respect to contracted
products, we see that HTlog(E) = 0. Consequently, E is an étale G-torsor. The desired
functor can now be defined by sending V to (E, 0). Here we note that since G is
commutative, the Higgs field condition is vacuous by Lemma 2.20.

This construction is indeed functorial. Any morphism V — V' is an isomorphism,
hence HTlog(V') = HTlog( V') which implies that Vy agrees for V and V’. So the
statement follows from functoriality of - ®° V.

The naturality in G follows from naturality in G in Theorem 7.3(2).

It remains to check the naturality in (1) with respect to maps X — Y between
smooth proper rigid spaces with a lift f : X — Y over B, /&%. But this follows imme-
diately from functoriality of the splitting of the Hodge-Tate sequence for G, induced
by f, see [12, Proposition 7.2.5].

For (2), we use Theorem 5.1 which says that continuous homomorphisms p : 7 —
G"(K) are equivalent to pro-finite-étale G-bundles on X,. Note that by definition,
the v-G-torsor Vp is pro-finite-étale for every 8 € H°(X, Q') ® Lie G. Hence a v-G-
torsor V on X with image 6 under HTlog is pro-finite-étale if and only if V @ V7 is
pro-finite-étale. Applying this to the construction in (1), this implies our claim. ~ ®
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