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( r ece ived J a n u a r y 20, 1967) 

1. In t roduc t ion . It i s an old p r o b l e m to find how a co l l ec t ion 
of cong ruen t p lane f igu res should be a r r a n g e d without ove r l app ing 
to cover the l a r g e s t p o s s i b l e f r a c t i on of the p lane or s o m e r e g i o n 
of the p l a n e . If s i m i l a r f i g u r e s of a r b i t r a r y di f ferent s i z e s a r e 
p e r m i t t e d , V i t a l i ' s t h e o r e m ([7], p . 109) g u a r a n t e e s that pack ings 
which cover a l m o s t a l l po in t s a r e p o s s i b l e . It i s n a t u r a l to s tudy 
the d i a m e t e r s of f i gu re s used in such a packing and we wil l in­
v e s t i g a t e th is for the c a s e of a c losed d isk packed with s m a l l e r 
open d i s k s . 

The following nota t ion is used th roughout . U deno tes the 

c losed d isk of r a d i u s 1 . C = {D } i s a n o n - o v e r lapping a r r a n g e ­

m e n t of s m a l l e r open d i sks D of r a d i u s r wi th in U leaving 
n n 

00 

uncove red the r e s i d u a l se t R(C) = U - Il D . I n c a s e R(C) 
A n n=l 

has p lane L e b e s g u e m e a s u r e 0 , <C is cal led a packing of U . 

The d i s t r i b u t i o n of d i a m e t e r s in a packing C of U m a y 
be m e a s u r e d by the c o n v e r g e n c e p r o p e r t i e s of the s e r i e s 

a. 
Z) r w h e r e a i s a r e a l n u m b e r . F o r any pack ing , the 

n 
n=l 
s e r i e s c o n v e r g e s to 1 if a = 2 ; M e r g e l y a n [6] and Wes l e r [8] 
have shown tha t i t d i v e r g e s if a = 1 . We a r e led to 

DEFINITION 1 . 1 . The exponent of a packing C i s defined 
to be 

oo 
e(C) = inf lor : 2 r a< oo } . 

A n 

n=l 
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This has been extended by Melzak [5] to the local exponent 
of a packing at a point in its res idual set . 

DEFINITION 1.2 . Le t C be a pack ing and x a point 
in R(C) . Le t D(x, r ) be the open d i sk of r a d i u s r about x . 
Le t 

e ( C ) X > r ) = i n f { * : D £ _ ^ < oo } . 
n 

The loca l exponent of C at x i s defined to be 

e(C, x) = l im e(C, x, r ) . 
r - > 0 

In [5l i t i s a rgued tha t the in f imum e x i s t s : s ince t h e r e a r e in-
S— a. 

f in i te ly m a n y t e r m s in the sura, {a\ ^ £r-^r, x r < oo} i s 
L D C D(x, r) n J 

n 
bounded be low by 0 . The l imi t e x i s t s b e c a u s e e(C, x, r ) i s 
n o n - i n c r e a s i n g in r . 

In the nex t s ec t i on it i s shown tha t the exponent of a pack ing 
i s the s u p r e m u m of i t s l oca l e x p o n e n t s . Then the s p e c i a l c l a s s 
of " o s c u l a t o r y p a c k i n g s " i s i n t roduced and it i s shown tha t a l l 
t h e s e have the s a m e exponent and c o n s t a n t loca l exponen t . R e a s o n s 
a r e g iven for be l i ev ing th is exponent to be the m i n i m u m over a l l 
p a c k i n g s , and a lower bound of 1.059 i s de r i ved for i t . A fami ly 
of o s c u l a t o r y p a c k i n g s i s modif ied wi thout change of exponent to 
p r o d u c e a f ami ly of p a c k i n g s which so lve a c e r t a i n o b s t a c l e p r o b ­
l e m . In the f inal s e c t i o n s , s e v e r a l unsolved p r o b l e m s on p a c k i n g s 
and exponents a r e r e v i e w e d . 

Th i s p a p e r i s d e r i v e d f r o m the a u t h o r ' s M a s t e r ' s t h e s i s 
w r i t t e n at the U n i v e r s i t y of B r i t i s h Co lumbia . It i s a p l e a s u r e 
to r e c o r d thanks to D r . Z . A. M e l z a k for sugges t ing the p r o b l e m 
and offering his a s s i s t a n c e and e n c o u r a g e m e n t , to David Kennedy 
for giving the a s s u r a n c e of a c o m p u t e r check on n u m e r i c a l ca l cu ­
la t ions and to Wayne Welsh and D r . M. Sion for examin ing the 
p r o o f s . I a m a l s o gra te fu l to the Nat iona l R e s e a r c h Counci l 
whose f inanc ia l a s s i s t a n c e m a d e th is work p o s s i b l e . 

2 . Exponen t s and Loca l E x p o n e n t s . B e f o r e d e m o n s t r a t i n g 
tha t the exponent of a packing i s the s u p r e m u m of i t s l oca l expo­
n e n t s , it i s conven ien t to c o m p a r e 1.2 with ano the r p o s s i b l e 
def ini t ion of loca l exponent . 
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DEFINITION 2 .1 . 

e (C, x, r) = inf {a: ) r < oo} , 
D n D(x, r) i (h n 

n T 

e((E,x) = lim e(C,x, r) . 
r-*0 

LEMMA 2.2. 

e(C,x) exists and e (C, x) = e(C, x) . 

Proof. For any r > 0 , consider D(x, r) . Only finitely 
many disks from C not contained in D(x, r) can overlap 
D(x, r/3) . (An easy geometric consideration shows there are 
fewer than six such disks.) It is therefore possible to choose 
r < r so that no disks from C can meet D(x, r ) unless they 

o o 
are contained in D(x, r) . Then 

} r > ^ r > ) r 
D CD(x, r) n D HD(x, r ) ^ <f> n D CD(x, r ) n 

n n o r n o 

Hence e(C, x, r )> e(C, x, r ) > e(C, x, r ) 
~~ o -~ o 

And so lim e (C, x, r) = lim e(C, x, r) . 
r-> 0 r->0 

THEOREM 2.3. 

e(C) = sup e(C, x) . 
xeR(C) 

Proof. Let s = sup e(C, x) . It is clear that e(C)̂ > s 
XER(C) 

since, for any x in R(C) , e(C) = e(C, x, 2) > e(C, x) . 

To prove the opposite inequality, take an arbitrary number 
e>0 . For any x in R(C) , s+e > e(C, x) . Hence, there exists 
r(x) so that 
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, s + e 
) r < oo . 

D n D ( x , r ( x ) ) ^ 0 n 

N o w { D } (J { D ( x , r ( x ) ) : x e R ( C ) } i s a n o p e n c o v e r of U . A s 

U i s c o m p a c t , t h e r e i s a f i n i t e s u b c o v e r 

{ D , . . . , D , D ( x r ( x )), . . . , D ( x , r ( x )) } . 
n . n. 1 1 I £ 

1 k 

A n y d i s k D of t h e p a c k i n g m u s t e i t h e r c o i n c i d e w i t h o n e of 
m 

D , . . . , D o r i n t e r s e c t o n e of D ( x j , r ( x , ) ) , . . . , D ( x , r ( x )) ; 
n . n. 1 1 S. I 

1 k 
f o r i t s c e n t r e l i e s i n U and h e n c e i n o n e of t h e d i s k s c o v e r i n g 
U . A t a n y r a t e , r 

m 

t h e c o n v e r g e n t s e r i e s 

k 

U . A t a n y r a t e , r i s i n c l u d e d , p e r h a p s m o r e t h a n o n c e , i n 
m 

s + e , _ V— s + e 
z, r + Z I r 

i = l n i j = l D n D ( x . , r ( x . ) ) ià> n 

oo 
s + e 

H e n c e 2 r < oo a n d e (C)<_ s + e . S i n c e e w a s a r b i t r a r y , 
n = l 

e ( C ) £ s and t h e p r o o f i s c o m p l e t e . 

I t i s i n t e r e s t i n g to s e e h o w t h i s t h e o r e m r e l a t e s to w h a t i s 
k n o w n a b o u t c e r t a i n p a c k i n g s . M e l z a k [5] h a s c o n s t r u c t e d a 
p a c k i n g w h o s e l o c a l e x p o n e n t i s e v e r y w h e r e 2 . T h i s s h o w s t h a t 
t h e s u p r e m u m m a y b e a t t a i n e d i n a r a t h e r s p e c t a c u l a r w a y . In 
t h e s a m e p a p e r h e d e m o n s t r a t e d t h a t a n o s c u l a t o r y p a c k i n g h a s 
e x p o n e n t l e s s t h a n 1 . 9 9 9 9 7 1 . B y r e p l a c i n g o n e of t h e d i s k s i n 
t h e f i r s t p a c k i n g b y a s c a l e d d o w n c o p y of t h i s p a c k i n g o n e o b t a i n s 
a p a c k i n g w h o s e l o c a l e x p o n e n t i s n o t c o n s t a n t . 

3 . O s c u l a t o r y P a c k i n g s . A c e r t a i n c l a s s of p a c k i n g s of U 
w i l l b e c a l l e d o s c u l a t o r y . We w i l l s h o w t h a t t h e y a l l h a v e t h e 
s a m e e x p o n e n t . A s t h e d e f i n i t i o n of o s c u l a t o r y p a c k i n g s of U 
g i v e n h e r e i s s l i g h t l y m o r e g e n e r a l t h a n t h a t i n [ 5 ] , i t r e q u i r e s 
s o m e p r e l i m i n a r y d i s c u s s i o n . 

T h e r e a r e t w o w a y s i n w h i c h t h r e e c i r c l e s c a n b e t a n g e n t 
i n p a i r s t o b o u n d a c u r v i l i n e a r t r i a n g l e . I n t h e f i r s t w a y , t h e 
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c i r c l e s a r e a l l e x t e r n a l l y tangent to p r o d u c e a c u r v i l i n e a r t r i ­
angle of the F - t y p e . In the second way, two of the c i r c l e s a r e 
e x t e r n a l l y t angent to one ano ther and i n t e r n a l l y t angen t to the 
th i rd to p r o d u c e a c u r v i l i n e a r t r i ang l e of the G- type lying in s ide 
the thi rd c i r c l e . 

Given a c u r v i l i n e a r t r i a n g l e of e i the r type t h e r e is a unique 
d isk fi t t ing into it t angent to the t h r e e bounding c i r c l e s . This 
d i sk d iv ides the r e s t of the c u r v i l i n e a r t r i a n g l e into t h r e e new 
c u r v i l i n e a r t r i a n g l e s . T h e s e uniquely d e t e r m i n e a second g e n e r a ­
t ion of d i sk s leaving a to ta l of nine c u r v i l i n e a r t r i a n g l e s in the 

n - 1 
r e s i d u a l s e t . We can p r o c e e d by induct ion in t roduc ing 3 
d i s k s in the nth g e n e r a t i o n to p r o d u c e an o s c u l a t o r y pack ing of 
the c u r v i l i n e a r t r i a n g l e . 

Having d e s c r i b e d the o s c u l a t o r y packing of a c u r v i l i n e a r 
t r i a n g l e , it i s p o s s i b l e to define an o s c u l a t o r y packing of U . 

DEFINITION 3 . 1. C = {D } i s an o s c u l a t o r y packing of 
n N 

U if t h e r e i s a pos i t i ve i n t ege r N so that U - I I D c o n s i s t s 
, n 

n=l 
of c u r v i l i n e a r t r i a n g l e s packed in the o s c u l a t o r y fash ion by 

{ D n ^ n = N -

In [5], it i s ver i f ied that " o s c u l a t o r y p a c k i n g s " r e a l l y a r e 
pack ings in the s e n s e tha t they leave uncove red a r e s i d u a l s e t of 
p l ane L e b e s g u e m e a s u r e 0 . Tha t proof s t i l l ho lds with the r e ­
v i sed def ini t ion of o s c u l a t o r y p a c k i n g s . In what fol lows, o p e r a t i o n s 
wi l l be p e r f o r m e d on c e r t a i n o s c u l a t o r y pack ings to d e r i v e new 
co l l ec t i ons of d i s k s . T h e s e new co l l ec t ions wi l l a lways be pack ings 
e i t he r b e c a u s e they a r e aga in o s c u l a t o r y o r b e c a u s e a countable 
union of s e t s of m e a s u r e 0 i s a se t of m e a s u r e 0 . 

In the o s c u l a t o r y packing of a c u r v i l i n e a r t r i a n g l e the r a d i i 
of the pack ing d i s k s a r e uniquely d e t e r m i n e d by the r a d i i of the 
c i r c l e s bounding i t . It i s convenient to adopt a no ta t ion which 
shows that the s u m of the ath power of t h e s e packing r a d i i 

00 
{r ) a depends only on a and the r a d i i a, b, c of the bounding 

n n=l 
c i r c l e s . It i s n e c e s s a r y to d i s t ingu i sh be tween the two types of 
c u r v i l i n e a r t r i a n g l e s . 

DEFINITION 3 . 2 . If d i s k s of r a d i i { r } °° J f o r m the 
v n J n = l 
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osc i l l a to ry pack ing of a c u r v i l i n e a r t r i a n g l e bounded by c i r c l e s 
00 

Oi 

of r a d i i a, b , c then S r is denoted by ~F(a, a, b , c) in the 
n= l n 

F c a s e and by G(o>, a , b , c) in the G c a s e . In the G c a s e we 
adopt the conven t ion tha t a i s the r a d i u s of the c i r c l e conta in ing 
the c u r v i l i n e a r t r i a n g l e . 

Not ice tha t F i s s y m m e t r i c in i t s l a s t t h r e e a r g u m e n t s 
whi le G is s y m m e t r i c in i t s l a s t two a r g u m e n t s on ly . 

Now le t C = {D } be an o s c u l a t o r y pack ing of U . Le t 
N n 

U - y D c o n s i s t of N c u r v i l i n e a r t r i a n g l e s of the F type 
n F 

n=l 
and N c u r v i l i n e a r t r i a n g l e s of the G t y p e . Le t F . (a) 

G l 
( i = 1, . . . , N ) , G. (a) (j = 1, . . . , N ) be the s u m s c o r r e s p o n d i n g 

F j G 
to t h e s e c u r v i l i n e a r t r i a n g l e s . Then we ob ta in 

N N F N G 
(3 .3 ) S xa = 2 ra + 2 F.(or) + 2 G.(cr) . 

n - 1 n=l 1=1 j = l 

oo 
Q> 

It i s c l e a r tha t the c o n v e r g e n c e of S r depends only 
n ^ l 

on the c o n v e r g e n c e of the s e r i e s r e p r e s e n t e d by F . (a) and G.(o') . 

To show that a l l o s c u l a t o r y pack ings of U have the s a m e exponent , 
i t i s suff ic ient to show tha t the c o n v e r g e n c e of the s e r i e s r e p r e s e n t e d 
by F ( a , a, b , c) and G(a, a, b , c) i s i ndependen t of t h e i r l a s t t h r e e 
a r g u m e n t s . 

Le t us beg in by c o n s i d e r i n g F(a, a, b , c) . Two s i m p l e r e ­
su l t s a r e co l l ec ted in 

LEMMA 3 . 4 . 

(i) F ( c v , a , b , c ) i s mono tone i n c r e a s i n g in a , b and c . 

(ii) F(a, ua, jib, JJLC) = JJL F ( a , b, c) . 

Proof , (j) By s y m m e t r y i t suff ices to show what happens 
when a i s i n c r e a s e d . I n c r e a s i n g a , whi le b and c a r e held 
cons t an t , i n c r e a s e s the r a d i u s of the d i sk tha t wi l l fit into the 
c u r v i l i n e a r t r i a n g l e they d e t e r m i n e . The effect of i n c r e a s i n g 
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radii is felt the same way down through all generations of d i sks . 
A te rm by te rm comparison of the ser ies for F(#, a, b, c) and 
F(a, a+ Aa, b, c) proves the resul t . 

(ii) Changing a , b and c by the same factor JJL amounts 
to a s imilar i ty transformation of the whole configuration. Since 
each radius is changed by the factor ji , each te rm in the se r i es 
for F(a, a ,b , c) is multiplied by the factor JJL0' , and the resul t 
follows. 

Now it is possible to show 

LEMMA 3 .5 . The convergence of the se r ies represented 
by F(a, a, b, c) is independent of a , b and c . F(a, a, b, c) 
converges if and only if F(a, 1, 1, 1) converges. 

Proof. Let m = m i n { a , b , c } , M = m a x { a , b , c } . By 
Lemma 3.4 (i) , F(a, m, m, m) £ F(a, a, b, c) < F(a, M, M, M) . 

By Lemma 3.4 (ii) , m^Ffa, 1, 1, 1) < F {a, a, b, c) < M^F(a, 1, 1, 1) . 
That i s , F(a, a, b, c) converges if and only if F{a, 1, 1, 1) con­
ve rges . 

In order to consider G{a, a, b, c) , it is necessary to reca l l 
severa l facts about the involutory transformation called inversion. 
Here and in later sections where no confusion can a r i se , the same 
symbol will be used for a disk or circle as for its rad ius . 

Consider inversion with respect to a circle k of radius k 
centered at O . It maps a point P onto Pf where O, P and 

2 
Pf a re collinear and OP X OPf = k . The circumference of k 
is invariant pointwise. Lines through O are mapped into them­
selves; other lines, into circles through O . Circles through O 
are mapped into lines; other circles into c i rc les . 

LEMMA 3.6 . Let r be a circle of radius r centered 
at distance d > r from the centre of inversion. Then r inverts 
in a circle of radius k to the circle r1 of radius rf where 

ri = — _ 

Proof. The line through the centres of k, r , r ! cuts r ! 

at points whose distances from the centre of inversion a re 
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d+r d-r 

2 2 2 
Hence r 1 = - - — - -j— J = — — 

2 d - r d+r J ,2 2 
d - r 

COROLLARY. Le t T be a s e t packed wi th d i s k s . If T 
i s conta ined in the c i r c l e of i n v e r s i o n k of r a d i u s k , if the 
d i s t a n c e f r o m T to the c e n t r e of i n v e r s i o n i s bounded be low by 

d , and if the i pack ing d i sk r . of r a d i u s r . i n v e r t s in to 
Q £L Q x 1 

a d i sk r ! of r a d i u s r | , then 
1 x 

r ! i 2 

1 < — < — . 
l d 

o 

P roof . Le t d be the d i s t a n c e f r o m the c e n t r e of the 
th ~ ~ i 

i d i sk to the c e n t r e of i n v e r s i o n . By the l e m m a , 
r l k2 

— = ~ r . Since T i s conta ined in the c i r c l e of i n v e r s i o n , 
r . n2 2 

i d. - r . 
l l 

k
2 

k >_ d ; and — r~ > 1 . Since e a c h d i sk r . i s conta ined in T , 
d. - r 

i i 
2 2 2 2 

k k k k 
d. - r . > d . Hence — r = ~ TT-——r < r < — . 

l i — o ,2 2 ( d . - r . ) ( d . + r . ) — 2 — ,2 
d. - r . l i / v l i ( d . - r . ) d 

1 1 1 1 O 

Thi s r e s u l t e n a b l e s us to show 
LEMMA 3 . 7 . The c o n v e r g e n c e of the s e r i e s r e p r e s e n t e d 

by G(a, a, b , c) i s i ndependen t of a , b and c . G(af a, b , c) 
c o n v e r g e s if and only if F(a, 1, 1, 1) c o n v e r g e s . 

P roo f . Cons ide r G(a, a, b , c) and the r e l a t e d packed 
G- type c u r v i l i n e a r t r i a n g l e . Choose a c i r c l e k which s u r r o u n d s 
the l a r g e s t d i sk in th i s conf igura t ion and has i t s c e n t r e in th i s 
d i sk bu t bounded away f r o m the c u r v i l i n e a r t r i a n g l e by s o m e 
d i s t a n c e d . I n v e r t in k to t r a n s f o r m the packed G- type 

o 
c u r v i l i n e a r t r i a n g l e a b c into a packed F - t y p e c u r v i l i n e a r 
t r i a n g l e a-'b'c1 . 
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Under th is i n v e r s i o n , the d i sk s in the packing a l l g row 
2 . 2 

but the growth r a t i o r! / r . does not exceed v = k /d . Thus 
1 1 o 

F (or, a ! , b ! , c«) > G(a, a , b , c) . 

But 

yaG(a, a , b , c) > F(a, a \ b ' , c«) . 

Hence 

F (or, a1, b \ c !) > G(a, a, b, c) > y'^Ffa, a1, b 1 , c1) . 

Tha t i s , G(a, a, b, c) c o n v e r g e s if and only if F(a, a f , b f , cf) 
c o n v e r g e s . By L e m m a 3 . 5 , th is o c c u r s if and only if F(a, 1, 1, 1) 
c o n v e r g e s . 

Now i t is p o s s i b l e to p r o v e 

THEOREM 3 . 8 . All o s c u l a t o r y pack ings of U have the 
s a m e exponent . It i s equal to inf {a: F (a, 1, 1, 1) < oo} . 

P roof . The r e s u l t i s i m m e d i a t e f r o m Equat ion 3 . 3 , 
L e m m a 3 . 5 and L e m m a 3 . 7 . 

The n u m b e r inf {a : F ( a , l , l , l ) < o o } o c c u r s often in what 
fo l lows . It i s convenient to have a s p e c i a l symbo l for i t . 

DEFINITION 3 . 9 . cr = inf {a: F (or, 1, 1, 1) <oo} . 

4 . Loca l P r o p e r t i e s of O s c u l a t o r y P a c k i n g . O s c u l a t o r y 
pack ings of U can be c h a r a c t e r i z e d by the i r loca l b e h a v i o u r . 
After doing th is we show that a l l o s c u l a t o r y pack ings have c o n s t a n t 
l oca l exponent equa l to cr . 

DEFINITION 4 . 1 . A packing C = {D } of U i s cal led 

o s c u l a t o r y a t the point x in U in c a s e t h e r e e x i s t s a pos i t i ve 
N 

i n t e g e r N and a r a d i u s r > 0 such that (U - (J D ) p | ^ ( x 7 r ) 
n=l n 

i s cove red by a finite n u m b e r of c u r v i l i n e a r t r i a n g l e s and t h e s e 
a r e packed in the o s c u l a t o r y fash ion . 

DEFINITION 4 . 2 . A packing of U i s ca l led loca l ly 
o s c u l a t o r y in c a s e i t i s o s c u l a t o r y a t e v e r y po in t in U . 
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THEOREM 4 . 3 . A pack ing of U i s o s c u l a t o r y if and 
only if i t i s loca l ly o s c i l l a t o r y . 

P roof . N e c e s s i t y i s c l e a r . Sufficiency fol lows f r o m the 
c o m p a c t n e s s of U . F o r if C i s a loca l ly o s c u l a t o r y pack ing 
then to e v e r y poin t x in U t h e r e c o r r e s p o n d s a p o s i t i v e i n t e g e r 

N(x) 
N(x) and a r a d i u s r(x) > 0 such tha t (U - (J D ) f \D(x , r (x)) 

n= l n 

m e e t s f in i te ly m a n y c u r v i l i n e a r t r i a n g l e s and t h e s e a r e packed 
in the o s c u l a t o r y f a sh ion . The open d i sk s {D(x, r(x)) : x e U } 
cover U so t h e r e i s a f ini te subcove r 

{ D ( x l f r ( X l ) ) . . . D ( x k , r ( x k ) ) } . 

Le t N = m a x { N ( x ) . . . N(x )} . Then U - I l D i s the union 
1 k , n 

n=l 
of f in i te ly m a n y c u r v i l i n e a r t r i a n g l e s packed in the o s c u l a t o r y 
f a sh ion . That i s , C is an o s c u l a t o r y p a c k i n g . 

The h ighes t p o s s i b l e exponent i s 2 , and in Sect ion 1 a 
r e f e r e n c e was g iven to the c o n s t r u c t i o n of a packing whose loca l 
exponent i s e v e r y w h e r e 2 . In the next s e c t i o n we wi l l d i s c u s s 
r e a s o n s for be l iev ing tha t cr , the exponent of the o s c u l a t o r y 
p a c k i n g s , is the lowes t p o s s i b l e exponent . Accord ing ly , it i s 
i n t e r e s t i n g to o b s e r v e 

THEOREM 4 . 4 . The loca l exponent of an o s c u l a t o r y 
packing i s c o n s t a n t and equa l to cr a t e v e r y poin t . 

P roof . In T h e o r e m 2 . 3 i t was shown tha t the exponent 
of a packing is the s u p r e m u m of i t s loca l e x p o n e n t s . B e c a u s e 
of th is and T h e o r e m 3 . 8 , the loca l exponent of an o s c u l a t o r y 
pack ing can n o w h e r e exceed cr . Now suppose tha t C i s an 
o s c u l a t o r y pack ing , x i s a point in the r e s i d u a l s e t R(C) , and 
the loca l exponent e(C, x) i s l e s s than cr . As e(C, x) = l im e(C, x, r ) , 

r->0 
t h e r e e x i s t s an r > 0 such that e(C, x, r ) < cr . As C is o s c u l a -

o o 
N 

to ry , t h e r e e x i s t s a pos i t i ve i n t e g e r N such tha t U - (J D 
n=l 

c o n s i s t s of f ini te ly m a n y c u r v i l i n e a r t r i a n g l e s packed in the o s c u l a ­
t o r y f a sh ion . One of t h e s e con ta ins x , and as e a c h succeed ing 
g e n e r a t i o n of d i s k s i s packed into th i s t r i a n g l e , the r e s i d u a l s e t 
i s f r a g m e n t e d into s m a l l e r and s m a l l e r c u r v i l i n e a r t r i a n g l e s , one 
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of which always contains x . Eventually a stage is reached when 
the diameter of the curvilinear triangle containing x is less than 
r . This curvilinear triangle is contained in D(x, r ) . As the 

o o 
exponent for the packing of this curvilinear triangle is cr , 
e(C, x, r ) < cr is impossible and e(C, x) < cr is impossible. 

5. Ls o- the minimum exponent? In addition to considering 
the exponent of a packing e(C) , it is possible to consider the 
Hausdorff dimension of the residual set, dim R(C) . ([3], p . 107.) 

D.G. Larman [4] has shown that for the packing of an 
n-dimensional cube by balls , 

inf (d imR(C)} < inf{e(C)} . 
C C 

H.G. Eggleston [2] has shown that, for the packing of an 
equilateral triangle by oppositely oriented equilateral t r iangles, 

inf {dim R(C)} ^ j 2 ^ . 

Moreover, this is attained by a packing C which uses the 

largest possible triangle at each stage. Defining the exponent 
for triangle packings in te rms of the side lengths, we would have 
in this case 

oo oo . 

e(C ) = inf {c*:2da<oo} = inf{c*: S 3J (2~3f< oo} = ̂ - f • 1
 i = 1 i j = 1 log 2 

If Larman1 s resul t holds for triangle packings, 

inf {e(C)> = e(C ) . 
C ° 

One might then expect that for disk packings by disks, inf {e(C)} 
C 

would be attained by a packing which, by analogy with Eggleston1 s 
construction, uses the largest possible disk at each stage. However, 
such a packing is osculatory when D is inserted tangent to U . 

This evidence is entirely circumstantial but points strongly 
to the conjecture that the osculatory exponent, cr , is minimal . 
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6. A lower Bound for cr . In th i s sec t ion , s e v e r a l lower 
bounds a r e d e r i v e d for cr . The b e s t lower bound so fa r e s t a b ­
l i shed is 1.059 . However , be fo re e s t ab l i sh ing th i s n u m b e r , we 
s h a l l ob ta in the lower bound 1.035 by two m e t h o d s which m o t i v a t e 
the f inal a n a l y s i s . In a l l c a s e s we work f r o m the fact tha t 

cr - inf {a : F(a, a, b, c) < oo } . 

This fol lows f r o m Defini t ion 3 .9 and L e m m a 3 . 5 . 

As g e o m e t r i c p r o g r e s s i o n s a r e e a s y to t e s t for c o n v e r g e n c e , 
i t would s e e m d e s i r a b l e to find r a d i i a, b , and c so tha t T(a, a, b , c) 
could be bounded f r o m be low by a g e o m e t r i c p r o g r e s s i o n . We a r e 
led to a sk if t h e r e e x i s t s a c u r v i l i n e a r t r i a n g l e which can be packed 
in the o s c u l a t o r y fash ion so tha t e ach g e n e r a t i o n of d i s k s i nc ludes 
one whose r a d i u s be longs to a g e o m e t r i c p r o g r e s s i o n . An a f f i r m a ­
t ive a n s w e r i s g iven in 

LEMMA 6 . 1 . If_ X = ^ - NTY (where r = "? , the golden 

r a t i o ) , then t h e r e e x i s t s a c u r v i l i n e a r t r i a n g l e bounded by d i s k s of 
2 

r a d i i 1,X,X and such that the f i r s t - g e n e r a t i o n packing d i sk ha s 
3 

r a d i u s X 

Proof . A s s u m e such an a r r a n g e m e n t of d i s k s i s p o s s i b l e 
and apply Soddy 's f o r m u l a ( [ l ] , p p . 13-15) for the r a d i u s of the 
f i r s t - g e n e r a t i o n d i sk in o r d e r to get an equa t ion for X . One 

3 1 1 I : 2 3 
ob ta ins 1/X = 1 +""+~T + 2 N/1/X + 1/X + 1/X . The subs t i t u t i on 

- 1 2 
u = X + X l e a d s to the equa t ion u - 2 u - 4 = 0 . As X m u s t be 
p o s i t i v e , the only r e l e v a n t r o o t i s u = 1 +\T5 = 2 T . This g ives 
r i s e to X = Tjh N/~T , and the choice X = r - \pr i s fo rced by X< 1 . 

LEMMA 6 . 2 . 

o- > log 3 > 1 > 0 3 5 m 

~ log ( r +N/T ) 

F i r s t P roof . Applying the Soddy f o r m u l a aga in and again , 

t h e r e i s a lways a d i sk of r a d i u s X in the N g e n e r a t i o n of 
the o s c u l a t o r y pack ing of the c u r v i l i n e a r t r i a n g l e d e s c r i b e d in 

N - l 
the p r e v i o u s l e m m a . M o r e o v e r , th i s i s the s m a l l e s t of the 3 

d i s k s in the N g e n e r a t i o n . 
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Hence 

w . 2x ^ 0 N - 1 / N+2 I0' 
F (or, 1,X,X ) > S 3 \X / . 

The r i g h t s ide i s a g e o m e t r i c p r o g r e s s i o n of c o m m o n r a t i o 

3X . The g e o m e t r i c p r o g r e s s i o n d i v e r g e s u n l e s s 3 \ < 1 . 
Tha t i s , 

a > , l Q 8 . 3
 = log ^ = log 3 

log X log 1/X log (T+NTT) 

Calcu la t ion shows 

log 3 
log ( r+ \ / r ) > 1.035 

2 
Second P roof . We m a y b r e a k up F(a, 1, X,X ) into s e r i e s 

for the pack ing of the c u r v i l i n e a r t r i a n g l e s which r e s u l t f r o m 
the i n s e r t i o n of the f i r s t - g e n e r a t i o n d i sk . We obta in 

F ( o s l , \ , X )=F(<*,X, X , X ) + F ( o ? , l , X ,X ) + F ( û r , 1,X,X ) + (X f 

By L e m m a 3 .4 , 

(a) F(c*,X,X ,X ) = \aF(a9 1,X,X ) 

(b) F(c*, 1,X ,X )>F(af , X,X ,X ) = X* F (or, 1, X, X ) 

(c) F ( a , 1,X,X ) > F(c*,X,X ,X ) = \ a F(a, 1,X, X ) . 

Hence 

And so 

F ( a , l , X , X ) > 3\Q ,F(0 ' ) 1, X. X )+X " 

2 X3* 
F ( a , l , X , X ) > — 

1-3X 

2 a 
Th i s shows that F(os 1,X,X ) d i v e r g e s if 1-3X = 0 . A lower 
bound for cr i s aga in obtained f r o m the equat ion 3\a - 1 . 

Th i s bound i s u n n e c e s s a r i l y low b e c a u s e too m u c h was 
3 a 2 

s ac r i f i c ed in e s t i m a t e (c) , F{a, 1, X, X ) > X T(a, 1, X, X ) . 
The me thod which we wil l u s e to i m p r o v e this e s t i m a t e c o m e s 
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from the inversion proof in Lemma 3.7 that G(a, a ,b , c) con­
verges if and only if F(a, a1, b1, cf) converges. We invert the 

3 
packed curvil inear triangle bounded by disks of radii 1, X,X 
into the packed curvilinear triangle bounded by disks of radi i 

2 
1,X,X . If no radius in the packing is thereby increased by 
more than the factor y , then 

•yaF(a, 1,\,X ) > F(a, l.X.X ) 

F(a, l.X.X )> y'° F(a, 1, X, X ) . 

Proceeding as in the second proof of Lemma 6.2 

2 \3a 

F ( a , l , X , X ) > ~ . 
^ a. -a. 

1-2X - y 

The resulting equation for the lower bound on or is 

(6.3) 2 X a + v " a = 1 . 

-1 
Computation will show that y > X ; so this equation gives a 

larger value of the lower bound than the equation 3X = 1 . 

It remains to compute the maximum growth rat io, y , 
which we know by the corollary of Lemma 3.6 to be of the form 

2 2 
k / d , where k is the radius of the circle of inversion and o 
d is the distance from the curvil inear triangle to the centre of 

o 
inversion. Our f i rs t task is to find the circ le k which inverts 

3 2 
the disks 1, X, X into the disks 1, X, X 

Since the inversion in k is to leave 1 and X invariant, 
these c i rc les mus t be orthogonal to k . Let 1 and X be 
centred on the positive and negative x-axis respect ively of a 
car tes ian coordinate system, and let them be tangent at the 
origin. Then k mus t pass through the origin tangent to the 
x-ax iè . The centre of k may be chosen on the negative y-axis 

3 2 
so that X lies in the lower half plane and X in the upper 
half plane. 

3 
The point of tangency of X and 1 inverts into the point 
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2 
of t angency of X and 1 . It fol lows that t he se poin ts a r e 
c o l l i n e a r with the c e n t r e of i n v e r s i o n . The c e n t r e of i n v e r s i o n 
i s t h e r e f o r e d e t e r m i n e d as the i n t e r s e c t i o n of th is line with the 
y - a x i s . The r a d i u s k is the d i s t a n c e f r o m the c e n t r e of in ­
v e r s i o n to the o r ig in , the d i s t a n c e d is the d i s t ance f r o m the 

c e n t r e of i n v e r s i o n to the point of t angency of X and 1 . (The 
a s s e r t i o n r e g a r d i n g d r e q u i r e s an ea sy computa t ion to ve r i fy 

tha t the c e n t r e of i n v e r s i o n is c l o s e r to the point of t angency of 
3 3 

X and 1 than to the point of t angency of X and X . ) 

The m a i n p r o b l e m is to find the above po in t s of t angency . 
It i s no h a r d e r to do this in full g e n e r a l i t y and so we p r o v e 

LEMMA 6 . 4 . If a and b a r e c i r c l e s of r a d i i a and 
b , c en t r ed a t (a, 0) and (-b, 0) r e s p e c t i v e l y and if c i s a 
c i r c l e of r a d i u s c lying in the upper half p lane and tangen t to 
a and b , then c . a , the point of t angency of c and a , h a s 
c o o r d i n a t e s 

/ 2bc 2 v/abc(a+b+c) 
* a+b+c+bc /a ' a+b+c+bc/a " 

P roof . Inver t ing the c i r c l e s a, b , and c in the uni t 
c i r c l e cen t r ed a t the o r ig in , we obta in the following i m a g e s : 

a f , the l ine x = l / 2 a ; 

b f , the l ine x = - l / 2 b ; 

c f , a c i r c l e in the upper half p lane t angen t to a1 

and b ! . 
c . a wil l be d e t e r m i n e d as the i n v e r s e of cf . a1 . 

The c o o r d i n a t e s of c1 . af a r e ( l / 2 a , y ) w h e r e y i s 
o o 

the y c o o r d i n a t e of the c e n t r e of c1 . As c1 i s t angen t to a1 

1 1 - 1 b+a 
and b 1 , i t s r a d i u s i s — ( — - — ) = — - and the x c o o r d i n a t e 

2 2a 2b 4ab 
1 1 - 1 b - a 

of i t s c e n t r e is ~ ( — + — ) = -—- . y m a y be d e t e r m i n e d f r o m 
2 2a 2b 4ab Jo J 

the fac t tha t cf i n v e r t s into c , a c i r c l e of r a d i u s c . Applying 
the f o r m u l a f r o m L e m m a 3 .6 for the r a d i u s of the i m a g e of a 
g iven c i r c l e under i n v e r s i o n , 

2 b+a 
4ab 

c = r 2 _L / b - a N 2 i / b + a \ 2 

[ y o + ( 4 à b ) J - (ÏIÏÏ> 
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Simplifying and solving for y , 
o 

'.•} 
fa+b+c 
4abc 

Thus c ! . a1 h a s c o o r d i n a t e s 

K 2a W 

fa+b+c 
4abc ' ' 

In the uni t c i r c l e c e n t r e d a t the o r ig in , the po in t (x, y) i n v e r t s 
x y 

into the point (— r , —-r1—— ) . Thus c1 . a1 i n v e r t s into the 
Z ù C, C. 

x +y x +y 
poin t with c o o r d i n a t e 

Simplifying t h e s e g ives the f inal f o r m of the c o o r d i n a t e s of c . a . 

COROLLARY. If c i s in the lower half p l ane , the s a m e 
f o r m u l a ho lds with the second c o o r d i n a t e of c . a t aken n e g a t i v e . 

2 3 
Applying t h e s e r e s u l t s to the c i r c l e s 1, X, X , \ we find 

2 
tha t 1 and X a r e t angen t at 

2a 
1 a+b+c 

A 2 4abc 
4a 

/a+b+c " 
J 4abc 

' 1 a+b+c 
A 2 4abc 
4a 

/ x / 2^ -2 J\ +X +X , 
( x i ' y i ) = ( , 2 3 • " " T~T > 

1+X +X 1+X+X +X 

3 
and 1 a n d X a r e t a n g e n t a t 

(X v ) = ( 2X 2 7 \ +X +X 
l X 2 ' V l 3 4 ' 3 4 } ' 

1+X+X +X 1+X+X +X 

If t h e c e n t r e of t h e c i r c l e of i n v e r s i o n i s (0 , y ) , t h e c o l l i n e a r i t y 

° f ^ X l , y i ^ ' ^X2'y2^ a n d ^ ° , y 3^ %ives 
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yry2 
y = y - x ( ) . y 3 y 2 2 x -x 

1 2 

2 2 2 2 2 
Now it is p o s s i b l e to compute k = y , d = x + (y - y ) , 

- 1 2 2 
and f inal ly v = d / k . Equat ion 6 .3 for the lower bound on 

cr i s 

2(. 34601)* + ( .37203)* = 1 

and by computa t ion we obta in 

THEOREM 6. 5 . cr > 1.059 . 

7 . Other P a c k i n g s with Exponent cr . T h e r e a r e pack ings 
with exponent cr which a r e not o s c u l a t o r y . We now d e s c r i b e a 
whole fami ly of such p a c k i n g s . 

Around a d i sk of r a d i u s 1/3 i t i s p o s s i b l e to p l a c e s ix m o r e 
d i s k s of r a d i u s 1/3 so that ad jacent d i sks a r e t angen t . This s e t 
of d i s k s m a y be p laced in U leaving a r e s i d u a l s e t which is the 
union of c u r v i l i n e a r t r i a n g l e s , s ix of the F - t y p e and s ix of the 
G - t y p e . E a c h of t h e s e c u r v i l i n e a r t r i a n g l e s m a y then be packed 
in the o s c u l a t o r y fash ion to comple t e the packing of U . This 
pack ing c l e a r l y has the exponent cr . 

M o r e o v e r , c o r r e s p o n d i n g to e v e r y i n t ege r N >. 3 t h e r e i s 
an ana logous packing in which the c e n t r a l d isk has r a d i u s a and 

the N s u r r o u n d i n g d i sks each having r a d i u s b^T . The va lue s of 

a and b a r e obtained f r o m the equat ions 

a N + 2 b N = 1 > 

bN . TT 

a + b = S m N * 
N N 

The f i r s t i s de r ived f r o m the r e q u i r e m e n t that the d i sk s fit 
into U ; the second i s r e a d off f r o m the r i g h t - a n g l e d t r i a n g l e 
whose v e r t i c e s a r e the c e n t r e of U , the c e n t r e of a b T d i sk and 

N 
the point of t angency of this b d isk with e i the r of the two 
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ad jacen t b d i s k s . 

Le t us denote the r e s u l t i n g packing by C . F o r the 

c o r r e s p o n d i n g s u m le t us w r i t e 

n=l 

so tha t Ô (a) deno t e s the s u m which a r i s e s f r o m the o s c u l a t o r y 

pack ing of the annulus U - a^T . 

Now the a d isk in C m a y be r e p l a c e d by a copy of 

C sca led down by the r a t i o l:a^T . When th is p r o c e s s i s 

i t e r a t e d inf in i te ly often, a pack ing C i s obtained for which 

oo 

Vn = 6 N W + a N 5 N W + a N t t 5 N W + -n=l 

1- a 
N 

Q/ 

As a _ < 1 for a> 1 , th is s e r i e s i s c o n v e r g e n t if and only if the 
N — 

s e r i e s for C is c o n v e r g e n t . Thus the f ami ly of p a c k i n g s 

<C:\(N>.3) a l l have exponent cr . 

It i s c l e a r tha t the pack ings <C* a r e not o s c u l a t o r y b e c a u s e 

they fa i l to be o s c u l a t o r y a t the c e n t r e of U . 

Now c o n s i d e r the following o b s t a c l e p r o b l e m . A poin t i s 
defined to be s t r o n g l y avoided by a pack ing if i t i s left uncove red 
not only by the open d i s k s of the pack ing but a l so by t h e i r c l o s u r e s , 
Is t h e r e a pack ing with exponent cr which s t rong ly avo ids an 
a r b i t r a r y g iven point in the i n t e r i o r of U ? 

It i s c l e a r that the pack ings C* solve th is p r o b l e m when 

the point in ques t i on i s the c e n t r e of U . Le t us f ix on s o m e 
C* and p r o d u c e a packing which s t r ong ly avoids an a r b i t r a r y 
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given point X in the i n t e r i o r of U . 

The c o n s t r u c t i o n of such a packing depends on the fac t that 
a n e s t of c o n c e n t r i c d i s k s converg ing to the i r c o m m o n c e n t r e 
can be inve r t ed into a ne s t of d i sk s converg ing to any point within 
the l a r g e s t d isk , the i n v e r s i o n leaving the l a r g e s t d isk f ixed . 

I nve r t X in the c i r c u m f e r e n c e of U to X1 . The c i r c l e 
c en t r ed a t Xf and o r thogona l to U i n v e r t s X to the c e n t r e of 
U and l eaves U i n v a r i a n t . This i s a s p e c i a l c a s e of the t h e o r e m 
(U]> PP- 84, 85) that a c i r c l e and a p a i r of i n v e r s e points i n v e r t 
(in ano the r c i r c l e ) into a c i r c l e and a p a i r of i n v e r s e p o i n t s . The 
i n v e r s i o n d e s c r i b e d above m u s t take the c e n t r e of U to X and 
any d i sk conta ining the c e n t r e of U to a d i sk containing X . 

Cons ider the ac t ion of th is i n v e r s i o n on any C* to p r o d u c e 

a new packing C* . Topologica l ly the r o l e of X r e l a t i v e to 

<C T is the same as the role of the centre of U relative to C * . 
N f N 

Hence X is strongly avoided by C* . Disks grow and shrink 

under this inversion but the maximum growth and shrinkage ratios 
are bounded as the interior of U is bounded away from the centre 
of inversion. It follows that the exponent cr is preserved. 

8. Unsolved Problems. In this section, a number of un­
solved problems are listed. 

The leading question is whether a is the minimum of all 
exponents for the packing of a disk by disks. 

Even if this is not the case, an exact determination of (r 
is of interest. Combining the upper bound proved in [5J with the 
lower bound of Theorem 5. 5 we have 1. 059 < cr < 1.999971 . 

M. Sion has asked what figures other than curvilinear tri­
angles and disks can be packed with disks so that the packing 
has exponent cr . This opens the whole question of the relevance 
of boundary conditions to packing problems. Does it matter if we 
pack disks, squares, or arbitrary bounded regions? 

In [5j it is shown that the exponent of osculatory packings, 
or , is less than 2 and that there exists a packing whose exponent 
is 2 . But these are the only two exponents known to exist. It 
would be interesting to know which numbers can be exponents. 
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In tu i t ive ly one f ee l s that any n u m b e r b e t w e e n two exponents 
should be an exponen t . Yet the fac t p roved in T h e o r e m 1.5, 
that the exponent of a packing i s equa l to the s u p r e m u m of i t s 
l oca l exponen t s , s u g g e s t s tha t t h e r e i s no obvious way of c o m ­
bining two p a c k i n g s to ob ta in one of i n t e r m e d i a t e exponen t . 

In [4J i t i s shown tha t the in f imum of exponen t s i s not l e s s 
than the i n f imum of the Hausdorff d i m e n s i o n s of r e s i d u a l s e t s . 
Th i s r e s u l t p r o m p t s a n u m b e r of q u e s t i o n s . A r e t h e s e in f ima 
m i n i m a and if so , a r e they a t ta ined for the s a m e p a c k i n g ? Is 

00 

t h e r e a connec t ion be tween the s u m of the s e r i e s 2 r 
A n 

n=l 
and the m e a s u r e of the r e s i d u a l s e t in i t s Hausdorf f d i m e n s i o n 
([3], p p . 102-104)? 

F i n a l l y , t h e r e i s a ques t ion which i s l ikely to be e a s i e r 
and which b e a r s d i r e c t l y on the o b s t a c l e p r o b l e m of Sec t ion 7. 
It i s p u r e g e o m e t r y . Can a pack ing which beg ins with an a r b i ­
t r a r y f ini te co l l ec t i on of d i s k s be comple ted to an o s c u l a t o r y 
p a c k i n g ? That i s , can a f ini te n u m b e r of d i s k s be added to 

N 
U - (J D to t r i a n g u l a t e i t ? 

n=l n 

If th i s can be done , then t h e r e is a pack ing with exponent 
cr which s t r o n g l y avoids any f in i te n u m b e r of po in t s in the i n t e r i o r 
of U . F o r t h e s e po in t s m a y e a c h be c o v e r e d by s e p a r a t e non-
ove r l app ing d i s k s c e n t r e d ove r t h e m and th i s f ini te co l l ec t ion of 
d i s k s comple ted to an o s c u l a t o r y p a c k i n g . Then the d i s k s cove r ing 
the po in t s m a y be r e p l a c e d by su i t ab ly sca led down pack ings of 
the type C* . 
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