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Compatibility of Kazhdan and Brauer
homomorphism

Sabyasachi Dhar

Abstract. Let G be a split connected reductive group defined over Z. Let F and F’ be two non-
Archimedean m-close local fields, where m is a positive integer. D. Kazhdan gave an isomorphism
between the Hecke algebras Kazf, : 3((G(F),Kr) — H(G(F'), K ), where K¢ and Kp are the
mth usual congruence subgroups of G(F) and G(F’), respectively. On the other hand, if ¢ is an
automorphism of G of prime order I, then we have Brauer homomorphism Br : H(G(F), U(F)) —
H(G?(F),U’(F)), where U(F) and U’ (F) are compact open subgroups of G(F) and G’(F),
respectively. In this article, we study the compatibility between these two maps in the local base change
setting. Further, an application of this compatibility is given in the context of linkage — which is the
representation theoretic version of Brauer homomorphism.

1 Introduction

The local Langlands correspondence relates the set of irreducible smooth complex
representations of the group of rational points of a reductive group over a local field
- with the representation theory of its Weil-Deligne group. For a connected split
reductive group G defined over Z, D. Kazhdan conjectured a link between the local
Langlands correspondences for G(F) and G(F’), where F is a p-adic field and F’ is
a non-Archimedean positive characteristic local field - which are sufficiently close.
Kazhdan’s approach is via isomorphisms between the respective Hecke algebras with
complex coefficients, H(G(F), K) and H(G(F"),K"), for some specific choice of
open-compact subgroups K and K’ of G(F) and G(F’), respectively (see [Kaz86,
Theorem A]). Say L is a non-Archimedean local field with residue characteristic
p and assume that K is a nice compact open subgroup of G(L) - for instance, a
congruence subgroup of positive level. When G(L) has an automorphism, denoted
by o, of prime order [ # p such that ¢(K) = K, In [TV16, Section 4] define an F,-
algebra morphism between Hecke algebras with F;-coefficients, 3 (G(L), K)° and
H(G? (L), K?), which is called the Brauer homomorphism, and it is conjectured to be
compatible with Langlands functoriality. This article aims to study the compatibility
between the Brauer homomorphism and Kazhdan isomorphism in the local base
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2 S. Dhar

change setting. So far, this type of compatibility has not been addressed in the
literature. Using this compatibility, one can relate the functoriality principles for
connected reductive algebraic groups defined over the close local fields F and F'. This
article gives one such treatment in the context of linkage (see [TV16, Section 6]) -
which is related to the functoriality over IF;.

Let of be the ring of integers of F, and let pr be the maximal ideal of op. Let E
be a Galois extension of F of prime degree I, where [ is different from the residue
characteristic of F. Let o be a generator of Gal(E/F). Similar notations follow for E.
Let Kg (resp. Kr) be the mth congruence subgroup of G(og) (resp. G(or)). Note
that K is stable under the action of o and let Kr = Kg n G(F). In [TV16, Section 4]
Treumann-Venkatesh define Brauer homomorphism, denoted by Br — which is the
FF;-algebra homomorphism

Br: H(G(E),Kg)° - H(G(F),Kp),

obtained by restriction of functions on G(E) to G(F). On the other hand, following
Kazhdans approach in [Kaz86, Theorem A], we get an [F;-algebra isomorphism
(Proposition 4.5)

Kazk : H(G(F),Kr) - H(G(F'),Kg'),

provided the fields F and F’ are sufficiently close. The above isomorphism Kaz’ was
originally constructed for complex Hecke algebras (Proposition 4.1) — which relies on
the finiteness of complex Hecke algebras, due to Bernstein [Ber84, Corollary 3.4]. For
arbitrary Noetherian Z,-algebra R, where Z; is the ring of integers of the field of I-adic
numbers, the finiteness of Hecke algebras with coefficients in R follows from the work
of [DHKM?24, Theorem L1]. It enables us to define the isomorphism Kaz’ between
mod-/ Hecke algebras.

The method of close local fields is fruitful in obtaining analogous results for reduc-
tive groups defined over local fields of positive characteristic — which are known for
reductive groups over p-adic fields. Using the close local fields approach, Badulescu
[Bad02] proved the Jacquet-Langlands correspondence for the general linear group
GL,(F'). A similar technique was used by Badulescu-Henniart-Lemaire-Sécherre
[BHLSI10] to classify the smooth unitary dual of GL,, (D), where D is a central division
algebra over F’. Kazhdan isomorphism and its various properties have been further
studied by several others, notably by Ganapathy (see [Ganl5, Gan22]).

We now state the main results of this article. Let G be a connected split reductive
group defined over Z. Let F and F’ be two non-Archimedean local fields with the
same residue characteristic p. We assume that F and F’ are m-close (i.e., there exists
a ring isomorphism o /p™ = op/p™). Let E/F be a finite Galois extension of prime
degree [ with [ # p. Then, there exists a finite Galois extension E’/F’ of degree I such
that E’ is em-close to E, where e = 1if E/F is unramified, and e = [ if E/F is totally
ramified (Lemma 4.6). Let ¢ (resp. ¢’) be a generator of the group Gal(E/F) (resp.
Gal(E’/F")). Then we have the Kazhdan isomorphism Kaz’, between the mod-I
Hecke algebras H(G(E), Kg) and H(G(E'), Kg), and it is equivariant under the
Galois actions (Proposition 4.9) — which leads to the following diagram:
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(1) IU(G(E), K)® —— o 3(G(E'), Ky )"
H(G(E), Ke) H(G(F), Kp)

In this article, we address the natural question about the commutativity of the above
diagram. Let us state it as a theorem.

Theorem 1.1  Let F and F’ be two non-Archimedean m-close local fields with residue
characteristic p. Let E be a finite Galois extension of F of prime degree l with | + p, and
let E' be the Galois extension of F', as indicated above. Then, for any connected split
reductive group G defined over Z, we have

Br’ o Kazf, = Kaz’ oBr.

Using the above theorem, we prove the compatibility of linkage with Kazhdan
isomorphism. Say (7, V) is an irreducible smooth FF;-representation of G(E) such
that 7 is isomorphic to twisted representation 7. Then we have the Tate cohomology
groups H' (o, V), for i € {0,1}, defined as F;-representations of G(F). An irreducible
sub-quotient p of H'(a, V) is said to be linked with 7. Let p’ (resp. 7’) be the smooth
irreducible IF;-representation of G(F’) (resp. G(E’)) associated with p (resp. 7) via
Kazhdan isomorphism and the natural correspondence between the set of simple
modules over Hecke algebras and the set of irreducible representations of locally profi-
nite group (see [Ganl5, Section 2.3]). Then, using Theorem 1.1 and the compatibility
of Brauer homomorphism with linkage (see Section 6.4), we show that p’ is linked
with 7" if and only if p is linked with 7 (Theorem 6.5).

We now briefly explain the contents of this article. Section 2 reviews the Hecke
algebra structure associated with any locally profinite group. In Section 3, we discuss
the Brauer homomorphism. In Section 4, we review the Kazdhan isomorphism and
formulate its mod-I version. We also set up some initial results, which are crucial
for the main result. Theorem 1.1 is proved in Section 5. In Section 6, we prove
the compatibility of linkage with the Kazhdan isomorphism. It also includes some
finiteness results on the Tate cohomology groups.

2 Hecke algebra

This section reviews the Hecke algebra structure on any locally profinite group. We
refer to [TV16, Section 2.10] for more details.

2.1

Let k be an algebraically closed field of positive characteristic I. Let G be a locally
profinite (i.e., locally compact and totally disconnected) group. Let K be a compact
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open subgroup of G. We denote by G/K the set of all distinct left cosets of K in G,
and it is a discrete set with a left action of G. For any g € G, we sometimes use the
notation [¢] to denote the left coset gK. There is a natural action of G x G, via left
translation, on the space of k-valued functions on the discrete set G/K x G/K. We
denote by F(G//K) the space of all such k-valued functions on G/K x G/K that
are invariant under the action of the diagonal subgroup AG = {(g,¢) : g€ G}, and
whose support is a union of finitely many G-orbits. There is a multiplicative structure
in the space F(G//K), given by

(hx f)([x = 2 AL DAL D

yeG/K

for all [x],[z] € G/K and fi, f» € F(G//K). The space F(G//K) with the above
multiplicative structure is a k-algebra, and it is called the Hecke algebra of G associated
with K. We now give an equivalent description of the Hecke algebra relevant to our
context.

2.2

Let us consider the equivalence relation ~ on the set G/K x G/K, where

(1. D ~ (1. D,

if and only if there exists g € G such that [gx] = [gx’] and [gy] = [g)']- Then for
any [g], [h] € G/K, the map ([g], [#]) = Kg 'hK induces a bijection from the set of
equivalence classes (G/K x G/K)/ ~ onto the double coset space K'\ G/K.

Let H(G, K) be the space of all k-valued functions which are bi-K-invariant,
ie., f(kigky) = f(g),forall ki, k; € K, g € G and f € H(G, K). Then, the preceding
bijection gives the following map:

F(G//K) — H(G,K)
1) ¢ — ¢,

where the function ¢ : G — k is defined as ¢(g) = ¢([1],[g]), for all g € G. The map
(2.1) is a bijection, and it induces a k-algebra structure on the space H(G, K). In the
literature, many authors refer to the k-algebra (G, K) as the Hecke algebra of G
associated with K.

3 Brauer homomorphism
3.1

Let G be a locally profinite group, and let ¢ be an automorphism of G of order /. Let
K be a compact open subgroup of G with ¢(K) = K. Let G° (resp. K?) be the fixed
subgroup of G (resp. K) under the action of 0. Moreover, the compact open subgroup
K is called o-plain if:
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(1) The inclusion
G7/K? > (G/K)*
gK? —gK

induces a bijection.
(2) There exists a subgroup K’ of K of finite index such that K’ is an inverse limit of
finite subgroups, each of which is coprime to I.

3.2

For any ¢-plain compact open subgroup K of G, the discrete set G/K x G/K is
equipped with an action of the group (o), defined as

o.([g]. [h]) = ([o(&)), [a(M)]),

for all [g],[h] € G/K. This action further factorizes through the quotient space
G/K x G/K/ ~, and it is given by

a.([g], [h]) = ([o()]. [a(m)]),

where ([g],[h]) denotes the equivalence class of the element ([g], [/]). The space
F(G//K) carries a natural action of (¢), defined by

(0.0)([x], [¥]D) = ¢([o7" ()] [0 (N]),

forall x, y € G and ¢ € F(G//K). In the article [TV16, Section 4], the authors proved
that the Brauer homomorphism Br is a k-algebra homomorphism from F(G//K)? to
F(G?//K?), and defined by the restriction

(31) Br(¢) = ReS(Ga/Kana/Ka)(gb),
forall ¢ € F(G//K)°.
3.3

Now, we formulate the Brauer homomorphism (3.1) for the k-algebra H (G, K),
defined as in the preceding section. First, let us consider the action of the group (o)
on the double coset space K\ G/K:

0.(KgK) := Ko (g)K,

for all g € G. Then, we have a natural induced action of (¢) on the space H(G, K),
defined as

(0.£)(g) = f(a7'(8)),
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for all g € G. Note that the bijection (2.1) preserves the action of the group (o). Then,
we have a commutative diagram:

F(G/[K)?

H(G,K)?

F(G°//K’) —— = H(G®, K°)

Here, the horizontal arrows in the diagram are the bijections induced by (2.1). We
observe that the k-algebra map Br: H(G, K)? - H(G%,K?), induced by the above
diagram, is the restriction map to subgroup G’, i.e.,

Br(f) := Res (f),
forall f € H(G,K)°.

4 Kazhdan isomorphism

In this part, we review Kazhdan isomorphism and set up some initial results. Let F and
F' be two non-Archimedean local fields, both of residue characteristic p, with ring of
integers or and o and its maximal ideals pr and pp, respectively. The fields F and
F' are called m-close if there is a ring isomorphism A : op/p} — 0p//p};. We choose
uniformizer @ (resp. @) of the field F (resp. F’) such that the class of @ corresponds
to the class of @’ via the map A.

4.1

Let G be a split connected reductive group defined over Z. Fix a Borel subgroup B
of G, defined over Z. Let B = TU be a Levi decomposition over Z with maximal torus
T and unipotent radical U. We denote by X*(T) and X, (T) the character lattice and
the co-character lattice of T, respectively. Then, there is a natural Z-bilinear pairing

X*(T) x X (T) — Z,
(@,4) — (@&, 4),
where (Ao a)(x) = x{(®"), for all x € G,,. Let ® € X*(T) be the set of roots of T in
G, and let @ be the set of positive roots of T in B.

4.1.1
Let Gf denotes the group G(F). Consider the subgroup
Kp = Ker(G(or) — G(or/p})).

Then Kp is a compact open subgroup of Gr. Fix a Haar measure yr on Gp such that
#r(Kp) = 1. For each g € G, we denote by t, the characteristic function on the double
coset KpgKp. Then the Hecke algebra H{(Gp, Kr) is generated as a k-vector space by
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{t; : g € Gr}. We denote by Hz(GF, Kr) the space generated by {t, : g € Gr} over Z.
Set

X (T)" ={A e X(T): {a, 1) <0, € D*}.
We have the Cartan decomposition

(4.1) Gr= I G(or)@,G(or),
peX.(T)~

where @, = u(@). For each y € X, (T)", the double coset Gr(u) = G(0r)®,G(0F)
is a homogeneous space under the action of the group G(or) x G(oF), defined as
(x.9).g=xgy™

for all x,y € G(op) and ge Gp(y). Then, the finite group H,, := G(op/p}) x
G(op/py) acts transitively on the set {KpxKp:x € Gp(u)}. Let T'y(F) be the
stabilizer of Kp@, Kp in H,. Let T, (F) € G(or) x G(or) be the set of representatives
of the coset space H,,/T",(F) under the composition

mod-py

G(UF) X G(Up) _— Hm —> Hm/FM(F)
Then (4.1) can be rewritten as

(4.2) Gr= |] [I Kebioub;'Kp.
peX (T)~ (bi,b;)eTu(F)

4.1.2

For each y e X,(T)", the isomorphism A induces a bijection T,(F) — T,(F’).
Following Kazhdan’s constructions in [Kaz86, Section 1], we get an isomorphism of
Z-modules:

(4.3) Hz(Gr,Kr) — Hz(Gpr, Kpr),

t

ai@ya;! tu’,zi)’ a’~b
j iTATj

and this induces a C-vector space isomorphism
Kaz,, ¢ : He(Gr, Kp) — He (G Kpr),
where A € X.(T)", (a;,a;) € T)(F) and (aj, a}) is the corresponding element in

Ty (F"). The following result is due to Kazhdan [Kaz86, Theorem A].

Proposition 4.1  Given m > 1. There exists a positive integer r > m such that if F and
F' are r-close, the map Kaz,, ¢, defined above, is in fact an isomorphism of C-algebras.

In order to establish that the vector space isomorphism Kazf;’c is compatible with
algebra structures, the fields need to be a few levels closer. Kazhdan conjectured that
one could take r = m in Proposition 4.1 - which was proved by Ganapathy [Ganl5,
Corollary 3.15].
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4.2 Kazhdan isomorphism over positive characteristic

In this subsection, we formulate a version of Proposition 4.1 for mod-/ Hecke alge-
bras. Recall that H(GF, Kr) denotes the Hecke algebra, consisting of all k-valued
smooth, compactly supported and bi-Kp-invariant functions on Gg. Suppose F and
F'" are m-close. We denote by X,,(F) the set of all Kr double cosets in Gg. Similar
notations are followed for F’. The bijection ¢ : X,,,(F) - X,,,(F") gives the Z-module
isomorphism (see [Kaz86, Section 1]) of integral Hecke algebras
Hz(Gp, Kp) — Hz(Gpr, Kpr),
fe 7 Ty (x)
which induces an isomorphism of k-vector spaces

Kazi : }C(GF,KF) — }C(GFI,KFI).

Kazhdan’s approach in proving the Hecke algebra isomorphism over C, relies on
the fact that Hc(Gr, Kp) is finitely presented - which follows from the work of
[Ber84]. So, in order to establish that Kaz’, is an algebra map, we need the finiteness of
Hecke algebras over k — which is made available due to seminal work of Dat-Helm-
Kurinczuk-Moss [DHKM?24].

Lemma 4.2  For any compact open subgroup K of Gr, the Hecke algebra H(Gp, K) is
finitely presented.

Proof Note that an algebra A is finitely presented if A is finitely generated
and Noetherian. Then the above lemma follows from [DHKM24, Theorem 1.,
Corollary 1.4]. [ ]

Remark 4.3 We now recall some results from [Kaz86]. Let C be a finite subset of
X.(T)", and let

Ge = U Gr(p).
ueC

By [Kaz86, Lemma 1.3], there exists a positive integer n¢ > m, such that forall g € G,
we have

gK,,C(F)g_l <€ Kp,

where K, (F) is the ncth usual congruence subgroup of Gr. Moreover, if F and F’
are nc-close, then

(4.4) Kaz,, (fi * f2) = Kaz,, (fi) * Kaz,, (f),
for all fi, f, € H(Gr, Kr) supported on Ge.

The following lemma, which was essential for [Kaz86, Theorem A], is valid over k
as well.
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Lemma 4.4  Let C be a finite subset of X, (T)". Then:
(1) forany A, p e X.(T)™, we have

fi(@) * Tu(a) = La+u)(a),
(2) forall x1,x, € G¢, we have

L d(@)x, = Ex * Dr(a) * tx,-

Proof It follows from [All72, Theorem 2] by extension of scalars. |

From these, we obtain Kazhdan isomorphism between mod-I/ Hecke algebras. The
proof exactly follows the same line of arguments of [Kaz86, Theorem A].

Theorem 4.5  Given an integer m > 1. There exists a positive integer r > m such that if
F and F' are r-close, the map Kaz!, is an isomorphism of k-algebras.

Proof ~ We will show that Kazl, preserves the ring structures. Fix a finite subset
C ¢ X.(T)~ containing 0, such that C generates X, (T)~ as a semigroup. Consider
the finite set

XO = U X/\a
AeC

where X = {KpgKF |ge G(UF)A((D)G(OF)}. It follows from Lemma 4.4 that the

algebra 7 (Gp, Kr) is generated by the set {tg 1ge Xo}, where t; denotes the char-
acteristic function on the double coset KpgKp. Assume that X = {x;,...,x,}. Let
k(X,...,X,) denote the noncommutative polynomial algebra (free algebra) with
generators Xj, . . ., X;. Since the Hecke algebra 3{( Gy, Kr) is finitely presented, there
exists a surjective k-algebra homomorphism

[ k<X1 . ,XS> nd %(GF,KF),
X — tXi,

such that Ker(¢) is a two-sided ideal generated by noncommutative polynomials
f.l)fZ)‘--:fd € k<X1,'-.,XS>. Let

M:max{ai:léiﬁd},

where a; is the degree of the polynomial f;. Then, there exists a finite set B € ®* such
that

Xz=UXa
AeB

contains a compact set of the form {g1g2 S gMgi € XO}. By Remark 4.3, there is an
integer r = rg > m, such that if F and F’ are r-close, we have

Kaz,, (fi * f2) = Kaz,, (fi) * Kaz,, (f2),
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for all functions fj, f, supported on Gg. Now, for each 1< i < d, the above identity
gives

fi(Kazh (), ..., Kazh () = 0

or, equivalently

fi(tocay> -+ to(x)) = 0.

Consider the homomorphism
¢ k(Xy,...,X;) — H(Gp, Kpr),
Xj = To(x)-
Note that ¢’ factors through Ker(¢), and hence, we get a unique algebra morphism
o' : H(Gp, Kp) — H(Gpr, Kpr)

such that ¢’ (tx;) = ty(x,)» for each j. Since C generates X, (T)" as a semigroup, using
the identities in Lemma 4.4, we get that

g’;,(tx) = th(x) = Kaan(tx),

for all x € X, (F). This shows that ¢’ = Kaz , which is an algebra morphism. Hence,
the theorem. u

4.3 Galois extension of close local fields

Let F and F’ be two non-Archimedean m-close local fields with residue characteris-
tic p. Deligne [Del84, Section 3.5] proved that there is an isomorphism

Gal(F/F) /9 2, Gal(F/F")j9m,

where F (resp. F’) is the separable closure of F (resp. F’), and I (resp. Ji) is the
mth higher ramification subgroup of the inertia group Jr (resp. Jp/). Let E be a
finite Galois extension of F of prime degree [ with [ # p. Following the description
of the isomorphism Del,, (see [Del84, Section 1.3] and [Ganl5, Section 2.1]), we have
a finite Galois extension E’/F’ of same degree I. Moreover, the extension E’/F’ can be
so constructed that the fields E and E’ are also sufficiently close.

Lemma 4.6  Let F and F' be two m-close non-Archimedean local fields with residue
characteristic p. Let E be a finite Galois extension of F with [E : F| = I, where l and p are
distinct primes. Then there exists a finite Galois extension E' of F' of degree | such that
E’ is m-close to E if E/F is unramified, and E' is Im-close to E if E/F is totally ramified.

Proof  The lemma follows from [Del84]. For completeness, we give a sketch of the
proof here. The proof is divided into two parts. In the first part, we consider the
situation where E is unramified over F. The second part deals with totally ramified
case. Note that the extension E/F is tamely ramified as | # p. We denote by A,, and
A’ the quotient rings op/p¥ and op: /pl, respectively. Recall that the isomorphism
A: A, = A’ takes the class of @ to that of @' |
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4.3.1 Unramified case

Suppose E/F is unramified. In this case, the field E is of the form F[T]/(f), where
f is a monic irreducible polynomial with coefficients in or such that its mod - pr
reduction, say f, is irreducible. Moreover, the quotient ring og/p¥ is isomorphic to

An[T]/(f). Let ?l be the image of f under the ring isomorphism A. Then we have
~ ; —/
op/pg — A,[T]/(f).

Let f be an irreducible polynomial in op [ T'] with its mod — p¥ reduction 7. Let E’
be the field extension F'[T]/(f"). Then E’ is unramified over F’, and there is a ring
isomorphism

op o = AL[T)/(F).

Thus we have the ring isomorphism og/p™ = og//p¥, which implies that the fields E
and E’ are m-close.

4.3.2 Totally ramified case

Suppose E is totally ramified over F. Here, the field E is of the form F[T]/(T' - @)
and its ring of integers oy is given by of[T]/(T' - @). Recall that the class of
@ corresponds to the class of @' via the isomorphism A. Now consider the field
extension,

E = F[T]/(T' - ).

Then E’ is totally ramified over F’ with the ring of integers oz = op/[T]/(T' - @").
Let @ be the image of ® under mod — pJ. Then, the natural surjection

of[T1/(T" - @) — An[T}/(T' - B)
factorizes through the ideal p [T]/(T' - @), and it gives the ring isomorphism
op/pg" = An[TI/(T" - ®).
Similarly, there is a ring isomorphism,
op [pg! = A [T]/(T' - "),

where @’ is the image of @' under the mod - p¥, reduction map. On the other hand,
the map A induces the ring isomorphism

An[TI/(T' @) = A, [T)/(T' - @").

This shows that the ring oz /pL" is isomorphic to o/ /p4, and hence the fields E and
E' are Im-close.

Remark 4.7 Let F, F', E and E’ be as in Lemma 4.6. We simply write E and E’
are em-close, where we define e =1 if E/F is unramified and e = [ if E/F is totally
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ramified. We fix a ring isomorphism IT : 0g/p§" — op /) as above, induced by A,
which makes the commutative diagram:

0[P} —————op/p}

0 " > 0p:[p§
Here, the vertical arrows are the natural inclusion maps. We choose uniformizer 7
(resp. 7r’) of the field E (resp. E’) such that the class of 7 is mapped to the class of 7’
under the isomorphism I1. For any @ € o /p¥ (or, 0g/p%™), we write @’ for the image
A(a) (or, I1(a)), whenever no confusion arises.

Remark 4.8 Let ' and I’ denote the Galois groups Gal(E/F) and Gal(E'/F'),
respectively. We choose generators ¢ and ¢’ of I and I'’, respectively, which makes
the following commutative diagram:

op/p§" ———— op/p§"

op 93— op b3

We now describe the generators o and ¢’ in totally ramified case. For the unramified
case, one similarly chooses ¢ and ¢’. So, assume that E/F is totally ramified. Then,
Lemma 4.6 says that E'/F’ is also totally ramified and E is Im-close to E’. Since | # p,
the extension E/F is tamely ramified, and we have

U
E-= 7F[T] and E' = _FT [7] .
(T - a) (17— )
From (4.3.2) of Lemma 4.6, we get the following isomorphism:
An[T] AnlT]

Wy ey

induced by the ring isomorphism A : A,, — A’ and it is given by

H( SETi + (1 —5)) - SA(;T,-)Ti + (T - @),

whereX; € A,,, for each i. Let 0 and ¢’ be the automorphisms of E and E’, respectively,
that sends the class of T to the class of T?, i.e.,

o(T+(T'-@)) =T*+(T' - @),
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and
o (T+(T'-a@")=T*+(T"- ).

Then o (resp. 0”) is a generator of I" (resp. I'"). Moreover, the automorphism ¢ induces

a ring isomorphism og/p¢™ = 0 /p%™, and the induced map is again denoted by o.
Similarly for ¢’. Then we have

Hoo=0"oIl.

4.4 Compatibility with Galois action
Here, we continue to work with the setup of the preceding subsection. We choose
the generator o (resp. 0’) of I (resp. I''), as discussed in Remark 4.8. We have the

following commutative diagram:

op/pg" ————= og/p;"

o [Py —— o /P

where e = 1if E/F isunramified and e = I if E/F is totally ramified. To be more precise,
for any a € og, we have the relation

(4.5) o(a) = o(@) =o' (@) = o' (a'),

where a’ € o/ is the preimage of @' under mod — p¢”. We fix an isomorphism
1 : T 5 I that sends the generator o to ¢’.

4.5

Note that o can be regarded as an automorphism of the group Gg via its natural action
on Gg. Consider the compact open subgroup,

KE = Ker(G(oE) - G(OE/pgm))

Since Kg is a pro-p subgroup of Gg, it follows from the arguments of [Fen24,
Lemma 6.6] that K is o-plain. There is an induced action of (o) on the Hecke algebra
H(GE, Kg), given by

(0.f)(x) = f(o7'x),

for all x € Gg and f € 3(Gg, Kg). Similarly, there is an action of (¢’) on the Hecke
algebra H(Ggs, Kg/). We end this section with the following proposition, which
shows the compatibility of Kazhdan isomorphism with these Galois actions.
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Proposition 4.9  For all f € H(Gg, Kg), we have

Kaz,,, (0.f) = o' Kazg,, (f)-

Proof  Because of the Cartan decomposition (4.2), it is enough to show that
Kazfm(o.tainya;l) = a'.Kazfm(tai,,yuj_l ),
forall u € X, (T)™ and (a;, a;) € T,(E). Note that
O-tomyar = Lo(a)o(m)o(as’)-

By Cartan decomposition (4.2), the double coset space KE(I((/l,-)0(7‘[#)(7(61]71 )Kg is of
the form Kgc;myc; 'K, for some (c;, ¢;) € T,(E). Then

(4.6) Kazfm(a‘taiﬂ#a;l) = Kazfm(tu(u,-)a(n,,)a(a,-)‘l) KaZ ( cimucy ) = tc;n;c]’."'

Consider the Galois conjugate o (7) = 7t = 7o (s), where t, s € 0. Under the relation
o(u(x)) = u(a(x)), for x € E*, we observe that

Kgcimucj 'K = Kgo(a; )0(7'[”)0'(61] )KE
:KEO'(Cli)T[’MO'(Sﬂ j )KE
= KEcr(ai)n,Acr(d;I)KE,
where s, = u(s), and d; = a;s,' € G(og). Then (c'i_la(ai),a(djfl)c'j) €T, (E), and
using the bijection I',(E) — I', (E"), we get
(&' o(ar) o(d;h) &) e Tu(E).
Recall that the image of d; under the reduction map G(og) - G(og/pg") is denoted

by di, and dﬁl is the image ode« under the isomorphism G(og/p¢™) — G(og/ /pe).
Let d} € G(og) be a preimage of dj-l under mod - p§”. Then, the commutative

diagram
em # em
Gum(op/pg") ————T(oe/pi")
1 i
Gon (o0 i) ————— T(ox: /P!
gives the relation
dj—as,4 —a’(s )7
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where s € op/ is a preimage of s’ under mod — p¢”". On the other hand, the relation
o(m) = no(s) together with (4.5) implies that

o'(n') =o' (7)) =o' (s).
For any p € X, (T)~, the above equality gives
(0" (7)) = (W' (s')) -

This implies that (0’(71’));1(71’0'(5')),4 € Kp'. Now, using normality of Kg in G(0g/)
and the relation o (u(x)) = u(a(x)), for x € E*, we get

KEIC;T[‘:,C;_IKEI = KEIOJ(LI;)T[;OJ(OI;_I)KEI
-1
= Kgro'(aj)o'(m,)0" (a7 ) Ker,
which shows that
tc;nl"c;‘l = ta’(ag)a’(n;‘)a’(a;.‘l) = al‘tu;ﬂ;a;‘l’
Finally, it follows from (4.6) and the above relation that

Kazf (o.tam#a;l) = a’.Kazfm(tumyal__l).

5 Compatibility of Brauer homomorphism and Kazhdan
isomorphism

In this section, we prove Theorem 1.1. Let us first recall the notations and terminolo-
gies from the preceding sections.

5.1

Fix a positive integer m. Let F and F’ be two non-Archimedean local fields such that
Fis m-close to F'. Let E be a finite Galois extension of F of prime degree [ with [ # p,
where p is the residue characteristic of both F and F’. According to Lemma 4.6, there
exists a finite Galois extension E’ of F’ of degree I and E’ is em-close to E, where e = 1
if E/F is unramified and e = I if E/F is totally ramified.

Let G be a split connected reductive group defined over Z. It follows from [KP23,
Proposition 12.9.4] that the fixed point subgroup K7, (resp. K 9') is the mth congruence
subgroup of G(or) (resp. G(0g1)), i.e., K§ = Kp and Kg: = Kp/, where

Kr = Ker(G(or) - G(op/p;”))

and
K = Ker(G(op) = G(op /p})).

Proposition 4.9 then gives an isomorphism between H(Gg, K¢)? and H(Gg/, Kgr)7,
induced by KazE, . We also have the Brauer homomorphism Br (resp. Br') which is
an algebra homomorphism from H(Gg, Kg)® (resp. H(Gpr, Kg:)?') to the Hecke
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algebra H(Gp, Kr) (resp. H(Gpr, Kp)). With these setup, we aim to prove the
following result.

Theorem 5.1 Let F,F', E and E' be as above. Then, for any connected split reductive
group G defined over Z, we have

Kaz! o Br = Br o Kazf
m - em?>

where e = 1if E[F is unramified and e = 1 if E[F is totally ramified.

Proof We divide the proof into two parts. In the first part, we consider the
extension E/F unramified. The second part deals with the totally ramified case. To
begin with, let us recall that an arbitrary 4 € H(Gg, Kg)? can be written as

h = Z Z (xﬂ(ai’a]')ta;n,‘u;“

#eXs(T)™ (ai,a;)eT, (E)
where each a(a;, a;) € k. Then
(5.1) (Kazk oBr)(h) = > au(aia;)(Kaz,, o Br)(t4,m,a1)
(ai,a;)eT,(E) !

and

(52)  (BroKazf)(h)= 3 ay(ai,a,-)ﬁ(tu;ﬂ;u;.—l)'
ueX(T)~ (aia;)eT, (E")

For each y € X,(T)™ and (a;, a;) € T, (E), we have Br(t,,14-1) = lg,nkpaim,arik
] J

-
Then Cartan decomposition (4.2) gives

(5.3) KEair[Ma;lKEﬂGp= H H KEaiﬂuaJTlKEﬁKFbi(D}LbJTIKF.
AeX, (T)~ (bi,bj)eT)(F)
Similarly,
(5.4)
KE:aﬁﬂLaflKE: N Gpr = H H KE’“?”L“TIKE' n KF'dl{(DdeflKF"

veX, (T)~ (d],d))eT, (F)

5.1.1 Unramified case

Suppose E is unramified over F. Then the field E’ is also unramified over F’ and it is
m-close to E (Lemma 4.6). In this case, 7 = @ and 7’ = @'. For any A € X,.(T)™ and
(bi,bj) € Ty(F), it follows from the decompositions (5.3) and (5.4) that

b,‘(D}LbJTI € KEai(DyajflKE
if and only if

W) € KEbi_lal-d),,a;lijE,
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and this will happen only if A = y. Then
@, € KEbi’lai(DyajflijE
if and only if
(bi'ai, bj'a;) € T,(E).
Using the bijection I',(E) — T'y(E")(@ ~ @), we have
(b @.b; @) e Ty(E)
if and only if

(b—il—laii,’bfj/—laij,) _ (bfgfla b—;—l;;) c 1_,# (E,),

where (b}, ) € T,,(F"). Therefore, we have

(55) bi(DﬂbJTl € KEa,»(Dya]TIKE <~ bg@;b;_l € KEIQ;(D;Q;_IKE/.
In view of (5.5), it follows from (5.1) and (5.2) that

(5.6) (Kazk, o Br)(h) = (Br oKazk)(h).

5.1.2 Totally Ramified case

Here, we assume that the extension E/F is totally ramified. Then Lemma 4.6 ensures
that the extension E’/F’ is also totally ramified and E’ is Im-close to E, where
I =[E:F]=[E:F']. Note that
mod—pgm Im
Kg = Ker(G(oE) — G(og/p§ ))
and
mod-p§
Kg = KCI‘(G(OF) — 5 G(Up/p;’;))
Let £ € X, (T)™ and (ci,cj) € T¢(F). In view of the decompositions (5.3) and (5.4),
we have
ci(ch]TI € KEa,-nﬂaJTIKE
if and only if
(Df € KECI-_la,'T[IAQJTICjKE,
and it is possible only if /£ = u. Therefore, it follows that
T € KECi_laiT[lga;leKE
if and only if
(¢ '@, a7 'c)) e Tye(E).
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Under the bijection I'j¢ (E) — I';¢(E"), we have
(i '@ a; 'c) e Tig(E")

if and only if

— 1 1
(¢"'a e ay) = (¢] al ¢} al) eTye(E),
where (¢}, ¢}) € Tj¢(F"). Thus we have

-1 -1 I~ -1 r_r -1
(5.7) ci@¢c; € Kpaimya; Kp < c;@0ic; € Kprajm,a; K.

From the relations (5.1), (5.2), and (5.7), we get
(Kazj, o Br)(h) = (Br oKazj,,)(h).

This completes the proof.

Linkage over close local fields

This section gives an application of Theorem 5.1 in the context of representation
theory. In the article [TV16], Treumann-Venkatesh defined the notion of linkage,
which is conjectured to be compatible with the Langlands functorial transfer. Using
Theorem 5.1, we show that linkage is compatible under close local fields. To prove
this, we first formulate the compatibility of linkage with Brauer homomorphism, as
described in [TV16, Section 6.2]. To start with, we recall the notion of linkage and
Tate cohomology. For precise reference, see [TV16, Sections 3 and 6].

Tate cohomology

Let I' be a cyclic group of order n with a generator y, and let M be an abelian group
with an action of I'. Let T, be the automorphism of M defined by

Ty(m) =y.m, foryeT',m e M.

Let N =id + T, + Ty2 + -+ + T)»-1 be the norm operator. The Tate cohomology groups
H'(M), for i € {0,1}, are defined as

H°(M) : = Ker(id - T;) /Im(N),

H'(M) : = Ker(N)/Im(id - T)).

6.1.1 Tate Cohomology of sheaves on /-spaces

Let X be an [-space (i.e., locally compact, totally disconnected and Hausdorff) with
an action of a finite group (y) of prime order . Let F be a sheaf of k-modules on X. If
F is y-equivariant, then y can be regarded as a map of restricted sheaves F|x» — F|x»
and the Tate cohomology is defined as

H°(F|xr) := Ker(1-y)/Im(N),
H'(F|xv) = Ker(N)/Im(1 - y).
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For each i, the object H'(F|xy) is a sheaf on X”. If ['.(X; F) denotes the space of
compactly supported sections on F, then we have the following result.

Proposition 6.1 [TV16, Proposition 3.3.1]  For each i € {0,1}, the restriction map
induces an isomorphism

H (T (X;7)) S (X H(F)).

6.2 Linkage

Let F be a non-Archimedean local field, and let G be the F-points of a connected
reductive group defined over F. A representation (p, V') of G is called smooth if for
every vector v € V, the G-stabilizer of v is an open subgroup of G. The representation
p is called admissible if, for each compact open subgroup K of G, the space of
K-fixed vectors VX (sometimes denoted by pX) is finite-dimensional over k. In this
subsection, all the representations are assumed to be admissible, and the represen-
tation spaces are defined over k. Let R(G) be the category of smooth, admissible,
k-representations of G, and the set of all its irreducible objects is denoted by Irr(G).

6.2.1 Frobenius twist

Let (p, V) be a representation of G. Consider the vector space V{1, where the
underlying additive group structure of V() is same as that of V but the scalar action
« on V() is given by

1
cxv=clw, forallcek,veV.

Then, the action of G on V induces a smooth representation p(") of G on the
space V(). The representation (p(!), V(1)) is called the Frobenius twist of (p, V).

6.2.2

Let 0 be an automorphism of G of prime order . An irreducible representation (2, W)
of G is called o-fixed if E is isomorphic to the twisted representation E o ¢. In such
a case, there is a unique action of ¢ on W, compatible with the action of ¢ on G (see
[TV16, Proposition 6.1]). Then the Tate cohomology groups H' (W), for i € {0,1}, are
defined as k-representations of G’. We denote these representations by Hi(B).

Definition 6.2  An irreducible representation p of G is linked with the representa-
tion E if the Frobenius twist p(") occurs as a Jordan-Holder constituent of H°(&) or
H'(B).

In [TV16, Section 6.3], the authors made a conjecture that the Tate cohomology
groups H' (), i € {0,1}, have finite lengths as representations of G°. We give a proof
of this conjecture for the general linear group GL, in the context of local base change.
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6.3 Finiteness of Tate cohomology

Before going into the main theorem, we first recall the notion of derivatives for smooth
representations of GL, (L), where L is a non-Archimedean local field. We refer to
[Vig96, Chapter III] and [BZ77, Section 3] for more details. Let P, (L) and U, (L) be
the subgroups of GL, (L), given by

P.(L) = { (‘3 ]13) :AeGL,_(L),Be L"—l}

and

Un(L) = {((1) (13) :Celm},

respectively. We use the short notation X, to denote the coset space P,(L)/P,-1(L)
U,(L).Letyy : L > k* be a nontrivial additive character. Let N, (L) be the group of
all unipotent upper triangular matrices in GL,,(L). Let ® be the character of N,, (L),
defined as

(6.1) ®L((aij)?,j:1) =yr(an+an+...a5-1,n),

for (aij)} j=1 € N (L). By abuse of notation, the restriction resy, (1)@ is also denoted

by ®1. We have four fundamental functors:
Y™ R(PA(L)) > R(GLy1 (1), V" R(GLy (L)) - R(Pa(L)),
O : R(Pu(L)) = R(Ppa (L)), @7 = R(Pya(L)) = R(Pu(L)),

given by ¥~ = ry,(1),ie» @~ =1y, (1,0, ¥ = iu,(1).ida0d @7 =iy, (1)0,-
6.3.1

Let 7 be a smooth representation of P, (L). The mth derivative of 7, denoted by (",
is constructed as the representation ¥~ (®~)" (1) of GL,_,, (L). Moreover, we get
a functorial filtration on

0c1,€1,1C CTL,CE11=T1,

where 7, = (O*)" (@) (1) and 7,/Tms1 = (OF)"H(¥H)(z("™). We now
deduce the following:

Lemma 6.3  Let p be a finite length representation of G;(L), where 1< t < n. Then,
the P, (L)-representation (®*)"'"1(\¥*)(p) is also of finite length.

Proof  This is an immediate consequence of [Vig96, Chapter III, Section 1.5] and
the exactness of the functor (®*)"~*"1(¥*). |

6.3.2

Let F be a non-Archimedean local field with residue characteristic p. Let E/F be a
finite Galois extension of prime degree I with I # p. Let o be a generator of Gal(E/F).
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Fix a nontrivial additive character yp : F - k™. Let yg be the character yp o Trg /P>
where Trg/p is the trace function. We have the nondegenerate characters ®r and
O®g of N,,(F) and N,,(E), respectively, defined by (6.1). We now prove the following
finiteness result of Tate cohomology:

Proposition 6.4  Let E be an irreducible o-fixed representation of GL,(E). Let T, :
E — E o ¢ be an isomorphism with T = id. Then the Tate cohomology group H'(E),
with respect to the operator Ty, has finite length as a representation of GL, (F).

Proof = We prove the proposition using induction on #. The case n = 11s clear. So,
we assume that the proposition is true for all irreducible o-fixed representations of
GL(E) and for all t < n. Now, we consider E as a representation of P,(E). Since
ye(o(x)) = wg(x), for x € E, we get the isomorphism

(6.2) O (Eog)~® (E)oo

as representation of P,_;(E). Similarly, for any representation 7 € R(P,_1(E)), we
have the P, (E)-equivariant isomorphism

(6.3) O (100) 2P (1) 00.

Using (6.2) and (6.3), and the isomorphism T,, we get an isomorphism between the
representations &,, and &,, o 0, and also between the representations £(") and (") o
o,forall m < n.

Recall that Xg, denotes the coset space P, (E)/Pu-_1(E)Uy(E). Since
P,_1(E)Un(E) is a g-stable subgroup of P, (E), we have the following long exact
sequence of non-abelian cohomology [Ser, Appendix, Proposition 1]:

(6.4)
0 —> Pu_1(F)Un(F) —> Pu(F) — X§.,, — H'(0, Pu1(E)Un(E)) — H' (0, Pu(E)).

Consider the short exact sequence of non-abelian Gal(E/F)-modules
(6.5) 0— Uy(E) — Pp_1(E)Upy(E) — Pp_1(E) — 0.

Using Hilberts theorem 90, we get that the pointed sets H'(o, U, (E)) and
H'(0,P,-1(E)) are trivial. Then, it follows from the long exact sequence of
non-abelian cohomology corresponding to (6.5) that H'(o, P,,—1(E)U,(E)) = 0.
Hence, the long exact sequence (6.4) gives the equality X7 , = Xr . Now, using
Proposition 6.1 repeatedly (m — 1)-times, we get the P, (F)-equivariant isomorphism

H\i(Em/Em+1) ~ (®+)m—1(\y+)(ﬁl(5(m)))
By induction hypothesis, the GL,,_,, (F)-representation H'(E(")) is of finite length,

for all m < n.In view of Lemma 6.3, it then follows from the above isomorphism that
the P, (F)-representation H' (Z,,/E 1) is of finite length, for all m < n.
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Now, for each me{1,2,...,n—1}, consider the short exact sequence of
P, (E)-representations

Since Gal(E/F) is cyclic, the corresponding long exact sequence of Tate cohomology
gives the following diagram:

H(Epn) —— H°(Ew)

ﬁl(am/Eerl) ﬁo(am/5m+1)

H'(Ep) +—— HY(Epmn)

We denote the above exact sequence by S(m). Recall that &, is the compactly

induced representation indi,"n((EE)) (®F), and using [TV16, Proposition 3.3.1], we get
that H°(E,) is isomorphic to the irreducible representation indi;‘((?)( L) and

H'(E,) = 0. In particular, the representation H'(€,,), for i € {0, , 1}, is of finite length.
Now, using the exact sequence S(n —1) and the finiteness of H'(E,.1/8,), we get
that H'(8,,_,) is a finite length representation of P, (F). Again, using the finiteness
of both the representations H (Bn-1) and H (Bn-2/Bn-1), it follows from the exact
sequence S(n — 2) that the representation H'(8,_,) is of finite length. Thus, after a
finite number of similar inductive steps, we finally get that H'(Z) is of finite length
as a representation of P, (F), and hence of GL, (F). This completes the proof. |

It is reasonable to expect that Proposition 6.4 holds for arbitrary connected
reductive algebraic groups G over F. Next, we give a formulation of the compatibility
of Brauer homomorphism with linkage under the finite length assumption of the
Tate cohomology H'(E) for any irreducible o-fixed representation E of G = G(F).
It enables us to study linkage from the module theoretic point of view via Brauer
homomorphism. Then, using Theorem 5.1, we show that linkage is compatible under
close local fields.

6.4 Compatibility of Brauer homomorphism with linkage

Let E be an irreducible o-fixed representation of G, and let T: E - Eo ¢ be an
isomorphism such that T' = id. For any o-plain compact open subgroup K of G, the
inclusion map EX < E is o-invariant and it induces a map H'(8X) - H(E), taking
values in the (G, K?)-module H' (£)X’. It is shown in [TV16, Section 6.2] that, for
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all h € H(G, K)?, the Brauer homomorphism Br induces the following commutative
diagram:

H (8X) ———— H'(8)X
H'(h) Br(h)

H(X) —————= H(E)F

and it induces the compatibility of Brauer homomorphism with linkage in the sense
that, for a representation p of G’ to be linked with E, it is equivalent to say that there
exists a composition factor N of the (G, K)°-module H' (EX) such that

(6.6) H(G, K?) ®3¢(G,x)e N = (P(l))K‘T-

6.4.1 Compatibility of Kazhdan isomorphism with linkage

Let F and F’ be two non-Archimedean m-close local fields with the same residue
characteristic p. Let E be a finite Galois extension of F of prime degree [ with [ # p.
By Lemma 4.6, we have a finite Galois extension E’/F’ of degree I such that E’ is em-
close to E, where e = 1if E/F is unramified and e = [ if E/F is totally ramified. Fix two
generators ¢ and ¢’ of the groups Gal(E/F) and Gal(E'/F’), respectively.

Let G be a split connected reductive group defined over Z. Let Kg (resp. Kr) be
the congruence subgroup of Gg (resp. Gr) of level m (resp. em) (see Section 4 for the
definition). Then, from Theorem 5.1, we get the following relation:

(6.7) Kaz’ oBr = Br o Kazt .

Moreover, we have the following bijections (see [Ganl5, Section 2.3]):

6.8)  {(pg, Vi) €Irr(Gg) : VX £ 0} — {(ppr, Vir) € Irr(Ger) : Viy? %0}
and

(6.9) {(pp, Vi) e Irr(Gp) : VAT # 0} — {(PF’, V) €Irr(Gpr) : VigP + 0},
induced by the isomorphisms Kazf,, and Kaz!, respectively. With these notations, we
now prove the following result.

Theorem 6.5 Let (pg, Vi) be an irreducible o-fixed representation of Gg with
VX 20, and let (pg, Vi) be an irreducible representation of Gr with VX' # 0. Let
(pEr» V') and (ppr, Vi) be the corresponding objects under the bijections (6.8) and
(6.9). Then, the irreducible representation pg: of Gg: is o'-fixed, and py is linked with
pr if and only if p is linked with pg.

Proof = We divide the proof into two parts. The first part proves that the irreducible
representation pgs is 0’-fixed. In the second part, we show that the linkage between
pr and pg implies the linkage between pps and pg/, and vice versa. |
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6.4.2

Recall that the space of Kg-fixed vectors VX* is a simple H(Gg, K )-module, and
it can be regarded as a H{(Gg/, Kg/)-module via the Kazhdan isomorphism Kazf,,.
Consider the H(Gg/)-module

N = H(Grr) ®3¢(6,k,) Vi -
Note that the action of (¢”) on H(Gg/) induces an action of (¢') on N, by setting
o.(ffev)=(c.fev,

for all '€ H(Gg) and v € VX*. Following the construction of [Vig96, Chapter I,
Section 4.4], the H (G )-module N’ gives the irreducible representation (pg:, Vgr),
defined as

pe(8)(x") = lgi,, *x',

for g’ € Ggr, x" € Vp/. Here, » denotes the action of the Hecke algebra H(Gg-) on the
space Vgr and lg/k,, is the characteristic function of the left coset ¢'Kg. Since pg is
o-fixed, there exists an isomorphism T, : pg — pg o 0. Then the map T, : N = N,
defined by

To(f'®v):=(a".f") ® To(v),

induces an isomorphism between pgs and pgs o ¢’. Hence, pg is o’-fixed.

6.4.3

Suppose the representation pp is linked with pg. Then, the space of Kg-fixed vectors
( VF(I) )Kr, considered as H(Gp, K )-module, is a composition factor of H (Vi ) K, for
some i. If we regard these as H(Gg, K )?-modules via the Brauer homomorphism Br,
then the formulation (6.6) gives a composition factor M of H' (V,X*) such that

(6.10) H(Gr Kr) ®3¢(Gpxp)e M= (VD)K.
Note that the isomorphism V,* — be’s' of H(Gg,Kg)-modules induces a

H(Gg, Kg)?-module isomorphism @ : H' (V) » Hi(VE¥), which is also a

H(Gp, Kpr)” -module isomorphism via the map Kaz%, .

Let M/ be the image of M under ®. Then M’ is a composition factor of H'( ViE ),
and the H(Gp:, Kp')-module

H(Ge, Ker) ®g¢(6,,x,70 M

is a composition factor of H' (Vg )X# . We also have an isomorphism ¢ : VfF - V;f” ,
which is equivariant under the action of H(Gp, Kr) and hence of H(Gg, Krr) via
Kazhdan isomorphism Kaz’ . Using the isomorphisms ®, ¢ and the relation (6.7), it
follows from (6.10) that

l !
fH:(GF’,KpI) ®:}C(GE”KE,)”I M, s (Vé,))KF .
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This implies that the representation pp is linked with pgs. A similar argument also
shows that the representation pr is linked with pg if pgr is linked with pg:. Hence, the
theorem.
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