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1. Introduction

Quadratic forms, topology and A1-homotopy

The K-theoretic study of quadratic forms has its origin in Bass’s 1965–1966 lectures at the

Tata institute (see [8]), building on Wall’s invariant of a quadratic form; the 0th and first

groups of what was later called Hermitian K-theory appeared there. It was quickly linked
with the so-called surgery problem by Wall in [40], where the L-group variant was intro-

duced. The term Hermitian K-theory, for Bass’s initial groups and their higher version,

was introduced by Karoubi and Villamayor in their CRAS paper [18] dated from 1971.

One year earlier, in his famous paper [23], Milnor provided the first links between K-theory
defined via symbols (i.e., Milnor K-theory), Galois cohomology and Witt groups, sowing

the seed of what has becomemotivic homotopy theory. The theory of Morel and Voevodsky

– introduced in 2000 and originally called A1-homotopy theory – soon revealed its connec-
tions with quadratic forms under the leadership of Morel. Indeed, the analysis of Voevod-

sky’s proof of Milnor conjecture led Morel to the main computation of A1-homotopy

theory to date: the identification of the 0th stable homotopy group of the sphere spectrum
with the Grothendieck-Witt ring of the base field k and, further, of the Z-graded 0th stable

homotopy group1 with the so-called Milnor-Witt K-theory of k (see [25, Cor. 1.25]).

Before going further into the quadratic part of motivic homotopy theory, let us go back

in history for a moment to one of the sources of Beilinson’s program, the Chern character.
From the initial point of view, say, over a smooth k -variety X (more generally, a regular

scheme X ), this is a rational ring isomorphism between the Grothendieck group of vector

bundles over X and the Chow ring of X, an incarnation of Serre’s intersection Tor formula.
Grothendieck’s initial breakthrough motivated a thorough line of research in algebraic

topology, which tries to classify spectra (i.e., representable cohomology theories) in terms

of their characteristic classes. After Quillen and Adams, to any (complex) oriented spectra
is associated a formal group law F (x,y) (or FGL for short) that expresses the behaviour

of its associated first Chern classes with respect to tensor products: For line bundles L

and L′, we have
c1(L⊗L′) = F (c1(L),c1(L

′)). (FGL)

This gives the following classical results:

• singular cohomology is the universal such theory with additive FGL;
• complex K-theory is the universal one with multiplicative FGL;
• cobordism is the universal one with the universal FGL.

The topological Chern character is then interpreted as the unique rational morphism of

oriented spectra from the multiplicative one to the additive one.2 Further, rationally, all

cohomologies are ‘ordinary’: a direct sum of copies of singular cohomologies, in particular
oriented.

1That is, with respect to the Gm-grading: recall the formula π0(S
0)n := [S0,Gn

m]stable.
2Which, in terms of formal group laws, corresponds to the exponential power series.
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The notion of oriented cohomology theory was naturally extended to A1-homotopy

theory, giving the following table of analogies3:

Topology Geometry FGL

Singular cohomology Motivic cohomology Additive

Complex K-theory Algebraic K-theory Multiplicative

Complex cobordism Algebraic cobordism Universal

In the motivic context, the Chern character was constructed by Riou (cf. [30]), extending

the initial work of Gillet and Soulé (cf. [35]). Despite this appealing analogy, in rational

stable A1-homotopy not all cohomologies reduce to motivic cohomology. For example,
Chow-Witt groups are not oriented in general. Back to our starting point, Hermitian K-

theory, though representable (over regular bases), is also nonorientable, even with rational

coefficients.

Panin-Walter weak orientations

Motivated by these examples, Panin and Walter introduced in a series of fundamental
papers a weaker notion of orientation ([28, 26]). Recall that an orientation on a ring

spectrum E in the stable homotopy category SH(S) can be expressed as the data for each

vector bundle V/X over a smooth S -scheme X of rank n of an isomorphism, called the
Thom isomorphism:

t(V ) : E∗,∗(Th(V ))
∼←−− E∗−2n,∗−n(X),

where E∗∗ is the associated (bigraded) cohomology and Th(V ) = V/V × is the Thom space

of V. The idea of Panin and Walter is to ask for the existence of Thom isomorphisms

only for a restricted class of vector bundles; namely, those corresponding to G-torsors
for linear algebraic groups such as SLn or Sp2r (in which case, n = 2r is even). These

give rise to the notions of SL-orientation and Sp-orientation (the later is weaker; see

Definition 2.1.3 for details). The extraordinary cohomology theories mentioned above
fulfil this new axiomatisation. Moreover, they are organised in mirror of the classically

oriented cohomologies, as described in the following table:

GL-oriented SL-oriented

Motivic cohomology MW-motivic cohomology

Algebraic K-theory Hermitian K-theory/higher GW-theory

Algebraic cobordism Special linear cobordism.

MW-motivic cohomology (see [7]) is to Chow-Witt groups what motivic cohomology
groups are to usual Chow groups. We will denote by HMWRS the ring spectrum

3The universality of motivic cohomology is obtained over any base in [11]; over a singular
base, Quillen algebraic K-theory has to be replaced by homotopy-invariant K-theory [10]; the
universality of the FGL associated with algebraic cobordism is due to Levine and Morel [21].
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that represents R-linear MW-motivic cohomology over a scheme S and refer the
reader to our conventions at the end of this introduction for more precision. Note

also that higher GW-theory is a shortcut for higher Grothendieck-Witt groups. This

terminology is used in [34]. Note that higher GW-theory agrees with K-theory of
symplectic (respectively symmetric) bundles in bidegree (8n+ 4,4n+ 2) (respectively

(8n,4n)).4

Let us focus on the notion of Sp-orientation in this introduction. Recall that an Sp-

torsor corresponds to a vector bundle V equipped with a nondegenerate symplectic form
ψ, which we call symplectic bundles. Panin and Walter have associated to any symplectic

bundle a quaternionic projective bundle HP(V ,ψ), equipped with a canonical rank 2

symplectic bundle (see Paragraph 2.2.2 for details); below, HP∞ denotes the infinite-
dimensional quaternionic projective space. Given these considerations, the beauty of

Sp-orientations, say, on a ring spectrum E, is to be perfectly analogous to classical

orientations, as summarised in the following table:

GL Sp

Orientation as a class c ∈ E2,1(P∞) b ∈ E4,2(HP∞)

Thom classes of Vector bundles Symplectic vector bundles

Projective bundle formula Projective bundles Quaternionic projective bundles

Characteristic classes Chern classes ci Borel classes bi

We refer the reader to Section 2 for details on the notions and definitions appearing

on the right-hand side. Given this perfect table, one is naturally led to wonder what is

the analogue of formal group laws in in the symplectically oriented case. The problem
with the formula (FGL) in the symplectic case is that a tensor product of two symplectic

bundles is not a symplectic bundle: indeed, the tensor product of two symplectic forms

is not symplectic but symmetric. However, a triple product of symplectic forms is again
symplectic.

Walter’s ternary laws

This leads to the notion of ternary laws that we introduce in this article following an

unpublished work of Walter. The idea is formally identical to that of formal group laws,

except that we work with P = HP∞
S over some base S and triple products. Let us give

the formula for the comfort of the reader (see Definition 2.3.2). On P 3, we get three

tautological symplectic bundles U1, U2, U3. Then U1⊗U2⊗U3 has rank 8 and admits four

nontrivial Borel classes. In particular, one associates to an Sp-oriented ring spectrum E

over S four power series in three variables x,y,z, say:

Fl(x,y,z) =
∑

i,j,k≥0

alijk.x
iyjzk,l = 1,2,3,4

4At the moment, it is only defined for Z[1/2]-schemes so that all of our results concerning higher
GW-theory will be stated under this assumption.

https://doi.org/10.1017/S1474748021000281 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748021000281


The Borel character 751

defined by the formula in E∗∗(S)[[b1(U1),b1(U2),b1(U3)]]:

Fl

(
b1(U1),b1(U2),b1(U3)

)
:= bl(U1⊗U2⊗U3).

The situation is thus notably more complicated than the GL-oriented case. Nevertheless,

one can derive some relations amongst the coefficients alijk that we summarise here:

• Degree: alijk is a cohomology class in E4d,2d(S), d= l− i− j−k.

• Symmetry (Paragraph 2.3.3): for all integers i,j,k, alijk = aljik = alikj .
• Neutral identities (Proposition 2.3.4): when E is SL-oriented, one gets

i �= l⇒ ali00 = 0,

a1100 = a3300 = 2h, a2200 = 2(h− ε), a4400 = 1,∑r

i=0
a4i,r−i,0 = 0,

where h and ε are the image of natural endomorphisms of the sphere spectrum
over S via the ring map End(SS)→ E00(S).5

Our first contribution is to determine the ternary laws associated with MW-motivic

cohomology.

Theorem A (See Theorem 3.3.2 and Corollary 3.3.5.). Let R be a ring of coefficients

and S a scheme such that one of the following conditions hold:

(a) R= Z, S is a scheme over a perfect field k of characteristic �= 2,3.

(b) R=Q, S is an arbitrary scheme.

Then the SL-oriented ring spectrum HMWRS has the following ternary laws:

Fl(x,y,z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2h.σ(x), l = 1,

2(h− ε).σ(x2)+2h.σ(xy), l = 2,

2h.σ(x3)+2h.σ(x2y)+8(2h− ε).xyz, l = 3,

σ(x4)−2h.σ(x3y)+2(h− ε).σ(x2y2)+2h.σ(x2yz), l = 4

where for a monomial P = xaybzc, σ(xaybzc) means the symmetric polynomial obtained
as the sum of the elements in the orbit of P under the action of the symmetric group

permuting the variables x,y,z.

Given the preceding tables of analogy, these ternary laws are the analogue of the additive
formal group law and we call them the additive ternary laws. The theorem ultimately

reduces to case (a) and to the ‘Witt part’ of MW-motivic cohomology, which represents

unramified Witt cohomology. In this latter case, we are able to compute the relevant Borel

classes of triple products of symplectic rank 2 bundles, based on previous computations
of Levine (see [20]) and on a geometric determination of the associated symplectic form

(this is where we have to assume that 6 ∈ k×; see Appendix A).

5Note that these elements should be interpreted as the generators of the free abelian group
GW(Z) = 〈ε,h〉. As quadratic forms, h = 〈1, − 1〉 and ε = −〈−1〉. There is a canonical map
GW(Z)→ End(SZ) that is an isomorphism up to torsion.
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The Borel character

The main contribution of our article is the construction of the symplectic analogue

of the Chern character, which we call the Borel character. Recall that the former

was introduced by Grothendieck as a bridge between K0-theory and Chow groups,

later extended to higher K-theory and higher Chow groups. In the interpretation of
Riou [30], it appears as an isomorphism between the rational (homotopy invariant) K-

theory spectrum and the periodised rational motivic cohomology spectrum (to reflect

Bott periodicity of K-theory). It can also be interpreted as the unique isomorphism
between the universal rational ring spectra respectively with multiplicative and additive

formal group laws, reflecting now the exponential map between these formal group

laws.
The method of Riou for building the Chern character uses the classical toolkit for

studying cohomological operations in stable homotopy, as pioneered by Adams. In this

setting, there is an important conceptual distinction between the unstable and stable

operations. In his fundamental work, Riou not only computed all unstable operations in
algebraic K-theory but also gave criteria so that these operations can be lifted to stable

ones.

In our article, we extend Riou’s method to the symplectic case, replacing K-theory
by Hermitian K-theory. Moreover, we slightly extend the domain of applicability of

Riou’s result by determining all possible natural transformations for presheaves over

the category of smooth S -schemes SmS between the Hermitian K-theory KSp0 and
some cohomology group with coefficients in an arbitrary Sp-oriented cohomology. More

precisely:

Theorem B (see Theorems 4.1.4 and 4.4.6.). Let E be an Sp-oriented ring spectrum over

a regular Z[1/2]-scheme S, with Borel classes bi and ring of coefficients E∗∗ =E∗∗(S). Let
(n,i) ∈ Z2 be a pair of integers.

(1) The following application is a bijection:

(
E∗∗[[tr,r ≥ 1]](n,i)

)Z →HomSets(KSp0,E
n,i)

(Fr)r∈Z 
→ {(V,r) 
→ Fr

(
b1(V), . . . ,br(V),0, . . .

)
},

where E∗∗[[tr,r ≥ 1]](n,i) denotes the formal power series with coefficients in the

graded ring E∗∗, in the indeterminate tr, which are homogeneous of degree (n,i),

each tr being given degree (4r,2r); V is a symplectic bundle over some X in SmS,
and r is its rank.

(2) The following application is an isomorphism of bigraded abelian groups:

E∗∗[[b]]→HomAb(KSp0,E
∗,∗),bn 
→ χ̃2n :KSp0 → E4n,2n,

https://doi.org/10.1017/S1474748021000281 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748021000281


The Borel character 753

where b is an indeterminate whose bidegree is (4,2); χ̃n is the natural transformation

defined on a symplectic bundle V over some X in SmS by the formula; see (4.1.7.a):

χ̃2n(V) =

∣∣∣∣∣∣∣∣∣∣∣∣

b1 1

��
��

��
��

�� 0
2b2 b1

��
��

��
��

�
b2

��
��

1

nbn bn−1 b2 b1

∣∣∣∣∣∣∣∣∣∣∣∣
.

As a matter of terminology, we call the morphisms in (1) (respectively (2)) the set

(respectively group) of unstable (respectively additive) symplectic operations (or simply
Sp-operation) on E of bidegree (n,i). The proof follows the strategy designed by Riou,

adapted to the Sp-oriented case. We note that some form of the first assertion already

appears in the foundational work of Panin and Walter [26, Th. 11.4].
The next step is to determine stable operations ; that is, natural transformations of

representable cohomology theories compatible with the stability isomorphism. In contrast

with the classical situation, it is more convenient to consider the (pointed) sphere HS :=
(HP1

S,∞)∧,2 = 1(4)[8] in the case of Sp-oriented ring spectra— this is justified by the

(8,4)-periodicity of the symplectic K-theory spectrum KSp. In this setting and along

classical lines, the stability class associated with any ring spectra E over a base scheme

S is the structural class σE
S ∈ Ẽ8,4(HS) in reduced cohomology such that for any smooth

S -scheme X, the following exterior product map is an isomorphism:

Ẽn,i(X+)
γE

σ−→ Ẽn+8,i+4(HS ∧X+).

When E is Sp-oriented, one has σE
S = b1(U1).b1(U2), where Ui is the tautological symplectic

bundle on the i -factor of HS . Then given an additive Sp-operation θ : KSp0 → En,i as
above, we define an associated ‘desuspended’ Sp-operation ωH(θ) on E of degree (n−
8,i−4) by the following commutative diagram:

KSp0(X)
γKSp
σ

∼
��

ωH(θ) ��

˜KSp0(H ∧X+)

θ��
En−8,i−4(X)

γE

σ

∼
�� Ẽn,i(H ∧X+).

Then a stable Sp-operation is nothing but a sequence (Θn)n≥0 of unstable (necessarily

additive) Sp-operations such that Θn = ωH(Θn+1). Our next result is the computation of

the desuspension of every Sp-operations on MW-motivic cohomology.

Theorem C (See Theorem 4.3.2.). Let R be a ring of coefficients and S a scheme such

that one of the following conditions hold:

(a) R= Z, S is a scheme over a perfect field k of characteristic �= 2,3.

(b) R=Q, S is a Z[1/2]-scheme.

Then for any integer n≥ 0, the following relation holds:

ωH

(
χ̃R
2n+4

)
= ψ2n+4.χ̃

R
2n,

https://doi.org/10.1017/S1474748021000281 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748021000281
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where χ̃R
2n is the additive Sp-operation on HMW of degree (8n,4n) obtained in Theorem

B and ψ2n+4 is the image in H00
MW(S) of the following quadratic form (seen in GW(Z)):

ψ2n+4 =

{
1
2 (2n+4)(2n+3)(2n+2)(2n+1).h if n is even.

(2n+4)(2n+2).
(
(2n2+4n+1).h− ε

)
if n is odd.

Note in particular that rk(ψ2n+4) = (2n+4)(2n+3)(2n+2)(2n+1); consequently, this

result is coherent with the one obtained by Riou (in [30]).6 The main ingredient of this
computation is Theorem A.

As a corollary, we obtain the computation of all stable Sp-operations on rational MW-

motivic cohomology and ultimately deduce the announced construction of the Borel
character :

Theorem D (See Theorem 4.4.6, 5.5.1, Paragraph 5.1.4.). Denote by [−,−] maps in
SH(S).

(1) Let S be the spectrum of Z[1/2] or of a field of characteristic not 2. Then for any

integer n ∈ Z, one has canonical isomorphisms

HomSt

(
KSp0,C̃H

2n
Q

)


[
KSpS,HMWQS(2n)[4n]

]


{[

KSpS,HMQS(2n)[4n]
]

Q n= 2i,

GW(S)Q =Q⊕W(S)Q n= 2i+1,

where the left-hand side denotes the stable symplectic operations on rational MW-

motivic cohomology (whose (4n,2n) part is given by rational Chow-Witt groups

C̃H2n
Q ).

(2) Let S be a Z[1/2]-scheme. Define the Borel character as the following map:

bot :GWQ
S

(bo2n)n∈Z−−−−−−−−→
⊕

n even

HMWQS(2n)[4n]⊕
⊕
n odd

HMQS(2n)[4n],

where bo2n is the stable operation

GWS 
KSpS(−2)[−4]→HMQS(2n)[4n]

corresponding to the unit in Q (respectively GW(S)Q) under the above isomorphism

if n is odd (respectively even) when S = Spec(Z[1/2]) and obtained by pullback
in general. Then bo is an isomorphism of ring spectra and the following diagram

commutes:

GWQ
S

bot ��

f ��

⊕
n evenHMWQS(2n)[4n]⊕

⊕
n oddHMQS(2n)[4n]

��
KGLQ

S

cht �� ⊕
m∈ZHMQS(m)[2m].

6Recall once again that Hermitian K-theory is (8,4)-periodic, whereas algebraic K-theory is
(2,1)-periodic.
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The right vertical map is obtained by forgetting the Witt part in degrees 0 modulo 4,
and the left-hand vertical map is the forgetful functor. In fact, the Borel character is the

sum of the Chern character in even degrees and a Witt part, concentrated in degrees 0

modulo 4. Moreover, note that from the results of [15], the Witt part is only visible on
the characteristic zero part of the scheme S. This is because it exists, as a morphism of

ring spectra, only modulo torsion.

To conclude this introduction, let us mention that even though the Borel character is

a stable and rational phenomenon, the methods and results of this article apply more
generally to unstable and integral situations. Indeed, we note that for a given scheme

X, one needs only to invert finitely many quadratic forms ψ2n+4 appearing in Theorem

C in order to get the Borel character. Presumably, this yields finer results than simply
tensoring with Q. This is somewhat illustrated by the following theorem, which shows that

Milnor-Witt K -theory embeds into suitable Hermitian K -theory groups modulo torsion.

Theorem E (see Theorem 6.1.1.). For any n ≥ 2 and any finitely generated field

extension of k, the composite

KMW
n (L)

εn,n−−−→GWn
n(L)

χ̃n,n−−−→KMW
n (L)

is multiplication by ψμ(n)! ∈GW(k), where μ(n) is the smallest integer of the form 2+4r

greater than or equal to n and we put

ψ2+4r! := ψ2 ·ψ6 ·. . . ·ψ2+4r.

This result can be seen as a generalisation of a theorem of Suslin ([37]), stating that
Milnor K -theory embeds into (Quillen) K -theory modulo torsion.

Linked and further works

Our result on computing the ternary laws of MW-motivic cohomology owes much to the

reading of [20], as the reader will see in the text. The results of Ananyevskiy’s thesis,

published in [2], are especially linked to the results obtained here. Indeed, Ananyevskiy
computes the ternary laws (without the abstract theory explained here) associated with

higher Witt groups in Lemma 8.2 of [2] and build the minus part of our Borel character

in Theorem 1.1 of [2].
We plan to come back to explicit computations of the Borel character in future work,

in collaboration with Fangzhou Jin and Adeel Khan. In particular, we will study the

natural question that arises with the analogy between the Chern and Borel characters:
finding the quadratic analogue of the Grothendieck-Riemann-Roch formula. We also plan

to compute the ternary laws associated to some well-known cohomology theories, such as

higher Grothendieck-Witt groups.

Plan

In Section 2, we recall Panin and Walter’s theory of generalised orientations and Borel
classes and introduce Walter’s notion of ternary laws.

In Section 3, we compute the ternary laws associated with MW-motivic cohomology,

as explained in Theorem A. The proof reduces to compute the relevant Borel classes
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either in Chow groups or in Witt-cohomology. The last part is the core of the proof
and occupies Subsection 3.2, complemented with Appendix A containing an ‘elementary’

computation of some threefold tensor product of symplectic bundles that is central in our

computations.
Section 4 is devoted to the implementation of Riou’s method for determining coho-

mological operations in the symplectic case. The first subsection is devoted to proving

Theorem B. The second subsection gives some abstract considerations to determine stable

Sp-operations in the general case. The core of the section is the third subsection, which
computes the obstruction to stabilisation for MW-motivic cohomology, as explained in

Theorem C.

In Section 5, we define the Borel character (Definition 5.1.3) and prove that it is an
isomorphism of ring spectra. On the model of the proof of Theorem A, we treat the plus

part and minus part separately. The plus part can be reduced to the classical case of

the Chern character, and the minus part can be treated using properties of periodic ring
spectra as recalled in Subsection 5.2 and the ideas of [4] suitably extended to arbitrary

base Z[1/2]-schemes.

Subsection 6.1 contains the proof and statement of Theorem E, based on ideas of [6].

1. Notation and conventions

We will fix a quasi-compact and quasi-separated base scheme B, which in practice will be
the spectrum of either a perfect field denoted by k, the ring Z[1/2] or Z. We work with

the category S chB of quasi-compact and quasi-separated B -schemes; all schemes are

supposed to be in S chB . For certain results, we will also restrict our attention to regular

finite-dimensional B -schemes, and we denote by RegB the corresponding category.
Unless explicitly stated, we will consider (ring) spectra E over B and look at them as

absolute (ring) spectra over S chB by putting EX = f∗E for any f :X →B. Here are the

examples that will appear in the present article:
The case B = Spec(Z): the absolute ring spectra HMZ (respectively HMQ, KGL),

representing integral motivic cohomology (respectively rational motivic cohomology,

homotopy-invariant K-theory; see [36], respectively [11], [10]).
We will also define the rational Milnor-Witt motivic ring spectrum as

HMWQ := SQ,

where S is the motivic sphere spectrum. We refer the reader to [15, Def. 6.1] for a better
definition. It coincides with the above one according to Corollary 6.2 of op. cit. Note also

that according to [15, Cor. 8.9], one has for any regular scheme S

H2n,n
MW (S,Q)
 C̃Hn(X)Q =CHn(X)Q⊕Hn

Zar(SQ,WQ), (1.0.0.a)

where WQ is the Zariski sheaf over SQ associated to the Witt functor.
The case B = Spec(Z[1/2]): the absolute ring spectra GW (respectively W), rep-

resenting higher Grothendieck-Witt groups [33, §9] (also called Hermitian K-theory,

(respectively Balmer’s derived Witt groups) over regular schemes.
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For the definition of GW we refer the reader to [28] and [34].7 To fix our conventions,
let us recall that for a regular scheme S :

GWn,i(S) =GW i
2i−n(S) =

{
KO2i−n(S) i∼= 0 mod 4,

KSp2i−n(S) i∼= 2 mod 4,
(1.0.0.b)

where KO∗ (respectively KSp∗) denotes the higher Hermitian K-theory of orthogonal

bundles (respectively symplectic bundles) with the canonical duality (see again [33]). For

the definition of W, we refer to [4, Def. 3]: W = GW[η−1] where η is the (algebraic)

Hopf map.
The case B = Spec(k), k perfect field of characteristic not 2: the absolute ring spec-

trum HMWZ representing integral Milnor-Witt cohomology as defined in [14]. We will

also consider HKMW (respectively HW) the spectrum associated with the unramified
Milnor-Witt K-theory (respectively Witt theory), which represents Chow-Witt groups

(respectively unramified Witt cohomology) according to [25]. In particular, we have for

any smooth k -scheme S :

H2n,n
MW (S)
Hn

Zar(S,K
MW
n )
 C̃Hn(S). (1.0.0.c)

Finally, we will use Morel’s plus/minus decomposition of the Z[1/2]-linear stable
homotopy category (see, e.g., [11, Paragraphe 16.2.1.] or [4, Rem. 4]). Recall in particular

the identifications (see [11, Theorem 16.2.13] for the second one)

HMWQS = SS,Q+⊕SS,Q−

HMQS 
 SS,Q+.
(1.0.0.d)

2. Weak orientations

2.1. Definitions and basic properties

2.1.1. Given a vector bundle V over a scheme X, we let Th(V ) = V/V × be its Thom

space in SH(X). Given a spectrum E and integers (n,i) ∈ Z2, we put as usual:

En,i
(
Th(V )

)
=HomSH(X)(Th(V ),EX(i)[n]).

Recall that the Thom space functor is a monoidal functor with respect to direct sums of

vector bundles and tensor products of spectra: Th(E⊕F )
Th(E)⊗Th(F ). In particular,
tensor products of morphisms induce an exterior product

En,i
(
Th(E)

)
⊗Em,j

(
Th(F )

)
→ Em+n,i+j

(
Th(E⊕F )

)
,x⊗y 
→ x ·y.

2.1.2. We will consider the following Z-graded algebraic subgroups of GL∗:

Sp∗ → SL∗ → SLc
∗ →GL∗. (2.1.2.a)

The nth graded part of Sp∗ is Sp2n so that the first map is homogeneous of degree

2. All other maps are homogeneous of degree 1. They are all classical algebraic groups

7Beware that the spectrum GW is also denoted by KO or KQ in the literature. We follow here
the notation of [34].
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except SLc
∗, which was introduced in [28, Definition 3.3]. Recall that its nth graded part

is defined8 as the kernel of the map

GLn×Gm →Gm,(g,t) 
→ t−2det(g).

Letting G = G∗ be one of these groups, there is a classical correspondence between
G-torsors over a given scheme X and vector bundles E over X equipped with extra

structures. We summarise the situation in the following table:

Group G Bundle E with extra structure

SLc
∗ (E,λ,L), L line bundle, λ : detE

∼−→ L2

SL∗ (E,λ), λ : detE
∼−→ A1

X

Sp∗ (E,ψ), ψ : E⊗E → A1
X symplectic form

Recall that our symplectic forms are always assumed to be nondegenerate. For short,
we will say G-bundle for a bundle equipped with the corresponding extra structure.

Morphisms of G-bundles over X are morphisms of vector bundles over X that preserve

the extra structure in the obvious sense.
One can check that the category V (X,G) of G-bundles over X is additive. Let

r = 2 (respectively r = 1) when G = Sp∗ (respectively in the other cases). The constant

bundle of rank r admits a canonical G-bundle structure and the corresponding object

is denoted by 1G
X . In particular, given a (ring) spectrum E over X, one gets an

isomorphism

σ : E2r,r
(
Th(1G

X)
)

 E0,0(1X).

The following definition is a slight extension of the original one due to Panin and Walter

(our reference text will be [3]).

Definition 2.1.3. Consider the above notations. Let E be a ring spectrum over B, with

unit 1X over a B -scheme X. An absolute G-orientation t of E is the data for every G-
bundle V of rank r over a scheme X in S chB of a class t(V) ∈ E2r,r(Th(V)) satisfying

the following properties:

• Isomorphisms compatibility. φ∗t(W) = t(V) for φ :V
∼−→W.

• Pullbacks compatibility. f∗t(V) = t(f−1V) for f : Y →X in S chB .
• Products compatibility. t(V⊕W) = t(V) · t(W).
• Normalisation. t(1G

X) corresponds to 1X via the isomorphism σ.

In this situation, we also say that (E,t) is absolutely G-oriented.

2.1.4. Thom isomorphisms. This definition is tailored to generalise the classical notion
of orientation in motivic homotopy theory, which corresponds in the above term to a

GL-orientation.

8We follow the convention of [3, Rem. 2.8].
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More generally, under the assumptions of the above definition, given any G-bundle V

of rank r over X, the properties stated above imply that E∗∗(Th(V)) is a free rank 1

bigraded E∗∗(X)-module with base t(V) (see [3, Corollary 3.9]).

In other words, the cup product with the Thom class induces a Thom isomorphism:

θtV : En,i(X)
∼−→ En+2r,i+r(Th(V))

as in the classical oriented case (see, e.g., [12, §2.2]).

Remark 2.1.5. When S chB is the category of smooth B -schemes of finite type, we will
simply say that E is G-oriented, and t is a G-orientation. This is the original definition

of [28] and [3].

In case G = GL∗, a G-orientation uniquely determines an absolute G-orientation.
Indeed, according to [12], a G-orientation over a scheme B is determined by a class

c ∈ Ẽ2,1(P∞
B ) whose restriction to P1

B is the suspension of 1B . Thus, a G-orientation of

E over B induces by pullback a G-orientation over any B -scheme X and therefore an

absolute G-orientation.
A similar remark holds when G= Sp∗. Indeed, one can show that a G-orientation over

a scheme B is determined by a class b ∈ Ẽ4,2(HP∞
B ) whose restriction to HP1

B is the

suspension of 1B ; see [27]. For the comfort of the reader, we give an argument in Remark
2.2.5 that shows that an orientation determines a class b with the expected property.

On the other hand, we are not aware of an similar statement for SL or SLc orientations.

Remark 2.1.6. As proved in [3, Lem. 1.4], one deduces from the above definition that

given a map φ : G→H from Diagram (2.1.2.a), an H -orientation t on a ring spectrum
E induces a G-orientation on E, namely, t ◦φ∗, where φ∗ : V (X,G) → V (X,H) is the

additive functor induced by φ. We state the following relations between orientations for

further use:

orientation⇒ SLc-orientation⇒ SL-orientation⇒ Sp-orientation.

Example 2.1.7. Here are examples among the spectra that will appear in this work.

• The absolute ring spectra HMR and KGL are oriented (this is classical; see e.g.,
[12]).

• The absolute ring spectra GW and W are SLc-oriented. The case of Hermitian
K-theory is proved in [28, Th. 5.1]. The case of derived Witt groups follows from
that of Hermitian K-theory, given [4, Def. 3], which gives a morphism of absolute
ring spectra GW→W.

Definition 2.1.8. Let (E,t) be a G-oriented ring spectrum as in the previous definition.
Then for any scheme X and any G-bundle V with underlying vector bundle V of rank

r, we define the associated Euler class by the formula

et(V) = s∗π∗t(V) ∈ E2r,r(X),

where s :X → V (respectively π : V → Th(V )) is the zero section (respectively canonical

projection map).
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When the orientation t is clear from the context, we simply write e(V). We will apply

the same convention for all other characteristic classes associated with Sp-orientations.

This is harmless in this work because we will never consider two different such orientations
on our ring spectra.

One immediately deduces from the properties of Thom classes the following (usual)

properties of Euler classes.

Proposition 2.1.9. Consider the assumptions of the previous definition. Then Euler

classes satisfy the following formulas:

• Invariance under isomorphisms. φ∗e(V) = e(W) for φ :V
∼−→W.

• Pullbacks compatibility. f∗e(V) = e(f−1V) for f : Y →X in S chB.
• Products compatibility. e(V⊕W) = e(V) · e(W).
• Vanishing. e(V) = 0 whenever V contains a trivial G-bundle as a direct factor.

2.1.10. Gysin morphisms. More generally, it is possible to extend the notions of Gysin

maps (e.g., [12, §3]) to a G-oriented ring spectrum (E,t) over B. We plan to come back

to this point in a future work. Let us give the example of closed immersions because it is
deeply linked with Euler classes.

Let i : Z →X be a closed immersion between smooth S -schemes with normal bundle

Ni. A G-orientation σ on i is a G-bundle Ni over Z whose underlying vector bundle is
Ni. One defines the Gysin morphism associated to (i,σ):

iσ∗ : E∗∗(Z)
θt
Ni−−→ E∗∗(Th(Ni))

τi−→ E∗∗(X/X−Z)→ E∗∗(X),

where the first map is the Thom isomorphism (Paragraph 2.1.4), the second one Morel-

Voevodsky’s purity isomorphism and the last one is obtained through the canonical map

X → (X/X−Z). If Ni is of rank c, the Gysin map is homogeneous of bidegree (2c,c).
Given a G-bundle V= (V ,ψ), the zero section s0 :X → V obviously admits a canonical

G-orientation can. Then it follows from the above definition (and the fact that τs0 is

essentially the identity through the latter identification) that

(scan0 )∗(scan0 )∗(1) = e(V).

2.2. Borel classes

2.2.1. Symplectic bundles. Let us be more specific about symplectic vector bundles,

introduced in Paragraph 2.1.2.

First recall that any vector bundle V/X admits a symplectification

H(V ) :=

(
V ⊕V ∨,

(
0 1

−can 0

))
,

where can : V → V ∨∨ is the usual canonical isomorphism. Using the notation of loc. cit.,
we get in particular 1Sp = H(A1), which we will simply denote by H in the sequel. To

comply with the classical notations, the direct sum of symplectic vector bundles will be

denoted by ⊥. In particular, H(An) = H⊥,n. More generally, H sends ⊕ to ⊥.
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2.2.2. As explained by Panin and Walter, Sp-oriented ring spectra are analogous to
(GL-)oriented ones. Let us first recall the Sp-projective bundle theorem. Consider an

Sp-bundle (V ,φ) over a scheme X. In [26] Panin and Walter introduced the projective

Sp-bundle HP(V ,φ) as the open subscheme of the Grassmannian scheme Gr(2,V ) on
which the restriction of φ to the canonical subbundle of rank 2 is nondegenerate.

We let U be the tautological rank 2 bundle on HP(V ,ψ). By definition, it is equipped

with a symplectic structure ψ coming from the restriction of φ and we set U= (U,ψ).

The following Sp-projective bundle theorem is due to Panin and Walter; see [26, Th.
8.2] for a proof.

Theorem 2.2.3. Consider the above notations and assume that V has rank 2n. Let

p : HP(V ,ψ)→X be the canonical projection, E be an an Sp-oriented ring spectrum and

b= e(U) be the associated Euler class (Definition 2.1.8).
Then the following map is an isomorphism of bi-graded E∗∗(X)-modules:

n−1⊕
i=0

E∗∗(X)→ E∗∗(HP(V ,ψ)
)
,xi 
→ p∗(xi).b

i.

2.2.5. Borel classes. It is easy to derive from the previous theorem the theory of Borel
classes. Under the above notation, they are the classes bi(V ,ψ) ∈ E4i,2i(X) for i ≥ 0

uniquely determined by the following relations:

n∑
i=0

(−1)i.bi(V ,ψ).bn−i = 0,b0(V ,ψ) = 1,∀i > n,bi(V ,ψ) = 0. (2.2.4.a)

In addition, they satisfy the following relations:

(1) rk(V ) = 2n, bn(V ,ψ) = e(V ,ψ).

(2) Invariance under isomorphisms. bi(V) = bi(W) for φ :V
∼−→W.

(3) Pullbacks compatibility. f∗bi(V) = bi(f
−1V) for f : Y →X in S chB .

(4) Trivial bundles. bi
[
H(An)

]
= 0 for i > 0, n > 0.

(5) Whitney sum formula. bt(V ⊥W) = bt(V) · bt(W) in E∗∗(X)[[t]], where bt denotes
the total Borel class

bt(V) =
∑
i

bi(V).ti. (2.2.4.b)

One can reformulate the two last properties by saying that the total Borel class bt factors

through the 0th symplectic K -theory group, KSp0(X), and actually induces a morphism
of abelian groups, sending sums to products:

bt :KSp0(X)/Z
[
H
]
→ E∗∗(X)[[t]]×. (2.2.4.c)

Remark 2.2.5. The situation is therefore very similar to classical oriented ring spectra.
In particular, the infinite symplectic projective space HP∞

S (obtained as the colimit of

the HPn
S ) plays a role similar to P∞

S . First, it classifies the symplectic bundles of rank 2

over S. Second, according to the preceding theorem, its cohomology is given by a power
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series ring

E∗∗(HP∞
S )
 E∗∗(S)[[b]],

where b corresponds to the Borel class b1(U) of the tautological rank 2 symplectic bundle
U. Besides, b = b1(U), seen as a class in the reduced cohomology Ẽ4,2(HP∞

S ), satisfies a

normalisation property analogous to that of an orientation in the classical sense (see,

e.g., [12, Def. 2.1.2]). More precisely, its restriction to HP1
S is the suspension of the unit

element 1 ∈ E00(S). In other words, it corresponds to 1 under the isomorphism

Ẽ4,2(HP1
S)
 E00(S).

To get that property, one must recall that the decomposition HP1
S =X0�X2 from [26],

where X2 is closed, of codimension 2, and X0 is open. Moreover X2 is isomorphic to A2
S .

Note also that according to [5, proof of 2.1.2, Rem. 2.1.3], X0 is A1-contractible and the

normal bundle N2 of i :X2 →HP1
S is trivial. One deduces a homotopy exact sequence

∗→HP1
S

i!−→ Th(N2)

so that i! induces the above isomorphism:

i∗ : E
00(X2)
 Ẽ4,2(Th(N2))→ Ẽ4,2(HP1

S),

after identifying E00(X2) with E00(S). In particular, the required normalisation can be

formulated as the equality in Ẽ4,2(HP1
S):

b1(U) = i∗(1),

where U = (U,ψ) is the canonical rank 2 symplectic bundle over HP1
S . To prove that

equality, we first note that U/HP1
S admits a section s whose zero locus is X2. In particular,

the normal bundle of i is isomorphic to the the restriction of the normal bundle of s
restricted to X2: in other words: Ni = U |X2

. In particular, i admits a canonical Sp-

orientation (in the sense of 2.1.10), which is the restriction of ψ to X2. According to the

normalisation property of Thom classes (Definition 2.1.3), it follows that i∗ agrees with

the Gysin map iψ∗ defined in 2.1.10. Then the above equality follows from the computation

iψ∗ (1) = s∗(scan0 )∗(1) = e(U) = b1(U).

The first equality is obtained by the projection formula for the Gysin morphism defined

in Paragraph 2.1.10 (use the proof of [12, Proposition 3.1.4]), the second one from the
last assertion of Paragraph 2.1.10 and the last one by definition of Borel classes.

2.2.6. The symplectic splitting principle. As for the classical Chern classes (see, e.g.,

[16, Section 3.2]), one derives from the previous theorem a splitting principle. Given any
symplectic bundleV over a scheme X, there exists an affine morphism p :X ′ →X inducing

a monomorphism p∗ : E∗∗(X)→ E∗∗(X ′) with the property that p−1(V) splits as a direct

sum of rank 2 symplectic bundles: p−1(V) = X1 ⊥ . . . ⊥Xn.
One defines the Borel roots of V as the Borel classes ξi = b1(Xi) so that by the preceding

Whitney sum formula the Borel classes of V are the elementary symmetric polynomials

in the variables ξi.
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As in the classical case, one can compute universal formulas involving Borel classes of
V by introducing Borel roots ξi, which reduce to rank 2 symplectic bundles, compute as if

V was completely split and then express the resulting formula in terms of the elementary

symmetric polynomials in the ξi. This principle will be used repeatedly in Section 3.

A particular instance of Borel classes will be useful in the sequel (see Subsection 3.2).

Definition 2.2.7. Consider the notations of the previous paragraph. Given an arbitrary

vector bundle V over a scheme X and an integer i ≥ 0, one defines its ith Pontryagin

class associated with the Sp-oriented ring spectrum E as

pi(V ) = bi
(
H(V )

)
.

Beware that we do not follow here the conventions of [1, Def. 7] for which one uses a

different numbering and sign: pi(V ) = (−1)i.b2i
(
H(V )

)
.

2.2.8. For the next formula, we need some notation. Let u∈OX(X)× be a global unit on

a scheme X. Let us consider the isomorphism γu : A1
X → A1

X obtained by multiplication
by u. It induces a morphism of Thom spaces: γu : Th(A1

X)→ Th(A1
X). Following Morel

(e.g., [24, Lemma 6.1.3]), we denote by 〈u〉 the corresponding automorphism of 1X in the

stable homotopy category over X. These elements satisfy the following formulas in the

group End(1X):

(U1) 〈u〉 · 〈v〉= 〈uv〉.
(U2) ∀i,〈u2i〉= 1.

The following proposition is mainly due to [3]. At present, we do not know whether it is

true for a general Sp-oriented spectrum.

Proposition 2.2.9. Let (E,t) be an SL-oriented ring spectrum, u ∈ OX(X)× be a unit

and i≥ 0 an integer. We write t for the induced Sp-orientation on E (Remark 2.1.6).

(1) For any Sp-bundle (V ,ψ) of rank 2: t(V ,u.ψ) = 〈u〉.t(V ,ψ).

(2) For any Sp-vector bundle (V ,ψ) over X: bi(V ,u.ψ) = 〈ui〉.bi(V ,ψ).

Here, u.ψ is simply the composition γu ◦ψ.

Proof. Let then (V ,ψ) be a symplectic bundle. The symplectic form ψ corresponds to a

trivialisation of the determinant ψ : detV 
A1
X , and the symplectic form u.ψ corresponds

to the composite

detV
ψ→ A1

X
·u→ A1

X .

The claim now follows from [3, Lemma 7.3]. For (2), we can simply use the symplectic
splitting principle 2.2.6.

Remark 2.2.10. Extending the notations of Paragraph 2.2.8, it will be convenient to

introduce the following notation9:

9They coincide with the classical notations for the Grothendieck-Witt ring through the
isomorphism of Morel Aut(1k) = GW(k) when X = Spec(k) is the spectrum of a field.
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• 〈u1,...,un〉= 〈u1〉+. . .+ 〈un〉.
• ε=−〈−1〉.
• h= 〈1,−1〉.

Extending a classical terminology from the theory of quadratic forms, we will say that a

cohomology class x ∈ En,i(X) is hyperbolic if it is of the form

x= h.x′

using the End(1X)-module structure on E∗∗(X).

2.3. Walter’s ternary laws

2.3.1. It appears clearly from the previous section that Borel classes are to Sp-oriented
spectra what Chern classes are to oriented spectra. It is therefore natural to look

for an analogue of the theory of formal group law associated to any oriented ring

spectrum.

As observed by Walter,10 the first technical problem that arises is the fact that symplec-
tic bundles are not stable under tensor product. However, if you consider an odd number

of symplectic bundles, then their tensor product is equipped with a canonical symplectic

form – the tensor product of the symplectic forms of each bundle. The second technical
problem is that a triple product of symplectic bundles of rank 2 is of rank 8. This means

that we will have to take into account four nontrivial Borel classes bi for i= 1, . . . ,4. Once

taking into account these differences, we can mimic the construction of the associated
formal group law in classical orientation theory as follows.

Let us fix an Sp-oriented ring spectra (E,t) over an arbitrary scheme X (Definition

2.1.3). Put E∗∗ = E∗∗(X).

We consider the following triple product as an ind-smooth X -scheme: P = HP∞
X ×X

HP∞
X ×X HP∞

X . For i= 1,2,3, let Ui be the respective canonical rank 2 symplectic bundle

on the ith coordinate, and let x,y,z = b1(U1),b1(U2),b1(U3). According to the symplectic

projective bundle theorem 2.2.3, one gets the following isomorphism of E∗∗-bigraded
rings:

E∗∗(P )
 E∗∗[[x,y,z]],

the ring of power series in three variables. The next definition follows considerations

initiated by Walter.

Definition 2.3.2. Consider an Sp-oriented spectrum E. We respectively associate to E

the lth ternary laws for l ∈ {1,2,3,4} and the total ternary law:

Fl(x,y,z) = bl(U1⊗U2⊗U3) ∈ E∗∗[[x,y,z]],

Ft(x,y,z) = bt(U1⊗U2⊗U3) ∈ E∗∗[[x,y,z]][t].

We will call Ft(x,y,z) the formal ternary law (sometimes abbreviated FTL) associated

with the Sp-oriented spectrum E. In the sequel, we will also generically write the lth

10We refer here to unpublished notes of Walter. Walter does his computations for smooth
k -schemes but, as shown in this section, one can work with arbitrary schemes.
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ternary law as

Fl(x,y,z) =
∑
i,j,k

alijk.x
iyjzk.

Note that by construction, x,y and z have bidegree (4,2), when viewed as elements of

E∗∗(P ). Thus, the bidegree of alijk, as an element of the ring of coefficients E∗∗, is given
by

deg(alijk) = (l− i− j−k).(4,2). (2.3.2.a)

As in the case of formal group laws associated with oriented ring spectra, the ternary
laws play a universal role: given any rank 2 symplectic bundles V1,V2,V3 over a scheme

X, one always gets the computation

bl(V1⊗V2⊗V3) = Fl(b1(V1),b1(V2),b1(V3)),

the substitution being legitimate because the Borel classes b1(Vi) are nilpotent ([26,

Theorem 8.6]).

2.3.3. It is legitimate to look for an analogue of the axioms satisfied by formal group laws
in the case of ternary laws. Commutativity is obvious, because the tensor product of three

symplectic bundles is commutative. Explicitly, the coefficient alijk above is independent

of the order of the indices i,j,k:

alijk = aljik = alikj . (2.3.3.a)

In other words, the power series Fl(x,y,z) is symmetric in the variables x,y,z. To give
examples of ternary laws, it is useful to consider a basis for the symmetric polynomials

in x,y,z. We choose the monomial basis denoted by

σ(xiyjzk) =
∑

(a,b,c)

xaybzc, (2.3.3.b)

where the sum runs over the monomials xaybzc in the orbit of xiyjzk under the action

of the permutations of the variables x,y,z. So taking into account the commutativity
constraints, ternary laws can be written as

Fl(x,y,z) =
∑

i≥j≥k

alijk.σ(x
iyjzk).

The analogue of the relation F (x,0) = x is already more involved as shown by the
following formula due to Walter.

Proposition 2.3.4. Let E be an SL-oriented ring spectrum over a scheme X. We apply

the previous definition to the induced Sp-orientation on E (Remark 2.1.6). Then one gets

the following computations:

(1) Using the notation of 2.2.10 and the Aut(1X)-module structure on E∗∗(X):

Ft(x,0,0) = 1+2h.xt+2(h− ε).x2t2+2h.x3t3+x4t4.
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In terms of coefficients:

i �= l⇒ ali00 = 0,

a1100 = a3300 = 2h,a2200 = 2(h− ε),a4400 = 1.

(2) F4(x,x,0) = 0. In terms of coefficients:
∑r

i=0 a
4
i,r−i,0 = 0.

Proof. Consider the first assertion. We write U= (U,ψ) for U1. Given that bi(H) = 0 for

i > 0 (Paragraph 2.2.4), we get

Fl(x,0,0) = bl
(
(U,ψ)⊗H⊗H

)
.

Let h′ be the symmetric bundle on Z2 given by the matrix

(
0 1
1 0

)
. A direct computation

shows that H⊗H is isometric to h′ ⊥ h′; that is, H⊗H = 2h′. We have h′+1 = h+1 as

illustrated by the following computation:⎛⎝1 0 1

1 −1 1
0 1 −1

⎞⎠⎛⎝0 1 0

1 0 0
0 0 1

⎞⎠⎛⎝1 1 0

0 −1 1
1 1 −1

⎞⎠=

⎛⎝1 0 0

0 −1 0
0 0 1

⎞⎠ .

It follows that H⊗H+2 = 2h′+2 = 2h+2. We then obtain

bt
(
((U,ψ)⊗H⊗H)⊥ (U,ψ)⊥ (U,ψ)

)
= bt

(
(2h.(U,ψ))⊥ (U,ψ)⊥ (U,ψ)

)
.

We now observe that if (V1,φ1) and (V2,φ2) are symplectic bundles on HP∞
X such that

bt((V1,φ1)⊥ (U,ψ)) = bt((V2,φ2)⊥ (U,ψ)),

then bt(V1,φ1) = bt(V2,φ2). Indeed, we have

bt((Vi,φi)⊥ (U,ψ)) = bt(Vi,φi)bt(U,ψ) = bt(Vi,φi)(1−xt)

and the claim follows from the fact that (1−xt) is not a zero divisor in E∗∗(X)[[x]][t].

Thus,

bt
(
(U,ψ)⊗H⊗H

)
= bt

(
2h.(U,ψ)

)
= bt

(
(U,ψ)⊥ (U,ψ)⊥ (U,−ψ)⊥ (U,−ψ)).

According to Proposition 2.2.9, one gets

bt(U,−ψ) = 1− (εx).t

and then

bt
(
(U,ψ)⊗H⊗H

)
= (1+x.t)2.

(
1− (εx).t

)2
so that expanding the last term gives the desired result.
To get the second point, we have to compute b4(U⊗U⊗H). We claim that the bundle

U⊗U⊗H has a nowhere vanishing section. Indeed, consider the short exact sequence

0→ det(U)→ U⊗U→ Sym2(U)→ 0.

Because U is symplectic, we have an isomorphism det(U)
O and it follows that U⊗U has

a nowhere vanishing section. So does H, and finally we see that U⊗U⊗H has a nowhere
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vanishing section. Consequently, its Euler class vanishes; hence the result (according to

point (1) in Paragraph 2.2.4).

Remark 2.3.5. If X is a scheme over Z[1/2], we have directly H⊗H= 2h and the proof
of the first assertion is slightly easier.

Remark 2.3.6. There are also formulas encoding the associativity of the ternary tensor

product of symplectic bundles. Such a formula can be expressed by considering five rank 2

symplectic bundles. We work over P = (HP∞)5 and write Ui for the pullback of universal
rank 2 vector Sp-bundle over the ith copy of P. The formula then amounts to the equality

of total Borel classes:

bt((U1⊗U2⊗U3)⊗U4⊗U5) = bt(U1⊗ (U2⊗U3⊗U4)⊗U5).

Each of these Borel classes can be computed in terms of the total ternary law Ft(x,y,z)
using the symplectic splitting principle (Remark 2.2.6) and introducing three Borel roots

for each of the rank 8Sp-bundles U1⊗U2⊗U3 and U2⊗U3⊗U4. We will not use these

formulas in the sequel, but we will come back to this in further work.

2.3.7. The additive oriented case. Suppose that E is GL-oriented and consider the
induced Sp-orientation (Remark 2.1.6). In this case, one can express the total ternary

law Ft(x,y,z) in terms of the formal group law associated with the GL-orientation. We

assume for simplicity that the formal group law associated with the GL-orientation is the

additive one. In this case, the Borel classes can be expressed in terms of Chern classes as
follows:

bi(V ,ψ) = c2i(V ). (2.3.7.a)

This is easily seen for a symplectic bundle of rank 2, using the fact that its first Chern class

is trivial.11 The result for symplectic bundles of higher rank follows from the splitting
principle. So, using the notations of the above definition, one can use the following

equality:

ct(U1⊗U2⊗U3) =
∑
i=2l

Fl(x,y,z).t
i, (2.3.7.b)

where Ui = (Ui,ψi), x = c2(U1), y = c2(U2), z = c2(U3). Using the splitting principle to

compute the left-hand side (and the fact the formal group law underlying E is additive),

one derives from the previous equality the following one:∏
e1,e2,e3∈{±1}

(e1u1+ e2u2+ e3u3) =
∑
i=2l

Fl(x,y,z).t
i,

x=−u2
1,y =−u2

2,z =−u2
3.

The result of this computation yields the following example of FTL.

Proposition 2.3.8. Consider a GL-orientated ring spectrum E whose associated FGL is

additive. Then, using notations (2.3.3.b), the FTL associated with the naturally induced

11Here we use the fact that FGL associated with E is additive.
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Sp-orientation on E (see Remark 2.1.6) is

Fl(x,y,z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
4.σ(x), l = 1,

6.σ(x2)+4.σ(xy), l = 2,

4.σ(x3)−4.σ(x2y)+40.xyz, l = 3,

σ(x4)−4.σ(x3y)+6.σ(x2y2)+4.σ(x2yz), l = 4.

3. Ternary laws associated with Chow-Witt groups

3.1. General principles

3.1.1. The aim of this section is to compute the ternary laws (Definition 2.3.2) associated

with Chow-Witt groups or, equivalently, Milnor-Witt motivic cohomology. So, in the

entire section we will work with the ring of coefficients A= E∗∗ of some SL-oriented ring
spectrum E. The ternary laws live in the ring of formal power series A[[x,y,z]].

One can already obtain the following simple lemma that follows from the formula for

the degree of the coefficients of the ternary laws (2.3.2.a) and Proposition 2.3.4.

Lemma 3.1.2. Let E be an SL-oriented theory over a scheme X, with coefficients ring

E∗∗ = E∗∗(X). We assume En,i = 0 in degree m.(4,2) for m �= 0.

Then the FTL associated with E has the following form:

Fl(x,y,z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2h.σ(x), l = 1,

2(h− ε).σ(x2)+a2110.σ(xy), l = 2,

2h.σ(x3)+a3210.σ(x
2y)+a3111.xyz, l = 3,

σ(x4)+a4310.σ(x
3y)+a4220.σ(x

2y2)+a4211.σ(x
2yz), l = 4

using convention (2.3.3.b) for σ.

3.2. The case of Witt groups

3.2.1. We will now determine the ternary laws F
HW
l in the case of Witt unramified

cohomology, represented by HW. The underlying category of schemes S ch is that of

k -schemes for a fixed base field k of characteristic different from 2 (see also Notation
section).

We can apply Lemma 3.1.2 to this ring spectrum. Recall, moreover, that on HW one

gets ε = 1 and h = 0. Let us restate the lemma in our particular case to clarify the

situation:

F
HW
l (x,y,z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, l = 1,

−2.σ(x2)+a2110.σ(xy), l = 2,

a3210.σ(x
2y)+a3111.xyz, l = 3,

σ(x4)+a4310.σ(x
3y)+a4220.σ(x

2y2)+a4211.σ(x
2yz), l = 4.

Our first step consists in computing FW
l (x,y,0). We use in particular the following

proposition, which is a combination of results of Levine and Ananyevskiy.
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Proposition 3.2.2. Assume char(k) �= 2. Let P = (HP∞)3 and Ui = (Ui,ψi) be the

tautological rank 2 symplectic bundle on the ith coordinate of P (as in 2.3.1). Put
x = b1(U1), y = b1(U2). One can compute the following Pontryagin classes (Definition

2.2.7) associated with HW:

pWl (U1⊗U2) =

⎧⎪⎨⎪⎩
−2.(x2+y2), l = 2,

0, l = 3,

(x4+y4)−2.x2y2, l = 4.

For the computation of the odd classes, see [3, Corollary 7.9]; for the even ones, see [20,

Prop. 9.1]. According to our definition, we get

pWl (U1⊗U2) = Fl(x,y,0).

So the above proposition already gives us the following relations (corresponding to l =

2,3,4):

a2110 = 0, (3.2.2.a)

a3210 = 0, (3.2.2.b)

a4310 = 0, a4220 =−2. (3.2.2.c)

To get the remaining coefficients, we use the symmetric product Sym∗ of symplectic
vector bundles. In fact, the next proposition allows determining FW

l (x,x,x), and this will

allow us to conclude.

Proposition 3.2.3. Assume that 6 ∈ k×.
Let U = (U,ψ) be the tautological rank 2 symplectic bundle on HP∞ and x be its first

Borel class. Then the following computations hold in H∗(HP∞,W):

(1) bWi (Sym3
U) =

⎧⎪⎨⎪⎩
(−3+ 〈3〉).x, i= 1,

(−4+ 〈3〉).x2, i= 2,

0, i > 2.

(2) bWi (U⊗,3) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, i= 1,

−6.x2, i= 2,

−8.x3, i= 3,

−3.x4, i= 4.

Proof.Our main tool will be the following computation of symplectic bundles (A.0.5.a)12:

(U⊗3,ϕ⊗3)
 (U,〈2〉ϕ)⊥ (U,〈6〉ϕ)⊥ (Sym3U,ψ). (3.2.3.a)

Note that applying point (2) of Proposition 2.2.9, we get

bW1 (U,〈2〉ϕ) = 〈2〉.x, bW1 (U,〈6〉ϕ) = 〈6〉.x.

12This is the very point where the assumption on k is needed.
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We start with the proof of (1). We first do the computation of the left-hand column.

The symplectic bundle Sym3
U is of rank 4, so that we already get the required vanishing

(by definition, see (2.2.4.a)). We apply the symplectic splitting principle to that bundle
(Paragraph 2.2.6): in particular, after pullback along an affine morphism p :X ′ → HP∞,

Sym3
U admits a splitting as two rank 2 symplectic bundles, whose Euler classes we

denote respectively α and β. Pulling back the decomposition (3.2.3.a) to X ′ yields a
decomposition of U⊗,3 into a sum of four rank 2 symplectic bundles and applying the

Whitney sum formula of Paragraph 2.2.4, we get

bWt (U⊗3,ϕ⊗3) = (1+ 〈2〉xt)(1+ 〈6〉xt)(1+αt)(1+βt). (3.2.3.b)

Because we already know FW
1 and FW

2 (Paragraph 3.2.1 and relation (3.2.2.a)), we obtain
the following equation by computing the coefficients of t and t2:

α+β+(〈2〉+ 〈6〉).x= 0

αβ+(α+β)(〈2〉+ 〈6〉).x+ 〈3〉.x2 =−6.x2.

Using the relation satisfied by the Borel roots α and β, we deduce that

bW1 (Sym3
U) = (〈−2〉+ 〈−6〉).x, bW2 (Sym3

U) = (−4+ 〈3〉).x2.

To conclude the proof of (1), it therefore suffices to show the following equality in W (k):

〈−2〉+ 〈−6〉=−3+ 〈3〉.

We need only to prove it either for a finite field (if k is of positive characteristic) or for
Q in case k is of characteristic zero. The first case is obvious because both forms have

the same rank and same discriminant and the second case is obtained via a comparison

of residues.

To get (2), it suffices now to finish the computation of (3.2.3.b). But using the
computation above, we obtain

bWt (U⊗3,ϕ⊗3) = (1+ 〈2〉xt)(1+ 〈6〉xt)(1+(−3+ 〈3〉)xt+(−4+ 〈3〉)x2t2).

Then, an easy computation allows us to conclude.

3.2.4. The case l = 3 and l = 4 of point (2) in the preceding computation together with

relations (3.2.2.b) and (3.2.2.c) yields

a3111 =−8, (3.2.4.a)

3−6+a4211 =−3⇒ a4211 = 0. (3.2.4.b)

Let us write the final result for the FTL associated with HW:

F
HW
t (x,y,z) =−2σ(x2).t2−8.xyz.t3+[σ(x4)−2σ(x2y2)].t4. (3.2.4.c)

3.3. Final case

We will now assemble our knowledge of ternary laws in Chow groups (Proposition 2.3.8),

represented over k by the unramified Milnor K-theory HKM, and Witt cohomology from
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the preceding section. Indeed, recall that there is canonical map of sheaves

ϕ : KMW →KM⊕W .

We use the following lemma.

Lemma 3.3.1. Let P = (HP∞
k )3. Then the morphism induced by ϕ on cohomology

ϕ∗ : C̃H
∗(P )→ CH∗(P )⊕H∗(P,W)

is injective.

The proof immediately follows from the symplectic projective bundle formula 2.2.3 and

the fact that ϕ is compatible with the Sp-orientations on each ring spectra.
This lemma allows us to combine the computations obtained for HKM and HW,

respectively.

Theorem 3.3.2. Let k be a field such that 6 ∈ k×. Then the ternary laws associated with

the Sp-oriented ring spectra HKMW (Chow-Witt groups) or with HMW (Milnor-Witt
motivic cohomology) over k are

Fl(x,y,z) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2h.σ(x), l = 1,

2(h− ε).σ(x2)+2h.σ(xy), l = 2,

2h.σ(x3)−2h.σ(x2y)+8(2h− ε).xyz, l = 3,

σ(x4)−2h.σ(x3y)+2(h− ε).σ(x2y2)+2h.σ(x2yz), l = 4,

using the notations of (2.3.3.b) and Remark 2.2.10.

Thus, by analogy with the classical oriented case, we introduce the following definition.

Definition 3.3.3. Let A be the ring of endomorphisms of the sphere spectrum in

SH(Z). We define the additive ternary laws as the power series Fl(x,y,z), l = 1,2,3,4

with coefficients in A defined by the formulas of the above theorem.
We will say that an Sp-oriented ring spectra E has the additive ternary laws if for any

scheme S in S ch the associated ternary laws on EX are the additive ternary laws through

the canonical map A→ E∗∗(X).

Remark 3.3.4. The computations of the previous section for the unramified Witt ring
spectrum HW over k show that HW has the additive ternary laws. Note, however, that

h= 0 and ε=−1 in W (k) so that the formula simplifies to (3.2.4.c).

With rational coefficients, the preceding theorem can be generalised.

Corollary 3.3.5. The Sp-oriented ring spectrum HMWQ over Z has the additive ternary

laws.

Proof. One uses the decomposition

HMWQ
 1Q 
 1Q+⊕1Q− 
HMQ⊕ν∗HWQ ,

where ν : SpecZ→ SpecQ is the canonical open immersion (see [15, Cor. 6.2]).
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4. Symplectic operations

4.1. Unstable and additive operations

4.1.1. Let S be any Z[1/2]-scheme. Using a method of Morel and Voevodsky, Panin
and Walter proved in [28, Theorem 8.2] that there exists a canonical weak A1-homotopy

equivalence

HGrS →BSpS . (4.1.1.a)

Moreover, when S is regular, they also proved that one gets an isomorphism of abelian
groups (we refer the reader to [34, Th. 1.3])

KSp0(S)→ [X,Z×BSpS ], (4.1.1.b)

where [−,−] denotes the set of morphisms in the unpointed A1-homotopy category over

S. Concretely, to a symplectic vector bundle V over X of rank 2r the above isomorphism
associates the couple (γV,r) where γV : S →BSpS is the map classifying V and 2r is the

rank of V.

In this section, we will use Riou’s method to classify the following ‘operations’.

Definition 4.1.2. Let E be a spectrum over a regular scheme S. Let (n,i) be a couple

of integers. An Sp-operation (respectively additive Sp-operation) Θ of degree (n,i) with

values in E will be a morphism of presheaves of sets (respectively abelian groups) on
SmS :

Θ :KSp0 → En,i.

We denote the set (respectively abelian group) of such operations by HomSets(KSp0,E
n,i)

(respectively HomAb(KSp0,E
n,i)).

4.1.3. Let us now consider an Sp-oriented ring spectrum E over a regular scheme S. Let
us put E∗∗ = E∗∗(S) as a bigraded ring.

Recall that, according to [28],13 one can compute the E-cohomology of symplectic

Grassmanians as

En,i(HGrS) =
(
E∗∗[[br,r ≥ 1]]

)(n,i)
, (4.1.3.a)

where the exponent on the right-hand side denotes the subgroup of elements of degree
(n,i) with the convention that br is of degree (4r,2r). Explicitly, an element of the right-

hand side is a formal power series of the form

F =
∑
α

(
aα.

∏
i∈N∗b

α(i)
i

)
, (4.1.3.b)

where N∗ = (N−{0}) and α runs over the applications α : N∗ → N with finite support

and aα is an element of E∗∗ of degree (n−4.|α|,i−2.|α|).
Using the method of [30], one deduces a complete description of the Sp-operations with

values in E.

13This is a corollary of the symplectic projective bundle formula 2.2.4.a, totally analogous to
the case of GL-oriented theories.
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Theorem 4.1.4. Consider the above notations. Then the canonical map

HomH (S)

(
Z×HGr,Ω∞(E(i)[n])

)
→HomSets(KSp0,E

n,i),φ 
→ φ∗

is bijective. Moreover, via the identification of the left-hand side with the set En,i(HGrS)
Z,

a sequence of formal power series (Fr)r∈Z of the form (4.1.3.b) corresponds to the

operation that sends a symplectic bundle V of rank 2r over a smooth S-scheme X to

the (well-defined14) element of En,i(X):

ΘF∗([V]) := Fr

(
b1(V), . . . ,br(V),0, . . .

)
,

where bi(V) denotes the Borel classes of V (Paragraph 2.2.4).

Note, moreover, that the map corresponding to ΘF∗ is pointed (for the obvious base
points) if and only if F0 = 0.

Proof. This is a consequence of [30, Proposition 1.2.9] applied to the inductive system

of smooth schemes HGr• = (HGrn,d)n,d∈N and to the H -group E =Ω∞(E(i)[n]). Indeed,

formula (4.1.3.a) implies that “HGr• does not unveil phantoms in E” in the sense of [30,

Definition 1.2.2]. Moreover, “π0HGr is generated by HGr” in the sense of [30, Definition
1.2.5] by application of [28, Theorem 8.1].

4.1.5. According to [30, Lem. 6.2.2.2], for any integer n > 0 there exists a unique group
morphism, natural in commutative ring A, of the form

ψA
n : (1+ t.A[[t]],×)→ (A,+)

such that ψA
n (1+ a.t) = an and that vanishes on 1+ tn+1.A[[t]]. By analogy with the

oriented case, one defines an additive Sp-operation χ̃E
2n of degree (4n,2n) with values in

E. Given any symplectic bundle V on a smooth S -scheme X, one sets

χ̃E
2n([V]) = ψE∗∗

n (bt(V)), (4.1.5.a)

where bt(V) is the total Borel class of V, Formula (2.2.4.b). (The latter formula shows

that χ̃E
2n is indeed additive.) We also put χ̃E

0 = 1. Note in particular that when V = U

has rank 2, one gets by construction for n≥ 0

χ̃E
2n([U]) = b1(U)

n. (4.1.5.b)

Recall from Panin-Walter’s symplectic projective bundle theorem (Theorem 2.2.3) that

one obtains an isomorphism of bigraded E∗∗-modules

E∗∗[[b]]→ E∗∗(HP∞
S ),b 
→ b1(U),

where the indeterminate b has degree (4,2). As in [30, Prop. 6.2.2.1], one can compute
all of the additive Sp-operations with values in E.

Theorem 4.1.6. Consider the above notations. Let U be the tautological symplectic
bundle of rank 2 on HP∞

S . Then the canonical morphism of graded E∗∗-modules, where b

14Use the fact that bi(V) is nilpotent.
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is assigned the bidegree (4,2),

HomAb(KSp0,E
∗∗)→ E∗∗(HP∞

S )
 E∗∗[[b]],φ 
→ φHP∞
S
([U])

is an isomorphism. Moreover, for n ≥ 0, the additive Sp-operation χ̃E
2n defined above is

sent to bn via this isomorphism.

Proof. The injectivity of the map follows from the symplectic bundle principle (Paragraph

2.2.6) and the universal property of HP∞ 
BSp2. The last assertion follows from relation
(4.1.5.b). It remains to prove surjectivity. One considers a power series

∑
nλn.b

n. Then

the infinite sum ∑
n

λn.χ̃
E
2n

gives a well-defined additive operation. Indeed, given any scheme X and a symplectic

bundle V over X, it follows from the nilpotency of Borel classes ([26, Theorem 8.6]) that
there exists an integer N > 0 such that for all n >N , χE

2n(V) = 0.

4.1.7. The lemma of Riou used in the above proof is a smart way of constructing χ̃2n.

A more classical way is to use the symplectic splitting principle 2.2.6. Indeed, χ̃2n(V) is
uniquely defined in terms of the Borel roots ξi of V by the property

χ̃2n(V) =
∑
i

ξni .

Thus, one can express χ̃2n(V) in terms of the Borel classes of V using the fact that

bi = bi(V) is the ith elementary symmetric function in the ξi and using the classical
expression of the symmetric power sum polynomials in terms of the elementary symmetric

functions. For example, a classical formula in terms of determinant (see [22, I.2, p. 28])

is

χ̃2n(V) =

∣∣∣∣∣∣∣∣∣∣∣∣

b1 1

��
��

��
��

�� 0
2b2 b1

��
��

��
��

�
b2

��
��

1

nbn bn−1 b2 b1

∣∣∣∣∣∣∣∣∣∣∣∣
. (4.1.7.a)

A more useful formula is given by Newton’s relations:

χ̃2n− b1χ̃2n−2+ b2χ̃2n−4+. . .+(−1)n−1bn−1χ̃2+(−1)nnbn = 0. (4.1.7.b)

Example 4.1.8. Let us assume that either k is a perfect field k and R= Z or k = Z[1/2]

and R=Q. Given any k -scheme X, we define the (Eilenberg-MacLane) Milnor-Witt (n,i)-

space over S by the formula

K(R̃S(i),n) = Ω∞(
HMWRS(i)[n]

)
.

It is the analogue of the (n,i)th Eilenberg-MacLane motivic spaceK(R(i),n) (see [39, §6.1]
for (n,i) = (2n,n)). According to the absolute purity theorem for Milnor-Witt motivic
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cohomology (see [15]), this space is stable under arbitrary pullback between regular k -

schemes.

The previous theorem applied to the Sp-oriented ring spectrum HMWRS gives a
canonical additive Sp-operation of degree (2n,n):

χ̃R
2n :KSp0 →H4n,2n

MW (−,R)
 C̃H2n
R ,

the last isomorphism being (1.0.0.c) and (1.0.0.a). It corresponds to a morphism of H -
groups

Z×BSpS →K(R̃S(2n),4n).

These operations form a base of all the additive Sp-operations over S with values in

Chow-Witt groups C̃Hn
R.

4.2. Stable operations and Hermitian K-theory

4.2.1. We now study stable operations over a regular scheme S, still following the method

of Riou. A technical difference between symplectic K-theory and usual K-theory is that
the former is (8,4)-periodic, whereas the latter is (2,1) periodic. Therefore, the natural

sphere that comes into play is H := (HP1)∧,2 
 1(4)[8].15

Given any spectrum E over S, we get a tautological stability isomorphism for any
smooth S -scheme X :

σE : En−8,i−4(X)
∼−→ Ẽn,i(H ∧X+),

where Ẽ is the associated reduced cohomology theory. When E admits a ring structure,

this isomorphism can be expressed by the cup-product with a tautological class σX ∈
Ẽ8,4(H). When E is in addition Sp-oriented, this class is induced by b1(U1) · b1(U2) ∈
E8,4(HP1×HP1), where Ui is the pullback of the tautological symplectic bundle on the
ith factor (apply Remark 2.2.5).

Similarly, the multiplication map in symplectic K-theory

KSp0(X)
(Ui−H)·(Ui−H)−−−−−−−−−−→KSp0(HP

1×HP1×X)

induces, according to the symplectic bundle theorem, an isomorphism

σKSp :KSp0(X)→ ˜KSp0(H ∧X+).

Given an Sp-operation θ with values in a spectrum E of degree (n,i), we define a new

associated Sp-operation ωH(θ) with values in E of degree (n− 8,i− 4) by the following

commutative diagram:

KSp0(X)
σKSp

∼
��

ωH(θ) ��

˜KSp0(H ∧X+)

θ��
En−8,i−4(X)

σE

∼
�� Ẽn,i(H ∧X+).

(4.2.1.a)

15This isomorphism follows from the fact that HP1 =Q4 and [5].
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In particular, we get two projective systems indexed by integers r ≥ 0:

. . .HomSet

(
KSp0,E

n+8r,i+4r
) ωH←−−HomSet

(
KSp0,E

n+8r+8,i+4r+4
)
. . .

. . .HomAb

(
KSp0,E

n+8r,i+4r
) ωH←−−HomAb

(
KSp0,E

n+8r+8,i+4r+4
)
. . .

Their projective limits agree as stable operations must be additive (see [38, Proposition

3.5]).

Definition 4.2.2. Consider the above notations. We define the abelian group of stable

Sp-operations with values in E of degree (n,i) as the projective limit of one of the two

projective system above:

HomSt

(
KSp0,E

n,i
)
= lim

r∈N
HomSets

(
KSp0,E

n+8r,i+4r
)


 lim
r∈N

HomAb

(
KSp0,E

n+8r,i+4r
)
.

In particular, such an operation is a sequence (Θr)r∈N of additive Sp-operations Θr :
KSp→ En+8r,i+4r such that for any r ≥ 0, Θr = ωH(Θr+1).

4.2.3. Recall from [29, 6.1] that a naive H-spectrum over a scheme S is the datum of

a sequence (En,σn)n∈N such that En is an object of H•(S) and σn : H ∧En → En is a
map in H•(S) whose adjoint map En → ΩHEn is an isomorphism. Every spectrum E if

SH(S) determines a naive H -spectrum whose nth term is En = Ω∞Σn
HE. Reciprocally,

any naive H -spectrum (En,σn) admits a lifting to an object of SH(S), and the lifting is

unique provided

R1 lim
n∈N

HomH•(S)(S
1∧En,En) = 0.

An important example for us is provided by the naive H -spectrum over any Z[1/2]-

scheme S,

(Z×BSp,Z×BSp, . . .),

whose transition maps are all equal to the multiplication by the element σ2 ∈ [H,Z×BSp]∗
corresponding to the element [U1 −H].[U2 −H] in KSp0(HP

1 ×HP1), where Ui is the

tautological symplectic bundle on the ith factor of HP1×HP1. As explained above, this

naive H -spectrum lifts as an object of SH(S). Over S = SpecZ[1/2], the ambiguity in
this lifting vanishes according to [28, Theorem 13.2], thus giving a canonical spectrum

KSpZ[1/2]. Over an arbitrary Z[1/2]-scheme S, we define KSpS by pullback. According

to [34], one gets a canonical isomorphism in SH(S):

KSpS 
GWS(2)[4]. (4.2.3.a)

Let us recall the following proposition from [29, Lem. 6.4].

Proposition 4.2.4. Given any spectrum E over S, there is a short exact sequence

0→R1 lim
r∈N

HomAb(KSp0,E
n+8r−1,i+4r) −→HomSH(S)

(
KSpS,E(i)[n]

)
−→HomSt

(
KSp0,E

n,i
)
→ 0,
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where the transition maps in the left-hand side projective system are given by the
desuspension maps ωH (Paragraph 4.2.1).

4.2.5. Let k be a perfect field of characteristic different from 2. According to [13,
Proposition 4.1.2], we get the following vanishing of the Milnor-Witt motivic cohomology

groups of k with integral coefficients:

Hn,m
MW (k,Z) = 0 if n >m or (m< 0 and n �=m).

Regarding rational motivic cohomology, we get from [15] that

Hn,m
MW (Z[1/2],Q) =K

(m)
2m−n(Z[1/2])⊗Q⊕Hn−m

Zar (Q,HW⊗Q),

where HW is the unramified Witt sheaf over SmQ. Given Borel’s computations of

the K-theory of integers, these groups vanish in the same range as in the previous

case.16

Corollary 4.2.6. Assume that we are in one of the following cases:

• S is the spectrum of a perfect field k of characteristic not 2, and R= Z;
• S is the spectrum of Z[1/2], and R=Q.

Then for any integer n, the following canonical map, appearing in the previous proposition,

is an isomorphism:

HomSH(S)

(
KSpS,HMWR(2n)[4n]

)
∼−→HomSt

(
KSp0,C̃H

4n
R

)
.

4.2.7. Indeed, in view of the vanishing recalled before the corollary, the projective system

appearing on the left-hand side of the short exact sequence in the previous section is just

0 at each degree. Besides, one can give another expression for the projective system of the
right-hand side appearing in Definition 4.2.2. Using Theorem 4.1.6, the above vanishing

and the fact that

H0,0
MW (S,R)
GW (S)R,

we get that the two above groups are given by the projective limit of a tower, indexed by
r ≥ 0, of the form

. . . ←GW(S)R.χ̃
R
2n+4r

ωH←−−GW(S)R.χ̃
R
2n+4r+4 ← . . . (4.2.7.a)

where we have denoted by χ̃R
2n :KSp0 →H4n,2n

MW,R the additive Sp-operations of Example
4.1.8. Note that the desuspension operators ωH (Paragraph 4.2.1) are GW (S)-linear

(because all morphisms involved in Diagram (4.2.1.a) are GW (S)-linear). The next

16Recall that from the computations of [9, Prop. 12.2], one classically derives the following ones
for rational motivic cohomology:

Hn,m
M (Z,Q) =K

(m)
2m−n(Z)Q =

{
Q (n,m) = (0,0),(1,2r+1),r > 0

0 otherwise.
(4.2.5.a)
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subsection is devoted to computing explicitly the transition maps in the above projective
system.

4.3. Stabilisation for Milnor-Witt motivic cohomology

4.3.1. Consider the notations and assumptions of Corollary 4.2.6 and Paragraph 4.2.7.

According to formula (4.2.7.a), we know a priori that for any n ≥ 0 there exists an
isomorphism class of quadratic form ψ2n+4 ∈GW(S)R such that

ωH

(
χ̃R
2n+4

)
= ψ2n+4.χ̃

R
2n. (4.3.1.a)

For normalisation purposes, we put ψ0 = ψ2 = 1.

Theorem 4.3.2. Consider the above notations. We assume one of the following
hypotheses:

(a) S is the spectrum of a perfect field k such that 6 ∈ k×, and R= Z;

(b) S is the spectrum of Z[1/2], and R=Q.

Then for any integer n≥ 0 the quadratic form appearing in relation (4.3.1.a) is

ψ2n+4 =

{
1
2 (2n+4)(2n+3)(2n+2)(2n+1).h if n≥ 0is even,

(2n+4)(2n+2).
(
(2n2+4n+1).h− ε

)
if nis odd.

(4.3.2.a)

Proof. To determine an additive Sp-operation over S, we know from Theorem 4.1.6
that we need only to apply it to the element [U] ∈ KSp0(HP

∞
S ). Going back to the

defining diagram (4.2.1.a) for ωH and using the fact that χ̃R
2n(U) = b1(U)

n = un, we get

the following relation in the cohomology group H4n+8,2n+4
MW (HP1×HP1×HP∞

S ):

χ̃R
2n+4

(
(U1−H)(U2−H)U

)
= ψ2n+4.u1u2u

n, (4.3.2.b)

where we denoted u1 and u2 for the first Borel class of the tautological symplectic bundle

on the first and second coordinates of HP1×HP1×HP∞
S .

Using the computation of the ternary laws for Milnor-Witt cohomology, it is possible
to determine ψ2n. However, it is possible to substantially simplify this computation by

remembering that the class ψ2n in GW (S)R is determined by its rank and its class in the

Witt ring W (S)R. On the other hand, we have two canonical maps

HMWRS →HMRS, HMWRS →HWR,S

according to [14, Section 4.3.1] and [13, (proof of) Proposition 4.1.2] under assumption (a)

and [15, Cor. 6.2] under assumption (b). These maps induce respectively the rank and the

projection map on the cohomology groups in degree (0,0). Thus, we need only to specialise
our computations either to motivic cohomology or to unramified Witt cohomology. This

will be done in Proposition 4.3.5 and Corollary 4.3.8.

4.3.3. We consider the hypothesis of Theorem 4.3.2. Recall from [30, Proposition 6.2.2.1]

that there are canonical operations

χi : Z×BGL→K
(
R(i),2i

)
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where K(R(i),2i) = Ω∞(
HMRS(i)[2i]

)
is the motivic Eilenberg-MacLane space of degree

(2i,i).17

On the other hand, we defined additive Sp-operations by applying Theorem 4.1.6 to

the motivic cohomology ring spectrum HMRS :

χ̃M
2n : Z×BSp→K

(
R(2i),4i

)
.

Lemma 4.3.4. Consider the above notations and assumptions. Let f : BSp→ BGL be
the canonical forgetful map. Then for any n > 0 one has

2.χ̃M
2n = χ2n ◦f.

Note that by definition, χ̃0 = 1 = χ0.

Proof. Let us denote by bMi the Borel classes associated with the canonical Sp-orientation

of HMRS . We prove the result by induction on n≥ 1.

For n= 1 and a symplectic bundle (U,ψ), we get from formulas (4.1.7.a) and (2.3.7.a)
χ̃M
2 (U,ψ) = bM1 (U,ψ) = −c2(U). On the other hand, using [30, Remark 6.2.2.3], we

obtain χ2 = c21(U)−2c2(U) =−2c2(U). These two equalities allow us to conclude. Then

the induction step is provided by the following computation (where we suppress f for
readability):

χ2n+2 =−
n∑

i=1

c2iχ2n−2i+2− (2n+2)c2n+2

=−2.

n∑
i=1

(−1)ibMi χ̃M
2n−2i+2− (2n+2)(−1)n+1bMn+1

=−2

(
n∑

i=1

(−1)ibMi χ̃M
2n−2i+2+(−1)n+1(n+1)bMn+1

)
= 2χ̃M

2n+2,

where the first (respectively second, last) equality follows from [30, Remark 6.2.2.3]
(respectively (2.3.7.a) and the induction hypothesis, (4.1.7.b)).

Proposition 4.3.5. For any n > 0, we have

ωH(χ̃M
2n+4) = (2n+4)(2n+3)(2n+2)(2n+1)χ̃M

2n.

Consequently, rk(ψ2n+4) = (2n+4)(2n+3)(2n+2)(2n+1) for any n≥ 0.

Proof. According to the plus part of formula (4.2.7.a), we have a priori

ωH(χ̃M
2n+4) = r2n+4.χ̃

M
2n,

where r2n+4 is an element of H0,0
M (S,R) = R.18 We know from [30, Lemma 6.2.3.2]

that ΩP1(χ2n+4) = (2n+4)χ2n+3. Therefore, because 2 is a nonzero divisor in R, the

proposition follows the previous lemma and the obvious fact that ωH(χ̃M
2n+4 ◦ f) =

Ω4
P1(χ̃M

2n+4)◦f . Beware the particular case n= 0, as χ̃0 = χ0.

17The statements of [30, Section 6.2] are given over a perfect base field k. However, the proof
applies equally to the case S =Spec(Z[1/2]) (or even S =Spec(Z)), R=Q, given the vanishing
of rational motivic cohomology of Spec(Z) due to Borel’s computations (see footnote 4.2.5).

18In fact, r2n+4 = rk(ψ2n+4).
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4.3.6. The main point to prove the above theorem is to determine the Witt part
ψ̄2n+4 ∈ W(S)R of the quadratic form ψ2n+4 ∈ GW(S)R of Paragraph 4.3.1. So we

consider the assumptions of this theorem and we let χ̃W
2n+4 (respectively bWi ) be the

Sp-operation (respectively Borel class) associated with the Sp-oriented ring spectrum
HWR,S . Specialising relation (4.3.2.b), we get for any n≥ 0,

χ̃W
2n+4

(
(U1−H)(U2−H)U

)
= ψ̄2n+4.u1u2u

n,

where u1 = bW1 (U1), u2 = bW1 (U2), u= bW1 (U).

Proposition 4.3.7. Under the above assumptions, we have:

χ̃W
2n+4(U1U2U) =

{
4un+2 if nis even,

−(2n+4)(2n+2)u1u2u
n if n is odd.

Proof. Put bWi = bWi (U1U2U) and χ̃W
2n+4 = χ̃W

2n+4(U1U2U). Let us first start by computing

the Borel classes using the ternary law of unramified Witt theory, Formula (3.2.4.c) and
the relation u2

i = 0:

bWi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 i= 1,i > 4,

−2u2 i= 2,

−8u1u2u i= 3,

u4 i= 4.

We derive from this computation and Newton’s identity relation (4.1.7.b) the following

relation for n > 2:

χ̃W
2n+4 = 2u2.χ̃W

2n−8u1u2u.χ̃
W
2n−2−u4.χ̃W

2n−4. (4.3.7.a)

On the other hand, one can express the first Sp-operations using again the first
computation and Formula (4.1.7.a):

χ̃W
2n+4 =

⎧⎪⎨⎪⎩
4u2 n= 0,

−24u1u2u n= 1,

4u4 n= 2.

Finally, one proves the lemma by induction on n using relation (4.3.7.a).

Corollary 4.3.8. For any n≥ 0, we have

ωH(χ̃W
2n+4) =

{
0 if n is even,

−(2n+4)(2n+2).χ̃W
2n if n is odd.

In other words, the image of ψ2n+4 in W (S)R is 0 for n even and −(2n+4)(2n+2) if n

is odd.

Proof. Using the additivity of χ̃W
2n+4, we find

χ̃W
2n+4

(
(U1−H)(U2−H)U

)
= χ̃W

2n+4(U1U2U)−
2∑

i=1

χ̃W
2n+4(HUiU)+ χ̃W

2n+4(HHU).
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To compute the second term, it suffices to replace ui by 0 in the expression of Proposition
4.3.7, and the third term is obtained by setting u1 = u2 = 0. A direct computation allows

to conclude.

4.4. Rational stable Sp-operations

4.4.1. Consider again the notation of Paragraph 4.3.1. The next step is to provide

conditions under which inverting the quadratic forms ψ2n in the Grothendieck-Witt ring

GW(S)R is sensible. For n even, the forms are hyperbolic and inverting them would erase

all quadratic information. Thus, we are led to consider the multiplicative system Sψ of
GW(S)R generated by {ψ2n|n odd}. Note that

GW(Z)Q 
Q.h⊕Q.ε
GW(Q)Q,

so we restrict our attention to the case of a perfect field k.

Lemma 4.4.2. Let P be an ordering of k and let sP : W(k) → Z be the corresponding

signature homomorphism; that is, the homomorphism characterised by

sP (〈a〉) =
{
1 if a is positive w.r.t. P,

−1 if a is negative w.r.t. P.

Then sP (ψ2n+4) =−(2n+4)(2n+2) �= 0 for any odd n ∈ N.

Proof. It suffices to observe that 1 is a square and then is positive w.r.t. P. It follows
that −1 is negative and we conclude.

Proposition 4.4.3. Let Pbe the set of orderings of k. Then,

S−1
ψ W(k)


⊕
P∈P

Q.

Proof. The above lemma shows that the map

W(k)
∑

sP−−−→
⊕
P∈P

Z

induces a well-defined map as in the statement; that is, we have a commutative diagram

W(k)
∑

sP ��

��

⊕
P∈P Z

��
S−1
ψ W(k) �� ⊕

P∈P Q.

Besides, the kernel and cokernel of the top homomorphism are 2-primary torsion (see

Theorem 6.1 and the paragraph preceding this theorem in [32]). It follows immediately

that the bottom map is surjective. Let now y be in the kernel of

S−1
ψ W(k)

∑
sP−−−→

⊕
P∈P

Q.
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We may write y = x
s with s ∈ Sψ, x ∈W (k). One deduces∑

sP (x)

(∑
sP (s)

)−1

= 0,

thus showing that
∑

sP (x) = 0. It follows that 2rx = 0 for some r ∈ N. Now, we have

8|(2n+4)(2n+2) in W(k) and it follows that for any r ∈ N there exists an odd n such
that 2r|(ψ2n+4 ·ψ2n ·. . . ψ2). The map is thus injective.

Corollary 4.4.4. The signature and rank homomorphisms induce an isomorphism

S−1
ψ GW(k)
Q⊕

⊕
P∈P

Q
GW(k)⊗Q.

Proof. We have an exact sequence of GW(k)-modules

0→GW(k)→ Z⊕W(k)→W(k)/2→ 0.

Localisation being exact, we deduce an exact sequence of S−1
ψ GW(k)-modules. The above

proposition shows that

S−1
ψ GW(k)
 S−1

ψ Z⊕
⊕
P∈P

Q

and we are left to prove that S−1
ψ Z
Q. Let p be an odd prime. Then, p−2 is odd and

(2n+4)(2n+2) = 4p(p−1) and therefore p is invertible. Because we already know that

2 is also invertible, the result follows.

4.4.5. Let S = Spec(Z[1/2]). We are now in a position to classify all stable symplectic

operations with values in rational Milnor-Witt motivic cohomology HMWQS of degree
(4n,2n) for n ∈ Z.

We first consider the case n = 0. Recall the decomposition in plus and minus parts of

Milnor-Witt motivic cohomology:

HMWQS =HMWQS+⊕HMWQS− =HMQS ⊕HWQ .

We consider the additive symplectic operation χ̃M
2i : Z×BSp → K

(
QS(i),2i

)
defined in

Paragraph 4.3.3. According to Proposition 4.3.5, we get a stable symplectic operation

(Definition 4.2.2) on rational motivic cohomology by considering the following sequence:(
χ̃M
0 ,

2

4!
χ̃M
4 , . . . ,

2

4n!
χ̃M
4n, . . .

)
.

Applying Corollary 4.2.6, this uniquely corresponds to a map b̃o
+

0 :KSpS →HMQS and
we deduce a map

b̃o0 :KSpS

b̃o
+
0−−→HMQS

i+−→HMWQS,

where the last map is the canonical inclusion. For any n ∈ Z, we put

b̃o4n :KSpS 
KSpS(4n)[8n]
b̃o0(4n)[8n]−−−−−−−→HMWQS(4n)[8n].
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By definition, when n > 0, it is induced as above by the following stable symplectic
operation with values in rational motivic cohomology of degree (4n,8n):(

2

4n!
χ̃M
4n,

2

(4n+4)!
χ̃M
4n+4, . . .

)
. (4.4.5.a)

For n < 0, just add enough zeroes at the start.

Next we consider the case n= 2. Let us consider the following product:

ψ2+4n! = ψ2 ·ψ6 ·. . . ·ψ2+4n. (4.4.5.b)

Applying the previous corollary, this product of quadratic forms is invertible in

H00
MW(S,Q) = GW(S)Q = GW(Q)Q. Thus, using Theorem 4.3.2, we can introduce the

following stable symplectic operation with values in rational Milnor-Witt cohomology
over S : (

χ̃Q
2 ,

1

ψ6!
χ̃Q
6 , . . . ,

1

ψ2+4n!
χ̃Q
2+4n, . . .

)
. (4.4.5.c)

Applying again Corollary 4.2.6, it uniquely corresponds to a morphism

b̃o2 :KSpS →HMWQS(2)[4].

For n ∈ Z, we put

b̃o2+4n :KSpS 
KSpS(4n)[8n]
b̃o2(4n)[8n]−−−−−−−→HMWQS(2+4n)[4+8n],

which by definition is induced by the following stable symplectic operation for n > 0:(
1

ψ2+4n!
χ̃Q
2+4n,

1

ψ6+4n!
χ̃Q
6+4n, . . .

)
. (4.4.5.d)

Given now any Z[1/2]-scheme S, the operations b̃o2n defined above can be defined over

S by taking pullback along the unique morphism S → Spec(Z[1/2]).

Theorem 4.4.6. Let S = Spec(Z[1/2]) or S = Spec(k) with k a perfect field of
characteristic not 2.

(1) Let n ∈ Z be an even integer. Then one has canonical isomorphisms

HomSt

(
KSp0,C̃H

2n
Q

)

HomSH(S) (KSpS,HMWQS(2n)[4n])


HomSH(S) (KSpS,HMQS(2n)[4n])
Q,

where the first isomorphism is defined in Corollary 4.2.6 and the second one is the
projection on the plus part. Moreover, these Q-vector spaces are generated by the

stable operation b̃o2n defined above.

(2) Let n ∈ Z be an odd integer. Then one has canonical isomorphisms

HomSt

(
KSp0,C̃H

2n
Q

)

HomSH(S) (KSpS,HMWQS(2n)[4n])


GW(S)Q =Q⊕W(S)Q,
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where the first isomorphism is defined in Corollary 4.2.6 and these GW(S)Q-

modules are generated by the stable operation b̃o2n defined above.

Proof. Each statement follows simply from Corollary 4.2.6 and the computation of the

projective system (4.2.7.a), whose transition maps are given by Theorem 4.3.2 (note that

by (8,4)-periodicity of KSpS , one can reduce to the case n ≥ 0). By construction, we
have for any symplectic bundle U over S equalities b̃o0(U) = χ̃Q

0 (U) = rk(U) and b̃o2(U) =

χ̃Q
2 (U) = b1(U) – apply (4.1.7.a). This implies that the operations b̃o2n are nonzero.

4.4.7. Assume S = Spec(Z[1/2]) (or Spec(k)). Recall from [30, Definition 6.2.3.9] that

for any n≥ 0, one has that

HomSH(S)(KGL,HMQS(n)[2n])
Q

is generated by the nth component of the Chern character map chn :KGL→HMQS (see

footnote 17 for the case S = Spec(Z[1/2])). Using the notations of Paragraph 4.3.3, the
map chn can be viewed as an H -stable operation as(

1

n!
.χn,

1

(n+4)!
.χn+4, . . .

)
. (4.4.7.a)

Proposition 4.4.8. Under the assumptions of the previous theorem, the following

assertions hold:

(1) For any even integer n, the following diagram is commutative:

KSp
b̃o2n ��

f
��

HMWQS(2n)[4n]

KGL
ch2n �� HMQS(2n)[4n]

i+

��

where f is the forgetful map and i+ the inclusion of the plus part.

(2) For any integer n, the following diagram is commutative:

KSp
b̃o2n ��

f
��

HMWQS(2n)[4n]

p+��
KGL

ch2n �� HMQS(2n)[4n],

where f is the forgetful map and p+ the projection onto the plus part.

Proof. The first point follows directly from comparing formulas (4.4.5.a) and (4.4.7.a)

using Lemma 4.3.4. Consider the second point. The case n even is implied by the first
point. The case n odd reduces to n > 0 (in fact, n= 1 is enough). Then one can compare

formulas (4.4.5.d) and (4.4.7.a) using Lemma 4.3.4 and the fact that rk(ψ2n!) = (2n)!/2

(use Formula (4.3.2.a)).
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5. The Borel character

5.1. Definition and main theorem

5.1.1. We rephrase in the next statement the main theorem of the previous section,
Theorem 4.4.6, in terms of higher Grothendieck-Witt groups. Let S be a Z[1/2]-scheme S

and n ∈ Z be an integer. Using the isomorphism (4.2.3.a) and the notations of Paragraph

4.4.5, we introduce the following maps. When n is even,

bo2n :GWS 
KSpS(−2)[−4]

b̃o2+2n(−2)[−4]−−−−−−−−−−→HMWQS(2+2n)[4+4n](−2)[−4]
HMWQS(2n)[4n].

and when n is odd.

bo2n :GWS 
KSpS(−2)[−4]

p+◦bo2+2n(−2)[−4]−−−−−−−−−−−−−→HMQS(2+2n)[4+4n](−2)[−4]
HMQS(2n)[4n]/

Note that is follows from the construction of the stable Sp-operation b̃o (see loc. cit.)

that for any integer n ∈ Z, one has

bo4n :GWS 
GWS(4n)[8n]
bo0(4n)[8n]−−−−−−−→HMWQS(4n)[8n],

bo2+4n :GWS 
GWS(4n)[8n]
bo2(4n)[8n]−−−−−−−→HMWQS(2+4n)[4+4n],

(5.1.1.a)

where the first isomorphism in each line is obtained by the periodicity of Hermitian
K-theory.19

Proposition 5.1.2. Consider the assumptions of the previous theorem. Then for any
integer n ∈ Z, one has

HomSH(S) (GWS,HMWQS(2n)[4n]) =

{
Q.(i+bo2n) |n| odd,
GW(S)Q.bo2n |n| even.

In the odd case, any map GWS →HMWQS(2n)[4n] is zero on the minus part. The map

bo0 :GWS →HMWQS is the unique map such that bo0(1GW ) = 1HMW
.

Proof. Everything except the statement about bo0 follows from Theorem 4.4.6. By

definition of bo0, we get the following commutative diagram:

GW0(S)
bo0∗ ��

(1) ��

C̃H0(S)

˜KSp(HP1
S)� �

��
KSp(HP1

S)
b̃o2∗ �� C̃H2(HP1

S)

(2)

��

19Which is given by the cup product with the element κS recalled in Example 5.2.4.
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where (1) is the exterior product with the tautological symplectic bundle H on HP1 and

(2) is the projection on the factor C̃H0(S).b1(H), using the symplectic projective bundle

theorem for Chow-Witt groups (here b1 denotes the Borel class for Chow-Witt groups).

Thus, the statement simply follows from the fact that b̃o2∗ = χ̃2 = b1 – formula (4.4.5.c)

(respectively (4.1.7.a)) for the first (respectively second) equality.

Definition 5.1.3. Let S be a Z[1/2]-scheme. We define the Borel character over S as
the map

bot :GWQ
S

(bo2n)n∈Z−−−−−−−−→
⊕

n even

HMWQS(2n)[4n]⊕
⊕
n odd

HMQS(2n)[4n]



⊕
n∈Z

SS,Q+(2n)[4n]⊕
⊕
n∈Z

SS,Q−(4n)[8n].

Note that the map (bo2n)n∈Z lands into a direct sum rather than a product because
the corresponding product is in fact isomorphic to the above direct sum. This follows

because SH(Z[1/2]) is compactly generated by objects of the form Σ∞X+(q)[p] for X

smooth over Z[1/2] and from the fact that H4n−p,2n−q
MW (X,Q) vanishes for n >> 0 or

n << 0. The second isomorphism follows from the identifications (1.0.0.d).

5.1.4. Note that, according to the properties of b̃o2n, bot is compatible with pullbacks:
it is a morphism of Z[1/2]-absolute spectra. Using Proposition 4.4.8, we immediately get

the commutativity of the following square:

GWQ
S

bot ��

f ��

⊕
n evenHMWQS(2n)[4n]⊕

⊕
n oddHMQS(2n)[4n]

��
KGLQ

S

cht �� ⊕
m∈ZHMQS(m)[2m],

where f is the natural forgetful map and the right-hand vertical map is obtained by the

projection on the plus part for the even integer m, 0 for m odd. In particular, for odd n,

the map bo2n = ch2n ◦f (apply point (1) of Proposition 4.4.8).

In the remainder of this section, we will prove that for any Z[1/2]-scheme S, the Borel
character bot is an isomorphism of ring spectra (see Theorem 5.5.1).

5.2. Principle of proof and periodic spectra

5.2.1. Principle of proof of Theorem 5.5.1. To prove that the Borel character bot is an

isomorphism over any scheme S, by compatibility with pullbacks (see Paragraph 5.1.4),

it is sufficient to consider the case S =Spec(Z[1/2]). Moreover, we can always use Morel’s
decomposition of SH(S)Q into its plus and minus parts.

That being said, we will prove that bot is an isomorphism by constructing an

explicit inverse bo′t using the theory of periodic ring spectra (see Definition below). The
advantage of this construction is that bo′t will clearly be a morphism of ring spectra.

We will construct bo′t by separating the plus part (Subsection 5.3) and the minus part

(Subsection 5.4).
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The following result is classical (see, e.g., [17, Prop. 2.6]) in (motivic) homotopy

theory.

Proposition 5.2.2. Let E be a motivic ring spectrum over S. Consider a pair of integers

(n,i) ∈ Z2. Then the following conditions are equivalent:

(i) There exists an element ρ ∈ En,i(S), invertible for the cup product on E∗∗.

(ii) There exists an isomorphism ρ̃ : E(i)[n]→ E.

Definition 5.2.3. A pair (E,ρ) satisfying the equivalent conditions of the above
proposition will be called an (n,i)-periodic ring spectrum over S.

We obviously get a S chB-fibred category of periodic ring spectra. A B-absolute (n,i)-

periodic ring spectrum (E,ρ) is a section of this S chB-fibred category.20

Given such a periodic absolute ring spectrum, we get a universal morphism of absolute

ring spectra:

σρ :
⊕
r∈Z

SS(ri)[rn]
∑

r ρ
r

−−−−→ ES (5.2.3.a)

with source the (n,i)-periodisation of the sphere spectrum.

Example 5.2.4. (1) The K -theory spectrum KGL together with the Bott element
β is (2,1)-periodic, as an absolute ring spectrum over Z. Note for normalisation

purposes that we consider βZ as the element of KGL2,1(Z) uniquely defined by the

following property:

KGL2,1(Z) [1Z(1)[2],KGLZ]
st ⊂ [P1

Z,KGLZ]
st ∼ �� K0(P

1
Z)

βZ
� �� [O(−1)]− [O],

where O(−1) is the tautological line bundle on P1
S .

Note that it follows from the relation chn(β
i) = δni that the rational and plus

parts of the periodisation map

σQ+
β :

⊕
n∈Z

HMQS(n)[2n]→KGLS,Q

are an isomorphism of ring spectra with inverse the Chern character map:

cht :KGLS
(chn)−−−→

⊕
n∈Z

HMQS(n)[2n].

(2) By construction (see [28]), the Hermitian K-theory spectrum GW is (8,4)-periodic,

as an absolute ring spectrum over Z[1/2]. We will consider the periodicity element

20That is, a collection of periodic (n,i)-spectra (ES,ρS) for schemes S in S chB such
that for any morphism f : T → S, f∗(ρS) corresponds to ρT via the given isomorphism
f∗(ES)� ET .
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κ ∈GW8,4(Z[1/2]) characterised by the property21

GW8,4(Z[1/2]) [1(4)[8],GW]st ⊂GW0,0(P )
∼ �� KO0(P )

κZ
� �� [U⊗U]− [O],

where P = HP1
Z[1/2]×HP1

Z[1/2], U is the tautological symplectic bundle on HP1
Z[1/2]

(see Paragraph 2.2.2) and U⊗U is the external product, seen as a quadratic bundle.

Explicitly, κ = (U1 −H)⊗ (U2 −H).It follows from our conventions that for any
Z[1/2]-scheme S, the forgetful map f :GWS →KGLS sends κS to β4

S .

(3) The Z[1/2]-absolute ring spectrum W, representing Balmer’s higher Witt groups,

together with the Hopf map η is (1,1)-periodic (see Subsection 5.4).

5.3. The plus part

5.3.1. Given an arbitrary Z[1/2]-scheme S, it follows from [33, Th. 6.1] and [31, Th. 3.4]
that one has a canonical distinguished triangle:

GWS(1)[1]
η−→GWS

f−→KGLS

h◦γβ′−−−−→GWS(1)[2],

where η is the Hopf map, f the forgetful map, h :KGLS →GWS is the ‘hyperbolisation’
map and γβ′ is the multiplication by the inverse of the Bott element β (Example 5.2.4).

Because η+ = 0 and KGLS− = 0, we immediately deduce the following result.

Lemma 5.3.2. The following exact sequence is split exact in SH(S)+:

0→GWS+
f−→KGLS [2

−1]
h◦γβ′−−−−→GWS+(1)[2]→ 0.

In other words, KGLS [2
−1]
GWS+⊕GWS+(1)[2].

Moreover, there is a canonical splitting of the above exact sequence. Indeed, according

to [31, Lemma 3.6.], one gets the relation in EndSH(S)+(GWS+):

h◦f = 1− ε+ = 2 (5.3.2.a)

because, by design, ε+ =−1.

5.3.3. By construction of the Hermitian K-theory spectrum and the forgetful map f (see
[31, Prop. 3.3]), we get the following commutative diagram:

GW4,2(S)

f ��

KSp0(S)

f��
φ

∼��

KGL4,2(S) KGL0(S),
γβ2

��

where γβ2 is multiplication by β2 and f on the right-hand side is the map forgetting

the Hermitian structure. With this notation, we can define the following element in the

21While β refers for Bott periodicity, the choice of letter κ refers to Karoubi theorem, which
implies the periodicity of the spectrum GW (see [33, Th. 6.2]).
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positive part of Hermitian K-theory:

ρS =
1

2
.φ([H]) ∈GW+

4,2(S).

This element is stable under pullback, so we can erase the base S to simplify notation. It
follows from the above commutative square that f(ρ) = β2.

The same construction can be done replacing in degree (−4,− 2) by replacing β with

β−1. Thus, we get an element ρ′ ∈GW+
−4,−2(S) such that f(ρ′) = β−2.

Let us remark that the forgetful map f :GWS →KGLS is a morphism of ring spectra.

This implies that f(ρ.ρ′) = 1. Because f is a monomorphism on the plus part, due to

(5.3.2.a), we deduce that ρ is invertible. Thus, (GW+,ρ) is a periodic absolute (4,2)-

spectrum over Z[1/2]. In particular, we get a canonical map by taking the plus part of
(5.2.3.a): ⊕

n∈Z

SS,+(2n)[4n]
∑

n ρn

−−−−→GWS+.

Note, moreover, that we get the following relations for any integer n ∈ Z:

f(ρn) = β2n, h(βn) =

{
2.ρi n= 2i,

0 n odd.
(5.3.3.a)

The first relation follows because f is a morphism of ring spectra and the second one from

the first and the fact that h◦γβ′ ◦f = 0 (the above lemma). We immediately deduce from
these relations the following lemma.

Lemma 5.3.4. The following diagram is commutative in SH(S)+:

GWS+
f �� KGLS [1/2]

h◦γβ′
�� GWS+(1)[2]

⊕
n∈Z

SS+(2n)[4n]

σρ

��

� � �� ⊕
m∈Z

SS+(m)[2m] �� ��

σβ

��

⊕
n∈Z

SS+(2n+1)[4n+2].

σρ〈1〉

��

As an application, we get the following result that concludes the ‘plus part’ of Theorem

5.5.1.

Proposition 5.3.5. Consider the above notation. The morphism of rational ring spectra

σρ :
⊕
n∈Z

SS,Q+(2n)[4n]→GWS,Q+

is an isomorphism, and the following relation holds:

bot+ ◦σρ = 1.

The first assertion follows from the preceding lemma and point (1) of Example 5.2.4.

The second assertion follows easily from relation (5.3.3.a), the commutativity of the square

in Paragraph 5.1.4 and Example 5.2.4(1).
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5.4. The minus part

5.4.1. Let S be a Z[1/2]-scheme. According to our conventions, there exists a natural

map

GWS →WS

that induces an isomorphism

GWS,− →WS [1/2].

In particular, WS [1/2] is (1,1)-periodic with respect to η and (8,4)-periodic with respect
to κ− ∈W8,4, which is the image of κ under the canonical projection: GWS →GWS−.
The next result generalises the fundamental result of [4] to an arbitrary base Z[1/2]-

scheme.

Proposition 5.4.2. The canonical map associated to κ− ∈W8,4(S) as in (5.2.3.a),

σκ− :
⊕
n∈Z

SQ−(4n)[8n]→WS [1/2],

is an isomorphism of ring spectra.

Proof. The map σκ− is compatible with base change. Recall from [11, Proposition 4.3.17]
that the family of functors x∗ for x∈ S a point of X is conservative. Thus, we are reduced

to the case where S is the spectrum of a field (of characteristic different from 2). Then

the result can be reduced to [4, Corollary 3.5]. In fact, our isomorphism is the inverse of
that of loc. cit.. Indeed, the stable operations ρstm that compose the latter are defined by

the relation ρstm(κn
−) = δnm.κn

−; see [4, Definition 2.5], given that the element β in loc. cit.

is our element κ−.

Here is the last result needed to conclude the proof of Theorem 5.5.1.

Proposition 5.4.3. For any integers n,i ∈ Z, the following relation holds in

H
8(n−i),4(n−i)
MW (S):

bo4n−(κ
i
−) = δin.

Proof. Note first that by compatibility with pullbacks, it is sufficient to treat the case

where S = Spec(Z[1/2]). According to the first of the relations (5.1.1.a), it is sufficient to

treat the case n = 0. The case i = 0 follows from the last assertion of Proposition 5.1.2.
The vanishing for n = 0, i �= 0 follows as MW-motivic cohomology of Z[1/2] vanishes in

degree (8r,4r) for r = (n− i) �= 0, as recalled in Paragraph 4.2.5.

5.5. Conclusion

Putting together Propositions 5.3.5, 5.4.2 and 5.4.3, we get the main theorem of this

section.

Theorem 5.5.1. Let S be an arbitrary Z[1/2]-scheme. Then the Borel character bot
(Definition 5.1.3) is an isomorphism of ring spectra with reciprocal isomorphism

σρ+σκ− :
⊕
n∈Z

SS,Q+(2n)[4n]⊕
⊕
n∈Z

SS,Q−(4n)[8n]→GWS,Q.
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Note that taking into account the relation ρ2 = κ+ and the identifications (1.0.0.d), one

can rewrite the preceding isomorphism as

σκ+σκ+
.ρ :

⊕
n∈Z

HMWQS(4n)[8n]⊕
⊕
n∈Z

HMQS(4n+2)[8n+4]→GWS,Q.

6. Applications

6.1. A Suslin-type homomorphism

In this subsection k is a perfect field of characteristic different from 2. We begin with

the construction of a slightly different model of the spectrum GW. With this in mind,

we can use [34, Theorem 1.3] (in the spirit of [6, §2.2]) to observe that the orthogonal
Grassmannian OGr constructed in loc. cit. admits explicit deloopings Ω−n

P1 (Z×OGr) for

n ∈ N satisfying [Σi
S1(X+),Ω

−n
P1 (Z×OGr)]A1 
 GWn

i (X) for any smooth scheme X. In

particular, Ω−2
P1 (Z×OGr)
 Z×HGr. This allows one to define a spectrum whose term

in degree n is Ω−n
P1 (Z×OGr) and whose bonding maps are the adjoints of the equivalences

Ω−n
P1 (Z×OGr)
 ΩP1Ω−n−1

P1 (Z×OGr).

We still denote this spectrum by GW, because it is canonically isomorphic to the one we

considered before. The unit map ε : 1→GW of this spectrum was explicitly constructed

in [6], yielding explicit morphisms

εn : (P1)∧n → Ω−n
P1 (Z×OGr)

for each n ∈N. For an integer n ∈N, we define μ(n) ∈N to be the smallest integer of the

form 4m+2 greater than or equal to n. Note in particular that μ(4n+2) = 4n+2 for any
n ∈ N. We can define an operation

χ̃n : Ω−n
P1 (Z×OGr)→K

(
Z̃(n),2n

)
for any n ∈ N using the commutative diagram

Ω−n
P1 (Z×OGr) ��

χ̃n

���
�
�

Ω
μ(n)−n
P1 Ω

−μ(n)
P1 (Z×OGr)

Ω
μ(n)−n

P1
χ̃μ(n)

��
K
(
Z̃(n),2n

)
�� Ωμ(n)−n

P1 K
(
Z̃(μ(n)),2μ(n)

)
in which the vertical maps are isomorphisms. Altogether, we get a composite

(P1)∧n εn→ Ω−n
P1 (Z×OGr)

χ̃n→K
(
Z̃(n),2n

)
that induces homomorphisms of sheaves

πA1

i ((P1)∧n)→ πA1

i (Ω−n
P1 (Z×OGr))→ πA1

i (K
(
Z̃(n),2n

)
)

for each i ∈ N. Because [Σi
S1(X+),Ω

−n
P1 (Z×OGr)]A1 
 GWn

i (X) for any smooth scheme

X, we see that πA1

i (Ω−n
P1 (Z×OGr)) is the sheaf associated to the presheaf GWn

i , and

πA1

i (K
(
Z̃(n),2n

)
) is the sheaf associated to the presheaf X 
→H2n−i

MW (X,Z). Setting i= n
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above and considering sections on a (finitely generated) field extension L/k, we then

obtain a string of homomorphisms

πA1

i ((P1)∧n)(L)
εn,n−−−→GWn

n(L)
χ̃n,n−−−→Hn,n

MW(L,Z).

Suppose that n ≥ 2. In light of [25, Corollary 6.43] and [13, Theorem 4.2.3], we finally

obtain homomorphisms

KMW
n (L)

εn,n−−−→GWn
n(L)

χ̃n,n−−−→KMW
n (L).

We note that the first map coincides (up to a unit) with the map KMW
n (L)→ GWn

n(L)

induced by the identity KMW
1 (L) = GW1

1(L) and the ring structure on both sides ([6,

Theorem 4.2.2]).

Theorem 6.1.1. For any n ≥ 2 and any finitely generated field extension of k, the
composite

KMW
n (L)

εn,n→ GWn
n(L)

χ̃n,n→ KMW
n (L)

is multiplication by ψμ(n)! ∈ GW(k) according to formula (4.4.5.b), where μ(n) is the
smallest integer congruent to 2 modulo 4 and greater than n.

Proof. We have adjunctions

HA1(k) � Deff
A1(k) � D̃M

eff
(k),

the first one being the classical Dold-Kan correspondence and the second one being the

adjunction of [13, §3.2.4]. We can thus consider the resulting adjunction

HA1(k) � D̃M
eff
(k).

The image of the object (P1)∧n of HA1(k) is precisely Z̃(n)[2n] and the unit of the

adjunction induces a map

ηn : (P1)∧n →K
(
Z̃(n),2n

)
,

which is in fact the degree n morphism of the unit map of the spectrum HMW. It is
an explicit generator of [(P1)∧n,K

(
Z̃(n),2n

)
] 
 GW(k) and we claim that it induces an

isomorphism upon applying πA1

n . In view of the Hurewicz homomorphism in A1-homotopy

theory and [25, Theorem 6.37], we are reduced to show that the unit map

CA1

∗ ((P1)∧n)→ Z̃(n)[2n]

in the adjunction Deff
A1(k) � D̃M

eff
(k) induces an isomorphism upon applying Hn. This is

tantamount to showing that the unit map

CA1

∗ ((Gm)∧n)→ Z̃(n)[n]

induces an isomorphism on H0, which is the case by [13, Theorem 4.2.3].
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Now, we have a commutative diagram

(P1)∧2 ��

ε2

��

Ωn−2
P1 (P1)∧n

Ωn−2

P1
εn

��

�� Ω∧μ(n)−2
P1 (P1)μ(n)

Ω
μ(n)−2

P1
εμ(n)

��
Z×HGr ��

ψμ(n)!χ̃2

��

Ωn−2
P1 Ω−n

P1 (Z×OGr)

Ωn−2

P1
χ̃n

��

�� Ωμ(n)−2
P1 Ω

−μ(n)
P1 (Z×Ogr)

Ω
μ(n)−2

P1
χ̃μ(n)

��
K
(
Z̃(2),4

)
�� Ωn−2

P1 K
(
Z̃(n),2n

)
�� Ωμ(n)−2

P1 K
(
Z̃(μ(n)),2μ(n)

)
by (a repeated use of) Theorem 4.3.2 and χ̃2 ◦ ε2 corresponds to b1(U), which is in fact

η2. Thus, χ̃n ◦εn corresponds to ψμ(n)!η2 and consequently we have

χ̃n ◦εn = ψμ(n)!ηn.

The right-hand side is in fact the composite

(P1)∧n ψμ(n)!−−−−→ (P1)∧n ηn−→K
(
Z̃(μ(n)),2μ(n)

)
,

where the first map (still denoted by ψμ(n)!) is obtained via the isomorphism

[(P1)∧n,(P1)∧n]A1 
GW(k) of [25, Corollary 6.43].

Remark 6.1.2. Let εGL : 1→KGL be the unit map of the spectrum representing K -
theory. Using the operations χ from K -theory to motivic cohomology, one can repeat the

above construction to get homomorphisms

KMW
n (L)

ψn,n→ Kn(L)
χ̃n,n→ KM

n (L).

The first map factors through Milnor K -theory and we get a commutative diagram

KMW
n (L)

εn,n ��

��

GWn
n(L)

χ̃n,n ��

��

KMW
n (L)

��
KM

n (L)
εGL
n,n

�� Kn(L) χn,n

�� KM
n (L).

We note that the composite is then equal to μ(n)!, showing that the homomorphism
Kn(L)→KM

n (L) is not optimal, in comparison with the map Kn(L)→KM
n (L) defined by

Suslin in [37]. If n= μ(n), we guess that the above homomorphism coincides with the one

defined by Suslin, up to a sign.

Remark 6.1.3. The homomorphism ψn,n : KMW
n (L) → GWn

n(L) is actually an iso-
morphism for n ≤ 3 by [6, §4]. An unpublished result of O. Röndigs states that this

homomorphism is an isomorphism for n= 4 as well.

Corollary 6.1.4. Let L be a field and let n ≥ 2 be such that KMW
n (L) is ψμ(n)!-torsion

free. Then, KMW
n (L) injects into GWn

n(L).
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Remark 6.1.5. As an example, we may consider R, or actually any real closed field.
Indeed, we know from [19, Proposition 2.2] that KMW

n (R)
 Z⊕D, where D is a uniquely

divisible group. It follows that KMW
n (R) always injects into GWn

n(R), extending [6,

Example 4.3.3]. Another example is given by F =Q for n≥ 3 by [19, Proposition 2.4] or
by any algebraically closed field with n≥ 2.

Appendix A. The threefold product

The purpose of this appendix is to explicitly decompose the threefold product

(U,ϕ)⊗ (U,ϕ)⊗ (U,ϕ),

where (U,ϕ) is a symplectic bundle of rank 2. The first lemma is obvious and we omit its

proof.

Lemma A.0.1. Let U be a rank 2 bundle and let i : ∧2U → U⊗U be the homomorphism

given on sections by s1∧s2 
→ s1⊗s2−s2⊗s1. Then, we have an exact sequence

0→∧2U
i→ U⊗2 → Sym2U → 0.

Tensoring the above by U (say on the right), we obtain an exact sequence

0→ (∧2U)⊗U
i⊗1−−→ U⊗3 → (Sym2U)⊗U → 0.

Now, we may define a homomorphism j : (∧2U)⊗U → (Sym2U)⊗U on sections by

(s1∧s2)⊗s3 
→ (s1s3)⊗s2− (s2s3)⊗s1.

Lemma A.0.2. We have an exact sequence

0→ (∧2U)⊗U
j→ (Sym2U)⊗U → Sym3U → 0.

Proof. We may work locally and thus suppose that U = R2 (where R is a local ring)

with basis e,f . We then have a basis e∧ f of (∧2U) and a basis (e∧ f)⊗ e,(e∧ f)⊗ f of

(∧2U)⊗U . Their respective images are (ee)⊗f − (ef)⊗e and (ef)⊗f − (ff)⊗e, which
are linearly independent. Now, the composite of the morphisms are clearly trivial and

therefore the sequence is exact by an easy dimension count.

Lemma A.0.3. Suppose that k is of characteristic different from 2. Then, the restriction

of ϕ⊗3 to (∧2U)⊗U along

(i⊗1) : (∧2U)⊗U → U⊗3

is isometric to 〈2〉ϕ : U → U∨. In particular, it is nondegenerate.

Proof. Again, we suppose that we work over a local ring R and thus that U has a basis

e,f . The form ϕ is then characterised by ψ : ∧2U → R given by ψ(e∧ f) = ϕ(e,f). An

easy computation shows that

(i⊗1)∨(ϕ⊗3)(i⊗1)
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is characterised by ((e ∧ f) ⊗ e) ∧ ((e ∧ f) ⊗ f) 
→ 2ϕ(e,f)3. We can now define an

isomorphism U → (∧2U)⊗U by s 
→ ψ−1(1)⊗s and check that the restriction is precisely
〈2〉ϕ.

Remark A.0.4. In characteristic 2, the above lemma shows that (∧2U)⊗ U is a
sublagrangian of (U⊗3,ϕ⊗3).

Consequently, we see that if k is of characteristic different from 2, then we get a
decomposition (U⊗3,ϕ⊗3) 
 (U,〈2〉ϕ) ⊥ ((Sym2U)⊗ U,ϕ′) for some form ϕ′ that we

now determine. We have an obvious homomorphism Sym2U → U⊗2 (always under the

hypothesis that k is of characteristic different from 2) given by s1s2 
→ s1⊗ s2+ s2⊗ s1.
This induces a section of U⊗3 → (Sym2U)⊗U and we may consider the form induced by

this section. However, it is easier to consider the composite of (∧2U)⊗U
j→ (Sym2U)⊗U

with this section and the form induced on (∧2U)⊗U .

Lemma A.0.5. Suppose that k is of characteristic different from 2,3. The symplectic

form induced on ∧2U ⊗U by (U⊗3,ϕ⊗3) under the homomorphism

m : ∧2U ⊗U → U⊗3

defined by (s1∧s2)⊗s3 
→ s1⊗s3⊗s2+s3⊗s1⊗s2−s2⊗s3⊗s1−s3⊗s2⊗s1 is isometric
to 〈6〉(U,ϕ).

Proof. The same proof as in Lemma A.0.3 shows that the form on ∧2U ⊗U is locally
characterised by ((e∧f)⊗ e)∧ ((e∧f)⊗f) 
→ 6ϕ(e,f)3.

As a consequence, we have

(U⊗3,ϕ⊗3)
 (U,〈2〉ϕ)⊥ (U,〈6〉ϕ)⊥ (Sym3U,ψ), (A.0.5.a)

where ψ is induced by (U⊗3,ϕ⊗3) under the choice of a reasonable section U⊗3 → Sym3U .

There is a canonical such map given on sections by

s1⊗s2⊗s3 
→
∑
σ∈S3

sσ(1)⊗sσ(2)⊗sσ(3)

under the hypothesis that char(k) �= 2,3.
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