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SEPARATING MANY LOCALISATION CARDINALS ON THE
GENERALISED BAIRE SPACE

TRISTAN VAN DER VLUGT

Abstract. Given a cofinal cardinal function 4 € "k for k inaccessible, we consider the dominating
h-localisation number, that is, the least cardinality of a dominating set of /-slaloms such that every x-real
is localised by a slalom in the dominating set. It was proved in [3] that the dominating localisation numbers
can be consistently different for two functions / (the identity function and the power function). We will
construct a k™ -sized family of functions / and their corresponding localisation numbers, and use a <-
supported product of a cofinality-preserving forcing to prove that any simultaneous assignment of these
localisation numbers to cardinals above & is consistent. This answers an open question from [3].

In an effort to generalise the cardinal characteristics related to the null ideal from
the context of the continuum “w to the generalised Baire space ", the authors of [3]
considered localisation cardinals. These cardinals were first described in the context
of ®w by Bartoszynski [1] and are defined using the concept of slaloms.

DEFINITION 0.1.  Let k be a regular strong limit cardinal (hence k is inaccessible or
equal to ) and let h € "k be increasing, then an h-slalom is a function ¢ : k — [k]<"
such that |p(a)| < |h(a)| for all a € k. A slalom ¢ localises a function f € *k,
written symbolically as f €* . if there exists some & € k such that f(a) € (o) for
all o € [E, k). We denote the set of h-slaloms as Loc;,.

We can define the following two cardinal characteristics, sometimes called
localisation cardinals, having an increasing function / € "k as parameter:
b/ (€*) = the least cardinality of a family F C "k such that Ve € Loc,3f € F(f ¢* ¢).
2" (€*) = the least cardinality of a family ® C Loc;, such that Vf € "x3p € ®(f €* ¢).

In the case that k = w these cardinals give a combinatorial definition of two of the
cardinal invariants of the Lebesgue null ideal \V:

add(N') = the least cardinality of a family A C A such that |JA ¢ N,
cof (V) = the least cardinality of a family C C N such that VN € N3C € C(N C C).

Bartoszynski [1] introduced localisation cardinals to give the following
characterisation.
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2 TRISTAN VAN DER VLUGT

FAcT 0.2. add(N) = b" (€*) and cof () = 0/ (€*).

It is clear from this fact that the choice of the parameter 4 € “w is irrelevant,
as it does not influence the cardinalities of b/ (¢*) and 9" (€*). This turns out to
be different in the generalised case. Recently, it was proved in [3] that 9" (c*) can
consistently have different values for different # € k. In particular, it was shown
that 90°"(c*) < 0'd(&*) is consistent, where pow : a — 2%l and id : & — |a|. This
consistency was proved using a generalisation of Sacks forcing on “2 that has the
generalised pow-Sacks property, but not the generalised id-Sacks property.

DerFINITION 0.3. Let h € "k. A forcing P has the generalised h-Sacks property if
for every P-name f and p € P such that p |- “ f : £ — £ " there exists an h-slalom ¢
and g < p such that g I+ “ f (&) € p(a) ” for all a € k. We will from now on simply
say h-Sacks property and omit “generalised”.

Hence, if ® C Locy is a family as in the definition of Dﬁ(e*) in the ground model,
then @ will still witness the size of 9/ (€*) in extensions by forcings with the -Sacks
property. Specifically, the generalised Sacks forcing is unable to increase the size
of 02" (€*). Meanwhile, it is possible to increase the size of 21¢(€*) by using an
iteration or a product of the generalised Sacks forcing.

In this article we will answer an open question from [3] and prove that there
exist functions 4 € *x and cardinals A; with cf(4;) > & for each £ € k™ such that

it is simultaneously consistent that Dﬁé(e*) = A for all & € k. The strategy will
be the same as the strategy used to separate 0¢(€*) from 20°"(€*), in that we
consider a product of Sacks-like forcings that have the s:-Sacks property, but not
the £,-Sacks property for different & and #. In the first section. we introduce the
Sacks-like forcing S!. We will prove that it preserves cardinals and cofinalities and
use fusion to show that it satisfies certain Sacks properties. In the second section we
consider products of such forcings. We show that properties such as the preservation
of cardinals and cofinalities and the relevant Sacks properties are preserved under
<k-support products and we use this to prove the consistency of x many different
cardinals. Finally, in the third section we will show that with a preparatory forcing,
we can use our approach to prove the consistency of k* many different cardinals.

For the sake of brevity, from now on we will assume that x denotes a strongly
inaccessible cardinal. We will also fix the convention that h, H, F € *k denote
increasing cofinal cardinal functions (i.e., ran(h) is cofinal in x and 4 («) is a cardinal
for each o € k). This convention extends to he, Fy, and other subscripts.

§1. The forcing. Let us establish some notation to discuss trees on *x before we
define our forcing notion.

A subset T C <*k is called a k-tree if for every u € T and € dom(u) we have
ul fpeT.Asubset C C T isa chain if for any u,v € C we have u C v or v C u,
and C is called maximal if there exists no chain C’ C T with C C C’. A function
b : o — k where a < k is called a branch of T if there exists a maximal chain C C T
such that 5 = | C. The set of branches of T is denoted by [T']. We define the subtree
of T generated by u € T as

(T)y={veT|uCvVvovCu}.
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Given u € <*k and f§ € k, we write u~ 8 for the extension of the sequence u with
the term f. If u € T, let v € T be a successor of u if there exists f € k such that
v = u" . We denote the set of successors of uin T by suc(u, T).

We call u a A-splitting node (of T), if A < |suc(u, T')|. We say u is a splitting node if
it is a 2-splitting node, and a non-splitting node otherwise. If u is a A-splitting node,
but not a u-splitting node for any cardinal x4 with 4 < u, then we say that u is a
sharp Z-splitting node.

We let Split,, (7') be the set of all u € T such that u splitting and

ot({B € ot(u) | u | B is splitting}) = .
where ot(X) denotes the order-type of X.

DEFINITION 1.1.  The conditions of the forcing S! are k-trees T C <"k that satisfy
the following properties:

(i) Forany u € T there exists v € T such that u C v and v is splitting.
(ii) If u € Split, (T). then u is an h(«)-splitting node in T.
(iti) If C C T is a chain of splitting nodes with |C| < k, then | J C is a splitting
node in T.
The order is defined as T <g S (here T provides more information than S) iff"

e T C Sand
o foreveryu € T, if suc(u, T) # suc(u, S), then |suc(u, T)| < |suc(u, S)|.

If the forcing notion is clear from context. we will write T < S in place of T <g S.

The generalised Sacks forcing from [6], which was used in [3] to separate d/¢(*)
from 90°"(&*). is a special case of the forcing S!. Indeed. the only difference is
that splitting nodes split into /(a) successors in our forcing, instead of only two
successors in the Sacks forcing. That is, if f : & — {2} is the constant function that
sends every a € k to 2, then the generalised Sacks forcing is equivalent to S-,’: .

However, contrary to the constant function f, we will assume that /2 is an increasing
cofinal cardinal function, and thus (as a consequence of the next lemma) any node
can be extended to a A-splitting node for arbitrarily large 2 < . In this sense we can
also view Sﬁ as a bounded version of Miller forcing, where the set of successors of
a node is < x but eventually arbitrarily large. On “w. such a forcing has first been
studied in [4] as Miller Lite forcing.

LemMmA 1.2, If T € S! andb € [T)isabranchof T. thendom(b) = . In particular.
ifa € kislimitandu € ®k issuch thatu [ f € T forall p € a, thenu € T.

PrOOF. Suppose that C C T is a chain such that u = [ J C and dom(u) € &. If
we show that u € T, then suc(u, T) # @ by (i) of Definition 1.1, thus it follows that
C is not a branch. Let

C’' ={v Cu|wvissplittingin 7'} .

From (i) of Definition 1.1 we can conclude that either | J C’ = u or there is some
splittingnode v € T withw C v forallw € C. In the first case it follows thatu € T
by (iii) of Definition 1.1, and in the second case v | dom(u) = u € T since T is a
K-tree. -
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We naturally want S” to preserve cardinalities. If we assume that V = “2% = x* 7,
then it is clear that S has the <x**-chain condition, since [S!| < |P(<*k)| =
2% = kT, where the former equality is implied by x<* = k, which in turn follows
from x being inaccessible. Therefore cardinalities above k™ are preserved under
assumption of V E “2fF = g+ 7,

To preserve cardinalities less than or equal to . we show that S is <k-closed.

LemMa 1.3. S" is <k-closed. That is, for any /. < k. if (T: | & € A) is a descending
chain of conditions, then there exists a condition T such that T < T¢ for all & € A.

The condition 7 that is below all T will simply be 7 = [ ¢e; Te. which can easily
be seen to be a k-tree as well. We will make use of the following claim to prove the
lemma.

Ciam 14, If ueT =)
suc(u, Ty,).

cei Te. then there is n € A such that suc(u, T) =

PROOF. Suppose that u € T, and let 4; = |suc(u, T%)|,
dictates that (4 | £ € 1) is a descending sequence of cardinals, hence there is 5 € 1
such that 2; = 4, forall £ € [, 4). But then suc(u, T:) = suc(u, T,) forall & € [5, 1)
by the ordering of S/. 8

ProOOFOF LEMMA 1.3. We show that T = ()., 7 satisfies the lemma by verifying
points (i)—(iii) from Definition 1.1 and showing that 7 < T for all & € A.

(i) Letu € T.andlet f € [T] be a branch for which u C f.If ot(f) < k. then
f € T: for each &, thus by Claim 1.4 there is some # € 4 for which suc(f. 7,) =
suc(f,T) = @. Then clearly T, ¢ S". which is a contradiction. hence ot(f) = &.

Let C: = {a € [ot(u). k) | f | aissplitting in T:}, then since T: € S" satisfies
(i) and (iii), we see that C; is a club set. But then (., C is club. Any v € (¢, C:
is splitting in all T¢, thus by Claim 1.4 it is splitting 1n T and by definition of Ce 1t
follows that u C v.

(ii) If u € Split, (7). then by Claim 1.4 there is € 4 such that suc(u. T,) =
suc(u, T'). Therefore u € Split;(T;,) for some # > . hence uis a &(f3)-splitting in 7.
Remember that we assume / is increasing, so u is also 4 («a)-splitting in 7.

(iii) Let C C T be a chain of splitting nodes, then for every & € A we also see
that C is a chain of splitting nodes in 7, and thus | C is a splitting node in all T,
hence by Claim 1.4, | J C is splitting in 7.

(<) Clearly T C T; for each ¢ € A, and if u € T and suc(u, T') # suc(u, T;).
then by Claim 1.4 there exists # € A such that suc(u, T') = suc(u, T), and clearly
& < n.Since Tr < T, by assumption, then |suc(u, T')| = |suc(u, T;))| < |suc(u, T)|.
Hence T' < Tx:. -

COROLLARY 1.5. Sﬁ preserves all cardinalities and cofinalities < k.

What is left, is to show that x* is also preserved. This will be a consequence of the
proof that S has the F-Sacks property for some suitably large F € *x, so we will
prove this first. But before that, we will need to show that Sﬁ 1s closed under fusion.
It will be helpful to establish the notion of sharp trees.

Leta k-tree T € S be called sharp if every u € Split, (T') is a sharp h(a)-splitting
node. It is clear that by pruning we may find a sharp 7* below any condition T € S/
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such that Split, (7*) C Split,(7) for every a € k. We may assume that we can
canonically do so, thus we will hereby fix the notation 7* to denote a canonical
sharp k-tree below condition 7. We will write (S?)* = {T € S! | T is sharp}. which
embeds densely into S”.

DEFINITION 1.6. For T.S € S, we let T <, S iff T <S and Split,(T) =
Split, (S). A fusion sequence is a sequence <Ta eS|ac K:) such that Tg <, T,
foralla < f € k.

LemMA 1.7. If (T, € S! | o € k) is a fusion sequence. then T = (", ,. Ta € SL.

Proor. Clearly T is a k-tree on <*x. We check conditions (i)—(iii) of Definition
1.1.

(i) Let u € T and o = ot(u). then for any f > a we see that Split,(7p) =
Split,, (T, ). Since a = ot(u), necessarily there exists some v € Split,, (7,) such that
u C v, and since v € Split, (T}) for all § > o we see that v € Split,, (7).

(i) Letu € Split, (7). thenuish(a)-splittingin Ty 1. Let A, = [suc(u, Toi1)| >
h(e) and let (v | £ € A,) enumerate those v O u such that v € Split,, ,;(T41). For
all # > o + 1 we have Split, | (7s) = Split,, ;(Ta+1). therefore for each & € 4, we
see that v: € Ty for all f > «, thus v: € T. Therefore u is h(c)-splitting in 7.

(ili) Let C C T be achain of splitting nodes with |C| < k and let y € & be large
enough such that C C |, Split,, (7). It follows that C C |J,_, Split, (7). and
thus |J C € Split,(T;,) for some B <y.Thenalso |JC € Sphtﬂ( +) forally’ >y,
hence |J C € Split, (7).

(£) ClearlyT C T, foralla € k. Givenu € T and o € & such that suc(u, T') #
suc(u, T, ), we will show that [suc(u, T')| < |suc(u, T,)|. We may assume without
loss of generality that u is splitting in 7, so let f € k be such that u €
Split; (7). Since Split, (7') = Split, (T, for all y < a, we see that f > . We have
Splity,(Tp11) = Splity, (7). and thus suc(u, Tgy1) = suc(u, T). Finally T,y <
T, gives us [suc(u, T')| = |suc(u, Tpi1)| < |suc(u, T,)|. —|

acR

We are now ready to prove the two main ingredients necessary for separating the
localisation cardinals. We will show that for any / there is some faster growing F'
such that S” has the F-Sacks property, and reversely that for any F there exists some
faster growing / such that S" does not have the F-Sacks property. In other words,
for any Fy we may find / and F; such that S does not have the Fy-Sacks property.
but does have the Fj-Sacks property.

If Tisar-treeandu e T, let (T), ={v €T |uCvVov Cu}. Itis clear that
(T), <T.

THEOREM 1.8. For any h there exists F such that h <* F and S" has the F-Sacks
property.

PrOOF. We will let F : a + /() and show that S/! has the F-Sacks property.

Let Tp € S" and let f be a name such that T} IF “f k— k7. If Ty I- “f €
V”, then the existence of an appropriate F-slalom is obvious, so we assume

that Ty I- “ f ¢ V. We will construct a fusion sequence (T: | ¢ € k) and sets
{D: C k| ¢ € K} with |D¢| < F(&) such that

Necn Te =TI f(¢ Ve D>
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for each & € k. Consequently, we can define the F-slalom ¢ : & — D in the ground

model, then it follows that T I /(&) € ¢() ” for all € € &.
In general, we will assume each T has the following property:

(x) Forevery u € Split, (7:) with a < & we have |suc(u. T:)| = h(a).

This is vacuously true for Ty, and by using sharp k-trees at successor stages of our
construction, (x) will follow by induction. If y is limit, we will let 7, = ce, Te
which will be a condition by the proof of Lemma 1.3. T}, need not necessarily be a
sharp k-tree, but it is at least sharp for all splitting levels less than y, which is enough
for (x).

Suppose T: has been defined, then we will define T:; such that it limits the
possible values of f (&) and such that Ty <g T¢. First note that if 7: has property
(x), then T} <¢ Te: If wis splitting in 7¢ and u ¢ T, then u was removed because
there is some v C u such that suc(v, T%) is too large for sharpness. But then by (x)
it follows that v € Split, (%) for some o > &, hence u € Split;(7:) for some § > ¢.

We define a set V: of successor nodes of the ¢-th splitting level, that is.

Ve = U{suc(u. T2) | u € Split(T7)}.

Our goal is to find a stronger condition below each subtree (T g*)v with v € V¢ that

decides f (5 ), and glue these conditions back together to get a condition stronger
than 7. Since the size of V; is limited. this limits the possible values of f (fv Jtoa
small set. L 5

For each v € V: find a condition 7% < (Tg)v such that T? I-“ f(&) = B
for some ﬁg € k. Choose some arbitrary u € Splité(T”) and w € suc(u, T"), and
consider the subtree (77),, of T" generated by the initial segment w. We let G :
Ve — P(T:) send v + (T),,. Note that the a-th splitting level of G:(v) = (T7),,
corresponds to the (¢ + 1 + a)-th splitting level of T?.

Now we define

Tern =UGe[Vel = U{Ge(v) [ v € Vet
D= {p|ve Ve
For each v € V: we have v € G¢(v). thus each successor of a splitting node
in Split:(7) is in Tey1. Therefore we see that Split:(T: ;) = Split:(7%). If u €
Split, , |, o(Tz41) for some o € . then u € Split, (G¢(v)). thus u € Split,, ,(T").
and since T € S", we see that u is h(¢ + 1 + a)-splitting. Therefore T, satisfies
(ii) of Definition 1.1. It is easy to check (i) and (iii), thus we can conclude that
Tey1 € Sﬁ and that Tz <¢ Tp.
Note that the set D is indeed small enough:

De| < |Ve| = [Splits(T2)| - h(&) < h(&)Il = F(&).

For each v € V¢ we have T IF f(©&) e D:7,and {T" | v € V:} is predense below
T:4: thus,

T5+1 I+ “f(f) S Dvé .
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LetT = ﬂéefi T:, then by the fusion lemma 7' € S* and T I f(fv) € Dé ” for all
¢ e k. _|

As a corollary of S having the F-Sacks property, we immediately get that £ is
preserved.

COROLLARY 1.9. S" preserves k™.

PrOOF. Given an S!-name f and T € S" such that T I “ f : & — £* ”. then
using (the proof of) the F-Sacks property we may produce sets D; with
|D:| = F(¢) < k for each & € k such that 7' I+ “ (&) e D" for some stronger
T’ < T, and thus f is forced to have a range contained in ., D and cannot be
cofinal in k™. =

The second ingredient is to find a suitably fast growing 4 for a given function F
such that S does not have the F-Sacks property. We will need the following lemma.

LemMA 1.10. Let T € S! and let Cr = {a € k | Split,(T) = T N°k}, then Cr
is a club set.

Proor. For «p € k we can recursively define «,,; large enough such that
Split,, (T') € <e+1k for each n € w. Let a = |J,¢,, @n. then a € Cr. hence Cr
is unbounded. It is easy to see that Cr is continuous. -

THEOREM 1.11. Let F € "k, then there exists h such that Sﬁ does not have the
F-Sacks property.

ProoF. Let 4 be such that F(a) < h(a) for all o € S, where S is a stationary
subset of k. We will show that S" does not have the F-Sacks property.

Let f be a name for the generic S/ -real in “x, let ¢ be an F-slalom, let T € St and
let i € . We want to find some « > agand S < T suchthat S I- “ /(&) ¢ o(a) ™.
If we can find u € T N**'k such that u(a) ¢ ¢ (). then (T'), will be sufficient.

Let Cr be as defined in Lemma 1.10 and a € C7 NS such that oy < «, then
Split, (7T) = T N ®k, thus each ¢t € T N %k is an h(a)-splitting node. Hence, there
is a set X C k with |X| = h(a) such that 1~y € T for all y € X. Since |p(a)| =
F(a) < h(a), there is some y € X such that y ¢ ¢(«), and thus u = 7y is as
desired. -

As a final part of this section, we will discuss the relation between parameters
that are almost equal. For functions f, g € "k, we say that f and g are almost equal,
written as f =* g, if there exists ¢ € & such that f(a) = g(a) foralla € [&, k). A
related notion is that g dominates f, written as f <* g, if there exists £ € & such that
fla) <gla)foralla € [E k).

Fact 1.12. Ifh =* h’, then S" and Sﬁ, are forcing equivalent.

PrOOF. Since S! NS is dense in both S* and S*". 4

§2. Products. We see that for any Fj, we can find a faster growing F; and some
suitable / such that the forcing S/ has the F;-Sacks property and not the Fy-Sacks
property, thus forcing with S will not increase aﬁl (€*). but has the potential to
increase 0.0 (€*).
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In order to increase Of"(e*) we will need to add many S”-generic x-reals to
the ground model. This can be either done with an iteration, or with a product.
Iteration has the drawback that once we have forced 2% to be of size k™, the
forcing S" no longer has the <x**-c.c.. and thus we cannot sufficiently control
the iteration past this point. While this does not form a problem to prove the
consistency of k't = 0! (€*) < 950(€*) = k™, iteration proves to be an obstacle
when we wish to force localisation cardinals to be larger than x ™. In particular, our
goal to simultaneously assign multiple localisation cardinals to different cardinalities
requires a product.

DEFINITION 2.1.  Let A be a set of ordinals and P: a forcing notion for each & € A.
Let C be the set of functions p with dom(p) = A such that p(&) € P: for each & € A.
For any p € C, the support of p is defined as

supp(p) = {c’f €4 ‘ p&) # lpé}.
We define the <A-support product as follows:

P=Tl;esP: = {p €C|lsupp(p)| < A}.

This is a forcing poset under the ordering ¢ <z p iff q <p, p for all ¢ € A. Generally
we will say “<k-support” instead of ‘<" -support”.

Let us fix a set of ordinals 4, parameters (/;: | £ € A) for the forcings Sk and the
set C of functions p such that p(¢) € Sﬁé for each & € A. For the remainder of this
section we will also fix the shorthand S = I ced Sﬁ‘f. If p.gq € S, we will often write
g < p instead of ¢ <g p when the forcing S is clear from context.

If (pa | @ € p) is a sequence of conditions in S such that p, <g p, foralla < o/,
define

/\aeypa : f — ﬂaey pa(f) for f € A.

LEMMA 2.2. S is <k-closed.

PROOF. If (p, | @ € ) is a descending sequence in S and y € &, then Aqe, po is

.. . he .
a condition below each p,,, since each S;‘- 1S <k-closed. =

We will also need a generalisation of the fusion lemma to work on product forcings.
The generalisation of fusion described here is analogous to what is described in [3]
or [6].

DEFINITION 2.3. Given p.q €S. a € k. and Z C A with |Z| < k. let ¢ <z, p iff
g < p and for each & € Z we have q(&) <, p(&).

A generalised fusion sequence is a sequence {(po. Zo) | @ € k) such that:

(1) po € Sand Z, € [A]<* for each a € k.

(2) pp <zya Paand Z, C Zp foralla < i € k.

(3) For limit & we have Zs =\ ,c5 Za-

(4) Uae,i Z, = UaEn SuPp(Pa)-

Lemma 2.4, If ((pa-Zo) | € k) is a generalised fusion sequence, then

/\aefcpa S S
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PRrOOF. Suppose that ((p,, Za) | o € k) is a generalised fusion sequence, and let
P = NackPa. Point (4) of Definition 2.3 implies that every ¢ € supp(p) is an element
of Z,. for some 7; € x. This means that if f# > a > 5, then pg(¢) <4 pa(&). and

thus (p, (&) | @ > 5¢) is a fusion sequence in Sﬁfj. Since Sﬁé is closed under fusion
sequences (Lemma 1.7), we can conclude that

P(E) = Macr Palé) €S

Since supp(p) = Uwer Za- we see that |supp(p)| < &, thus we can conclude that
pE S. -

By Lemma 2.2, S preserves all cardinalities up to and including . Suppose that

each Sﬁé has the F-Sacks property for some suitably large F. We will show in the next
lemma that this implies that S has the F-Sacks property and therefore preserves x .
Finally, if we assume that V F “2% = k™ ”, then a standard A-system argument
(see, e.g.. [5. Lemma 15.4]) shows that S is <xt*-c.c. as well. Thus, S preserves all
cardinals and cofinalities assuming that there exists some fixed F € ®k such that
each Sﬁf has the F-Sacks property.

Before we prove the lemma, let us introduce some notation related to the product
of forcings. Suppose P = [ ;¢ Peisaproduct with <s-support, X C Pand B C A,
we define

X[B={plB|peX}.

Let B=4\ B and G C P be P-generic over V, then clearly @_ (P | B) x
(P | B¢) are forcing equivalent, (G | B) x (G | B¢)is (P | B) x (P | B)- genenc
and

VIG]=VI(G | B) x (G | B)] =V[G | B][G | B‘].

LEMMA 2.5. Let B C A be sets of ordinals and B¢ = A \ B, and consider a sequence
of functions (h: | & € A). We define the <k-support product S = [Teca Sﬁi, we assume
G is an S-generic filter. If there exists F € "k such that F (a)l®l = F(a)for alla € K
and h: <* F for all £ € B, then for each f € (*k)VI there is ¢ € (Locg)VIO!5]
such that f €* .

Proor. Note that Fact 1.12 implies that we can assume without loss of generahty
thath: < F foreaché € 4. Let p € Sandfbeanamesuchthatp S “f ik ,%”
then we will construct a name ¢ and a condition p’ < p such that pIEc
(Locy)VIG 1517,

The proof is essentially the same as the proof of Theorem 1.8, except that we
work with generalised fusion sequences and have to construct a name ¢ for the
appropriate F-slalom in V[G | B], since such a slalom is not generally present in
the ground model. That is, we will construct a sequence ((p¢, Z¢) | ¢ € &) with each
D € S that is a generalised fusion sequence in S and names DC for sets of ordinals

D: € V[G | B]with |D;| < F(¢). such that pz., IF < £ () € D: .

For each ¢ € k and f € Z; we will make sure that p:(f8) € (Sﬁﬁ )* is sharp. To
start, we let pp = p and we let Zy = @. At limit stages 6 we can define p§ = Accspe
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and let p; < pj be defined elementwise such that p;(f) = (pj())* is sharp for each
p e Z;s.

Suppose we have defined p: € S and Z: and that | Z;| < |¢]. As in the proof of
Theorem 1.8, we will consider the successor nodes of the &-th splitting level, find
subtrees that decide the value of f (év ). and glue the subtrees together. However, in
this situation we have to deal with multiple trees at once, namely with each p:(f)
such that § € Z:. For each f € Z: we define the set of successor nodes of the £-th
splitting level of p:(f):

v = U{suc(u, p=(8)) | u € Split.(p=())}

To deal with p:(f) for all § € Z; simultaneously, we have to consider combinations
of elements of Véﬂ for f € Z;, and for each combination we will define a condition
that decides £ (¢). These combinations are given by functions g : Z: = Upe Z: Véﬁ
with the property that g(f) € Vf . We will refer to such g as choice functions, since
g chooses an element of Vf foreach § € Z..

Let V: be the set of choice functions on {Vf | B € Z¢} and V. the set of choice
functions on {Vf | B € Z:\ B}. thatis, V. is the set of g [ (Z; \ B) with g € V..

By induction hypothesis p:(f) € (Sﬁﬁ )* foreach f € Z; \ B, hence we know that
ISplit: (p: ()] < hg(&)l! < F (&),

and thus |Vfﬂ| < F(¢) for all p € Z:\ B. Since we assume that |Z;| < ||, we
therefore have V.| < F (&)l = F (&) (assuming without loss of generality that F (&)
is infinite). Hence, if we restrict our attention to Z: \ B, we have a small number of
choice functions. Consequently, we can describe a name D; depending only on the
supportin B, i.e., D: names a setin V[G [ B]. such that D; is bounded in cardinality
by F(¢).

For any choice function g € Ve, let (p¢), be the condition defined by

’ . Pé(ﬂ)» if § ¢ Ze.
LD =N el it < 2.

Here (p:(f)),(p) is the subtree of ps(/3) generated by the initial segment g (/) € Vf .

Let { = |V¢| then { < & by inaccessibility of x. Fix some enumeration (g, | € ()
of V¢, which we will use to recursively define a decreasing sequence of conditions r,
with r, < Z:.¢ Pe for each # € (. Essentially, our recursive construction will result in
ry+1 being like r,,. except that (r,) g, 1s replaced by a stronger condition that decides

. v

f(&). At the end of the recursion, we will be left with a condition r; such that
(r¢)q decides (&) forevery g € V:. We then gather the possible values of £(é) to
construct the name D.

Let ro = pg. For limit 6 € { let rs = /\,es7. Which is a condition by <k-closure
(Lemma 2.2). Assuming that r, < 7. pe foreachn € 4. itiseasy tosee thatr; <z, ¢
pe as well.
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Suppose r, is defined and r, <z ¢ pe. then in particular r,(f) <. p:(p) for all
p€Z: and thus Split.(r,(f)) = Split. (ps(B)) for all f € Z;. Therefore by
definition of the ordering on Sﬁﬁ and the fact that p:(f) is sharp, we see that
Véﬁ is exactly the set of successors of nodes at the &-th splitting level of r, (). Take
the »-th choice function g, € V¢, and let r;, < (r,),, be such that ry, I F(é) = ,ég ”
for some ordinal ﬁg. We define r, | elementwise.

If f ¢ Z:. then we simply take r,,1(8) = r, ().

If § € Z¢. fix some w € suc(u. r;(f)) for some u € Split:(r;(f)) and consider the
subtree (r,(f)). generated by the initial segment w. Now we are ready to define

rn+l(ﬁ) as
1 (B) = (B U {u e r(B) | 3o € VI (g, ()} (u S vorv Cw).

In words, r,41(f) is the result of replacing the extensions of g,(f) € r,(f) by

(r7(8))w that decides 7(&). where we use the subtree (r}(B))w instead of r,(f3)

. o

to make sure that r,. () has enough successors at each splitting level to be in S/
(compare this to the role of (7),, instead of T in the proof of Theorem 1.8).

To finish the construction of the next condition in the fusion sequence, we use

<k-closure to define p.,, = A\,ec ry and let peiy = (péﬂ)* be sharp. To see that

Pes1 <z.¢ pe.notethatforevery f € Zz andv € Vf we havev € r,(f) forally € (.

hence v € pe,1(f). This implies by definition of Vf’g that p:1(B) <¢ pe(p) for all
p € Z:. Finally, we can let Z:,; = Z: U {J} for some ordinal J, using bookkeeping
to make sure that (., Z: = U:c, supp(pe).

Note that the set of conditions r < pgy with |[r(f) N Vf| =1forall f € Z;, is

dense below p;.1. For any such r, let g map f to the unique element of () N Vf
for each f§ € Z:, then g € V; is a choice function, so we see that there exists # € {
such that g = g,. We will show that » < r,, which implies that r I+ * £(&) = ﬁvf 7.

For any f we have r(f8) < pzy1(B) < ryu1(B). If f ¢ Z:. then we simply have
ry1(B) = r,; (). thus we are done. Otherwise f € Z:, and we know that g(f) is an
initial segment of the stem of (), hence

r(B) = (r(B)gip) € ryr1(B))g(py = (ry(B))uw.

where w is as in the definition of r,;(f) above. Since r(f) < r,11(f). we also have

V(ﬁ) = (r(ﬁ))w < (rlerl(ﬂ))w = (r;;(ﬁ))w < r;;(ﬁ)

and thus r(8) < r;(f).
We are now ready to construct the names D; such that

pent F < f(E) € De and D: € V[G | Bland |D;| < F(E)”.

For any g € Ve, we define
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g"=g1(Z:nB),

E, ={nel|3 eVi(g'ug" =g}

D? = {ﬂZ K eEg}‘
Since [V| < F (&), we see that |[E,| < F (&), hence |D§| < F(¢). Clearly. ifg. g € V¢
andg [ (Z:NB) =g | (Z: N B). then DY = Df.

Let A: be an antichain below pe; such that r € A: implies |r(f) N Véﬁ | =1 for
all B € Z:, and let g, € V: be such that g, () is the single element of 7(f) N Vf for
each f € Z;. We define )

Déf = {(V,Dvg‘gr) | r e Aé}
It is clear by the above that for each r € A and # such that g, = g, we have
ri-=f(&) =l € DY and [D¥| < F(&)”,
so by denseness
pert % f(€) € De and |De| < F(E) .

To see that pei; IF* Dg e V[G [1?] ”, we argue within V[G | B]. For every
r.7 € Az such that both r [ B and 7 [ B are elements of G [ B we see that the
corresponding g, and g have the property that g, | (Z: N B) = g7 | (Z: N B),
and therefore D¢ = fo . Thus, we can fix any arbitrary such r € A: for which
r | B € G | Bholds, and see that

V[G | B]F “pe | BC I De = DE .

Let p’ = Acenpe be the limit of the generalised fusion sequence, and let ¢ be a
name such that p’ IF“¢p : & D'¢ ”. then ¢ names an F-slalom in V[G | B] and
p/H_“fE* Qb”. _{

If we let B = @ in the definition of the lemma, then we can simplify this lemma
to the following corollary, providing us with the preservation of the Sacks property.

COROLLARY 2.6. If'S = [Teea Szé and each h; <* h and F : o — h(a)'®l, then'S
has the F-Sacks property.

Finally the following lemma is based on Theorem 1.11 and shows how we can use
products of forcings Sﬁé to increase the cardinality of o (€*).

LeEMMA 2.7. Let B C A be sets of ordinals, and consider a sequence of functions
(he | & € A). We define the <k-support product S = [Teca Sﬁé and we assume G is an
S-generic filter. Let (S¢ | ¢ € B) be a sequence of'slatiénary sets. If F is such that for
each & € B we have F(a) < hg(a) for all « € S¢, then V[G] F “|B| < df(e*)".

ProoF. The lemma is trivial if |B| < ™, so we will assume that |B| > ™.
We work in V[G]. Let ¢ < |B| and let {¢¢ | & € u} be a family of F-slaloms,
then we want to describe some f € " such that f ¢* ¢ for each ¢ € u. Since
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S is <k**-c.c., we could find 4: C 4 with |4;| < k™ for each & € u such that
pe € V[G | A¢]. Since |B| > p- k", we may fix some f € B\, A¢ for the
remainder of this proof. Let f =" . p(f). then f € "k is the generic x-real

added by the f-th term of the product S. ]

Continuing the proof in the ground model, let  be an S-name for f and ¢: be an
S-name for ¢, let p € S and o € k. We want to find some o > ap and ¢ < p such
that ¢ IF * /() ¢ p:(d) .

LetC ={a € x| p(B) N>k = Split, (p(B))}. whichis a club set by Lemma 1.10.
Since Sp is stationary, there exists some a > ag such that « € C N Sg. Choose some
po < p such that po(f) = p(B) and such that there is a Y € [<]<F@ for which
polF“os(a) = Y 7. This is possible, since pe € VIG | A¢] and f ¢ A, therefore
we could find p{, € ST Ae with pj < p | Az and Y with the aforementioned property,
and then let po(n) = p(n) if n € Az and po(n7) = p(n) otherwise.

Each 1 € po(f) Nk isa hg(a)-splitting node, hence theset X = {y e k | 1~y €
po(B)} has cardinality |X| > hy(a). Because o € Sp and f € B. we have by our
assumptions on F that |Y| < F(a) < hg(a) < |X|. We can therefore find some
7 € X suchthat y ¢ Y. Let g < pg be defined as

- {(po(ﬂ))q, ity = B,

po(n). otherwise.

Here (po(f))i~, is the subtree of py(f}) generated by the initial segment 1~ y. Then
g<po<pandql-“f(a)¢ Y =¢p:(a)”. 5

LEMMA 2.8. Let A be a set of ordinals such that k < cf(|A|), let (h: | £ € A) be a

sequence of functions, let S =[] ced Sﬁi with S-generic G, and let F € *k. Assuming
VE “2% = gt 7, it follows that

i

VIG]E “2" = |Locr| = k™ - |4

Proor. This is a standard argument of counting names. -

We are now ready to use our product forcing to separate x many cardinals of the
form % (c*).

THEOREM 2.9. There exists a family of functions {g, | n € &} C "k such that for
any y € k" and any increasing sequence (s | & € y) of cardinals with k < cf(J¢) for
all & € y and any o : k — 7. there exists a forcing extension in which 3% (€*) = Aan)
foralln € k.

ProOOF. We assume that V F “2% = k™ ”, or otherwise we first use a forcing to
collapse 2¢ to become «*. By a result of Solovay (Theorem 8.10 in [5]) there exists
a family of x many disjoint stationary subsets of . thus let {S, | # € } be such
a family. Let k <7 € k™ and ¢ : kK — 7 be given. We will assume without loss of
generality that o is bijective, and hence that ™! : y — & is a well-defined bijection.
Let (/¢ | ¢ € y) be an increasing sequence of cardinals with cf(4:) > & forall & € y.
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Fix some F € *k such that F (a)!®l = F(a) and 2F(®) < F(p) for any o < f. For
each # € k we define a function g, as follows:

(@) = F(a). ifacs,.
8 ) 2F@ otherwise.

For each ¢ € y we define H: € "k as follows:

Fla), ifa€Ures S, 1
H-(a) = (e Pa ()
(o) {ZF (@ otherwise.

For each & € y let A; be a set of ordinals with |4¢| = A:, such that (4: | & € y)
is a sequence of mutually disjoint sets, and let 4 = | J;., A¢. For each & € y and
p € Ae. we define hy = H.

We now consider the product forcing S = [] ped Sﬁﬂ with <k-support. Let G be
A: and B¢ = 4\ B. By

ey

S-generic. We will fix some 7 € &, and let B = Uescotn) i1
Lemma 2.8 we see that (Loc,, )YI"#] has cardinality

KBl = &7 [supecy Ae| = &7 [Aoip| = 2oty

To use Lemma 2.5, we need that iy <* g, forall f € B¢, equivalently, that H: <* g,
for all £ € (a(n).y). But this is true for any & € (a(7).7). since g, = F(a) iff « €
Sy = S,-1(5(y)) and because o (17) € & we see that H:(a) = F(a) as well. Meanwhile
for all @ ¢ S, we have g,(a) = 2F(®) > H:(a). Therefore Lemma 2.5 shows that
(Locg, )VI¢18L is a family in V[G] of size 1,(,) that forms a witness for

VIG]F “df"(€") < Ay -

On the other hand. if § € 4,(,). then iy = H,(,) and thus forany o € S, = S,-1(,(,)
we see that g, () < H,(,) (). Therefore by Lemma 2.7 we see that

V[G] F la(lf/) = |An'(;1)| < Dirl(e*) 7.
In conclusion, we get for every 77 € k that

VIG]E “ 2y = 0 (€7) . 4

COROLLARY 2.10. There exists functions he for each & € k such that for any

cardinals J.; > & with cf(1¢) > k it is consistent that simultaneously 0,7 (€*) = A
forallé € k.

§3. Separating ~* many cardinals. We saw in the previous section that we can use
a partition of « into disjoint stationary sets {S, | # € k}, and associate a function
g, with each stationary S, such that the cardinals 97 (€*) can consistently be put in
any arbitrary well-order.

Itis natural to ask if we can do better than this, and separate k™ many cardinalities.
Clearly we cannot do this using a disjoint family of stationary sets, since no such
family of size " exists. Fortunately we can work around this by using an almost
disjoint family of stationary sets, that is, a family S of stationary subsets of . such
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that |S N S’| < & for any distinct S, S” € S. Let us refer to such families as stationary
almost disjoint families, or sad families.

The existence of a sad family of size 2* is a consequence of ©. Let (4, | a € k)
be a O,-sequence, that is, a sequence such that for any X € P(k) the following set
is stationary:

Sy={ack|XNa=A4,}.

If X, Y € P(k) are distinct, and & is the least element of the symmetric difference
XAY, then it is easy to see that Sy NSy C & + 1, thus {Sy | X € P(x)} is a sad
family of size 2".

However, generalising the proof of Theorem 2.9 to work with a sad family is not
as straightforward as it seems. As we have seen in Lemmas 2.5 and 2.7, the forcing
S will not increase 9% (€*) if S has the F-Sacks property for some F <* g, but it
will increase 0% (€*) if there exists a stationary set S such that g(a) < h(a) for all
aes.

Let us assume V E “2% = k% and ¢, ” and fix a sad family {S, |#n € x™}. We
assume that F € “k is some arbitrary function such that F(a)!®l = F(a) and
2F(@) < F(pB)foralla < B. Foreveryn € x* we can define the functions g, forming
the parameters of 05’ (€*):

(@) = F(a). ifaes,.
&y | 2F@ | otherwise.

In analogy with Theorem 2.9, we want to define functions H. such that S,{Hé keeps

% (e*) small when # € X and increases 0’ (€*) when # € Y. where {X. Y} forms
a partition of x*. Assuming H:(a) = H:(a)!®! for all a € &, this means that we
want to define H; such that:

wheny € X : H: <" g,
wheny € Y : gy(a) < H:(a) foralla € S, where S is stationary.

Note that g, () can only have two possible values, either F(a) or 27, regardless
of n € k™. We can therefore assume without loss of generality that the same holds
for H: (o). Let z be the set on which H is small:

z={a€k|H:a)=F(a)}.

If € X, then H:(a) < g,(a) is true for all & ¢ S, but since H:(a) < g, () has
to hold for almost all a € k., we also need [{a € S, | ¢ z}| < k. Let us fix the
notation that a C* b iff a \ ¢ C b for some ¢ with |¢| < &, then our condition above
states that S, C* z should hold.

On the other hand, if # € Y. then g,(a) < H:(«) is possible if

g(a) =F(a) < 2F (@) H: (o).

Thus (k\ z) NS, needs to be stationary. The assumption that [z NS,| <k is
sufficient for this.
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Given our sad family S = (S, | # € k™). the existence of a set z such that S, C* z
foralln € X and |z N S,| < & for all € Y, is not immediately clear, but we can
add such z generically through forcing.

We define the forcing WXY (where W stands for wedge). If s € [k]<*, let o, be
the least ordinal such that s C oy.

DEFINITION 3.1.  Given a sequence S = {S, | n € ™} of almost disjoint subsets of
k and a partition {X. Y} of . we define WXY 1o have tuples p = (s,. A,. B,) as
conditions, where s, € [k]<" and A, € [X]<" and B, € [Y]~" are such that

UnGA,, Sy N UneBp Sy C s,

The ordering on WXY is given by (s, Ay, B;) < (s,. A,. B,) if all of the following
hold.:
(i) 4, C 4,.
(ii) B C B
(iii) s p = sq ﬁ s,
(IV) o-Sp Usq) 2 U?]EAP Sy N [O'Sp’ qu),
( ) Sq n UnGB C 051}'

If G C W' is a generic filter, then let zg = (J ¢ $,- It is not hard to see that
zg indeed has the desired properties.

LemMA 3.2, Ifn € X, then S, C* zg. If n € Y. then |S, N zg| < k.

PrOOF. Let p € WY Ttis clear from the way we have defined the forcing that for
any# € A, we have p IF “S, C* 2 ” and for any n € B, we have p I “ S, Nzg C
d, € k7. Therefore, we are done if we prove that:

(1) foreveryn € X thereis ¢ < p suchthaty € 4, and
(2) foreveryn € Y thereis ¢ < p such thaty € B,.

Proving (1) and (2) happens in the same way, so we only prove (1) below.

Fix some # € X. Since S, is almost disjoint from S; for all £ € B,, we can
define y¢ € k such that Se NS, C y¢ for each ¢ € B),. Since |B,| < k we see that
UcfeB,, ye € k. Pick some y € UéeAp S¢ such that y > o, U UéeBp Pe.

We define g < p by

=spU (UfeAl, Nlos,- 7’]) ]
Aq =A,U{n}.
B, = B,.
Note that y € s4. thus g5, = y + 1. Furthermore, note that
UéeAPS§QU£eBpngasp <y, and
Sy N Ugeg,, Se © Ugegp ve =
Therefore, ¢ is indeed a condition. =

We need to show that our forcing has several nice properties to satisfy our needs.
Firstly. it is essential that the sad family {S, | # € ™} will remain a sad family, in
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particular, the forcing should not destroy any stationary sets. Secondly, our forcing
needs to preserve cardinals. In particular, we may not collapse k™ to . since our
goal of proving the consistency of x* many distinct cardinal characteristics requires
our sad family to have cardinality x*. Thirdly, our forcing should preserve 2% = k™,
which we need for the forcings of type S afterwards.

All of these properties hold for WXY under the assumption that | X| = &, since
we can show that the forcing is <k-closed and k-centred in this case, and our forcing
is small enough that it does not increase 2°.

LemMA 3.3. WY iy <k-closed.

PrOOF. Let y € k be limit and let (p, | # < y) be a descending sequence of
conditions. We will write p, = (s,.4,.B,). Let p=(s,.4,.B,) be given by
sp=U,e, s and 4, =U,¢, 4y and B, =J,c, By. That p is a condition and
that p < p, for each # € y are easy to check. -

COROLLARY 3.4. WXY preserves stationary sets.
ProOF. See, for example, Lemma 23.7 in [5]. -

DErINITION 3.5. Let P be a forcing. We will call a set P C P centred if for every
Q € [P]<" there exists g € P such that g < p forall p € Q. We say that P is k-centred
IfP = Uqe, Pa Where each P, is centred.

Note that our notion of a centred set is not the usual definition: more commonly
P is called centred if every finite Q C P has a common extension, but since we are
working in the context of *x we have to replace “finite” by “<k” to have a proper
analogy.

Clearly if A C P is an antichain and P = J,,,. P is k-centred. then |4| < &,
since |P, N A| < 1 for every a € k. Therefore, if P is k-centred, it is <x"-c.c. as
well.

LemMmA 3.6. If | X| < K, then WXY is k-centred.
ProOF. Forany s € [¢]<" and 4 € [X]<" we define
Wsa={p e WX |5, =sA4, =A}.

Since |X| < k implies that |[£]<* x [X]<*| = . we are done if we show that each
W, 4 is centred. Let Q € [W, 4]<% and B = B,. We claim that ¢ = (5. 4. B)
is a condition and that ¢ < p for all p € Q.

Suppose that a € {J,c, Sy NU,cp Sy. then there is p € Q such that a €
Uyea Sy MU, es, Sy- and since p is a condition it follows that a € gy, = 0.

PeEQ

Hence ¢ is a condition. To check that ¢ < p for each p € Q. note that (i)—(iii) of
Definition 3.1 are immediate, while (iv) and (v) hold vacuously by s, = s,. —

COROLLARY 3.7. If|X| < k. then W'Y preserves all cardinalities.

Finally, we have to look at adding multiple generics of forcings of the type WY,
Our goal is to define functions H: for each £ € k™. Fix some bijectiono : k¥ — k™,

. . XeYe
then we want to add a generic set z for the forcing W, ¢ for each & € k™, where
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X: =0(¢) and Y; = "\ X. This means that we also need to guarantee that a
<k-support products of size x* of forcings of the form WY behaves nicely. in the
sense that it preserves cardinals, stationary sets and 2° = k™.

LemMmA 3.8. Let ({X:, Y¢} | £ € ™) be a sequence of partitions of ™ such that
X:| < &k for each & € k* and let W =[], + anf‘yi be the <rk-support product of
S CEK

the forcings Wff'yf. Then W is <k-closed, <r*-c.c. and if G is W-generic over V and
VE “28 =gt 7 then VI[G]E “2F = gt .

ProOF. Note that each term W.< "¢ is <k-closed and <k *-c.c. (the latter as
a consequence of x-centredness), thus a <x-support product of length ™ is also
<k-closed, which is easily proved, and <x™-c.c., which is proved using a A-system
argument. That 2 = k™ will remain true, follows from an argument by counting
names, using that |W,§C’Y5 | = kT foreach & € k', and that the product has ™ many
terms, thus |[W| = x*. -

COROLLARY 3.9. W preserves cardinals and stationary sets.

Now we are finally ready to prove our last theorem, which is an extension of
Theorem 2.9, and shows that there can be consistently «* many distinct cardinal
characteristics of the form o (€*).

THEOREM 3.10. Assuming 2 = k™ and O, there exists a family of functions
{g, | n € KT} C "k such that for any increasing sequence (J.z | & € &™) of cardinals
with k < cf(A:) and any function o : k™ — k™, there exists a forcing extension in
which 95" (e*) = Ao(y) JOr alln € k.

PrOOF. We start with a model V E “2¢ = g+ and ¢, ” containing a sad family
S = (S, | n € k7). and we will assume without loss of generality that o : k¥ — k™
is a bijection. We define the functions g, for each 7 € k™ as

F(a). ifaes,

n\Q&x) = .
gnle) 2F(@)  otherwise.

For each # € k™ we define the partition {X;. Y, } of k* by

X, =o'[e]={ex’|a(0) ealn)}.
Y, = KT\ X,.

We then force with a <s-support product W = [1,en W' Note, in particular,
that |X;,| < . Let G be W-generic, then we will work in V[G]. We define Zo(y) =
U,yea Spiy- then z5(,) is Wi -generic over V.

By Lemma 3.8, we know that V[G] F “2"% = gt + Sisasad family ”. Therefore
by Lemma 3.2,ify € k™, then we have S; C* Zg(y forall{ € X, and NaR za(ﬂ)| <K
for all { € Y,. Equivalently, using the definition of X, and Y, if £ € k™, then we
have S; C* z¢ for all { € k" such that ¢({) € £ and |S; Nze| <k for all { € k™
such that () € [, k™).

For each & € k™ we define H; € "k as follows:
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F(a), ifacz,

H:(a) =
é( ) 2F@)  otherwise.

The remainder of the proof mirrors the proof of Theorem 2.9 almost exactly.
Foreach ¢ € k™ let A: be a set of ordinals with [4:| = A:. such that (4: | & € kT)
is a sequence of mutually disjoint sets, and let 4 = | J;,+ 4:. Foreach ¢ € k™ and
p € Ae, we define hy = H.
We now consider the product forcing S = [] ped Szﬁ with <k-support. Let K be
S-generic. We will fix some 7 € k", and let B = ;)4 4c and B¢ = 4\ B. By
Lemma 2.8 we see that (Loc,, ) VICIX 18] has cardinality

eR

. |B‘ =r"- |Supé§0(}7) Aé| =K' |A | - lﬂ(’?

To use Lemma 2.5, we need that iy <* g, forall § € B¢, equivalently, that H: <* g,
for all £ € (6(n). ™). But this is true for any & € (a(n),x"), since g, = F () iff
a € S,. while H:(a) = F(a) iff @ € z;, and because o () € £ we have S, C* z:.
Therefore Lemma 2.5 shows that (Loc,, )VIIK 18] is a family in V[G][K] of size 4,
that forms a witness for

VIGIIK] E “0(€%) < Zq()

On the other hand. if f € 4,,). then hy = Hy ) yand thus (1) € [o(n7). &™) implies
that |S, Nz, | < k. In partlcular Sy \ z,(y 1s stationary and if o € S, \ z,(,). then
gy(a) < H, (,7)( a). Hence by Lemma 2.7 we see that

VIGIK] E gty = || < 0F(€7).
In conclusion, we get for every 7 € « that

VIGI[K]E “Ag(y) = 051 (€7) 7. 4

§4. Concluding remarks. With Theorem 3.10 we improved the known consistency
of 02"(€*) < 0!4(€*) to a family of x* many cardinal invariants that are mutually
independent in the sense that any ordering of the cardinals with order-type k™ is
consistent. This answers Questions 72 and 73 from [3] positively. Moreover, we have
shown that there exist functions 4, A’ € *x for which it is consistent that a’;( ) <
"' (e*). but also that it is consistent that ' (€*) < d% (€*).

It is natural to ask if we can do better than this.

QUESTION4.1. [s it consistent that there exists a family of functions {h: | £ € KT}

such that each d,- (€*) has a distinct value? Is it consistent that there is a model with
2% many distinct values for cardinals of the form " (€*)?

Our method of separating cardinals uses a forcing S” that requires 2° = x* in the
ground model to have the <x™*-c.c., hence if we start with a family of functions
of size k¥, our forcing may collapse x*". This makes it hard to answer the above
question using the method presented in this paper.

Another limitation of our method, is that we restrict our attention to forcings
that have the F-Sacks properties where F (o) = F(a)!®!. Essentially, we know how
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to separate cardinals with a parameter / from cardinals with a parameter 2", and
thus we make a jump on the order of a power set operation. It is unclear whether a
finer structure can be discovered between these cardinals, motivating the following
question:

QUESTION 4.2. Is it consistent that there exist hy, hy, hy € "k such that |hy(a)| <
i (a)| < 2M0@) = hy(a) and 012 (€%) < oM (€*) < D (€*)?

The localisation cardinals 9/ (€*) have a natural dual form b” (c*) defined in the
introduction, where duality is taken with respect to relational systems, as described
in [2]. In general, for many cardinal characteristics ¢,y with duals ¢/, v’ it is the
case that if r < v is consistent, then v’ < ¢’ is consistent as well. This motivates the
following question, which has also been asked as Question 71 from [3]:

QUESTION 4.3. Do there exist functions h.h' such that b"(e*) < 6" (e*) is
consistent?

Indeed, despite being able to separate x* many cardinals of the form v (c*),
it is currently unknown how to separate even two cardinals of the form b’ (c*).
The main obstacle to this is the lack of preservation theorems for forcings related
to the generalised Baire space. Without such theorems, the preservation of, for
example, bid(€*) = k™ under a forcing that increases by>" (€*) needs an analogue
of Lemma 2.5. However, it is unclear what this forcing should be.
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